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Abstract

Artificial intelligence increasingly intersects with human lives, both by processing per-
sonal data and by influencing societal systems, such as decision-making. These inter-
actions necessitate careful considerations of privacy preservation and the mitigation of
societal impacts, such as algorithmic biases in decision-making. Achieving these objec-
tives requires leveraging both computational and human resources effectively during the
decision-making process. This thesis addresses these challenges, focusing on the private
generation of data that preserves statistical characteristics while maintaining privacy, as
well as optimizing models that integrate human input in decision-making processes.

In the realm of privacy preservation, this work introduces a novel approach to sum-
marize and privatize data distributions while enhances the quality of the generated data
by compressing the distribution in an embedding space. For decision-making systems
involving human resources, referred to in this thesis as learn-to-defer (L2D) methods,
this thesis introduces methods to train these models in an active and offline manner and
analyzes and compares their sample complexity. This work further achieves a uniquely
optimal solution for L2D systems with secondary objectives such as algorithmic fair-
ness. Finally, it extends the idea of L2D to systems where the human expert and model
prediction can be combined.

Through these contributions, this thesis advances the state of the art in privacy-preserving
data generation and human-Al collaboration, addressing technical and societal chal-
lenges in the deployment of machine learning systems.
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Kurzfassung

Kiinstliche Intelligenz iiberschneidet sich zunehmend mit dem menschlichen Leben, so-
wohl durch die Verarbeitung personlicher Daten als auch durch die Beeinflussung ge-
sellschaftlicher Systeme, wie beispielsweise Entscheidungsfindung. Diese Interaktionen
erfordern sorgfiltige Uberlegungen zur Wahrung der Privatsphire und zur Minderung
gesellschaftlicher Auswirkungen, wie etwa algorithmischer Verzerrungen in Entschei-
dungsprozessen. Um diese Ziele zu erreichen, ist es notwendig, sowohl rechnerische
als auch menschliche Ressourcen effektiv im Entscheidungsprozess einzusetzen. Die-
se Dissertation befasst sich mit diesen Herausforderungen, wobei der Schwerpunkt auf
der privaten Generierung von Daten liegt, die statistische Eigenschaften bewahren und
gleichzeitig die Privatsphire schiitzen, sowie auf der Optimierung von Modellen, die
menschliche Beitrdge in Entscheidungsprozesse integrieren.

Im Bereich der Wahrung der Privatsphire stellt diese Arbeit einen neuartigen Ansatz
vor, um Datenverteilungen zusammenzufassen und zu privatisieren, wobei die Qualitit
der generierten Daten durch die Komprimierung der Verteilung in einem Einbettungs-
raum verbessert wird. Fiir Entscheidungssysteme, die menschliche Ressourcen einbezie-
hen, in dieser Arbeit als ”Learn-to-Defer”’(L2D)-Methoden bezeichnet, werden Metho-
den vorgestellt, um diese Modelle auf aktive und offline Weise zu trainieren, sowie deren
Stichprobenkomplexitit analysiert und verglichen. Dartiber hinaus wird eine einzigartig
optimale Losung fiir L2D-Systeme mit sekundiren Zielen wie algorithmischer Fairness
erzielt. SchlieBlich wird die Idee von L2D auf Systeme erweitert, bei denen die Vorher-
sagen von menschlichen Experten und Modellen kombiniert werden konnen.

Durch diese Beitrige trigt diese Dissertation zur Weiterentwicklung des aktuellen
Stands der Technik in der datenschutzfreundlichen Datengenerierung und der Zusam-
menarbeit zwischen Mensch und KI bei und adressiert sowohl technische als auch ge-
sellschaftliche Herausforderungen bei der Implementierung von maschinellen Lernsys-
temen.
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Chapter 1

Introduction

The field of machine learning has gone through a drastic change in the last few years,
from a rather simple take on regression and classification problems, which were used on
image or tabular datasets, to the current discourse in which artificial intelligence (AI)
assistants are largely prevalent to the extent that 2.5% of the world population are only
subscribed to the ChatGPT. Al is more than ever is connected to the daily life of individ-
uals. Such a shift in applications of Al seeks for further considerations on responsibility,
privacy, and efficient and constructive interaction with humans. This thesis is devoted to
how we can address each of these concepts in a fundamental manner.

In a nutshell, this thesis is divided into two sections, addressing two of these notions:

1. In the first section, the matter of privacy for synthetic data generation is discussed.
This problem, which is one of the main problems in the field of privacy, aims to
generate a synthetic dataset that replicates the statistics of a real dataset, while
preserving the privacy of each individuals. Plainly put, by observing the synthetic
dataset, we should not be able to single out an individual that participated in the
real dataset. The content of this section is brought from the article:

Vinaroz*, M., Charusaie*, M. A., Harder, F., Adamczewski, K., & Park, M. J.
(2022, June). Hermite polynomial features for private data generation. In Interna-
tional Conference on Machine Learning 2022

2. In the second section, we discuss the interaction of human expert and machine
learning models through the lens of efficiency and possible algorithmic and hu-
man biases within such interaction. In the systems that we discuss, the model
can incorporate human expert prediction for a task where it is in-confident or to
improve upon its inherent biases. The content of this section is brought from the
three publications:

Charusaie*, M. A., Mozannar*, H., Sontag, D., & Samadi, S. (2022, June). Sample
efficient learning of predictors that complement humans. In International Confer-
ence on Machine Learning 2024

Charusaie, M. A., & Samadi, S. (2024). A Unifying Post-Processing Framework
for Multi-Objective Learn-to-Defer Problems. In Thirty-Eighth Advances in Neu-
ral Information Processing Systems
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Charusaie, M. A., Fesharaki, A. J., & Samadi, S. Defer-and-Fusion: Optimal Pre-
dictors that Incorporate Human Decisions. (Under Review)

In the following, we will review the basic notions that are used in each section. We
further summarize the main contributions for each problem and clarify the overall thread
that connects each piece of this thesis.

1.1 Differentially Private Data Generation

The first part of this thesis is devoted to a method for generating samples from a distribu-
tion in a private manner. This is a problem that is emerged in a variety of applications that
include learning based on sensitive records. In such cases, record holders are expected
to release a dataset that replicates the statistics of the records while having a guarantee
that the record of an individual is not compromised after the release.

A well-recognized measure for ensuring such guarantee is introduced in |Dwork et al.
(20006) as differential privacy. This measure of privacy controls the changes in a learning
system, given that a particular record is within its training data or not. Formally, it
ensures that for two neighboring datasets D and D', i.e., have at most one different
element, and for all choices of the set S, we have

PrAD)ES) _ .
Pr(A(D)eS) =

(1.1)

for the learning algorithm A(-) and a fixed small scalar € € R.

This property provides us with a leakage guarantee that older privacy notions such
as k-anonymity Sweeney (2002) do not hold. One such advantage is avoiding linkage
attacks that could lead to drastic results, as of the Netflix competition privacy compro-
mise Narayanan and Shmatikov| (2008). A linkage attack uses the public data to acquire
information about a single record in an anonymized dataset. By a comparison of public
and anonymized data, the adversary figures to whom does a record belong. The differen-
tial privacy ensures that the auxiliary information about presence of all but one member
would not disclose much information about presence of that member and therefore is ro-
bust to such attacks. Robustness to linkage attacks, however, is not the only advantage of
using differential privacy. This measure further ensures the privacy of groups in the data,
the privacy of composition of private algorithms Dwork et al.|(2010), and the privacy of
post-processing of the outcome of the algorithm.

Despite its theoretical promises, the notion of differential privacy is poorly imple-
mented on modern learning methods such as deep learning. Fundamentally, having a
differential privacy guarantee requires controlling the influence of each training data on
the output of the learning system. However, estimating such influence (also called in-
fluence function) on neural networks is not readily calculable due to the effect of many
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steps of stochastic gradient descent (SGD), and therefore ensuring differential privacy in
such networks directly is not realizable.

The seminal work in this direction is DP-SGD (Abadi ef al.| (2016a)) that instead of
privatizing the overall network privatizes the gradients in each SGD step. Formally, the
weight w; of the network is obtained as the sum w; = W? + %ZJT-:I niYis, Vi fi(xe)
where w? is the initial weight, n); is the stepsize, f;(-) is the network in time j, and
{x¢}7, is the training dataset. Therefore, the influence function of such network is
maxj | erzl NV fi(xx) ’ . Hence, the perturbation that is needed for privatization of such
network is of the same scale. However, this value can be arbitrarily large, since this is
a worst-case measure and only one instance can change the influence function in its en-
tirety. The DP-SGD method instead clips the gradients in each step by a value ¢ and adds
the perturbation accordingly. The larger is the value ¢, the more accurate is the obtained
gradient, however the larger is the required perturbation for privatization. Therefore, by
such over-estimation of the influence function, in each case the final network loses the
accuracy during the many times cut-off and added noise.

The DP-SGD was the primary method for training most promising generative methods
at the time (such as GANs |Goodfellow et al.|(2014)) and therefore the most basic meth-
ods to privatize such networks led to inaccurate results |Papernot et al. (2017); Xie et al.
(2018a)). Such issues with privatization of SGD-based methods, sought for replacing
them with learning methods that do not use SGD for their training. One such method is a
kernel method as in Harder ef al.|(2021a)) that encompasses the distribution of a training
dataset into a vector, called mean embedding without use of the SGD algorithm.

To clarify the notion of mean embedding, we first need to define maximum mean dis-
crepancy (MMD), which is a distance function between two distributions. This distance
function is defined as

MMD(P,Q) := ?SEEXNP f(X)] —Exo[f(X)], (1.2)

where F is a unit ball in a reproducing kernel Hilbert space (RKHS) #, which is a metric
space of functions with distance that is induced by an inner product. An RKHS has a
useful property that is resulted from Riesz representation theorem (Reed and Simon,
1980, Theorem 11.4) that for each x, there exists a unique function K, such that the value
of all members of H on x can be re-defined as

f(x) = (f,Ky). (1.3)

Such set of functions form a symmetric and positive-definite reproducing kernel k(x,y)
as

k(x7y) = <Kx>Ky>7

for each pair of x and y.
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Getting back to the definition of MMD in ((1.2)) and using ((1.3)), we observe that

MMD(P,Q) = ”51H1P (f,Exp|Kx| —Ex~o[Kx])
Fillfllx<1

= [|Ex~r [Kx] — Ex~o[Kx] |3 (1.4)
where the last identity holds because the norm is defined as || f||3; := (f, f)!/2.

Therefore, the MMD can be obtained using the two values

p :=Exp|Kx] (L.5)

and U that are called mean embeddings. As a result, if MMD is a characteristic distance
of probability distributions, i.e., if MMD(P,Q) = 0 if and only if P = Q, then, to replicate
P, one only needs to have a distribution with the same mean embedding tp, and therefore
the distribution P is compressed into the mean embedding tp. This is the cornerstone
idea of the private data generation that is brought in this thesis.

A very first issue to compress a distribution into its mean embedding is that inherently
up itself is a function in H, and therefore cannot be memorized and further privatized.
As a result, if such function represents an infinite-dimensional vector, we need to further
compress it into a finite-dimensional vector with a similar set of properties. The main
step for approximation of a mean embedding, as is expressed in this thesis, is the approx-
imation of its corresponding reproducing kernel. As an instance, an early work of [Rahimi
and Recht (2007) uses random Fourier features to approximate such function. This work
is based on Bochner’s theorem (Unser and Tafti, 2014, Theorem B.1) that shows each
shift-invariant positive-definite kernel is the characteristic function of a distribution, or
equivalently for the kernel k(-,-), there exists a distribution S such that

K(x,y) = Egp[e/®C)]. (1.6)

As a result, a method for approximating the kernel is to form a multi-dimensional func-
tion

O (x) = [/, ... /917, (1.7)

where @; for i =1 : T is drawn from the probability distribution P. Next, using some
mathematical analysis, we can show that the kernel can be approximated as

K(x,y)~¢(x)9(y)", (1.8)

and therefore the MMD can be approximated as

MMD(P,Q) ~ ||Ex~p[¢(X)] —Ex~o[0(X)]||,- (1.9)
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This means that Ex..p [gb (X )] that is a finite-dimensional vector is a proper approxima-
tion of the mean embedding.

The above approximation of the mean embedding equips us with a method to compress
a distribution into a vector without any training and therefore without using the SGD
algorithm. This is the key feature that enables |[Harder et al.|(2021a) to achieve a private
data generation method. Although smart, this method cannot prioritize the elements
of the mean embedding approximation that contain the most information regarding the
distribution. This is where the contribution of this thesis lays.

In this thesis, we replace the above approximation of the mean embedding with an
approximation that is based on Hermite polynomials, a sequence of polynomials that
generate all eigenfunctions of a Gaussian kernel using Mehler’s formula (see[(2.5)). This
formula shows that a Hermite polynomial of order k generates an eigenfunction of such
kernel, where the eigenvalue is decreasing in terms of k. Therefore, by forming a mean
embedding by truncation of the first k order of the polynomials, one will have more
information regarding a distribution than the Fourier mean embedding. This is further
theoretically shown in Proposition |A.2.1

The above compression of mean embedding elements further has an application in
privacy of the generative model. In the early works in differential privacy and Gaussian
mechanism (Dwork et al.|[2014, Theorem 2.22) it is shown that the overall variance of the
perturbation in a vector is linearly related to the dimension of the vector. In other words,
the more the number of elements of a vector, the more the information contained in
that vector about an individual, and therefore the more perturbation we need to preserve
the privacy of those individuals. As a result, a more compressed mean embedding, as
discussed above, leads to less perturbation of that vector and therefore more accurate
data generation. This and further discussions regarding the optimal dimension of the
mean embedding vector is presented in Chapter [2]

The main challenge of implementing our method to compress a distribution arises due
to the curse of dimensionality. As we will further discuss in Chapter 2] capturing the in-
terdependence of different dimensions in a dataset requires computing the outer product
of the aforementioned series of Hermite polynomials for each dimension, an operation
that requires exponential time in terms of the dimension of the datapoints. Moreover,
although further truncation of the polynomial series in each dimension decreases the
base of such exponential, as discussed above, it quickly leads to a reduced quality of the
generated samples.

As a solution to the above issue, in this thesis, we use two mechanisms: (i) we capture
the marginal distribution of all dimensions using a mean embedding with the length that
is linear in terms of datapoint dimensions, and (ii) during the training of the distribution,
in each epoch, we sub-sample from all the dimensions. The first mechanism enables us
to capture marginal distributions with a high quality, since there is no computational cost
to force early truncation of the mean embedding in this case. The second mechanism,
however, ensures that the resulting distribution is close to the original distribution in each
random subset of dimensions, while reducing the base of the exponential computational
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cost. We will elaborate the effect of each of these mechanisms on overall accuracy and
computational costs in Chapter 2]

As mentioned, in this thesis, we study the privacy of individuals in generative models
from theoretical aspects to the implementation aspects of privatizing algorithms. How-
ever, the role of human in machine learning system goes beyond their connection with
the training data. As an instance, the presence of a human in the process of decision-
making of a machine learning system, at least up to this point of time and for a majority
of tasks, is inevitable. This has lead us to devote a large proportion of this thesis to the
collaboration of human and learning systems in decision-making. An introduction to the
contribution of this thesis on the analysis of such collaborative settings is brought in the
next section.

1.2 Human and AI Collaboration

It is not hard to think of tasks that we cannot easily assign to the learning models in
isolation due to sensitivity of the task and the consequences of such assignments. This
is resulted in a sub-field of machine learning that studies the effect of human and Al
collaboration. We can imagine such collaboration to occur in various settings, each of
which having a different, and possibly complex, effect on the outcome of the overall
system predictions. A simplified version of such collaboration that aims to reduce the
task assignment to the human, while optimizing the overall accuracy is introduced in
Madras et al.|(2018)). In this setting, which we refer to as Learn-to-Defer (L2D) setting,
the final prediction is made either by human expert or the machine learning model and
there is no further interaction between the two agents.

A L2D method assumes that the human expert is a stationary decision-maker condi-
tioned on each task (input). As a result of such assumption, the aim of L2D method is to
find regions of the input features for which the human is more accurate than the machine
learning model, and vice versa, and to assign tasks within those regions accordingly. The
existence of such regions, further is known as the complementarity of human experts and
learning models, is studied and exhibited in some early studies, including Wilder e? al.
(2020).

To explain how training such regions of accuracy plays a role in training an L2D
system, let us first define the primary objective of a L2D system as the minimization the
0—1 loss

Ly () = Ex v [Lx)=olnoo 2y + L= Imzr ]

where X is the instance feature, Y is the true label, and M is the human prediction.
Furthermore, A(-) and r(-) are the machine learning model and the rejection function,
respectively. Equivalently, we aim to minimize a loss that is equal to the machine learn-
ing loss whenever the instance is assigned to that model, i.e., the rejection function takes
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r(x) = 0, and is equal to the human loss otherwise.
A joint minimization of the above loss for 4(-) and r(-), based on a variation of Chow’s
rule Chow| (1970) leads to the optimizers

(%) = Ipr(n(x) =y |v) <Pr(M=Y |x)»
and

h*(x) = argmaxPr(Y = y|x).
y

Therefore, it seems that the machine learning model in this case is the Bayes optimal
classifier in isolation, and the confidence of human expert and the classifier indicates
whether an instance should be deferred to the human expert.

While it seems that, theoretically, the optimal classifier in isolation is also optimal
in an L2D system, Wilder et al.|(2020) conjectures that this is not the case in practice.
In fact, the inherent assumption of Chow’s rule is that the hypothesis class of models
are infinitely complex. However, in practice, we always induce a certain amount of
smoothness in models to avoid overfitting, and therefore we restrain the hypothesis class
of trained models, violating the assumption of Chow’s rule.

The two training methods for finding the classifier and the rejection function are
namely (i) the staged learning method Madras et al.| (2018)), in which the classifier is
trained in isolation, and the rejection function optimizes the corresponding L2D loss,
and (i1) the joint learning method Mozannar and Sontag| (2020a); Wilder et al.| (2020),
in which the classifier and the rejection function are trained simultaneously to optimize
L2D loss. In Chapter (3, we analytically show the effect of model complexity on sys-
tem performance of the two above methods. This is a proof to the conjecture that is
posed in Wilder et al.| (2020). The claim of that conjecture was that the sub-optimality
of staged learning compared to the joint learning is inversely related to the complexity of
the models. In Chapter [3| we show that such relationship exists where model complexity
is defined as the Vapnik-Chervonenkis dimension Vapnik and Chervonenkis| (1971), a
classical measure of richness of a hypothesis class of predictors.

Another important restraint that we study in this thesis, besides the model complexity,
is the limitation of the human data acquirement. Depending on the expertise that is
needed for resolving a task, the human predictions for training an L.2D system can be
of high cost. In Chapter [3] we show how staged learning can possibly improve over this
issue. In a staged learning setting, the predictor can be trained on a dataset that does not
include human expert predictions. As a result, a dataset that is not labeled by human
expert and has a size larger than the labeled dataset can improve the accuracy of the
predictor, and in in turn overall accuracy, compared to the joint learning method that
cannot use the unlabeled dataset.

We move to extend over this result to an active learning setting, in which the human
expert prediction is sought only when it is needed. To that aim, we assume that the human



Chapter 1 Introduction

expert correctness I[y/—y is a deterministic function of the predicator x. Then, in Chapter
we devise an algorithm that in each iteration updates a set of possible predictors of this
correctness. More formally, this algorithm finds an instance x for which there are two
possible predictors in such set that lead to different predictions for that instance. Then,
it acquires human expert prediction for that instance and removes the incorrect predictor
from the set. Such algorithm that is a disagreement-based active learning method Han-
neke| (2014) leads to the complexity of O(log %), where € is the target error, as opposed

to O(SL2 log 1) for offline learning methods.

The limitations on the human expert budget can be further studied through the lens of
constrained learning. Equivalently, we can reformulate the L2D problem by penalizing
the deferral to the human in order to reach a certain deferral proportion for the dataset.
This approach was primarily studied by Okati ef al.|(2021a)) and the Bayes optimal de-
ferral system was obtained by a thresholding rule over the L2D system scores. This
observation that a thresholding rule is an optimal solution to a constrained L2D problem
is the motivating observation that initiates Chapter ] This chapter answers the question
that to what extent such a result holds for other losses and constraints.

Thresholding rules are repetitively discovered in modern machine learning literature,
from the basic maximization of the scores as the Bayes optimal classifier, to the optimal
fair classifiers Hardt et al.| (2016)); Cruz and Hardt/ (2023)). The basic idea of these rules is
that finding probability scores of some kind is essential for obtaining an optimal predic-
tor. As an instance, for finding the optimal classifier for a general cost-sensitive loss on
a dataset we need to (i) find an estimation of the probability score Pr(Y = 1|X = x), and
(ii) threshold that score based on the definition of the loss. We observe that the first step
is independent of the loss function, a phenomenon that is similarly occured for obtaining
an optimal fair classifier Hardt et al.| (2016) for which the scores are primarily estimated
and are thresholded consequently and based on the measure of algorithmic fairness. The
foundation of such methods, also referred to as post-processing methods, are extended
in Chapter [|to a large class of losses and constraints.

In this thesis, we argue that the post-processing methods are by and large explained by
an extension of the fundamental Neyman-Pearson lemma Neyman and Pearson| (1933),
a lemma that is primarily studied to find a hypothesis testing method that is optimal in
terms of false positive error, while keeps the false negative error under control. This
lemma that obtains such testing method by thresholding the likelihood ratio of the null
hypothesis and the alternative hypothesis is extended in Chapter [] to obtain optimal
solution to a set of classification as well as L2D problems with constraints on algorithmic
fairness, anomaly detection, human expert budget, long-tail classification, and Type-I/II
error. This chapter explains that for each loss function as well as each constraint that is
dependent on the input features and the outcome of a classification or an L2D system,
there exist an embedding function. Next, the optimal constrained solution is obtained
via an ensemble of such embedding functions, a method that we name d-dimensional
generalized Neyman-Pearson, or d-GNP, method
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We further study a series of negative results regarding constrained L2D problem in
Chapter 4| We start off by the hardness of the constrained L2D problem when policies
are deterministic and show that this problem and the 0 — 1 Knapsack problems are equiv-
alent, an evidence that the deterministic constrained L2D problem is NP-Hard. Next,
we take in-processing algorithms off the table by introducing a negative result on their
generalization. To elaborate, we show that if we treat the deferral to the human expert as
a label and make an attempt to learn that label, we face the ambiguity in reconstruction
of the optimal deferral policy. Indeed, we show that there are two distributions for which
the deferral labels are equal in distribution, while the optimal deferral policy is different
and not interchangeable. We argue that such issue occurs because of an attempt to com-
press the two bits of information regarding the human expert and the classifier accuracy
into one bit of deferral label.

In Chapter 4] we further show statistical generalization results for the -GNP method.
This results ensure that if we have an estimation of the actual scores in a dataset, then the
ensembling method based on such estimations lead to solutions that firstly preserve the
constraints approximately, and secondly are close in terms of the primary objective to the
Bayes optimal solution. We further explain that the closeness of the empirical solution
and the Bayes optimal solution depends on (i) the size of the validation dataset using
which the rule of ensembling is extracted, (ii) the accuracy of the score estimations, and
(iii) the smoothness of the constraints in terms of the variation in the prediction rule, a
value that is merely dependent on the data distribution.

The final chapter of this thesis is an antithesis to the idea of learn-to-defer in which
the final decision is made either by the predictor or the human expert. We start this chap-
ter by two examples that show sub-optimality of a L2D system for finding the optimal
predictor based on the human expert and the classifier. These examples suggest that the
information within the mere prediction of each of these agents is not sufficient to obtain
a final prediction, and a fusion of these predictions is needed. To resolve that issue, we
introduce a system, named Defer-and-Fusion, using which the prediction is either made
by classifier, human expert, or a fusion of both predictions.

In Chapter[5] we mainly study two problems, firstly how to optimally fuse the two pre-
dictions, and secondly when to fuse the predictions. We argue that the solution to the first
issue is to treat the prediction of either of the agents as the context of the classification,
and find a classifier using such contexts and typical classification methods. We further
explain that the hardship in the second issue is that, as opposed to the L2D problems for
which the estimation of human confidence is needed, in the Defer-and-Fusion method
we need the confidence of the fusion component to obtain the deferral policy. To obtain
the estimation of such confidence, we propose two methods: (i) we simulate the human
expert for each input, i.e., we find the probability of the decisions for which the human
expert takes in average for a certain input, and find the mean confidence of the fusion
component in response to each of these decisions, and (ii) we learn the confidence of the
fusion component directly from the training dataset.

Moreover, in Chapter [5] we discuss that a mere combination of the human expert and
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the classifier prediction, as studied in |Kerrigan ef al.|(2021), is not as accurate as L2D or
Defer-and-Fusion methods. Such combination methods miss the main idea behind L2D
methods that certain regions of the input space induce various confidence for human ex-
pert and the classifier, and averages the effect of those regions by treating the predictions
of these agents equally for all input features. However, we show that the use of the Defer-
and-Fusion method for synthetic and real datasets significantly improves over the L2D
and combination baselines in terms of accuracy as well as cost-sensitive losses.

The issues regarding the implementation of the L2D methods is extensively studied
in this thesis. In Chapter 3] a family of surrogate methods is defined for joint training
of the predictor and rejection function. This family surrogate functions are introduced
to tackle the discontinuity of the 0 — 1 loss function. Minimization of each member
of this family, which extends logistic, exponential, and squared loss function, leads to
a set of scores that could produce the Bayes optimal solution. This property that is
named Fisher consistency is further followed by its stronger approximate variation for
the introduced family of surrogates, which connects the convergence of the trained model
in surrogate loss to the convergence in 0 — 1 loss. The introduced family of surrogates
were of particular interest in the past few years and has been further studied and extended
Cao et al.|(2022); |Liu et al.| (2024).

Moreover, the main objective of Chapter ] is obtaining a practical solution for the
constrained learning problem. We argue that by training two neural networks, one for
estimating the embedding function of the objective and one for estimating the embedding
function of the constraint, one can achieve the optimal solution of that problem. This is
an alternative to the primal-dual methods (Chamon et al., 2022) that require training
based on a regularized loss and updating the regularization cost, where takes longer to
converge and could possibly lead to an oscillation due to sub-optimality of the primal
parameters after each update.

Furthermore, in Chapter E] a variety of joint training of classifier, rejection function,
and fusion is introduced. This includes methods that train these components using One-
vs-All losses [Verma and Nalisnick (2022a)) or train them by softmax losses and updating
each component iteratively. We discuss the calibration of each of these methods in Chap-
ter [l

Finally, as mentioned, the material in this thesis consider a simplified view on the
systems that keep human experts in the loop. In this view, the human expert is observed
as a stationary source of prediction that neither shifts over the time, nor is affected by
the overall predictions or the error of the system. This leaves a set of problems for future
studies: first, to verify the above assumption across an extensive set of decision-making
settings; second, to identify examples where such assumptions need to be relaxed to non-
stationary and performative ones; and finally, to develop a general algorithmic framework
that optimizes the collaboration between human experts and machine learning systems
under such relaxations.
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Chapter 2

Hermite Polynomial Features for
Private Data Generation

This chapter is based on the joint work with Margarita Vinaroz, Frederik Harder, Kamil
Adamczewski, and Mijung Park. I thank their contributions in shaping ideas, implemen-
tation of the method, and preparation of the paper.

2.1 Introduction

One of the popular distance metrics for generative modelling is Maximum Mean Discrep-
ancy (MMD) |Gretton et al.| (2012). MMD computes the average distance between the
realizations of two distributions mapped to a reproducing kernel Hilbert space (RKHS).
Its popularity is due to several facts: (a) MMD can compare two probability measures
in terms of all possible moments (i.e., infinite-dimensional features), resulting in no in-
formation loss due to a particular selection of moments; and (b) estimating MMD does
not require the knowledge of the probability density functions. Rather, MMD estimators
are in closed form, which can be computed by pair-wise evaluations of a kernel function
using the points drawn from two distributions.

However, using the MMD estimators for training a generator is not well suited when
differential privacy (DP) of the generated samples is taken into consideration. In fact, the
generated points are updated in every training step and the pair-wise evaluations of the
kernel function on generated and true data points require accessing data multiple times.
One of the key properties of DP is composability that implies each access of data causes
privacy loss. Hence, privatizing the MMD estimator in every training step — which is
necessary to ensure the resulting generated samples are differentially private — incurs a
large privacy loss.

A recent work|Harder et al. (2021b), called DP-MERF, uses a particular form of MMD
via a random Fourier feature representation Rahimi and Recht (2008) of kernel mean
embeddings for DP data generation. Under this representation, one can approximate the
MMD in terms of two finite-dimensional mean embeddings (as in eq. [(2.3)), where the
approximate mean embedding of the true data distribution (data-dependent) is detached
from that of the synthetic data distribution (data-independent). Thus, the data-dependent

11
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term needs privatization only once and can be re-used repeatedly during training of a
generator. However, DP-MERF requires an excessively high number of random features
to approximate the mean embedding of data distributions.

We propose to replac the random feature representation of the kernel mean embed-
ding with the Hermite polynomial representation. We observe that Hermite polynomial
features are ordered where the features at the low orders contain more information on
the distribution than those at the high orders. Hence, the required order of Hermite poly-
nomial features is significantly lower than the required number of random features, for
the similar quality of the kernel approximation (see Fig. [2.1). This is useful in reduc-
ing the effective sensitivity of the data mean embedding. Although the sensitivity is %
in both cases with the number of data samples m (see Sec. [2.3), adding noise to a vec-
tor of longer length (when using random features) has a worse signal-to-noise ratio, as
opposed to adding noise to a vector of shorter length (when using Hermite polynomial
features), if we require the norms of these vectors to be the same (for a limited sensitiv-
ity). Furthermore, the Hermite polynomial features maintain a better signal-to-noise ratio
as it contains more information on the data distribution, even when Hermite polynomial
features are the same length as the random Fourier features

To this end, we develop a private data generation paradigm, called differentially pri-
vate Hermite polynomials (DP-HP), which utilizes a novel kernel which we approximate
with Hermite polynomial features in the aim of effectively tackling the privacy-accuracy
trade-off. In terms of three different metrics we use to quantify the quality of generated
samples, our method outperforms the state-of-the-art private data generation methods
at the same privacy level. What comes next describes relevant background information
before we introduce our method.

2.2 Background

In the following, we describe the background on kernel mean embeddings and differen-
tial privacy.

2.2.1 Maximum Mean Discrepancy

Given a positive definite kernel k: X x X, the MMD between two distributions P,Q
is defined as Gretton er al| (2012): MMD?(P,Q) = By vpk(x,x") + Ey v ok(y,y') —
ZEXNpEyNQk(x, y). According to the Moore—Aronszajn theorem Aronszajn|(1950), there
exists a unique reproducing kernel Hilbert space of functions on X for which k is a
reproducing kernel, i.e., k(x,-) € H and f(x) = (f,k(x,))y for all x € X and f € H,
where (-,),, = (-,-) denotes the inner product on #. Hence, we can find a feature map,

IThere are efforts on improving the efficiency of randomized Fourier feature maps, e.g., by using quasi-
random points in|Avron et al.|(2016).
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¢ : X — H such that k(x,y) = (¢ (x),d(y)),, which allows us to rewrite MMD as Gret-
ton et al.[|(2012):

MMD?(P,0) = |[Evpld (x)] ~ Eygld )] @.1)

where E, _p[¢(x)] € H is known as the (kernel) mean embedding of P, and exists
if Exp\/k(x,x) < oo |Smola et al. (2007). If k is characteristic Sriperumbudur et al.
(2011), then P — E,_p[¢(x)] is injective, meaning MMD(P, Q) = 0, if and only if P = Q.
Hence, the MMD associated with a characteristic kernel (e.g., Gaussian kernel) can be
interpreted as a distance between the mean embeddings of two distributions.

Given the samples drawn from two distributions: X;, = {x;}*; ~ Pand X, = {x}}"_| ~
Q, we can estimateE] the MMD by sample averages |Gretton et al. (2012):

G m
o Y kGG = Y Y k(). (2.2)

However, at O(mn) the computational cost of I\TI\E(X,”,X,Q) is prohibitive for large-scale
datasets.

2.2.2 Kernel approximation

By approximating the kernel function k(x,x’) with an inner product of finite dimensional
feature vectors, i.e., k(x,x') ~ ¢(x)" @(x') where §(x) € R* and A is the number of
features, the MMD estimator given in eq. can be computed in O(m +n), i.e., linear
in the sample size:

2

MMD (P, Q) — (2.3)

%;$WF%;$@>

2
This approximation is also beneficial for private data generation: assuming P is a data
distribution and Q is a synthetic data distribution, we can summarize the data distribu-
tion in terms of its kernel mean embedding (i.e., the first term on the right-hand side of

eq.[(2.3)), which can be privatized only once and used repeatedly during training of the
generator which produces samples from Q.

2This particular MMD estimator is biased.
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error from HP approximation

T T
100 10! 10?
order of polynomials

error from RF approximation

number of random features

Figure 2.1: HP VS. RF features. Dataset X contains N = 100 samples drawn from
N(0,1) and X’ contains N = 100 samples drawn from N(1,1). The error is defined
by: 1%):?]:1 Zl}':] |k (xi, ;) — ()A)(x,)T(i)(xm where ¢ is either RF or HP features. Top:
The error decays fast when using HP features (eq. [(2.6)). Bottom: The plot shows the
average error over 100 independent draws of RF features (eq. [(2.4)). The error decays
slowly when using RF features. The best error (black dotted line) using 500 RF features

coincides with the error using HP features with order 2 only.

2.2.3 Random Fourier features.

As an example of (i)(), the random Fourier features|[Rahimi and Recht (2008]) are derived
from the following. Bochner’s theorem |Rudin| (2013)) states that for any translation in-
variant kernel, the kernel can be written as k(x,x’) = k(x —x') = Egpcos(@ (x —x')).
By drawing random frequencies {a)i}‘;‘zl ~ A, where A depends on the kernel, (e.g., a
Gaussian kernel k corresponds to normal distribution A), Z(x — x') can be approximated
with a Monte Carlo average. The resulting vector of random Fourier features (of length
A) is given by

A

Orr o) = (900, dro(x)’ 24
where @; o (x) = 1/2/A cos(w; " x), (ﬁﬂA/z’a,(x) =/2/A sin((oij), forj=1,---,A/2.

DP-MERF Harder et al.|(2021b) uses this very representation of the feature map given
in eq. [(2.4)} and minimizes eq. [(2.3)| with a privatized data mean embedding to train a
generator.
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2.2.4 Hermite polynomial features.

For another example of (2)() one could also start with the Mercer’s theorem (See Ap-
pendix Sec. [A.3), which allows us to express a positive definite kernel & in terms of
the eigen-values A; and eigen-functions fi: k(x,x") = Y72 A;ifi(x) f(x'), where 4; > 0
and complex conjugate 1s denoted by *. The resultlng finite- dzmenszonal feature vector
is simply @ (x) = @ p(x) = [/ Ao fo(x), VAL fi(x v/ Acfe(x)], where the cut-off is
made at the C-th eigen- Value and elgen function. For the commonly used Gaussian ker-
nel, k(x,x") = exp(—# (x—x')?), where [ is the length scale parameter, an analytic form
of eigen-values and eigen-functions are available, where the eigen-functions are repre-
sented with Hermite polynomials (See Sec. [2.3|for definition). This is the approximation
we will use in our method.

2.2.5 Differential privacy

Given privacy parameters € > 0 and 6 > 0, a mechanism M is (g, 6)-DP if the following
equation holds: PriM(D) € S] < €® - Pr[M(D’) € S] + &, for all possible sets of the
mechanism’s outputs S and all neighbouring datasets D, D’ differing by a single entry.
In this paper, we use the Gaussian mechanism to ensure the output of our algorithm
is DP. Consider a function & : D — RP, where we add noise for privacy and the level
of noise is calibrated to the global sensitivity Dwork et al.| (2006), Ay, defined by the
maximum difference in terms of Ly-norm ||h(D) — h(D’)||», for neighbouring D and D’
(i.e. D and D' have one sample difference by replacement). where the output is denoted
by h(D) = h(D) + n, where n ~ N(0, 02A21,). The perturbed function h(D) is (&, §)-
DP, where o is a function of € and 6 and can be numerically computed using, e.g., the
auto-dp package by Wang et al. (2019).

2.3 Our method: DP-HP

2.3.1 Approximating the Gaussian kernel using Hermite
polynomials (HP)

Using the Mehler formulcﬂ Mehler| (1866), for |p| < 1, we can write down the Gaussian
kerne]lz_fl as a weighted sum of Hermite polynomials

exp (— s <x—y>2) - io Aefe()fe) 2.5)

3This formula can be also derived from the Mercer’s theorem as shown in [Zhu et al. (1997); Rasmussen:
and Williams| (2005)).

“The length scale [ in terms of p is 1y = —2

22 7 1-p2°
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where the c-th eigen-value is A. = (1 — p)p¢ and the c-th eigen-function is defined

by fe, where f.(x) = \/LNTHC(X) exp (—%ﬁ) , and N, = 2! L:—g. Here, H.(x) =

(—1)exp(x?) ddec exp(—x?) is the c-th order physicist’s Hermite polynomial.
As a result of the Mehler formula, we can define a C-th order Hermite polynomial
features as a feature map (a vector of length C + 1):

biap(x) = [VIofolw). -V Achc()] . 2.6)

and approximate the Gaussian kernel via exp (— - _pp2 (x— y)2> A (f)l(ch (x)T(i)gl)) (v).

This feature map provides us with a uniform approximation to the MMD in eq. [(2.1)]
for every pair of distributions P and Q (see Theorem [I4] and Lemma [I] in Appendix
Sec.|A.3).

We compare the accuracy of this approximation with random features in Fig. 2.1]
where we fix the length scale to the median heuristic Valueﬂ in both cases. Note that the
bottom plot shows the average error across 100 independent draws of random Fourier
features. We observe that the error decay is significantly faster when using HPs than
using RFs. For completeness, we derive the kernel approximation error under HP fea-
tures and random features for 1-dimensional data in Appendix Sec.[A.2] Additionally,
we visualize the effect of length scale on the error further in Appendix Sec. [A.T]

Computing the Hermite polynomial features. Hermite polynomials follow the re-
cursive definition: H.i(x) = 2xH.(x) —2cH._1(x). At high orders, the polynomials
take on large values, leading to numerical instability. So we compute the re-scaled term
0. = \/A.f. iteratively using a similar recursive expression given in Appendix Sec.

2.3.2 Handling multi-dimensional inputs
Tensor (or outer) product kernel

The Mehler formula holds for 1-dimensional input space. For D-dimensional inputs
x,x' € RP, where x = [x,---,xp] and X' = [x],--- ,x},], the generalized Hermite Poly-
nomials (Proposition[A.3.1| and Remark [I|in Appendix Sec. allows us to represent
the multivariate Gaussian kernel k(x,x’) by a tensor (or outer) products of the Gaussian
kernel defined on each input dimension, where the coordinate-wise Gaussian kernel is

>Median heuristic is a commonly-used heuristic to choose a length scale, which picks a value in the
middle range (i.e., median) of ||x; —x;|| for 1 <1, j < n for the dataset of n samples.
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approximated with Hermite polynomials:

D
k(x,X') = kx, @ kx, - @kx, = [ ] kx (xa,%),
d=1

D
H&L )T G ia(xa), @.7)

where J)ﬁff),()ﬁ is defined in eq. [(2.6)l The corresponding feature map, from k(x,x’) ~
V,(x) T, (x'), is written as

Vp(X)
= vec [Bip(x1) @ Birp(x2) © - Bygp(an) 2.8)

where ® denotes the tensor (outer) product and vec is an operation that vectorizes a
tensor. The size of the feature map is (C + 1)P, where D is the input dimension of the
data and C is the chosen order of the Hermite polynomials. This is prohibitive for the
datasets we often deal with, e.g., for MNIST (D = 784) with a relatively small order (say
C = 10), the size of feature map is 11784, impossible to fit in a typical size of memory.

In order to handle high-dimensional data in a computationally feasible manner, we
propose the following approximation. First we subsample input dimensions where the
size of the selected input dimensions is denoted by D,,,q. We then compute the feature
map only on those selected input dimensions denoted by x”rod . We repeat these two steps
during training. The size of the feature map becomes (C 4 1)Prod, significantly lower
than (C + 1)? if Dy0qa < D. What we lose in return is the injectivity of the Gaussian
kernel on the full input distribution, as we compare two distributions in terms of selected
input dimensions. We need a quantity that is more computationally tractable and also
helps distinguishing two distributions, which we describe next.

Sum kernel

Here, we define another kernel on the joint distribution over (xy,---,xp). The follow-
ing kernel is formed by defining a 1-dimensional Gaussian kernel on each of the input

®One can let each coordinate’s Hermite Polynomials 4),(;;,) 4(xa) take different values of p, which deter-
mine a different level of fall-offs of the eigen-values and a different range of values of the eigen-
functions. Imposing a different cut-off C for each coordinate is also possible.
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dimensions:
,I;(val) = % [kxl (X1 7x/1) T+ +kXD (XD,XID)} )

D
= % Z kXd(xdvxil)a

d=1
Do ~(C

~ LY B 0a) T B (xa), 2.9)
d=1

where (i);cf), 4(.) is given in eq. [(2.6). The corresponding feature map, from ;(X,X/ ) &

vs(x) Ty (x'), is represented by

A~ (C
¢§g§71<x1>/@
n(x) = | P2l VD | ¢ o, (2.10)

i1pp(0)/ VD]
where the features map is the size of (C 4 1)D. For the MNIST digit data (D = 784),
with a relatively small order, say C = 10, the size of the feature map is 11 x 784 = 8624
dimensional, which is manageable compared to the size (11784) of the feature map under
the generalized Hermite polynomials.

Note that the sum kernel does not approximate the Gaussian kernel defined on the joint
distribution over all the input dimensions. Rather, the assigned Gaussian kernel on each
dimension is characteristic. The Lemma [2]in Appendix Sec. shows that by mini-
mizing the approximate MMD between the real and synthetic data distributions based on
feature maps given in eq. [(2.10), we assure that the marginal probability distributions of
the synthetic data converges to those of the real data.

Combined Kernel

Finally we arrive at a new kernel, which comes from a sum of the two fore-mentioned
kernels:

ke(x,X') = k(x,X') + k(x,X'), 2.11)

where k(x,X') & v, (xPrrod) 5, (x'Prrod) and k(x,x') = Vy(x) T9;(x'), and consequently the
corresponding feature map is given by

Pu(x) = Fpgs‘f;;"d)} 2.12)
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Dprod .
where the size of the feature map is R((CH) PretHeTH) D)> <t

Why this kernel? When D,,,; goes to D, the product kernel itself in eq. be-
comes characteristic, which allows us to reliably compare two distributions. However,
for computational tractability, we are restricted to choose a relatively small D, to sub-
sample the input dimensions, which forces us to lose information on the distribution over
the un-selected input dimensions. The use of sum kernel is to provide extra information
on the un-selected input dimensions at a particular training step. Under our kernel in
eq. [2.IT)] every input dimension’s marginal distributions are compared between two
distributions in all the training steps due to the sum kernel, while some of the input di-
mensions are chosen to be considered for more detailed comparison (e.g., high-order
correlations between selected input dimensions) due to the outer product kernel.

2.3.3 Approximate MMD for classification

For classification tasks, we define a mean embedding for the joint distribution over the
input and output pairs (X,y), with the particular feature map given by g

™=

Bp, (D)= ) g(xiy). (2.13)

i=1

Here, we define the feature map as an outer product between the input features repre-
sented by eq.|(2.12)|and the output labels represented by one-hot-encoding f(y;):

g(x;,y:) = ve(x)f(y:)". (2.14)

Given eq. [(2.14)] we further decompose eq. [(2.13)]into two, where the first term corre-
sponds to the outer product kernel denoted by ﬁ§ and the second term corresponds to the
sum kernel denoted by i p:

i, = [BP] = LT s R | 2.15
Hrey L‘P] [ Xy Vs (x:)E(yi) =

Similarly, we deﬁne an approximate mean embedding of the synthetic data distribution
by Hy, ,(Dy) = Lyn  g(xi(0),yi(0)), where 8 denotes the parameters of a synthetic
Xy

/\2 o~
data generator. Then, the approximate MMD is given by: MMDy»(P,Q) = || Pey (D) —
Ho, (D D)5 = [Ip — 13, |15+ |Ep — B, |[3- In practice, we minimize the augmented
appr0x1mate MMD:

min ||Hp — B, |12+ ||Hp — B, 13- (2.16)

where 7 is a positive constant (a hyperparameter) that helps us to deal with the scale
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difference in the two terms (depending on the selected HP orders and subsampled input
dimensions) and also allows us to give a different importance on one of the two terms.
We provide the details on how 7 plays a role and whether the algorithm is sensitive to y
in Sec.[2.5] Minimizing eq. [(2.16)| yields a synthetic data distribution over the input and
output, which minimizes the discrepancy in terms of the particular feature map eq. [(2.15)|
between synthetic and real data distributions.

2.3.4 Differentially private data samples

For obtaining privacy-preserving synthetic data, all we need to do is privatizing @’ p and
Ty p given in eq. |( m then training a generator. We use the Gaussian mechamsm to
privatize both terms. See Appendix Sec m for sensmVlty analysis. Unlike 1} p that
can be privatized only and for all, we need to privatize i} every time we redraw the
subsampled input dimensions. We split a target € into two such that € = & + & (also
the same for &), where € is used for privatizing I» and &, is used for privatizing ﬁf).
We further compose the privacy loss incurred in privatizing i during training by the
analytic moments accountant Wang et al. (2019), which returns the privacy parameter &
as a function of (&;,0,). In the experiments, we subsample the input dimensions for the
outer product kernel in every epoch as opposed to in every training step for an economical
use of &.

Data Samples DP-CCGAN (c = 1) DP-MERF (e = 1) DP-HP (¢ =1)
NLL ~ 3.1 x 10° NLL ~ 4.7 x 10° NLL ~ 4.1 x 10° NLL ~ 3.7 x 10°

Figure 2.2: Simulated example from a Gaussian mixture. Left: Data samples drawn from
a Gaussian Mixture distribution with 5 classes (each color represents a class). NLL de-
notes the negative log likelihood of the samples given the true data distribution. Middle-
Left: Synthetic data generated by DP-CGANSs at € = 1, where some modes are dropped,
which is reflected in poor NLL. Middle-Right: Synthetic data samples generated by
DP-MERF at € = 1. Right: Synthetic data samples generated by DP-HP at € = 1. Our
method captures all modes accurately at € = 1, and achieves better NLL thanks to a
smaller size of feature map than that of DP-MEREF (see text).
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2.4 Related Work

Approaches to differentially private data release can be broadly sorted into three cat-
egories. One line of prior work with background in learning theory aims to provide
theoretical guarantees on the utility of released data |[Snoke and Slavkovic| (2018); Mo-
hammed et al.| (2011)); Xiao et al.| (2010); Hardt et al.| (2012); Zhu et al.| (2017)). This
usually requires strong constraints on the type of data and the intended use of the released
data.

A second line of work focuses on the sub-problem of discrete data with limited domain
size, which is relevant to tabular datasets|Zhang et al.|(2017); |Qardaji et al.|(2014); Chen
et al.|(2015); Zhang et al.|(2021). Such approaches typically approximate the structure in
the data by identifying small sub-sets of features with high correlation and releasing these
lower order marginals in a private way. Some of these methods have also been successful
in the recent NIST 2018 Differential Privacy Synthetic Data Challenge National Institute
for Standards and Techonologies (2018]), while these methods often require discretization
of the data and do not scale to higher dimensionality in arbitrary domains.

The third line of work aims for broad applicability without constraints on the type of
data or the kind of downstream tasks to be used. Recent approaches attempt to leverage
the modeling power of deep generative models in the private setting. While work on
VAEs exists Acs et al.| (2018), GANs are the most popular model Xie et al.| (2018b));
Torkzadehmahani et al.| (2019); [Frigerio et al.| (2019); Yoon et al.| (2019); |Chen et al.
(2020), where most of these utilize a version of DP-SGD |Abadi et al.| (2016b)) to ac-
complish this training, while PATE-GAN is based on the private aggregation of teacher
ensembles (PATE) Papernot et al.| (2017).

The closest prior work to the proposed method is DP-MERF Harder et al.| (2021b),
where kernel mean embeddings are approximated with random Fourier features Rahimi
and Recht (2008) instead of Hermite polynomials. Random feature approximations of
MMD have also been used with DP Balog er al.| (2018); Sarpatwar et al.| (2019). A
recent work utilizes the Sinkhorn divergence for private data generation Cao et al.|(2021]),
which more or less matches the results of DP-MERF when the regularizer is large and
the cost function is the L2 distance. To our knowledge, ours is the first work using
Hermite polynomials to approximate MMD in the context of differentially private data
generation.

2.5 Experiments

Here, we show the performance of our method tested on several real world datasets.
Evaluating the quality of generated data itself is challenging. Popular metrics such as
inception score and Fréchet inception distance are appropriate to use for evaluating color
images. For the generated samples for tabular data and black and white images, we use
the following three metrics: (a) Negative log-likelihood of generated samples given a

21



Chapter 2 Hermite Polynomial Features for Private Data Generation

ground truth model in Sec.[2.5.1} (b) a-way marginals of generated samples in Sec.[2.5.2
to judge whether the generated samples contain a similar correlation structure to the real
data; (c) Test accuracy on the real data given classifiers trained with generated samples
in Sec.[2.5.3]to judge the generalization performance from synthetic to real data.

As comparison methods, we tested PrivBayes Zhang et al.|(2017), DP-CGAN|Torkzadehma-
hani et al.|(2019), DP-GAN [Xie et al.|(2018b)) and DP-MERF Harder et al.| (2021b)). For
image datasets we also trained GS-WGAN [Chen et al.|(2020). Our experiments were im-
plemented in PyTorch |Paszke et al.| (2019) and run using Nvidia Kepler20 and Kepler80
GPUs. Our code is available at https://github. com/ParkLabML/DP-HP.

Table 2.1: a-way marginals evaluated on generated samples with discretized Adult and
Census datasets.

Adult PrivBayes DP-MERF DP-HP
e=03 €=0.1 | =03 &=0.1|e=03 £=0.1
=3 | 0446 0.577 | 0405 0.480 | 0.332 0.377
oa=4| 0.547 0.673 | 0.508 0.590 | 0.418 0.467
Census PrivBayes DP-MERF DP-HP
e=03 €=0.1|¢e=03 €=0.1|¢e=03 £=0.1
oa=2| 0.180 0.291 | 0.190 0.222 | 0.141 0.155
a=3 | 0.323 0429 | 0.302 0.337 | 0.211 0.232

2.5.1 2D Gaussian mixtures

We begin our experiments on Gaussian mixtures, as shown in Fig. [2.2)(left). We generate
4000 samples from each Gaussian, reserving 10% for the test set, which yields 90000
training samples from the following distribution: p(x,y) = [V ¥, jecy, éj\/ (xi|n;,0L)
where N = 90000, and ¢ = 0.2. C = 25 is the number of clusters and Cy denotes the set
of indices for means W assigned to class y. Five Gaussians are assigned to each class,
which leads to a uniform distribution over y and 18000 samples per class. We use the
negative log likelihood (NLL) of the samples under the true distribution as a scor to
measure the quality of the generated samples: NLL(x,y) = —log p(x,y). The lower NLL
the better.

We compare our method to DP-CGAN and DP-MERF at (¢, 8) = (1,107) in Fig.
Many of the generated samples by DP-CGAN fall out of the distribution and some modes
are dropped (like the green one in the top right corner). DP-MERF preserves all modes.
DP-HP performs better than DP-MEREF by placing fewer samples in low density regions
as indicated by the low NLL. This is due to the drastic difference in the size of the feature
map. DP-MEREF used 30,000 random features (i.e., 30,000-dimensional feature map).

"Note that this is different from the other common measure of computing the negative log-likelihood of
the true data given the learned model parameters.
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2.5 Experiments

DP-HP used the 25-th order Hermite polynomials on both sum and product kernel ap-
proximation (i.e., 25% 4+ 25 = 650-dimensional feature map). in this example, as the input
is 2-dimensional, it was not necessary to subsample the input dimensions to approximate
the outer product kernel.

2.5.2 o-way marginals with discretized tabular data

We compare our method to PrivBayes|Zhang et al.|(2017) and DP-MEREF. For PrivBayes,
we used the published code from McKenna et al.| (2019), which builds on the original
code with Zhang et al.|(2018)) as a wrapper. We test the model on the discretized Adult
and Census datasets. Although these datasets are typically used for classification, we
use their inputs only for the task of learning the input distribution. Following Zhang
et al.| (2017), we measure o.-way marginals of generated samples at varying levels of
€-DP with § = 107>. We measure the accuracy of each marginal of the generated dataset
by the total variation distance between itself and the real data marginal (i.e., half of the
L1 distance between the two marginals, when both of them are treated as probability
distributions). We use the average accuracy over all marginals as the final error metric
for o--way marginals. In Table 2.1} our method outperforms other two at the stringent
privacy regime. See Appendix Sec. for hyperparameter values we used, and Ap-
pendix Sec. for the impact of y on the quality of the generated samples. We also
show how the selection of D4 affects the accuracy in Appendix Sec.

2.5.3 Generalization from synthetic to real data

Following [Chen et al.| (2020); [Torkzadehmahani et al.| (2019); |Yoon et al. (2019); |(Chen
et al.|(2020); Harder ef al.| (2021b);|Cao et al.|(2021)), we evaluate the quality of the (pri-
vate and non-private) generated samples from these models using the common approach
of measuring performance on downstream tasks. We train 12 different commonly used
classifier models using generated samples and then evaluate the classifiers on a test set
containing real data samples. Each setup is averaged over 5 random seeds. The test
accuracy indicates how well the models generalize from the synthetic to the real data
distribution and thus, the utility of using private data samples instead of the real ones.

Details on the 12 models can be found in Table

Tabular data. First, we explore the performance of DP-HP algorithm on eight different
imbalanced tabular datasets with both numerical and categorical input features. The
numerical features on those tabular datasets can be either discrete (e.g. age in years) or
continuous (e.g. height) and the categorical ones may be binary (e.g. drug vs placebo
group) or multi-class (e.g. nationality). The datasets are described in detail in Appendix
Sec. As an evaluation metric, we use ROC (area under the receiver characteristics
curve) and PRC (area under the precision recall curve) for datasets with binary labels,
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Table 2.2: Performance comparison on Tabular datasets. The average over five indepen-
dent runs.

Real DP-CGAN DP-GAN DP-MERF DP-HP
(1,107%)-DP | (1,107%)-DP | (1,107%)-DP | (1,1075)-DP

adult 0.786 0.683 | 0.509 0.444 | 0.511 0.445 | 0.642 0.524 | 0,688 0,632
census 0.776 0.433 | 0.655 0.216 | 0.529 0.166 | 0.685 0.236 | 0,699 0,328
cervical | 0.959 0.858 | 0.519 0.200 | 0.485 0.183 | 0.531 0.176 | 0,616 0,312
credit 0.924 0.864 | 0.664 0.356 | 0.435 0.150 | 0.751 0.622 | 0,786 0,744
epileptic | 0.808 0.636 | 0.578 0.241 | 0.505 0.196 | 0.605 0.316 | 0,609 0,554
isolet 0.895 0.741 | 0.511 0.198 | 0.540 0.205 | 0.557 0.228 | 0,572 0,498

F1 F1 F1 Fl1 F1
covtype 0.820 0.285 0.492 0.467 0.537
intrusion 0.971 0.302 0.251 0.892 0.890
Digit MNIST downstream accuracy under subsampling Fashion MNIST downstream accuracy under subsampling
0.90
0.85 0754 —/'/._—.
0.80 0704 o -
—e— real data M —e— realdata
075 —— MllMMDE== 065 - =000 =09 | - fllMmDe==
PR 7 [ —e— DP-HP (ours) e = K/.——M‘\ — g | & DPHP (ours) =
z —e— DP-HP (ours) £=1 Z 0604 - -+ | —e— DP-HP (ours) £=1
8 2
£ 065 —e— DP-MERF£=w 5 ///( —— DP-MERFe=w
g DP-MERF £ = 1 2 0559 DP-MERF £ =1
060 ool . oo // - GS-WGAN 2= 10
055 —e— DP-CGAN £=9.6 050 F —e— DP-CGAN £=9.6
DP-GAN £=9.6 DP-GAN £=9.6
050 045
0.45 0.40

y T T T T T T T T T 5 T T T T T T T T T T
60 120 300 600 1.2k 3k 6k 12k 30k 60k 60 120 300 600 1.2k 3k 6k 12k 30k 60k
# samples generated # samples generated

(a) MNIST (b) FashionMNIST

Figure 2.3: We compare the real data test accuracy as a function of training set size
for models trained on synthetic data from DP-HP and comparison models. Confidence
intervals show one standard deviation.

and F1 score for dataset with multi-class labels. Table shows the average over the
12 classifiers trained on the generated samples (also averaged over 5 independent seeds),
where overall DP-HP outperforms the other methods in both the private and non-private
settings, followed by DP-MERFE See Appendix Sec. for hyperparameter values
we used. We also show the non-private MERF and HP results in Table [A.5]in Appendix.

Image data. We follow previous work in testing our method on image datasets MNIST
LeCun et al.|(2010) (license: CC BY-SA 3.0) and FashionMNIST [Xiao et al.| (2017) (li-
cense: MIT). Both datasets contain 60000 images from 10 different balanced classes. We
test both fully connected and convolutional generator networks and find that the former

8For the Cervical dataset, the non-privately generated samples by DP-MERF and DP-HP give better
results than the baseline trained with real data. This may be due to the fact that the dataset is relatively
small which can lead to overfitting. The generating samples by DP-MERF and DP-HP could bring a
regularizing effect, which improves the performance as a result.
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Real Data

DP-CCAN [32]
(e=9.6) P
DP-GAN [37
(e =9.6)
GS-WGAN [6
(e =10)
DP-MERF [13]
(e=1)
DP-HP (ours) (i

(e=1)

Figure 2.4: Generated MNIST and FashionMNIST samples from DP-HP and comparison
models

works better for MNIST, while the latter model achieves better scores on FashionMNIST.
For the experimental setup of DP-HP on the image datasets see Table in Appendix
Sec. A qualitative sample of the generated images for DP-HP and comparison
methods is shown in Fig. 2.4 While qualitatively GS-WGAN produces the cleanest
samples, DP-HP outperforms GS-WGAN on downstream tasks. This can be explained
by a lack of sample diversity in GS-WGAN shown in Fig.[2.3]

In Fig. we compare the test accuracy on real image data based on private synthetic
samples from DP-GAN, DP-CGAN, GS-WGAN, DP-MERF and DP-HP generators. As
additional baselines we include performance of real data and of full MMD, a non-private
generator, which is trained with the MMD estimator in eq. in a mini-batch fash-
ion. DP-HP gives the best accuracy over the other considered methods followed by
DP-MEREF but with a considerable difference especially on the MNIST dataset. For
GAN-based methods, we use the same weak privacy constraints given in the original
papers, because they do not produce meaningful samples at € = 1. Nonetheless, the ac-
curacy these models achieve remains relatively low. Results for individual models for
both image datasets are given in Appendix Sec.

Finally, we show the downstream accuracy for smaller generated datasets down to
60 samples (or 0.1% of original dataset) in Fig. [2.3] The points, at which additional
generated data does not lead to improved performance, gives us a sense of the redundancy
present in the generated data. We observe that all generative models except full MMD
see little increase in performance as we increase the number of synthetic data samples to
train the classifiers. This indicates that the effective dataset size these methods produce
lies only at about 5% (3k) to 10% (6k) of the original data. For DP-GAN and DP-CGAN
this effect is even more pronounced, showing little to no gain in accuracy after the first
300 to 600 samples respectively on FashionMNIST.
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2.6 Summary and Discussion

We propose a DP data generation framework that improves the privacy-accuracy trade-
off using the Hermite polynomials features thanks to the orderedness of the polynomial
features. We chose the combination of outer product and sum kernels computational
tractability in handling high-dimensional data. The quality of generated data by our
method is significantly higher than that by other state-of-the-art methods, in terms of
three different evaluation metrics. In all experiments, we observed that assigning € more
to € than & and using the sum kernel’s mean embedding as a main objective together
with the outer product kernel’s mean embedding as a constraint (weighted by ¥) help
improving the performance of DP-HP.

As the size of mean embedding grows exponentially with the input dimension under
the outer product kernel, we chose to subsample the input dimensions. However, even
with the subsampling, we needed to be careful not to explode the size of the kernel’s
mean embedding, which limits the subsampling dimension to be less than 5, in practice.
This gives us a question whether there are better ways to approximate the outer product
kernel than random sampling across all input dimensions. We leave this for future work.
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Chapter 3

Sample Efficient Learning of Predictors
that Complement Humans

This chapter is based on the joint work with Hussein Mozannar and David Sontag. 1
thank their contributions in shaping ideas and preparation of the paper.

3.1 Introduction

How do we combine Al systems and human decision makers to both reduce error and
alleviate the burden on the human? Al systems are starting to be frequently used in com-
bination with human decision makers, including in high-stakes settings like healthcare
(Beede et al., |2020) and content moderation (Gillespie (2020). A possible way to com-
bine the human and the Al is to learn a 'rejector’ that queries either the human or the Al
to predict on each input. This allows us to route examples to the Al model, where it out-
performs the human, so as to simultaneously reduce error and human effort. Moreover,
this formulation allows us to jointly optimize the Al so as to complement the human’s
weaknesses, and to optimize the rejector to allow the Al to defer when it is unable to
predict well. This type of interaction is typically referred to as expert deferral and the
learning problem is that of jointly learning the Al classifier and the rejector. Empirically
this approach has been shown to outperform either the human or the AI when predicting
by their own Kamar et al.| (2012); [Tan et al. (2018). One hypothesis is that humans and
machines make different kinds of errors. For example humans may have bias on certain
features Kleinberg et al.| (2018) while Al systems may have bounded expressive power
or limited training data. On the other hand, humans may outperform Al systems as they
may have side information that is not available to the Al, for example due to privacy
constraints.

Existing deployments tend to ignore that the system has two components: the Al clas-
sifier (henceforth, the classifier) and the human. Typically the Al is trained without tak-
ing int account the human—and deferral is done using post-hoc approaches like model
confidence Raghu et al.|(2019). The main problem of this approach, that we refer to as
staged learning, is that it ignores the possibility of learning a better combined system by
accounting for the human (and its mistakes) during training. More recent work has de-
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veloped joint training strategies for the Al and the rejector based on surrogate losses and
alternating minimization Mozannar and Sontag| (2020a); Okati ef al.| (2021a). However,
we lack a theoretical understanding of the fundamental merits of joint learning compared
to the staged approach. In this work, we study three main challenges in expert deferral
from a theoretical viewpoint: 1) model capacity constraints, 2) lack of data of human
expert’s prediction and 3) optimization using surrogate losses.

When learning a predictor and rejector in a limited hypothesis class, it becomes more
valuable to allocate model capacity to complement the human. We prove a bound on
the gap between the approach that learns a predictor that complements human and the
approach that learns the predictor ignoring the presence of the human in Section
To practically learn to complement the human, the literature has shown that surrogate
loss functions are successful Madras et al.| (2018); Mozannar and Sontag| (2020a). We
propose a family of surrogate loss functions that generalizes existing surrogates such as
the surrogate in Mozannar and Sontag| (2020a)), and we further prove surrogate excess
risk bounds and generalization properties of these surrogates in Section Finally, a
main limitation of being able to complement the human is the availability of samples of
human predictions. For example, suppose we wish to deploy a system for diagnosing
pneumonia from chest X-rays in a new hospital. To be able to know when to defer to
the new radiologists, we need to understand their specific strengths and weaknesses. We
design a provable active learning scheme that is able to first understand the human expert
error boundary and learn a classifier-rejector pair that adapts to it in Section [3.5] To
summarize, the contributions of this paper are the following:

* Understanding the gap between joint and staged learning: we prove bounds
on the gap when learning in bounded capacity hypothesis classes and with missing
human data.

* Theoretical analysis of Surrogate losses: we propose a novel family of con-
sistent surrogates that generalizes prior work and analyze asymptotic and sample
properties.

* Actively learning to defer: we provide an algorithm that is able to learn a classifier-
rejector pair by minimally querying the human on selected points.

3.2 Problem Setting

We study classification problems where the goal is to predict a target Y € {1,--- ,K}
based on a set of features X € X, or via querying a human expert opinion M ~ [y xy
that has access to a domain Z. Upon viewing the input X, we decide first via a rejector
function r: X — {0, 1} whether to defer to the expert, where r(x) = 1 means deferral and
r(x) = 0 means predicting using a classifier 4 : X — [K]. The expert domain may contain
side information beyond X to classify instances. For example, when diagnosing diseases
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from chest X-rays the human may have access to the patient’s medical records while the
Al only has access to the X-ray. We assume that X, Y, M have a joint probability measure
Uxym.

We let deferring the decision to the expert incur a cost equal to the expert’s error and an
additional penalty term: lexp(X,y,m) = L2, + cexp(X,y,m) that depends on the features
X, the value of target Y =y, and the expert’s prediction M = m. Moreover, we assume
that predicting without querying the expert incurs a different cost equal to the classifier
error and an additional penalty: Ca1(X,y,m) = I} x)£, + ca1(X,y,m) where h(x) is the
prediction of the classifier. With the above in hand, we write the true risk as

Laet(h,r) = Ex vy [ Lar(X, Y, h(X)) - Lix)—o + Lexp(X, Y, M) - Ty | (3.1

In the setting when we only care about misclassification costs with no additional penal-
ties, the deferral loss becomes a 0 — 1 loss as follows:

Ly (h,r) = E [Ty er Loy =0 + Iy L) =1 | (3.2)

We focus primarily on the 0 — 1 loss for our analysis; it is also possible to extend parts
of the analysis to handle additional cost penalties. We restrict our search to classifiers
within a hypothesis class H and a rejector function within a hypothesis class R. The
optimal joint classifier and rejector pair is the one that minimizes [(3.2)}

n*,r* = argmin L' (h, ) (3.3)
heH,reR

To approximate the optimal classifier-rejector pair, we have to handle two main obstacles:
(1) optimization of the non-convex and discontinuous loss function and (ii) availability of
the data on human’s predictions and the true label.

In the following section and in section we restrict the analysis to binary la-
bels Y = {0, 1} for a clearer exposition. The theoretical results in the following section
are shown to apply further for the multiclass setting in a set of experimental results.
However, in section @ where we discuss practical algorithms, we switch back to the
mutliclass setting for full generality. In the following section, we compare two strategies
for expert deferral across these two dimensions.

3.3 Staged Learning of Classifier and Rejector

3.3.1 Model Complexity Gap

Staged learning. The optimization problem framed in |(3.3)| requires joint learning of
the classifier and rejector. Alternatively, a popular approach comprises of first learning
a classifier that minimizes average misclassification error on the distribution, and then,
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learning a rejector that defers each point to either classifier or the expert, depending on
who has a lower estimated error Raghu et al.| (2019); Wilder et al.| (2020).
Formally, we first learn & to minimize the average misclassification error:

h= argminEy y[Ijx).y] (3.4)
heH
and in the second step we learn the rejector r to minimize the joint loss with the
now fixed classifier f:
F= argminLge_fl (}Az,r) (3.5)
reR

This procedure is particularly attractive as the two steps [(3.4)] and [(3.5)| could be cast as
classification problems, and approached by powerful known tools that are devised for
such problems. Despite its convenience, this method is not guaranteed to achieve the
optimal loss (as in [(3.3)), since it decouples the joint learning problem. Assuming that
we are able to optimally solve both problems on the true distribution, let (2*,r*) denote
the solution of joint learning and (fz, 7) the solution of staged learning. To estimate the
extent to which staged learning is sub-optimal, we define the following minimax measure

A(dy,d,) for the binary label setting:

. 0—1/7 & 0—1/p% %
A(dladz) = H,RIGHgdl 0 :E/%Ldef (hv I’) Ldef (h 14 )
To disentangle the above measure, the supremeum sup,, . is a worst-case over the data
distribution and expert pair, while the infimum infy; Reg d1dy is the best-case classifier-
rejector model classes with specified complexity d; and dp where $4, 4, = {(H,R) :
d(H) =d;,d(R) =d,} and d(-) denotes the VC dimension of a hypothesis class. As a
result, this measure expresses the worst-case gap between joint and staged learning when

learning from the optimal model class given complexity of the predictor and rejector
model classes. The following theorem provides a lower- and upper-bound on A(d},d>).

Theorem 1. For every set of hypothesis classes H, R where d(-) denotes the VC-dimension
of a hypothesis class, the minimax difference measure between joint and staged learning
is bounded between:

QU

M) () < G0 6

Proof of the theorem can be found in Appendix The theorem implies that for any
classifier and rejector hypothesis classes, we can find a distribution and an expert such
that the gap between staged learning and joint learning is at least 1 over the VC dimension
of the classifier hypothesis class. Meaning the more complex our classifier hypothesis
class is, the smaller the gap between joint and staged learning is. On the other hand,
the gap is no larger than the ratio between the rejector complexity over the the classifier
complexity. Which again implies if our hypothesis class is comparatively much richer

A +1 =

U
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3.3 Staged Learning of Classifier and Rejector

than the rejector class, the gap between the joint and staged learning reduces. What
this does not mean is that deferring to the human is not required for optimal error when
the classifier model class is very large, but that training the classifier may not require
knowledge of the human performance.

3.3.2 Data Trade-offs

Current datasets in machine learning are growing in size and are usually of the form of
feature X and target Y pairs. It is unrealistic to assume that the human expert is able
to individually provide their predictions for all of the data. In fact, the collection of
datasets in machine learning often relies on crowd-sourcing where the label can either
be a majority vote of multiple human experts, e.g. in hate-speech moderation |Davidson
et al.| (2017), or due to an objective measurement, e.g. a lab test result for a patient
medical data. In the expert deferral problem, we are interested in the predictions of a
particular human expert and thus it is infeasible for that human to label all the data and
perhaps unnecessary.

In the following analysis, we assume access to fully labeled data S; = {(x;,y;,m;) }:_
and data without expert labels S, = {(Xi,y,-)}?gl"jl. This is a realistic form of the data
we have available in practice. We now try to understand how we can learn a classifier and
rejector from these two datasets. This is where we expect the staged learning procedure
can become attractive as it can naturally exploit the two distinct datasets to learn.

Joint Learning. Learning jointly requires access to the dataset with the entirety of
expert labels, thus we can only use §; to learn

h,7 = argmin Y Ly, L ()20 + Lyt Ly =1

/’l,l’ lES]

Staged learning. On the other hand, for staged learning we can exploit our expert
unlabeled data to first learn A:

h= argmin 3, Lyx)os,

[ISA

and in the second step we learn 7 to minimize the joint loss with the fixed h but only on
S;.

Generalization. Given that staged learning exploits both datasets, we expect that if we
have much more expert unlabeled data than labeled data, i.e. n, > n;, then it maybe
possible to obtain better generalization guarantees from staged learning. The following
proposition shows that when the Bayes optimal classifier is in the hypothesis class, then
staged learning can possibly improve sample complexity over joint learning.
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Proposition 1. Ler S; = {(x;,yi,m;) }iL, and Sy = {(Xitn;sYitn,) Y1ty be two iid sample

sets that are drawn from the distribution lxyy and are labeled and not labeled by the

human, respectively. Assume that the optimal classifier h = argminEx y~ ., [Hh(X#Y] is
h

a member of H (i.e., realizability). B
Let (h,?) be the staged solution and let (h,r) be the joint solution obtained by learning
only on Sy. Then, with probability at least 1 — 8 we have for staged learning

LY 1(? h) <L2f1 (R, 1) + R, (H) + 2R, (R) +2min {P(M # Y ), Ry, prmstry2(R) }

log 1 ot
L ULENYSSORES (37)
min(ny,ny,)

while for joint learning we have:

* logl/6
L0 () <L0 (W, 7) + By (H) + 2Ry (R) + 2R, pruaor) o (R) +C gn—,/
B Pr(M#Y)
PMAY)e™ 7 38

Proof of the proposition can be found in Appendix From the above proposition,
when the Bayes classifier is in the hypothesis class, the upper bound for the sample
complexity required to learn the classifier and rejector is reduced by only paying the
Rademacher complexity of the hypothesis class on the unlabeled data compared to on
the potentially smaller labeled dataset. The Rademacher complexity is a measure of
model class complexity on the data and can be related to the VC dimension.

While in this case study staged learning may improve the generalization error bound
comparing to that of joint learning, the number of labeled samples for both to achieve
g-upper-bound on the true risk is of order 0(10g I/ £). As we can see, there exist compu-
tational and statistical trade-offs between joint and staged learning. While joint learning
leads to more accurate systems, it is computationally harder to optimize than staged
learning. In the next section, we investigate whether it is possible to more efficiently
solve the joint learning problem while still retaining its favorable guarantees in the mul-
ticlass setting.

3.4 Surrogate Losses For Joint Learning

A common practice in machine learning is to propose surrogate loss functions, which of-
ten are continuous and convex, that approximate the original loss function we care about
Bartlett et al. (2006). The hope is that these surrogates are more readily optimized and
minimizing them leads to predictors that also minimize the original loss. In their work
on expert deferral, Mozannar and Sontag (2020a) reduces the learning to defer problem
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3.4 Surrogate Losses For Joint Learning

to cost-sensitive learning which enables them to use surrogates for cost-sensitive learn-
ing in the expert deferral setting. We follow the same route in deriving our novel family
of surrogate losses. We now recall the reduction in Mozannar and Sontag| (2020a)): de-
fine the random costs ¢ € Rf“ where ¢(i) is the i'th component of ¢ and represents
the cost of predicting label i € [K + 1]. The goal of cost sensitive learning is to build a
predictor /1 : X — [K + 1] that minimizes the cost-sensitive loss E[c(h(X))]. The reduc-
tion is accomplished by setting c(i) = £a1(X,Y,i) for i € [K] while ¢(K + 1) represents
the cost of deferring to the expert with ¢(K + 1) = lexp(X,Y,M). Thus, the predictor h
learned in cost-sensitive learning implicitly defines a classifier-rejector pair (h,r) with
the following encoding:

h(x) =i r(x)=0, ifh(x)=ic K]

h(x) =1,r(x) =1 if%(x) =K+1 (3.9

h(x),r(x) = {

Note that when z(x) = K + 1 the classifier 4 is left unspecified and thus we assign it
a dummy value of 1. Cost-sensitive learning is a non-continuous and non-convex op-
timization problem that makes it computationally hard to solve in practice. In order to
approximate it, we propose a novel family of cost-sensitive learning loss functions that
extend any multi-class loss function to the cost-sensitive setting.

First we parameterize our predictor 7 with K+ 1 functions f; : X — R and define the
predictor to be the max of these K + 1 functions: hg(x) = argmax; f;j(x). Note that h¢
gives rise to the classifier-rejector pair (hg, rg) according to the decoding rule

Formally, let £y (y,f(x)) : [K + 1] x RE™! — R be a surrogate loss function of the zero-
one loss for multi-class classification. We define the extension of this surrogate to the
cost-sensitive setting as:
~ K+1
ly(c,f(x)) = Zl [ max e(j) —e(i)] o (i, £(x)) (3.10)

i=

Note that if /4 is continuous or convex, then because £, ¢ is a finite positively-weighted
sum of £y’s, then £¢ ¢ is also continuous or convex, respectively. We show in the follow-

ing proposition, that if £, is a consistent surrogate for multi-class classification, then th
is consistent for cost-sensitive learning and by the reduction above is also consistent for
learning to defer.

Proposition 2. Suppose (4 (y,f(x)) is a consistent surrogate for multi-class classifica-

tion, meaning if the surrogate is minimized over all functions then it also minimizes the
misclassification loss:

let f* = arginfyE (4 (Y,£(x))], then: ﬁf* = arginfy E[ly_p(x)], where ﬁf* is defined as
above.
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Then, our surrogate Z¢ (c,g(x)) defined in |(3.10)| is a consistent surrogate for cost-

sensitive learning and thus for learning to defer:

let f* = arginf,E [Zq, (c,f(x))}, then: i, ri = argin, LS ! (h,r), with (hf,r§) defined in
(3.9)

Proof of the proposition can be found in Appendix [B.3] To illustrate the family of
surrogates implied by Proposition [2] we first start by recalling a family of surrogates for
multi-class classification. Theorem 4 of Zhang (2004) shows that there is a family of
consistent surrogates for O — 1 loss in multi-class classification parameterized by three

functions (u,s,t) and takes the form £y (y,f(x)) = u(f,(x)) -l—s(Zf“t(fj(x))). This
family is consistent under certain conditions of the aforementioned functions.

Now we show with a few of examples that this family encompasses some popular
surrogates used in cost sensitive learning:

Examples. (1) If we set u(x) = —2x, s(x) = x, and t(x) = x?, then we can obtain a
weighted quadratic loss:

_ K+1 )

Lo =Elx ). Ifi=aOI, (3.11)

where q(i) is the normalized expected value of max jc k1 c(j) — c(i) given X = x, and
T represents the normalization term.

(2) If we set u(x) = —x, and s(x) = log(x) and t (x) = e*, then we have ay’ (x) +1t'(x) =
—a+e* =0, and as a result x = loga, which is an increasing function of a. As a result,
the surrogate loss

_ kil | o)
Lep(f) = E[- ) (maxc(j) — (i) log Tj()] (3.12)
i=1 J Zk 1 KX

which is the loss defined in Mozannar and Sontag|(2020a) and used for learning to defer.

3.4.1 Theoretical Properties of Surrogate

Goodness of a Surrogate. Given a surrogate, how can we quantify how well it ap-
proximates our original loss? One avenue is through the surrogate excess-risk bound as
follows. Let L be a surrogate for the loss function L, and let #* be the minimizer of the
surrogate and 2* the minimizer of L. We call the excess surrogate risk Bartlett et al.
(2006) the following quantity if we can find a calibration function y such that for any A
we have:

w(L(h)—L(h")) < L(h) = L(k") (3.13)

The excess surrogate risk bound tells us if we are €-close to the minimizer of the surro-
gate, then we are W~ !(&)-close to the minimizer of the original loss.
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Query h(x)
R DIS(V;) d(x) Find @ Human #Y
S, an  human’s 4 consistent a Human = ¥
DIS (V,)‘ \ W prediction 4 (hyr) w @ Unlabeled
v =
1N ' +r=1
a® T a P a® 2 —r=0
w \Ag we, N w ‘= r(x)
n v o IS
w - | w

Step 1: Identify points to query ~ Step 2: Query for human’s predictions ~ Step 3: Learn classifier-rejector
for human’s prediction and learn their error boundary d pair given human’s predictions

Figure 3.1: Illustration of our active learning algorithm Disagreement on Disagreements
(DoD) (). At each round, we compute the disagreement set for our predictors of the
human label disagreement, we then query the human for their prediction on these points.
After we learn the expert error boundary, we then learn a consistent classifier-rejector
pair.

We now show that the family of surrogates defined in[(3.10)| has a polynomial excess-
risk bound and furthermore prove an excess-risk bound for the surrogate loss function
Lcg defined in Mozannar and Sontag| (2020a).

Theorem 2. Suppose that y(x) = Cx%, for € € [1,0) is a calibration function for the

multiclass surrogate Ly and if |c(i)| < M for all i, then y'(x) = ~$=xf is a calibration

u =y
function of £y (c,-).

As an example, for the surrogate Lee (3.12) the calibration function is y(x) = mxz.

Proof of the theorem can be found in Appendix Note, that Nowak-Vila et al.
(2019) proved that the for the cross-entropy loss the calibration function ¢ is of order
®(&?) which is in accordance with our results.

Generalization Error. Equipped with the excess surrogate risk bound, we can now
study the sample complexity properties of minimizing the surrogates proposed. For con-
creteness, we focus on the surrogate ZCE of Mozannar and Sontag|(2020a) when reduced
to the learning to defer setting. The following theorem proves a generalization error
bound when minimizing the surrogate Lcr for learning to defer.

Theorem 3. Let K denote the number of classes, and let F be a hypothesis class of
functions f; : X — R with bounded infinity norm || f;||. < C. Givenf € F**1 the empirical

35



Chapter 3 Sample Efficient Learning of Predictors that Complement Humans

minimizer of the surrogate loss Lcg, then we have with probability at least 1 — 8, we have

_ .0 8C —4log(K+1))log2/6
W(Lgefl(hf,rf)—mmegefl(hf,rf))gz(z<+1)7zn(f)+\/ ( g(n )log2/

+ 2<K+ 2) min{Pr(M 7£ Y)aRnPr(M7éY)/2 (F)}

+CPr(M #Y) (k+2)e M2 4oy

(3.14)
where ey _qppy is the approximation error for the ¢-surrogate, which is defined as
€p—appr = fern}-llgl LCE (f) - mf!nLCE (f) (3 15)

Proof of the theorem can be found in Appendix Comparing the sample complex-
ity estimate for minimizing the surrogate to that of minimizing the 0-1 loss as computed
by Mozannar and Sontag| (2020a)), we find that we pay an additional penalty for the com-
plexity of the hypothesis class in addition to the higher sample complexity that scales
with 0(108%8) due to the calibration function. To compensate for such increase in sample
complexity, in the next section we seek to design active learning schemes that reduce the
required amount of human labels for learning.

3.5 Active Learning for Expert Predictions

3.5.1 Theoretical Understanding

In Section[3.3] we assumed that we have a randomly selected subset of data that is labeled
by the human expert. In a practical setting, we may assume that we have the ability to
choose which points we would like the human expert to predict on. For example, when
we deploy an X-ray diagnostic algorithm to a new hospital, we can interact with each
radiologist for a few rounds to build a tailored classifier-rejector pairs according to their
individual abilities.

Therefore, we assume that we have access to the distribution of instances x and their
labels and we could query for the expert’s prediction on each instance. The goal is to
query the human expert on as few instances as possible while being able to learn an
approximately optimal classifier-rejector pair. To make progress in theoretical under-
standing, we assume that we can achieve zero loss with an optimal classifier-rejector
pair:

Assumption 1 (Realizability). We assume that the data is realizable by our joint class
(H,R): there exists h*,r* € H x R that have zero error L(h*,r*) = 0.
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3.5 Active Learning for Expert Predictions

In this section, the algorithms we develop apply to the multiclass setting but we restrict
the theoretical analysis to binary labels. The fundamental algorithm in active learning
in the realizable case for classification is the CAL algorithm Hanneke| (2014)). The al-
gorithm keeps track of a version class of the hypothesis space that is consistent with the
data so far and then at each step computes the disagreement set: the points on which
there exists two classifiers in the hypothesis class with different predictions, and then
picks at random a set of points from this disagreement set. We start by initializing our
version space by taking advantage of Assumption I}

Vo ={h,r e H X R :Vx,r(x) =0— h(x)=y} (3.16)

The above initialization of the version space assumes we know the label of all instances
in our support. Alternatively, one could collect at most 0(% (d(H) log% +log %)) labels
of instances and that would be sufficient to test for realizability of our classifier with
error € (see Lemma 3.2 of Hanneke| (2014))).

The main difference with active learning for classification is that we are not able to
compute the disagreement set for the overall prediction of the deferral system as it re-
quires knowing the expert predictions. However, we know that a necessary condition for
disagreement is that there exists a feasible pair of classifiers-rejectors where the rejectors
disagree. Suppose (hy,r1) and (hy,r;) are in our current version space. These two pairs
can only disagree when on an instance x: | (X) # r(xX), since otherwise when both defer,
the expert makes the same prediction, and when both do not defer, both classify the label
correctly by the realizability assumption. Thus, we define the disagreement set in terms
of only the rejectors that are in the version space at each round j:

DIS(Vj_l) = {x eX ’ H(hl,rl), (hz,rz) eViyst.n (x) # rz(x)} (3.17)

Then we ask for the labels of & instances in DIS(V;_;) to form S; = {(x;,yi,m;) : X; €
DIS(V;)} and we update the version space as

Vi={(h,r) €Vi_1 | V(x,y,m) € S},if r(x) =1 —=y=m} (3.18)

Now, we prove that the above rejector-disagreement algorithm will converge if the opti-
mal unique classifier-rejector pair is unique:

Proposition 3. Assume that there exists a unique pair (h*,r*) € H X R that have zero
error L(h*,r*) = 0. Let © be defined as:

0 — sup 7K EDISBUr1).1))

P ; (3.19)
>

where B((h,r),t) = {(I/,r') € H x R : Pr(r(X)M + (1 — r(X))h(X) # r'(x)M + (1 —
rX))H (X)) <t}.
Then, running the rejector-disagreement algorithm with k = O(©*((d(H)+d(R)log®+
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log% +loglog 1)) for log(1/€) iterations will return classifier-rejector with € error and
with probability at least 1 — 0.

Proof of the proposition can be found in Appendix

3.5.2 Disagreement on Disagreements

If we remove the uniqueness assumption for the rejector-disagreement algorithm in the
previous subsection, we show in Appendix with an example that the algorithm no
longer converges as DIS(V) can remain constant. We expect that the uniqueness assump-
tion may not hold in practice, so we now hope to design algorithms that do not require it.
Instead, we now make a new assumption that we can learn the error boundary of the hu-
man expert via a function f € D, that is given any sample (x,y,m) we have f(x) = L,,,.
This assumption is identical to those made in active learning for cost-sensitive classifi-
cation |[Krishnamurthy ez al. (2017). This assumption is formalized as follows:

Assumption 2. We assume that there exists f* € D such that Pr(Iy+y # f(X)) =0.

Our new active learning will now seek to directly take advantage of Assumption[2] The
algorithm consists of two stages: the first stage runs a standard active learning algorithm,
namely CAL, on the hypothesis space D to learn the expert disagreement with the label
with error at most €. In the second stage, we label our data with the predictor f that is the
output of the first stage, and then learn a classifier-rejector pair from this pseudo-labeled
data. Key to this two stage process, is to show that the error from the first stage is not too
amplified by the second stage. The algorithm is named Disagreement on Disagreements
(DoD) and is described in detail in Algorithm box

Algorithm 1: Active Learning algorithm DoD (Disagreement on disagree-
ments)
Input: parameter n,, T, k, class D, H, and R
1.V<D
2.foric{l,...,T} do
Sample from (ty until you have k samples {x;}¥_, within DIS,(V)
Query for {(y;,m;)}*_, for the samples {x;}*_,
Update V < {d € V: Vjd(x;) = Ly, 4y, }
end
4. Collect n,, samples {(x},y})} from pixy
Return: (h,r) € H xR such that ¥(yr ) T2y (1 = (X)) +r(x))d(x;) = 0,
for somed € V

In the following we prove a label complexity guarantee for Algorithm I}
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Theorem 4. Let us define ©, as

@2:SUPPr(XEDISZ(Bz(f*,t)))’ (3.20)

>0 r

where By(f,t) ={f € D| Pr(f'(X) # f(X)) <t}, and DIS;(V) ={x € X' | 3f1,/» €
V. fi(x) # f2(x) ).

Assume we have H, R, D that satisfy assumption|[I|and

Then for n, = O('el/&tmaddM).dR)logl/ey g k — d(D)O, log(% log(L)), then

€
Algorithm || takes T = 0(10g%) iterations to output a solution with €-upper-bound on
deferral loss with probability at least 1 — 8. As a result, the sample complexity of labeled
data ny is O(d(D)®;log(% log(1))log(1)).

Proof of the proposition can be found in Appendix Recall that in Proposition
[T, where the labeled data was chosen at random, the sample complexity 7, is in order
0(}3—12 log%). As we see in Theorem 4] the proposed active learning algorithm reduces

sample complexity to 0(logé), with the caveat that realizability is assumed for active
learning. Further, note that for this algorithm, in contrast to previous subsection, the
uniqueness of the consistent pair (%, r) is not needed anymore. However, this algorithm
ignores the classifier and rejector classes when querying for points, which makes the
sample complexity n; dependent only on the complexity of D instead of H,R. In the
next section, we try to understand how to use surrogate loss functions to practically
optimize for our classifier-rejector pair.

3.6 Experimental Illustration

Code for our experiments is found in https://github.com/clinicalml/active_
learn_to_defer.

Dataset. We use the CIFAR-10 image classification dataset Krizhevsky ez al.| (2009)
consisting of 32 x 32 color images drawn from 10 classes. We consider the human ex-
pert models considered in Mozannar and Sontag (2020a)): if the image is in the first
5 classes the human expert is perfect, otherwise the expert predicts randomly. Further
experimental details are in Appendix

Model and Optimization. We parameterize the classifier and rejector by a convolu-
tional neural network consisting of two convolutional layers followed by two feedfor-
ward layers. For staged learning, we train the classifer on the training data optimizing
for performance on a validation set, and for the rejector we train a network to predict
the expert error and defer at test time by comparing the confidence of the classifier and
the expert as in Raghu et al.|(2019). For joint learning, we use the loss L¢, a simple
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extension of the loss |(3.12)|in Mozannar and Sontag| (2020a), optimizing the parameter
¢ on a validation set.

Model Complexity Gap. In Figure [3.2] we plot the difference of accuracy between
joint learning and staged learning as we increase the complexity of the classifier class
by increasing the filter size of the convolutional layers and the number of units in the
feedforward layers. Model complexity is captured by the number of parameters in the
classifier which serves only as a rough proxy of the VC dimension that varies in the
same direction. The difference is decreasing as predicted by Theorem [I] as we increase
the classifier class complexity as we fix the complexity of the rejector.

ot
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Figure 3.2: Difference of accuracy between joint learning and staged learning of the
classifier-rejector pair (y-axis is log scale of number of parameters).

Data Trade-Offs. In Figure [3.3] we plot the of accuracy between joint learning and
staged learning when only a subset of the data is labeled by the expert as in Section
We plot the average difference across 10 trials and error bars denote standard
deviation. We only plot the performance of joint learning when initialized first on the
unlabeled data to predict the target and then trained on the labeled expert data to defer,
we denote this approach as *Joint-SemiSupervised’. For staged learning, the classifier is
trained on all of the data S; U S,, while for joint learning we only train on §;. We can see
that when there is more unlabeled data than labeled, staged learning outperforms joint
learning in accordance with Proposition[I} The heuristic method *Joint-SemiSupervised’
improves on the sample complexity of *Joint’ but still lags behind the Staged approach
in low data regimes.
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Figure 3.3: Performance of joint learning and staged learning as we increase the ratio of
the data labeled by the expert —

ny+n;°

DoD algorithm. In Figure we plot corresponding errors of the DoD algorithm and
we compare them to the staged and joint learning. The features x of the synthetic data
in here is generated from a uniform distribution on interval [0, 1], and the labels y are
equal to 1 where x > 0.3 (full-information region) and are equal to random outcomes of
a Bernoulli(0.5) distribution otherwise (no-information region). The human’s decision
is inaccurate (M # Y) for X > 0.3 and accurate (M = Y) otherwise. We further assume
each hypothesis class of rejectors and classifiers be 100 samples of half-spaces over the
interval [0, 1]. The error plotted in Figure is an average of 1000 random generations
of training data. The test set is formed by N.;; = 1000 samples that are generated from
the same distribution as training data. Here, we note that the number of unlabeled data
in staged learning is set NV, = 100. The result of this experiment shows that in the DoD
algorithm, one needs less number of samples that are labeled by human to reach a similar
level of error.
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Figure 3.4: Error of the DoD algorithm compared to staged and joint learning for increas-
ing number of training data that are labeled by human.

3.7 Discussion

In this work, we provided novel theoretical analysis of learning in the expert deferral set-
ting. We first analyzed the gap in performance between jointly learning a classifier and
rejector, and a staged learning approach. While our theorem on the gap is a worst-case
statement, an experimental illustration on CIFAR-10 indicates a more general trend. Fur-
ther analysis could explicitly compute the gap for certain hypothesis classes of interest.
We further analyzed a popular approach to jointly learning to defer, namely consistent
surrogate loss functions. To that end, we proposed a novel family of surrogates that gen-
eralize prior work and give a criteria, namely the surrogate excess-risk bound for evaluat-
ing surrogates. Future work will try to instantiate members of this family that minimize
the excess-risk bound and provide improved empirical performances. Driven by the lim-
ited availability of human data, we sought to design active learning schemes that requires
a minimal amount of labeled data for learning a classifier-rejector pair. While our results
hold for the realizable setting, we believe it is feasible to generalize to the agnostic set-
ting. Future work will also build and test practical active learning algorithms inspired by
our theoretical analysis.
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Chapter 4

A Post-Processing Framework for
Multi-Objective Learn-to-Defer
Problems

4.1 Introduction

Machine learning algorithms are increasingly used in diverse fields, including critical
applications, such as medical diagnostics [Vermeulen et al.|(2023) and predicting optimal
prognostics Sammut et al.| (2022). To address the sensitivity of such tasks, existing
approaches suggest keeping the human expert in the loop and using the machine learning
prediction as advice Jiang et al. (2012), or playing a supportive role by taking over the
tasks on which machine learning is uncertain Kompa et al.|(2021); Raghu et al. (2019);
Beede ef al. (2020). The abstention of the classifier in making decisions, and letting the
human expert do so, is where the paradigm of learn-to-defer (L2D) started to exist.

The development of L2D algorithms has mainly revolved around optimizing the accu-
racy of the final system under such paradigm Raghu et al.|(2019); Mozannar and Sontag
(2020a)). Although they achieve better accuracy than either the machine learning algo-
rithm or the human expert in isolation, these works provide inherently single-objective
solutions to the L2D problem. In the critical tasks that are mentioned earlier, more often
than not, we face a challenging multi-objective problem of ensuring the safety, algorith-
mic fairness, and practicality of the final solution. In such settings, we seek to limit
the cost of incorrect decisions Metz (1978)), algorithmic biases (Chen et al.| (2023a)), or
human expert intervention (Okati et al.| (2021b), while optimizing the accuracy of the
system. Although the seminal paper that introduced the first L2D algorithm targeted an
instance of such multi-objective problem Madras et al.|(2018)), a general solution to such
class of problems, besides specific examples Donahue et al.|(2022); Okati et al.| (2021b);
Narasimhan et al.| (2022bl [2024), has remained unknown to date.

Multi-objective machine learning extends beyond the realm of L2D problems. A prime
example that is extensively studied in various settings is ensuring algorithmic fairness
Corbett-Davies et al.|(2017) while optimizing accuracy. Recent advances in the algorith-
mic fairness literature have suggested the superiority of post-processing methodology for
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tackling this multi-objective problem Xian et al. (2023); Chen et al. (2023b); |(Cruz and
Hardt (2023); Zeng et al.| (2022)). Post-processing algorithms operate in two steps: first,
they find a calibrated estimation of a set of probability scores for each input via learn-
ing algorithms, and then they obtain the optimal predictor as a function of these scores.
Similarly, in a recent set of works, optimal algorithms to reject the decision-making
under a variety of secondary objectives are determined via post-processing algorithms
Narasimhan et al.| (2022b} 2024), which is in line with classical results such as Chow’s
rule Chow|(1970) that is the simplest form of a post-processing method, thresholding the
likelihood.

Inspired by the above works, in this paper, we fully characterize the solution to multi-
objective L2D problems using a post-processing framework. In particular, we consider
a deferral system together with a set of conditional performance measures {¥y, ..., ¥}
that are functions of the system outcome ¥, the target label Y, and the input X. The goal
is to optimize the average value of W over data distribution while keeping the average
value of the rest of performance measures Wy, ...,¥,, for all inputs under control. As an
example, in binary classification, Wy can be the 0 — 1 deferral loss function, while ¥,
can be the difference between positive prediction rates of ¥ for all instances of X that
belong to demographic group A = 0 or A = 1. The solution for which we aim optimizes
the accuracy while assuring that the demographic parity measure between the two groups
is bounded by a tolerance value 0; € [0, 1].

To provide the optimal solution, we move beyond staged learning (Charusaie et al.
(2022a) methodology, in which the classifier A(x) is trained in the absence of human
decision-makers, and then the optimal rejection function r(x) is obtained for that clas-
sifier to decide when the human expert should intervene (r(x) = 1). Instead, we jointly
obtain the classifier and rejection function. The reason that we avoid this methodology
is that firstly, objectives such as algorithmic fairness are not compositional, i.e., even if
the classifier and the human are fair, due to the emergence of Yule’s effect Ruggieri ef al.
(2023) the obtained deferral system is not necessarily fair (see Appendix [C.I), and in
fact abstention systems can deter the algorithmic biases Jones et al.| (2020). Secondly,
the feasibility of constraints is not guaranteed under staged learning methodology Yin
et al.| (2023), e.g., there can be cases in which achieving a purely fair solution is impos-
sible, while this occurs neither in vanilla classification |(Cruz and Hardt (2023)) nor in our
solution.

This paper shows that the joint learning of classifier and rejection function for finding
the optimal multi-objective L2D solution boils down to a generalization of the funda-
mental Neyman-Pearson lemma Neyman and Pearson| (1933)). This lemma is initially
introduced in studying hypothesis testing problems and characterizes the most powerful
test (i.e., the test with the highest true positive rate) while keeping the significance level
(true negative rate) under control. As a natural extension to this paradigm, we consider
a multi-hypothesis setting where for each true positive prediction and false negative pre-
diction, we receive a reward and loss, respectively. Then, we show that the extension of
Neyman-Pearson lemma to this setting provides us with a solution for our multi-objective
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Train Validation

supy, . E[Laes (h(x), r(x))] ¥
5.t E[W(x, h(x), r(x))] < 8
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wo(x) Wi (X)
true labels and Embedging
expert decisions Function

{(deer, horse), (frog, frog), (dog, bird), ... (deer, deer)}

— number of
constraints

Figure 4.1: Diagram of applying d-GNP to solve multi-objective L2D problem via Al-
gorithm Q The role of randomness is neglected due to simplicity of presentation.

L2D problem.
In summary, the contribution of this paper is as below:

In Section 4.3] we show that obtaining the optimal deterministic classifier and
rejection function under a constraint is, in general, an NP-Hard problem, then

by introducing randomness, we rephrase the multi-objective L2D problem into a
functional linear programming.

In Section 4.4} we show that such linear programming problem is an instance of
d-dimensional generalized Neyman-Pearson (d-GNP) problem, then

we characterize the solution to d-GNP problem, and we particularly derive the
corresponding parameters of the solution when the optimization is restricted by a
single constraint.

In Section 4.5 we show that a post-processing algorithm that is based on d-GNP
solution generalizes in constraints and objective with the rate
0(+y/logn/n,\/log(1/€)/n,€") and O((logn/n)'/?Y, (log(1/€) /n)'/??,€'), respec-
tively, with probability at least 1 — € where n is the size of the set using which
we fine-tune the algorithm, &’ measures the accuracy of learned post-processing
scores, and 7Y is a parameter that measures the sensitivity of the constraint to the
change of the predictor. Then,

we show that the use of in-processing methods in L2D problem does not necessar-
ily generalize to the unobserved data, and finally

we experiment our post-processing algorithm on two tabular datasets, and observe
its performance compared to the baselines for ensuring demographic parity and
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equality of opportunity on final predictions.

Lastly, the d-GNP theorem has potential use cases beyond the L2D problem, particu-
larly in vanilla classification problems under constraints. However, such applications are
beyond the scope of this paper, and except for a brief explanation of the use of d-GNP in
algorithmic fairness for multiclass classification, we leave them to future works.

4.2 Related Works

Human and ML’s collaboration in decision-making has been demonstrated to enhance
the accuracy of final decisions compared to predictions that are made solely by humans
or ML Kamar e al.| (2012); Tan et al. (2018). This overperformance is due to the ability
to estimate the accuracy and confidence of each agent on different regions of data and
subsequently allocate instances between human and ML to optimize the overall accuracy
Bansal et al.|(2021b)). Since the introduction of the L2D problem, the implementation of
its optimal rule has been the focus of interest in this field |Cao et al.| (2022); [Mozannar
and Sontag (2020a)); Charusaie et al.| (2022a); Narasimhan et al.| (2022b); Cao et al.
(2024);|L1u et al. (2024)); Mozannar et al.| (2023a);[Mao et al.|(2024). The multi-objective
classification with abstention problems is studied for specific objectives in Madras et al.
(2018); Okati et al.| (2021b); Mozannar et al.| (2023a) via in-processing methods. The
application of Neyman-Pearson lemma for learning problems with fairness criteria is
recently introduced in Zeng et al.|(2024).
We refer the reader to Appendix for further discussion on related works.

4.3 Problem Setting

Assume that we are given input features x; € X', corresponding labels y; € Y = {1,... L},
and the human expert decision m; for such input, and assume that these are i.i.d. real-
izations of random variables X, Y, M ~ U = uxypy. Since there exists randomness in the
human decision-making process, for the sake of generality, we treat M as a random vari-
able similar to Y and do not assume that m; = m(x;) for some function m. Further, assume
that for the true label y and a certain feature vector x, the cost of incorrect predictions
is measured by a loss function £4;(y,h(x)) for the classifier prediction i(x), and a loss
function ¢ (y,m) for human’s prediction m. The question that we tackle in this paper is
the following: What is an optimal classifier and otherwise an optimal way of deferring
the decision to the human when there are constraints that limit the decision-making?
The constraints above can be algorithmic fairness constraints (e.g., demographic parity,
equality of opportunity, equalized odds), expert intervention constraints (e.g., when the
human expert can classify up to b proportion of the data), or spatial constraints to enforce
deferral on certain inputs, or any combination thereof.

Let us put the above question in a formal optimization form. To that end, let r(x) €
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{0, 1} be the rejection functiorﬂ i.e., when r(x) = 0 the classifier makes the decision for
input x and otherwise x is deferred to the expert. We obtain the deferral loss on x and
given a label y and the expert decision m as

gdef(y7m7h(x>7 I"(X)) = r(X)EH(yam) + (1 - r(x))gAl(%h(x))'
Therefore, we can find the average deferral loss on distribution p as
Li.c(h,r) := Ex y oy [Caer(Y. M, h(X),7(X))]. (4.1)

We aim to find a randomized algorithm 4 that defines a probability distribution 14 on
‘H x R that solves the optimization problem

Ha € ar%minE(hJ)NA (L5 (h, )],
A
S.t. EX,Y,MNIJE(h,r)NuA [lPl' (X,Y,M,h(X),r(X))} < 61' 4.2)

where W; is a performance measure that induces the desired constraint in our optimiza-
tion problem. We assume that W;, similar to g¢, is an outcome-dependent function, i.e.,
if the deferral occurs, the outcome of the classifier does not change ¥;, and otherwise,
if deferral does not occur, the human decision does not change ;. In other words, the
value of the constraints can only be a function of input feature x and of the deferral sys-
tem prediction ¥ = r(x)M + (1—r(x))h(x). Here, ¥ is the expert decision when deferral
occurs, and is the classifier decision otherwise.

Types of constraints. Before we discuss our methodology to solve ((4.2)), it is
beneficial to review the types of constraints with which we are concerned: (1) expert
intervention budget that can be written in form of Pr(r(X) = 1) < 6, limits the re-
jection function to defer up to & proportion of the instance, (2) demographic parity
that is formulated as |[P(¥ = 1|A = 0) — P(Y = 1|]A = 0)| < 8, ensures that the pro-
portion of positive predictions for the first demographic group (A = 0) is compara-
ble to that for the second demographic group (A = 1). (3) equality of opportunity
that is defined as |Pr(Y = 1|A=1,Y = 1) — Pr(Y|A = 0,Y = 1)| < & limits the differ-
ences between correct positive predictions among two demographic groups, (4) equal-
ized odds that is similar to equality of opportunity but targets the differences of cor-
rect positive and negative predictions among two groups, i.e., maxy—q,i ‘Pr(f’ =1A=
1,Y =y)—Pr(Y =1]A=0,Y =y)| < 8, (5) out-of-distribution (OOD) detection that
is written as Proy(r(X) = 0) < o limits the prediction of the classifier on points that
are outside its training distribution and incentivizes deferral in such cases, (6) long-tail
classification deals with high class imbalances. This method aims to minimize a bal-
anced error of classifier prediction on instances where deferral does not occur. Achiev-

I'The rejection here differs from hypothesis rejection and indicates that the classifier rejects making a
decision and defers the decision to the human expert.
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Table 4.1: A list of embedding functions corresponding to the constraints that are dis-
cussed in Section [4.3] This list is a version of the results in Appendix [C.4] when we
assume that the input feature contains demographic group identifier A. To simplify the

notations, we define 7(A,y) :=

Ta=1 Ta=o0

Pr(Y=yA=1)  Pr(Y=y,A=0)"

Name Embedding Function y;(x)
Accuracy [Pr(Y =0lx),...,Pr(Y = n|x),Pr(Y = M|x)]
Expert Intervention Budget [0,...,0,1]
OOD Detection [0,...,0, J;‘Et((x))]
K Pr(Y#1, YeG,|X_x K Pr(Y#£LY €Gi|X=x)
|:Z 0;Pr(Y€G;) Z oPr(YeG;) 0]
Long-Tail Classification and
PI’(YGG,’|X=X) O
Pr(Y<G)) [17 "71’0} K
Pr(Y=k|x) .
Bound on Type-K Error m[l,..., 0 ,...,1,Pr(M #k|Y = k,x)]
k-th
Demographic Parity ( o Lo )[0,1,Pr(M = 1]x)]

Pr(A=1) — Pr(A=0)

Equality of Opportunity

t(A,1)[0,Pr(Y = 1[x),Pr(M = 1,Y = 1[x)]

Equalized Odds

t(A,1)[0,Pr(Y = 1]x),Pr(M =1,Y = 1|x)]
and
t(A,0)[Pr(Y =0|x),0,Pr(M = 0,Y = 0|x)]
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ing this objective as mentioned in Narasimhan et al.| (2023) is equivalent to minimizing

K, aliPr(Y # h(X),r(X) =0[Y € G;) when the feasible setis Pr(r(X) =0,Y € G;) = &,
and where {Gi},K: | 1s a partition of classes, and finally (7) type-k error bounds that is
a generalization of Type-I and Type-II errors, limits errors of a specific class k using
Pr(Y # kY =k) < 4.

All above constraints are expected values of outcome-dependent functions (see Ap-
pendix [C.4] for proof). To put it informally, if we change the classifier outcome after the
rejection, such constraints do not vary.

Linear Programming Equivalent to ((4.2)). The outcome-dependence property helps
us to show that (see Appendix|C.3)) obtaining the optimal classifier and rejection function
is equivalent to obtaining the solution of

1= Ui fi) € argmax B[ (. 000N, st B0, W) < i [1:m)

(4.3)

where Ay is a simplex of d dimensions, d = L+ 1, and y; : X — R is defined as
i) ;:EYMX:XH\Pi(x,y,M,1,0),...,\Ifi(x,Y,M,z,O),‘yi(x,Y,M,o,1)]]] (4.4)

that we name the embedding functiorﬁ corresponding to the performance measure WV;
for i € [0 : m], where for simplifying the notation we define Wy = —/g4er. Furthermore,
the optimal algorithm is obtained by predicting 4(x) = i with normalized probability of
F () /X921 £ (x), where Y97 £7(x) # 0, and rejecting r(x) = 1 with probability f; (x).
In case of Z?;ll f}* (x) = 0 the classifier is defined arbitrarily. A list of embedding func-
tions for the mentioned constraints and objectives is provided in Tabled.T|(See Appendix
for derivations).

Hardness. We first derive the following negative result for the optimal deterministic
predictor in ((4.3)). We use the similarity between ((4.3)) and 0 — 1 Knapsack problem
(see (Papadimitriou and Steiglitz, 1998, pp. 374)) to show that there are cases in which
solving the former is equivalent to solving an NP-Hard problem. More particularly, if
we assume that the distribution of X contains finite atoms xi, . ..,x;,, each of which have
probability of Pr(X = x;) = p;, and if we set y;(x;) = [0, %] and yo(x;) = [0, IVTI,] for
vi,w; € R, then reduces in argmaxy; f! (x;)v; subjected to f! : X — {0,1} and
Y, f!(x;)w; < 8, which is the main form of the Knapsack problem. In the following
theorem, we show that a similar result can be obtained if we choose Y and y; to be em-
bedding functions corresponding to accuracy and expert intervention budget. All proofs
of theorems can be found in the appendix.

2We named this an embedding function because it embeds the constraint or loss of the optimization
problem into a vector function.
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Theorem 5 (NP-Hardness of ((4.2))). Let the human expert and the classifier induce
0 —1 losses and assume X to be finite. Finding an optimal deterministic classifier and
rejection function for a bounded expert intervention budget is an NP-Hard problem.

Note that the above finding is different from the complexity results for deferral prob-
lems in (Mozannar et al., [2023b, Theorem 1) and (De et al., 2020, Theorem 1). NP-
hardness results in these settings are consequences of restricting the search to a specific
space of models, i.e., the intersection of half-spaces and linear models on a subset of
the data. However, in our theorem, the hardness arises due to a possibly complex data
distribution and not because of the complex model space.

The above hardness theorem for deterministic predictors justifies our choice of using
randomized algorithms to solve multi-objective L2D. In the next section, by finding a
closed-form solution for the randomized algorithm, we show that such relaxation indeed
simplifies the problem.

4.4 d-dimensional Generalization of Neyman-Pearson
Lemma

The idea behind minimizing an expected error while keeping another expected error
bounded is naturally related to the problem that is designed by Neyman and Pearson
Neyman and Pearson| (1933)). They consider two hypotheses Hy, H; as two distributions
with density functions go(x) and g;(x) for which a given point x can be drawn. Then,
they maximize the probability of correctly rejecting Hy, while bounding the probability
of incorrectly rejecting Hy, i.e., for a test T'(x) € [0, 1] that rejects the null hypothesis
when 7' (x) = 1, they solved the problem

Tén[oajﬁxlaxwgl [T(X)], st Exeg[T(X)] <a. (4.5)

They concluded that thresholding the likelihood ratio is a solution to the above prob-
lem. Formally, they show that all optimal hypothesis tests take the value 7'(x) = 1 when
g1(x)/go(x) > k and take the value T'(x) = 0 when g;(x)/go(x) < k, where k is a scalar
and dependent on «.

Multi-hypothesis testing with rewards. In this section, we aim to solve ((4.3))
as a generalization of Neyman-Pearson lemma for binary testing to the case of multi-
hypothesis testing, in which correctly and incorrectly rejecting each hypothesis has a cer-
tain reward and loss. To clarify how the extension of this setting and the problem ((4.3))
are equivalent, assume the general case of d hypotheses Hy,...,H;_1, each of which
corresponding to X being drawn from the density function g;(x) for i € {0,...,d — 1}.
Further, assume that for each hypothesis H;, in case of true positive, we receive the re-
ward r;(x), and in case of false negative, we receive the loss ¢;(x). Assume that we aim
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to find a test f : &' — Ay that for each input x € X’ rejects d — 1 hypotheses, each hy-

pothesis H; with probability 1 — f*(x) and maximizes a sum of true positive rewards,

and that keeps the sum of false negative losses under control. Then, this is equivalent to
argmax Y| By g, [ fi(x)ri(x)] subjected to Y4~ Ey..,, [(1 i (x))ﬁi(x)] < §; which
feax

in turns is equivalent to

© i &%) g (S iy (y 8j(x)
g g L 5] st B LA L ) =8
(4.6)

This problem can be seen as instance of ((4.3)), when we set

gd—1(x)
go(x)

Yo (x) = [ro(x),...,ra-1(x)

and

Vi) = [ L4090 Y 408].
Jj#0 j#d—1
Similarly, we can show that for all yp(x), y;(x) in there exists a set of densities
g1(x),...,84-1(x) and rewards and losses such that ((4.6)) and ((4.3)) are equivalent.
This can be done by setting g; = go and noting that the mapping from ¢;s and r;s into Y
and y is invertible.

The formulation of ((4.3)) can be seen as an extension of the setting in [Tian and Feng
(2021) when we move beyond type-k error bounds to a general set of constraints. That
work achieves the optimal test by applying strong duality on the Lagrangian form of the
constrained optimization problem. However, we avoided using this approach in proving
our solution, since finding f*, and not the optimal objective, is possible via strong duality
only when we know apriori that the Lagrangian has a single saddle point (for more details
and fallacy of such approach, see Section [C.5). As another improvement to the duality
method, we not only find a solution to ((4.3)), but also show that there is no other solution
that works as well as ours.

Before we express our solution in the following theorem, we define an import notation
as an extension of the argmax function that helps us articulate the optimal predictor. In
fact, we define

Ta={t: RY xR — Ay Y (T(Xcll»'))(i) =1} 4.7)

ix;=max{xi,....xg }

that is a set of functions that result in one-hot encoded argmax when there is a clear max-
imum, and otherwise, based on its second argument, results in a probability distribution
on all components that achieved the maximum value.
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Theorem 6 (d-GNP). For a set of functions y; where i € [0,m|, assume that (Jy,...,0p)
is an interiorpoimﬂ of the set F = { (E[(r(x), w1 (x))],. .., E[(r(x), ym(x))]) : f € Af}.
Then, there is a set of fixed values ki, ...k, and T € Ty such that the predictor

) = 7(vo(e) — ¥ kvi(x).). 48)
i=1

obtains the optimal solution of sup AX E[(f(x), Wo(x))], subjected to the constraints be-
ing achieved tightly, i.e., when for i € [1 : m| we have E[(f(x), l//,(x))} =0 Ifky,....kn
are further non-negative, then f*(x) is the optimal solution to ((4.3)). Moreover, all opti-

mal solutions of ((4.3)) that tightly achieve the constraints are in form of ((4.8)) almost
everywhere on X.

Example 1 (L2D with Demographic Parity). In the setting that we have a deferral system
and we aim for controlling demographic disparity under the tolerance 8, we can set
Yo (x) = [Pr(Y =0|x),Pr(Y = 1|x),Pr(Y = M|x)] and y(x) = s(A)[0,1,Pr(M = 1]x)],
using Table where s(A) 1= ( Prﬂ(’;‘::ll) — Prﬂ(/jax::Oo))' Therefore, d-GNP. together with
the discussion after ((4.4)) shows that the optimal classifier and rejection function are
obtained as

and

—

I

- 1 Pr(Y =M|x)—ks(A)Pr(M = 1|x) > A(A,x)
rix) = 0 Pr(Y =M|x)—ks(A)Pr(M = 1|x) < A(A,x)

for a fixed value k € R, and where A(A,x) := max{Pr(Y =0|x),Pr(Y = 1|x) —ks(A)}.
The above identities imply that the optimal fair classifier for the deferral system thresh-
olds the scores for different demographic groups using two thresholds ks(0) and ks(1).
This is similar in form to the optimal fair classifier in vanilla classification problem
Chen et al.| (2023b), Cruz and Hardt (2023). However, the rejection function does not
merely threshold the scores for different groups, but adds an input-dependent threshold
ks(A)Pr(M = 1|x) to the unconstrained deferral system scores.

It is important to note that although we have a thresholding rule for the classifier, the
thresholds are not necessarily the same as of isolated classifier under fairness criteria.
Furthermore, the deferral rule is dependent on the thresholds that we use for the clas-
sifier. Therefore, we cannot train the classifier for a certain demographic parity and a
rejection function in two independent stages. This further affirms the lack of compo-

3 A point is an interior point of a set, if the set contains an open neighborhood of that point.
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sitionality of algorithmic fairness that we discussed earlier in the introduction of this
paper.

Example 2 (L2D with Equality of Opportunity). Here, similar to the previous example,
we can obtain the embedding function for accuracy and equality of opportunity con-
straint as Wo(x) = [Pr(Y =0lx),Pr(Y = 1|x),Pr(Y = M|x)] and y; (x) =1(A,1)[0,Pr(Y =
1|x),Pr(M = 1,Y = 1|x)], respectively. Therefore, the characterization of optimal clas-
sifier and rejection function using d-GNP results in

(e — 1 (2—kt(A,1)Pr(Y =1|x) > 1
() = 0 (2—k(A,1)PrY =1x) <1’

and

Y

(x) = 1 Pr(Y =M|x)(1—kt(A,1)Pr(M = 1|Y = M,x)) > (A, x)
"IV 0 PrY = MIx) (1 - ke(A, 1)Pr(M = 1]Y = M,x)) < B(A,x)

for k € R and where ¥ (A, x) := max{Pr(Y =0|x), (1 —kt(A,1))Pr(Y = l|x)}. Assuming
2 —kt(A, 1) takes positive values for all choices of A, we conclude that the optimal classi-
fier is to threshold positive scores differently for different demographic groups. However,
the optimal deferral is a function of probability of positive prediction by human expert.

Example 3 (Algorithmic Fairness for Multiclass Classification). In addition to address-
ing the L2D problem, the formulation of d-GNP in Theorem [6] allows for finding the
optimal solution in vanilla classification. In fact, for an L-class classifier, if we aim to set
constraints on demographic parity |Pr(Y =0|A =0) — Pr(Y =0|A =1)| < & or equality
of opportunity |Pr(Y =0]Y =0,A =0) — Pr(Y =0]Y =0,A =1)| < 6 on Class 0, then
we can follow similar steps as in Appendix|C.4)to find the embedding functions as

vop = s(A)[1,0,...,0],
and
Vio =1(A,0)[Pr(Y =0lx),0,...,0].
As a result, since the accuracy embedding function is yy(x) = [Pr(Y =0x),...,Pr(Y =
L\x)], then, by neglecting the effect of randomness, the optimal classifier under such
constraints are as
hop(x) = argmax {Pr(Y =0|x) —ks(A),Pr(Y =1|x),...,Pr(Y =L[x)}, (4.9

and

heo(x) = argmax {Pr(Y =0x)(1 —kt(A,0)),Pr(Y =1|x),...,Pr(Y =L|x)}. (4.10)
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Equivalently, for demographic parity, the optimal classifier includes a shift on the score
of Class 0 as a function of demographic group, and for equality of opportunity, the
optimal classifier includes a multiplication of the score of Class O with a value that is a
Sfunction of demographic group. It is easy to show that under condition of positivity of
the multiplied value, these classifiers both reduce to thresholding rules in binary setting.

Note that although Theorem [6] characterizes the optimal solution of ((4.3)), it leaves
us uninformed regarding parameters ki, ..., k,,, and further does not give us the form of
the optimal solution when yoy(x) — Y7 | k;y;(x) has more than one maximizer. In the
following theorem, we address these issues for the case that we have a single constraint.

Theorem 7 (d-GNP with a single constraint). The optimal solution ((4.8))) of the opti-
mization problem ((4.3)) with one constraint is equal o f ,(x) = (Yo (x) — ky (x),x)
where T is a member of T such that if there is a non-singleton set T of maximizers of a
vectory € RY, then we have (t(y,x)) (i) = p and (t(y,x))(j) = 1 — p, where i and j are
the first indices in T that minimizes Y (x), and maximizes Wy(x), respectively.

In this case, k is a member of the set K = {t 1 8 € [limgy, C(7),C(1)] } where C(t) =

E Iio(x), wo (x))] is the expected constraint of the predictor Iro

C(k)—c

Moreover, p = T imy,,

0.

cay if C(+) is lower-discontinuous at k, and otherwise p =

This theorem reduces the complexity of finding ;s from the complexity of an exhaus-
tive search to the complexity of finding the root of the monotone function C(¢) — § (see
Lemma 16| for the proof of monotonicity), and further finds the randomized response for
the cases that Theorem [6/leaves undetermined.

Before we proceed to the designed algorithm based on d-GNP, we should address
two issues. Firstly, during the course of optimization, it can occur that the solution of
Theorem [6] does not compute non-negative values k; for an i € [1 : m]. This means that
the constraints are not achieved tightly in the final solution of ((4.3)). Therefore, we are
able to achieve the optimal solution with the constraint 5{ < &;. Now, if we can assure
that the constraint tuples are still inner points of 7 when we substitute &; by &/, then
Theorem [6] shows that is still an optimal solution to ((4.3)).

Secondly, for tackling various objectives that are defined in Section we usually
need to upper- and lower-bound a performance measure by 6 and —6. However, since
both bounds cannot hold tightly and simultaneously unless the tolerance is & = 0, then
we can use only one of the constraints in turn and apply the result of Theorem [/| and
check whether the constraint is active in the final solution.

In the next section, we design an algorithm based on these results and show its gener-
alization to the unseen data.
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4.5 Empirical d-GNP and its Statistical Generalization

In previous sections, we obtained the optimal solution to the constrained optimization
problem using d-GNP. In this section, we propose a plug-in method in Algorithm
and tackle the generalization error of the objective and constraints based on this so-
lution. The results in this section, which are extensions of the generalization results for
Neyman-Pearson Audibert and Tsybakov| (2007); Tong (2013), address single constraint
setting, and the extension to the multiple constraint case is left for future research.

We start this section by the following theorem that shows if the solution to our plug-in
method meets constraints of the optimization problem on training data, this generalizes
to the unseen data.

Theorem 8 (Generalization of the Constraints). For the approximation of the Neyman-
Pearson solution f,; 5(x) in Algorithmsuch that Egn [( f;{ 5(%), W (x))] <8, if we assume
that embedding functions are bounded, then for d,(€) ~ 0(1%% anogl/g) and S" ~ U
we have Ey [(f; 5(%), v (x))] < 8 +dy(€) with probability at least 1 — €.

In the above theorem, we show that the optimal empirical solution for the constraint,
probably and approximately satisfies the constraint on true distribution. Therefore, if we
assume that we have an approximation { (x) in hand where ||} (x) — g (x) || < € with
high probability, this theorem together with Holder’s inequality shows that we need to
assure Eg [( fkp (x),¥1(x))] < 8 —d,— € to achieve the corresponding generalization
with high probability.

Next, we ask whether the objectives of the empirical optimal solution and the true op-
timal solution are close. We answer to this question positively in the following theorem.
First, however, let us define the notions of (Y, A)-sensitivity condition as the following.
This is an extension to detection condition in Tong (2013) and assumes that changing the
parameter in predictor leads to a detectable change in constraints.

Definition 1. For an embedding function Y, and a distribution Uy on X, we refer to a

function r(x) as a prediction with (Y, A)-sensitivity around k, if there exists C € R™ such
that for all 6 € (0,A] we have

B [(r20) = e 5 (), w1 ()] | = €. (4.11)

Now, we express the following generalization theorem for predictors that address the
above conditions:

Theorem 9 (Generalization of Objective). Assume that (8 — €,0 + €,) is a subset of of

all achievable constraints E [(f(x), yi(x))], and that | W;i(x)|| < 1 for i =1,2. Further,
let the size n of validation data be large enough such that d,(8/3) < %.

55



Chapter 4 A Post-Processing Framework for Multi-Objective Learn-to-Defer Problems

Now, if the optimal predictor f;,(x) is (Y, A)-sensitive around optimal k* for A >

1y
<2max{dn(5/3),51}+\/2}/C(50+K51))

c and y < 1, then forn > i—?log % and with probability

at least 1 — 0, the optimal empirical classifier, as of Algorithm 2| has an objective that is
close to the true optimal objective as

E[{f& (), W0 ()] —E[(f; 5(x), ¥o(x))] S2(2max{dné5/3),50}) 1y

2(80 + Ky)
¥C
+2(8+K8))+2Kd,(8/3), (4.12)

+4

where K is an upper-bound to the absolute value of k*.

Now that we have proven generalization of our post-processing method, we should
briefly compare this to other possible algorithms to learn an approximation of the opti-
mal classifier and rejection function pair. A possible method is to find the appropriate
"defer’ or ‘no defer’ value for each instance in the training dataset, and for a given set of
constraints. Although these types of in-processing algorithms can perform computation-
ally efficient (e.g., O(nlogn) complexity for %—suboptimal solution for human interven-
tion budget as shown in Theorem [I6), they do not necessarily generalize to unseen data.
In particular, we can show that for all algorithms that estimate deferral labels from em-
pirical data, there exist two underlying distributions on the data on which the algorithm
results in similar deferral labels, while the optimal rejection functions for these two dis-
tributions are not interchangeable. This argument is further formalized in the following
proposition:

Proposition 4 (Impossibility of generalization of deferral labels). For every determin-
istic deferral rule 7 for empirical distributions and based on the two losses 1., and
L(x)y there exist two probability measures Wy and [y on X X Y X M such that the
corresponding (#,X) for both measures is distributed equally. However, the optimal de-
ferral r and 1y, for these measures are not interchangeable, that is Lgéf(h,rzi) < %

while Lgéf(h,rzj) = %for i=1,2and j#i.

In a nutshell, this proposition implies that, every algorithm that reduces the two-bit
data of human accuracy and Al accuracy for an input into a single-bit data of ‘defer’
or ‘no defer’ looses the information that is important for obtaining the optimal rejection
function that generalizes to the unseen data. This is a drawback of in-processing algo-
rithms that are used in multi-objective L2D problems. We refer the reader to Appendix
[C.12]for more details and proof of aforementioned proposition.
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Figure 4.2: Performance of d-GNP on COMPAS dataset (left), and ACSIncome (center
and right)

4.6 Experiments

We implemented EI Algorithm [2} first for COMPAS dataset Dressel and Farid| (2018)) in
which the recidivism rate of 7214 criminal defendants is predicted. The human assess-
ment is done in this dataset on 1000 cases by giving humans a description of the case
and asking them whether the defendant would recidivate within two years of their most
recent crimeE] The demographic parity is assessed for two racial groups of white and
non-white defendants. Figure 4.2|shows the average performance of d-GNP over 10 ran-
dom seeds compared to two baselines: (1) Madras et al. Madras et al. (2018) in which a
demographic parity regularizer is added to the surrogate loss, and over a variation of 100
regularizer coefficient, and (2) Mozannar et al. Mozannar and Sontag| (2020a) in which
after training the classifier and rejector pair, we shift the corresponding scores to find
a new thresholding rule. All scores, classifiers, and rejection functions are trained on
a 1-layer feed-forward neural network. The figure shows that achieving better fairness
criteria is possible using d-GNP, while this might not lead to better accuracy when the
constraint violation is not of interest.

We further tested our method on folktables dataset Ding et al. (2021) that contains
an income prediction task based on 1.6M rows of American Community Survey data.
Since we had no access to human expert data, we simulated a human expert that has dif-
ferent accuracy on two racial groups of white and non-white individuals (85% and 60%,
respectively). We considered the L2D problem with bounded equalized odds violation.
Figure {.2] shows our method’s accuracy and constraint violation, coupled with a con-
fidence bound that is obtained using ten iterations of bootstrapping. This figure shows
that violation bounds are accurately met for the test data, and the performance increases
when these bounds are loosened.

4The code is available in https://github.com/AminChrs/PostProcess/.
>This is as opposed to the experiment in Madras et al.[(2018) where the human decision is simulated.
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4.7 Conclusion

The d-GNP is a general framework that obtains the optimal solution to various con-
strained learning problems, including but not limited to multi-objective L2D problems.
Using this post-processing framework, we can first estimate the scores related to our
problem and then find a linear rule of these scores by fine-tuning for specific violation
tolerances. This method reduces the computational complexity of in-processing methods
while guaranteeing achieving a near-optimal solution in a large data regime.
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4.7 Conclusion

Algorithm 2: Finding Optimal Classifier and Rejection Function

Require: The formulation of {ge¢(-,-,-) and {¥;(:,-,-)}/" ,, and the datasets

Dhrain = {(xiaaivmi7yi>}7trailn7 Dy = {(xi7ai7mi’yi)};?$;iz:::_‘v_ai, and tolerances {61};":1

Ensure: Optimal deferral rule r*(x) and classifier 2*(x)

1:
2:
3:

10:

11:

12:

13:
14:
15:

16:

17:
18:

19:

20:
21:

Parameters: € = le — 8
procedure CONSTRAINEDDEFER ({qef, {¥i}7 > Dirain» Dval)

Obtain closed-form of {;(x)}" , using £ger and W;s via ((4.4)) and in terms of
the scores as in Table

Estimate the scores in Table 4.1 using classification/regression methods on
Dtram

Find estimate {{;}" , using estimated scores in previous step and closed-form
of Step3ifm=2 then

Define routine f;gp( ) = ’L'(lf/o( ) —kyn
Define routine C(t) :=Ep_, [(fk o(xi), U1 (x:))
Find k = mink over the feasibility set C(r) < &, if k = 0 then

Return ‘Not Feasible’ else

If C(k
p <0 else

s(x) == f;(’ﬁ(x) else

Optimize ((4.3)) for D, and for f(x) = t(Po(x) — X7 | Yi(x),x) for T as in

Theorem [0 and via exhaustive search over {k, ...,k } and randomizations of T and
find s(x) := f(x)
END
h*(x) := argmaxs;(x)
i€[0:L—1]
r*(x) := argmax [sh*(x) (x),s2.(x)]
i€{0,1}

Return 7" (x), r*(x)
end procedure
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Chapter 5

Defer-and-Fusion: Optimal Predictors
that Incorporate Human Decisions

This chapter is based on the joint work with Amirmehdi Jafari Fesharaki. I thank his
contribution on implementation of the proposed method.

5.1 Introduction

The advancement of machine learning (ML) has led to a proliferation of its deployment
in various decision-making tasks, particularly in the medical domain Beede et al.|(2020);
Raghu et al.|(2019). In recent years, numerous ML-powered products have received FDA
clearance and are being utilized in clinical practice. A central example is in radiology,
where for chest X-ray detection, there is a range of ML enabled clinical assistants jvan
Leeuwen et al.|(2021). These models have shown superior accuracy compared to human
experts in some instances Rajpurkar ez al.| (2018)); |[Killock! (2020), raising the question of
determining the optimal use of human and ML expertise in decision-making scenarios,
and identifying when to defer to human expertise and when to rely on ML predictions.
As a strategy for utilizing both human and ML expertise in decision-making tasks,
learn-to-defer methods have emerged in recent years |[El-Yaniv ef al.| (2010); Madras

a » Expert Predicts

Meta-Learner
» Predicts
* (e.g., send to
biopsy regardless)
C13551ﬁer Predicts

Lesion Image Classifier and Rejector Meta-Learner

Figure 5.1: Description of a Defer-and-Fusion system. Given an instance, the rejector
decides whether we should benefit from human feedback or not, and if the feedback is
received should be adopted as the final prediction or taken as the input of a meta-learner.
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et al.| (2018)). These methods design systems, commonly known as deferral systems,
which distribute instances between human decision-makers and ML models, with the
goal of maximizing accuracy by directing instances to the appropriate expertise. The
underlying principle of learn-to-defer is that instances are delegated to human experts
when they are deemed more likely to produce accurate outcomes.

In a deferral system, the final prediction on a given input is determined based on which
of the human or ML has the lower prediction error. However, in sensitive domains such
as medicine, it is recommended to use all available information for making a prediction.
In such cases, the prediction should not be based solely on the feedback of either the
human or the ML, but rather on a combination of both human and ML feedback Patel
et al.|(2019); Rajpurkar et al.| (2020). For instance, in case of medical diagnosis, if either
the human or the ML raises suspicion of the presence of a disease, it is prudent to subject
the patient to additional testing, irrespective of the source of the prediction. Although
combining human and ML decision is studied in previous works |[Kerrigan et al. (2021);
Donahue er al.| (2022), in these works it is mainly assumed that the human advice is
always sought, which can increase the cost of human involvement.

In this paper, we close the gap between deferral systems and methods that seek human
advice on all instances. We introduce Defer-and-Fusion systems (Figure where on
every instance, it decides whether the expert’s feedback should be sought or not, and how
to integrate the feedback into the final prediction, either adopting it as it is or fusing it
with covariates using a meta-learner.

In this paper, we start by motivating the importance of using DaF systems instead of
vanilla deferral systems. In fact, motivated by real-world applications, we give examples
of imbalanced loss functions, where any deferral method, enforcing “either” ML or hu-
man to make the final prediction is strictly sub-optimal compared to DaF systems. Such
utilization of imbalanced loss functions is prevalent in practical applications, particularly
in the domain of medical diagnosis. In such scenarios, a false negative diagnosis, i.e., the
misclassification of a patient as not having a disease when in fact they do, often incurs a
larger amount of harm compared to the scenario in which a patient is falsely diagnosed
as having the disease. This is due to the fact that false positive diagnoses (i.e., a patient
without the disease being classified as having it) can be rectified through further inves-
tigations, while false negatives often lead to the premature discharge of patients, which
can result in potentially hazardous outcomes.

Furthermore, we provide a lower-bound on Bayes probability of error for DaF systems
and we show that such bound is smaller than the lower-bound on probability of error for
deferral systems. Further, we discuss the tightness of this lower-bound and the cases
under which we could conclude that even for a balanced 0 — 1 loss, the deferral systems
are strictly sub-optimal compared to DaF systems.

Next, we obtain the Bayes optimal classifier, rejector, and meta-learner for DaF sys-
tems by making use of the joint distribution on covariates, human decisions, and true
labels. We further show the generalizability of our optimal solutions to scenarios where
multiple experts are involved. Finally to show the superior performance of our proposed
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5.2 Related Works

Defer-and-Fusion system, we provide an extensive comparison of performance of our
method compared to deferral systems suggested in the literature, on a variety of semi-
synthetic and real-world datasets. We complement our empirical results by providing
theoretical evidence of the scenarios where previously proposed methods, such as the
one by [Kerrigan et al.| (2021)), results in strictly suboptimal solutions compared to ours.

5.2 Related Works

Designing predictors that perceive whether they are reliable or not goes back to Chow’s
rule Chow| (1970). This rule provides a classifier with a rejection option that sets off
when a classifier’s confidence is below a certain threshold.Cortes et al. (2016) posed
a minimization problem based on rejection loss and showed that Chow’s rule is Bayes
optimal rejector for O — 1 rejection loss. In that work, they assumed that the cost of
rejection is only a function of covariates. However, they did not take the expert’s error
into account. Madras et al.|(2018)) rephrased rejection loss into a form in which the cost
of rejection on each instance depends on the error of a human expert. This new loss is
known as learn-to-defer loss in the literature.

To implement optimal solutions of learning with rejection, several works are intro-
duced that use surrogate losses for binary Bartlett and Wegkamp, (2008) and multi-
class N1 et al.| (2019)) classification, and for learn-to-defer problem Mozannar and Son-
tag (2020b); (Charusaie et al.| (2022b); Verma and Nalisnick (2022b); Mozannar et al.
(2023c). The problem of learn-to-defer is further extended to the case of multiple ex-
perts |Verma et al.| (2023)) and the case of bounded human budget for classification and
regression tasks Okati et al. (2021a); De et al.| (2021} 2020).

The improvement observed in learn-to-defer methods revolves around the complemen-
tarity of human and machine that is formulated in Bansal et al.| (2021a)). In Charusaie
et al.|(2022b)) the connection of such complementarity and hypothesis complexity of ma-
chine is studied. Although the complementarity in learn-to-defer is studied where human
is either out of the loop or a final decision maker, a general combination of human and
ML, as opposed to learn-to-defer |Straitouri et al.| (2021)), is introduced in a consequential
decision making setting Rastogi ef al.| (2022) and the possibility of complementarity for
a linear combination is studied in|Zhang and Bareinboim| (2022)); Donahue ef al.| (2022).
Further, a Bayesian solution for such combination is derived in Steyvers ef al.|(2022) and
Kerrigan et al.| (2021). We generalize these results by providing an algorithm that certi-
fiably provides complementarity, controls the human involvement, and fuses the human
decision not only with ML prediction, but with the covariates.

The formulation of our paper, although novel, bears similarity with Wilder et al.
(2020), in which instead of learn-to-defer loss, a loss that contains a general combi-
nation of human and ML is introduced. However, due to simplicity, they only attempted
to minimize the loss by assuming the meta-learner being equal to the identity function. In
contrast, we derive a general optimal system and a method to optimize the meta-learner.
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Further, as opposed to what Wilder et al.| (2020) claims on a similarity of DaF systems
and standard deferral systems in terms of performance, we provide theoretical and prac-
tical evidence on the superiority of DaF systems. Finally, in our work, due to practical
implications that we discuss in Appendix the option of adopting human as the final
prediction is also preserved.

Furthermore, our work could be seen as an offline version of Active Feature Acqui-
sition Shim et al.| (2018)); Natarajan et al.| (2018). These systems train two classifiers
given an incomplete and complete set of features, and in each iteration decide whether to
predict based on an incomplete set of features or acquire more features and retrain their
model. Although one could formulate our method similarly, our results show that since
we obtain the optimal Bayes solution, the resulting performance in our cases remains
higher.

Finally, although our work resembles ensemble learning methods in which the output
of predictor models are combined to produce a prediction with higher accuracy Kittler
et al.|(1998); Dietterich| (2000), the format of the predictors in our case (i.e., discrete for
human expert), their learnability (i.e., the assumption of stationarity of human), and their
cost of predictions (e.g., extra cost of human prediction) make this work different from
existing literature on ensemble learning.

5.3 Problem Setting

A standard deferral system consists of a rejector r(x) and a classifier i(x). The rejector
function decides for a datapoint x in the feature space X whether to defer the decision
to human, and the classifier predicts the target label # € ) based on the features, if the
decision is not deferred to human. After deferring to the human, then such systems adopt
human decision m € ) as a final prediction. In the analyses of this paper, we assume that
features X, human decision M, and the true label Y are random variables that are drawn
from a joint stationary distribution iy y p. Therefore, the average loss of such methods
can be obtained as

Laet(h,1) = Epy y yy [Tr(x0) =0l (h(X), Y )
+ I (x)=1aet(M,Y )|, (Deferral loss) (5.1)

where 4. r(m,y) and £(h,y), respectively, represent the cost of human prediction 7 and
classification prediction &, where the true label is y.

The method that is proposed in this paper, however, is based on a loss function that
gives the option to further fuse human and ML into a prediction. In fact, we extend
rejector r(x) to a ternary case, which as a third option, a meta-learner g is responsible for
such fusion. We refer to this method as a Defer-and-Fuse, from here on DaF, method,
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which induces the loss function

LDaF(ha r, g)
= By yur [Lrx)=0C(A(X),Y) + T, x)=1 Laet (M, Y)
+ I, x)=2lrus(8(M,X),Y)], (DaF loss) (5.2)

where (g,s(g(x,m),y) represents the fusion cost induced by the meta-learner prediction
g(x,m) (see Figure where the true label is y. In Appendix we will show that
adoption of the human decision as final prediction is, theoretically and in terms of accu-
racy, inferior to the fusion option. However, the reason we have that option is to firstly
reduce the sample complexity and not to train the meta-learner on all samples, and sec-
ondly to be able to control the autonomy of human in the end. Obviously, as long as
the space of rejectors for the DaF method contains rejectors of learn-to-defer, the opti-
mal average loss for the DaF method is smaller than that of the deferral system, i.e., if
R C R/, we have

min Lpar(h,r,g) < min  Lget(h,r). 5.3
hrg€HXRIXG Dar ( g>_h,r€7—lxR der(.7) (>-3)

Inequality shows that the learn-to-defer method is sub-optimal compared to the
DaF method. In the next section, we take this statement one step further and prove the

strict sub-optimality of the DaF method compared to the standard deferral system in
some settings in which the costs are imbalanced among labels.

5.4 Strict Sub-Optimality of Learn-to-Defer

The sub-optimality of learn-to-defer methods can be studied with respect to two mea-
sures, the loss function in case of imbalanced label costs, as well as the accuracy. In the
former case, we show examples for which such sub-optimality occurs, and in the latter,
we argue about the sub-optimality of the information that is used in such methods.

5.4.1 A Case of Cost-Sensitive Learning

The strict sub-optimality of learn-to-defer methods, as we will show in the following,
is rooted in the fact that the use of meta-learner to reach optimality is inevitable. In
fact, the following example shows that under mild assumptions on classifier and human
prediction, there are cases in which some binary functions on the mentioned predictions
obtain less expected loss than deferral to either of these predictors.

Example 4. Assume that the predictions of human and the classifier are noisy versions
of the true label y € {0,1}, i.e., assume h(X) =Y @& ny, and M =Y @& ny where ny ~
Bern(py), ny ~ Bern(p;), and @ is the ‘XOR’ operation. Further, assume that the true
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label is distributed as Y ~ Bern(1/2), and ny, ny, and Y being mutually independent.
Then, consider the case that the cost of false positive prediction is c, while the cost of
false negative prediction is 1 —c. We can show that the expected loss for ‘AND’ and
‘OR’ operations on these predictions, as well as the optimal deferral solution, is as
Figure[5.2](see Appendix[D.1|for proof). As a result, the optimality of the deferral system
under these conditions cannot occur unless the cost of false positive and false negative
predictions are nearly equal. Therefore, for example, for small enough c, the optimal
DakF loss is strictly upper-bounded as

Lpar(h,r*,8") < pip2+c(l —q1g2 — p1p2)

* min P1,P2

< Ldef(h,r ) = +}, (5.4)
where q; = 1 — p; for i = 1,2, and the first inequality is followed by setting r(x) =2 and
g(x,m) =m\ h(x). By assuming that h is the Bayes optimal classifier of Y, we show that
the learn-to-defer method is strictly sub-optimal to the DaF method (to see empirical

results on this example, see Appendix|D.I)).

—— AND
Defer
OR

min{p1,p2}

/

.....................

p1p2

[ ——
o

Figure 5.2: The loss of ’AND’, and ’OR’ operation on human and classifier prediction,
as well as optimal learn-to-defer solution for the setting of Example [ and for varying
false positive cost c.

As discussed before, this example is central in the context of clinical diagnosis, since
the cost-sensitive loss function can be applied as a means of mitigating the consequences
of false negative diagnoses. As such, the cost associated with false negative errors is
typically much higher than the cost associated with false positive errors. Given this, the
optimal human-in-the-loop method in this scenario would involve categorizing a person
for having a specific condition whenever either the classifier or the human expert makes
such a prediction. This approach minimizes the risk of false negatives by ensuring that
cases of such condition are not missed. In contrast, the deferral method, which takes the
prediction with the smaller average loss as the final decision, increases the risk of false
negative errors.
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Although important in medical diagnosis, most scenarios in machine learning do not
involve cost-sensitive settings. Therefore, it is important to show the superiority of our
method in balanced cost settings too. In the following section, using a lower-bound on
Bayes optimal error, we show that there are conditions under which learn-to-defer is
strictly sub-optimal compared to the DaF method.

5.4.2 0 —1 Loss and Fano’s inequality

Converse bounds in the field of statistical estimation provide us with the accuracy of
the optimal estimator of a parameter based on a set of observed variables. Such bounds
derive the least achievable distance between the target and estimated parameter, based
on the amount of information about the target parameter that is contained within the ob-
served variables. As an instance, one could think of Cramér-Rao bound [Rao|(1992)), and
Fano’s inequality Fano| (1961), in which the distance is defined as the variance of error
(in case of regression) and the probability of error (in case of classification), respectively.
In particular, Fano’s inequality bounds such error in terms of the conditional entropy of
the estimated parameter given the observed variable H (Y |X).

This choice, although as we discuss leads to an almost-tightness result, concludes
a broader discussion on the use of such entropic notions. In fact, conditional entropy
measures the uncertainty of the prediction of Y given the knowledge of X and plays a
central role in the exact value of the optimal probability of error. There is an optimization
principle for neural networks that has the conditional entropy as the objective Linsker
(1987) and its optimization is known to roughly optimize the probability of error Zhao
et al.|(2013)). The Fano’s lower-bound on the probability of error is also shown to have a
high correlation with that probability in practice Morishita et al.| (2022).

Considering the importance of Fano’s inequality, we obtain similar inequalities for the
learn-to-defer and DaF methods as follows:

Theorem 10. For predicting a target label Y € Y based on a deferral system with a pair
of rejector and classifier (r,h), the prediction error p, get = Pr(Yyet #Y) is bounded as

HB(Pe,def) +pe,def10g (|y| - 1) > B(Y7M7 r, h)7 (55)
where B is defined as

B(Y,M,r,h) :=H(Y|M,r=1)Pr(r=1)
+H(Y|h,r =0)Pr(r=0),

while that of the DaF system pepar = Pr(Ypar # Y) is bounded as

Hp(pe.par) + Peparlog (|YV|—1) > H(Y|M,X), (5.6)

where Hp(x) = —xlogx — (1 —x)log(1 —x).

67



Chapter 5 Defer-and-Fusion: Optimal Predictors that Incorporate Human Decisions

Note that in the above theorem, the function g(p) = Hg(p) + plog(|)|— 1) is a mono-
tonically increasing, and therefore invertible, function. Hence, the above bounds impose
direct lower-bounds on probabilities of error using the inverse function g~ (-).

We show in Appendix that these two entropic lower-bounds have the following
relationship with each other

Remark 1. B(Y,M,r,h) > H(Y|M,X)

Although such comparison between the two lower-bounds does not prove that one
is necessarily sub-optimal than the other, these bounds are almost-tight, i.e., there are
upper-bounds on the probability of error based on such entropic notions too. A simple
one that is shown in Tebbe and Dwyer| (1968) is P, < w As a result of this, we can
show that if the gap between the two lower-bounds is as large to satisfy

B(Y,M,r,h) > g(H(Y|M,X)/2) (5.7)

too, then the optimal error based on the learn-to-defer method is strictly higher than the
optimal error in the DaF method. In Appendix we provide further theoretical and
empirical evidence on such cases of strict sub-optimality.

Now that we provided evidence of the superiority of the DaF method in balanced and
imbalanced cost settings, in the following section, we obtain the optimal DaF system that
enables us to achieve such overperformance.

5.5 Optimal DaF System

Finding the optimal DaF system involves identifying a triple of classifier, rejector, and
meta-learner that minimizes the DaF expected loss. According to the following theorem,
the optimal classifier and meta-learner are simply equal to the Bayes optimal classifiers
that have access to their corresponding inputs, while the optimal rejector sends the in-
stances to the option with the highest value of an extended confidence measure.

Theorem 11. A DaF system that achieves the optimal expected loss is formed by a clas-

sifier
h*(x) € argminByx_.[((h,Y)], (5.8)
hey
and a meta-learner
g* (x7 m) € argmin IEY\M:m,X:x [zfus (gv Y)] ’ (5.9
gey
and a rejector
r*(x) = argmax{conf;}, (5.10)
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where the generalized confidence conf; for i =0, 1,2 is defined as following:

fo=1—minEyx_,[¢((h,Y 5.11

conigp l}llréli} Y\Xfx[ ( ’ )]7 ( )

confi=1— E [lget(M,Y)], (5.12)
Y,M|X=x

confhp=1— E [min E [lp(g,Y)]]. (5.13)

M|X=x g€y Y|MX=x

One can easily show that by choosing 0 — 1 loss for £, {4ef, and fgy, the values of
((5.T1))-((5.13)) are reduced to the actual confidence (probability of accuracy) of the
classifier, expert, and meta-learner, respectively. Moreover, for such a choice of the loss
function, Jensen’s inequality Jensen|(1906)) assures that the complementarity occurs after
the fusion, i.e., the confidence of the meta-learner is higher than the confidence of either
human or classifier. For the theoretical proof and empirical evidence on this claim, we
refer the reader to Appendix

5.5.1 Simulating Expert’s Decision Model

An implication of ((5.13)) is that to find the meta-learner’s confidence, we need infor-
mation regarding the expert’s decision given each instance. One way to provide such
information is to approximate Pr(M|X = x), i.e., to simulate the expert’s decision distri-
bution. However, a natural question to ask is that if we can simulate the expert’s decision
distribution, why do we need to involve the expert in the system at all, and why cannot
we just use the expert’s simulation? The answer to this question goes back to the fact
that in various works within the literature of learn-to-defer, the inherent assumption is
that the expert has access to a hidden set of features U as well as the covariate X. By this
assumption, one can see that approximating Pr(M|X = x) does not give the full informa-
tion on the human decision, and only averages out the decision for all instances that have
similar covariate X. Therefore, the existence of the human in the loop is still essential.

Here, we should note that our work is not the first work that simulates the expert’s
decision. In fact, in learn-to-defer methods, we need to approximate the confidence
conf; in ((5.12)). One way to do so is to directly learn such value based on true labels
and expert’s decision as done in Mozannar and Sontag (2020b). However, in case that we
need a general system for which the label cost matrix /g4 is not pre-defined, and that we
need to be able to choose such matrix after training, we have no choice but to simulate
expert’s decision p,,(j) = Pr(M = j|X = x) as well as Bayes optimal meta-learner scores
py(i,j) =Pr(Y =i|M = j,X = x) and use it to find the confidence as

VI 1Y)

confy =1 =YY py(i, j) pm(j)Laet (i, )- (5.14)
i=1j=1
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5.5.2 DaF in Multiple Experts Setting

The optimal DaF system can further be obtained in the case that we have more than one
expert. In medical diagnosis scenarios, this setting arises when we need feedback from
a specific area of expertise out of many, or if we want to form a committee of expertise.

In the first setting, in which the feedback is requested from an expert out of many,
the optimal DaF system first obtains the ‘generalized confidence’, defined as in Theo-
rem for the classifier, each expert, and their fusion with the covariate. Then, the
rejector chooses the option with the highest confidence (See Theorem [20] in Appendix
[D.10). Further, the classifier and the meta-learner corresponding to each expert is further
obtained using Bayes optimal rule.

To form a committee, however, we might need to exponentially grow the complexity
of optimal solution. In fact, in this case, the optimal system needs a meta-learner with
the decision of each combination of the experts as input (See Proposition [7), which is
2N meta-learners where N is the number of experts. To address this, we need to assume
the following two conditions: (i) there is a pre-known aggregation method for experts
decisions, and (ii) the decisions made by experts are independent of each other given the
covariate x.

These two conditions are also mainly assumed in classical analysis of democratic so-
lutions (see e.g. Jury’s theorem Boland| (1989) and Dietrich and Spiekermann| (2021)).
Here, we should note that the conditional independence of the experts does not mean
that they cannot share similar decision distribution for each case, but it implies that they
should not communicate with each other about cases.

Assuming these conditions, we can first design a general meta-learner that takes in
the outcome of the aggregation of expert’s votes and predicts the label. Then, we can
simulate each expert’s decision distribution, and use sampling methods to approximate
the confidence of all combinations of options based on the mentioned distributions. For
further details, we refer the reader to Appendix

5.5.3 Deferral, Fusion, and Combination

So far, we have obtained the optimal DaF system. Based on the discussion in Section
[5.5] to optimize a 0 — 1 loss, the system reduces to the fusion part, and as we mentioned
fusion alone could theoretically overperform the learn-to-defer method. However, imple-
menting such a fusion system requires high sample complexity due to the possibility of
large dimensions of the covariates. To reduce the sample complexity, one might think of
using classifier probabilities instead of covariates as the input of the meta-learner. This
method, which from now on we refer to as the combination method, is already studied in
Kerrigan et al.|(2021), and its sub-optimality compared to fusion as a result of the reduc-
tion of its input information should be clear to the reader. However, finding a condition
under which these methods are equivalent can be important to uncover the differences
between these methods. In the following theorem, we provide a necessary and sufficient
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Figure 5.3: DaF and combination method are equivalent iff. such graphical model holds

condition on this equivalence:

Theorem 12. In the case of 0 — 1 loss, DaF and combination method are equivalent iff.
the graphical model in Figure[5.3)is the underlying model of variables.

As an instance, such a diagram holds if X and M are independent given the true label Y
(See Theorem[I7)and Remark[2]in Appendix[D.7). Although a similar but weaker condi-
tion is assumed for the underlying model in Kerrigan et al.| (2021)), but in the following,
we argue such a diagram does not hold in some central examples of learn-to-defer, in
which the algorithm should spot the neighborhoods of covariate space on which expert
is accurate and defer accordingly.

Example 5. Assume that there exist two regions in the feature space on which the expert
behavior differs from each other. As an instance, assume that for x > 0 human is correct
all the times, while for x < 0 they are correct 70% of the times. Further, assume that the
classifier has the confidence of 80% everywhere. This means that in case there is no in-
formation of x in hand, the confidence of the classifier does not provide you with essential
information from the feature, and the best combination of the classifier’s confidence and
human decision, in this case, is to accept human decision everywhere, since its average
accuracy over the whole region is 85%. However, fusion and deferral methods give the
human decision higher weight for x > 0 and less weight otherwise. See Appendix[D.8|for
further details on this example.

Knowing the theoretical over-performance of DaF compared to other works in the
literature, in the following section we implement DaF and evaluate it empirically.

5.6 Training DaF Components

As we discussed in Section a DaF system comprises a classifier, a meta-learner,
and a rejector. Following the literature on learn-to-defer methods on jointly training
the components Mozannar and Sontag (2020b); Charusaie et al.| (2022b); Verma and
Nalisnick| (2022b), we take similar approaches. In the following, we summarize the
methods to train such components:
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* Simulation-based DaF (SDaF): In this method, we assume the label cost matrix
is not given in training time. Here, we train three networks f,(x; 0), fs(x;0), and
fo(x,m;0), for classification, human simulation, and fusion, respectively, using a
One-vs-All (OvA) surrogate loss

LSDaF:g(fh7ﬂ+€(f57m>+£(fg7y); (515)

where £(f,y) = ¢ (f) + X1, ¢ (—f”") and ¢(-) is a binary surrogate loss. Further,
y is a one-hot coded version of y with an extra dimension that is 1 when y = m.
We use the obtained functions as proxies of the probabilities and use Theorem [TT]
to achieve a DaF system.

* Learning-based DaF (LDaF): In this method, the label cost matrix is given in the
beginning. Here, two networks f,(x; 0) and f,(x,m;0) are trained as classifier/re-
jector, and meta-learner, respectively, by the following OvA loss

LLDaFZE(fhay)+£(fgay)7 (5.16)

where y is the one-hot coded version of y with two extra dimensions which are the
value of human decision cost and fusion decision cost.

* Confidence-based DaF (CDaF): In this method, four networks f,(x; 0), fq(x,m;0),
faer(x:0), and fr,s(x; 0) are each trained on softmax loss and to learn true label
y, cost of deferral, and cost of fusion, respectively. In each epoch, we take a step

to minimize the corresponding losses one-by-one. This method helps to achieve a
calibration that is not achievable in OvA methods (See Appendix [D.12]).

To guarantee the convergence of the above methods to the optimal solution, we provide
the following theoretical result on the consistency of LDaF and SDaF surrogate losses.
The consistency here means that for a large enough hypothesis class and enough data, the
optimal solution of the true DaF loss ((5.2)) is also a global minimizer of the surrogates.
The guarantee is as follows:

Theorem 13. If ¢(-) : R — R is a strictly proper binary surrogate function, then LDaF
and SDaF surrogates are Fisher consistent.

The strictly proper condition roughly means that the minimizer of the binary surrogate
¢ should recover the conditional probability of the labels given instances.

Next, we assess the above guarantee empirically and observe the results over a set of
datasets.
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5.7 Experiments

5.7.1 Settings

During our experiments, we compare DaF methods with the following methods: (1)
confidence-based method (CC) of Raghu et al. (2019) that trains a classifier network
as well as a network that captures human confidence, (ii) cross entropy method (LCE)
Mozannar and Sontag (2020b)) that trains the classifier and rejector using a joint cross
entropy surrogate loss, (iii) One-vs-All method (OvA) Verma and Nalisnick! (2022b) that
proposes a surrogate that induces calibration on network outputs, (iv) reallizable surro-
gate (RS) Mozannar ef al.|(2023c) that is tailored for the models with low capacity, and
(v) active feature elicitation (AFE)|Shim et al.|(2018]) that similar to our work decides on
either classifying the instance, or asking for an extra feature (here human decision).

Four datasets on which we mainly focus are: (i) CIFAR-10K Mozannar et al.| (2023c)
that is a semi-synthetic data based on CIFAR-10 dataset Krizhevsky et al.|(2009) and the
expert is accurate only on K out of 10 classes, (ii) CIFAR-10H Peterson et al. (2019), a
real-world dataset based on CIFAR-10 test set that has collected human label distribu-
tions on each instance, (iii) ImageNet-16H Steyvers et al.| (2022) that collected human
decisions on noisy versions on images in ImageNet Deng et al. (2009), and (iv) Hate-
speech dataset |Davidson et al.| (2017) that collected crowd-sourced opinions on hateful
language of a set of tweets.

5.7.2 Cost-Sensitive Risks

We assume a uniformly random label cost matrix with zero diagonals and train different
methods to minimize the expected loss. Figure shows the resulting expected loss
for different levels of human involvement. The human involvement is set by setting
various thresholds in rejector networks. This figure shows the superiority of our method
to other methods on Imagenet-16H dataset. The results on other datasets is deferred to
Appendix [D.13]

In the following, we list a series of experiments on the above datasets. For further
experiments on sample complexity, accuracy, the role of deferral costs, and examples of
sub-optimality of learn-to-defer methods, we refer the reader to Appendix

5.7.3 0—1 Risk

We train the aforementioned methods for CIFAR-10K and for varying K value, and for
the other three datasets. The results are shown in Figure [5.4] and in Appendix We
observe that our method outperforms the other methods in a majority of cases.
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Figure 5.4: Accuracy of our method compared to deferral methods on CIFAR-10K

5.8 Conclusion

In this paper, a deferral-and-fusion (DaF) method for handling human feedback in machine-
assisted processes is proposed. An example of strict-sub-optimality of learn-to-defer in
imbalanced label cost cases, and the theoretical possibility of improvement further in 0-1
losses is provided. Further, the optimal DaF system in the case of one or multiple experts
is theoretically obtained and empirically approximated. The provided evidence in this
paper shows that DaF systems can be an alternative to fully automatized systems and to
classifiers with rejection options. In summary, this paper shows that the correlation of
human decision, covariates, and their interaction with the label cost matrix can improve
the expected loss in predicting the true label and leave us with a more accurate prediction.
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@ SDaF (Ours)
0.3 + @CDaF (Ours)
eoCC
0.25 + oLCE
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Figure 5.5: Average loss vs. coverage on Imagenet-16H datasets and for 10 random
sets of prediction costs, with bars being standard deviation. Coverage is a number that
represents the percentage of instances that are sent to ML. So the higher the coverage,
there are less instances being sent to human.
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Appendix A
Appendices I

A.1 Effect of length scale on the kernel approximation

Fig.[A.T|shows the effect of the kernel length scale on the kernel approximation for both
HPs and RFs.

length scale = 0.71 length scale = 7.07

random features
°
E)

o 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
number of random features number of random features
¢ o7s g 100
2 2
£ o0s0 ki 0.75-
T 0.25 T 0.50
5 5
St pme 0.25
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2 _0.25 8 0.00- e
L 2 |
E -0.50 7025 1
2 g 050
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o 5 10 15 20 25 30 35 40 [ 5 10 15 20 25 30 35 40

hermite polynomial orders hermite polynomial orders

Figure A.1: Comparison between HP and random features at a different length scale
value. Different color indicates a different datapoint, where four datapoints are drawn
from A (0,1). Left: With length scale [ = 0.71 (relatively small compared to 1), random
features (top) at the four datapoints exhibit large variability while the Hermite polyno-
mial features (bottom) at those datapoints decay at around order < 20. Right: With
[ =7.07 (large compared to 1), random features (top) exhibit less variability, while it is
not clear how many features are necessary to consider. On the other hand, the Hermite
polynomial features (bottom) decay fast at around order < 5 and we can make a cut-off
at that order without losing much information.
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A.2 Approximation error under HP and Random
Fourier features

In the following proposition, we provide that provably our method converges with O(p 2C)
where p < 1 is the constant in the Mehler’s formula, while DP-MEREF has the conver-
gence Q(1/C), where C is the number of features in each case.

Proposition A.2.1. Let X and Y be standard normal random variables. There exists a

C-dimensional Hermite feature map ¢I({C;,) (+) with the expected predictive error bounded
as

N N 1 1
Exy[[k(X,Y) — (69 (X), 69 (¥)|] < —=(5)C. Al
X,YH ( ) ) <¢HP( )7¢HP( )>H—3\/§(3) ( )
However, the expected predictive error of the random feature map ¢3Rp7w(-) with C num-
ber of features (i.e., @ is a vector of length C) and the same approximating kernel is
equal to
1

Yok (A.2)

Eoxy [[k(X,Y) = ($rr.o(X), frr.o(Y))|] >

Proof. We start by proving eq. [(A.T)] In this case, we write the squared error term as
following:

2O) A0 2 (a) x2 y
Ax.:kx,y—(l) x,g{) y = ——Hi(x)e 1+p —Hye‘ﬂ’
Y ‘ ( ) <HP() HP( )>‘ ‘C;I N[ l() \/]vl l() ‘
(A.3)
=Y A H ) Hy () T T
1 =C+1 NNy
(A4)

where (a) is followed by the definition of é}g in eq.|(2.6) and its approximation property
(i.e., Mehler’s formula eq.|(2.5)). Now, by setting p = %, we have

2 ) (o) ) ()35 (A5)
vy

Acy=
LI'=C+1

Next, we average out Ay ,, for xs and ys that are drawn from a standard normal distribution
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as
e > Alll’ 1.2 1.2€ %xz_éyz
Ex y~n©,1)|Ax.y / H, (x)Hy (x)H;(y)Hy (y)e 2% ~2Y ————dxdy
X,Y~N(0, )[ ] x)’—_‘x’ll/z(/:tH NlNl’ o0
(A.6)
_ i Mady [Hi0)Hy (e dx [ Hi0Hy (e dy
L= C+1N1Nl’ 2n .

o (2/3)7(1/3)% 22 (11)?
Jr2nymatn L l;ﬂ T

=
GMg

(A8)
:g i (1/3)% (A9)
(é %(1 /3)20+2 (A.10)

where (a) is followed by orthogonality of Hermite polynomials, () is followed by the
definition of A; and N, in Section|2.3.1} and (c) is due to the infinite Geometric series.

As aresult of eq. |(A.10), the definition of A, y, and Jensen’s inequality we have

Exy [[K(X,¥) — (117 (%), b1 ()] < B3 [Axy] < 3\/_(1)C (A.11)

For bounding the expected error of random features, we expand the squared error using
the definition given in eq. [(2.4)}

Biyo = |k(x.y) — (9rra(x), 0rro ()] (A12)
= |epixl:2>2 — %CZ’/Zcosa)-xcos w;y — ECZ‘/Z in @;x sin ; A.13
c & j iy c & s1n (v;x S1n a)ly‘ (A.13)
= |e_p§)6—py2)2 - ECZ:/zcosa)-(x— )| (A.14)
¢= A '
Brro ’

Next, by setting p = %, we have

T S g T 4§
Byyo=¢€¢ * —Ee 8 Zcosa),-(x—y —|—C Zcosa)lx y)) . (A.15)
i=1 i=1

(. J

v~

~~
EL,X.»V,(D E2 %)’:w
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Next, we calculate the average of terms Ej ., ¢ and E3  y, o OVer @.

Due to the Bochner’s theorem (see Theorem 3.7 of [Unser and Tafti (2014))) that shows
a shift-invariant positive kernel could be written in the form of Fourier transform of a
density function, we have

c/2
Eo|Elry0] =Eol Y cosw(x—y)] (A.16)
i=1
c/2 .
=Y Ey [¢/20)] = %30‘”2, (A.17)
i=1
Next, we obtain the average of E , ; @ as following:
c/2
Eo[Erxyo] =Eo| Y, cosw;(x—y)coswy(x—y)] (A.18)
ik=1

g CZ/2 (OO () 4 i @00 (3) | (-0t 0) () 4 i (~ 00 (x—)

ik=1 4
(A.19)
w & ~ | 1N (g, [
) Z Eo, [ejwi(xfy)][@wk [e]wk(x*)’)} + 5 Z (Ew,» [ejwi(foZy)] + 1)
ik=1ik =1
(A.20)
2
Y () (a21)
2
_ %e_i(x_y)Z i %(e_%(x—y)z o 26—%@(—)7)2 + 1)’ (A22)

where (a) is due to symmetry of the normal distribution of @, and (b) is followed by
independence of @; and @y and their distribution symmetry.

Substituting eq. and eq.[(A.22)|in eq.[(A.15)] and using Jensen’s inequality, we

have

1 1
Exy-nio.nEe [Bx,y,w] = EEX,YNN(O,I) [(67%‘0{7’/)2 — 1)2] > EIE@(?Y [e*%(x*y)z — 1}
(A.23)
1
=C (Ex y~n(o.1) [67%0{4)21—1)2- (A.24)

G
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To calculate G, we have

3 (x_y)?
G=Exynon[e 1] = [ - dxdy (A.25)
X,y T
e A26
=/ 7 y (A.26)
e~ 3PS5y a5 1P
= dxdy (A.27)
X,y 2
—3)? —3(=2y)?
@ / ¢ [ gedy (A.28)
vy/2m3 X w3
4y | 4y
:/es dy:i/es (A.29)
va/2m3 va/2m3
(b 1
il A.30
7’ ( )
_(x=p)?
where (a) and (b) hold since for a normal distribution f, 5 (x) = ¢ Wf:a , then, we have
Ji fap(x)dx = 1. As a result of eq.|(A.24)(and eq.|(A.30)|we have
1
E B > —. A.31
xv,0|Bxyo] > ic (A.31)
Finally, since 0 < By, o < 4, we have
1 Bxy.® By v.0|'/?
—<E —— | <E —_ A.32
Toc = Xvo| 4 | <Exyo| > ] (A.32)

= SExralX.Y) ~ Orro(X). 0rra()]],  (A33)

which proves eq. [(A.2) L

A.3 Mercer’s theorem and the generalized Hermite
polynomials

We first review Mercer’s theorem, which is a fundamental theorem on how can we find
the approximation of a kernel via finite-dimensional feature maps.

Theorem 14 (Smola and Scholkopf| (1998) Theorem 2.10 and Proposition 2.11 ). Sup-
pose k € Loo(X 2), is a symmetric real-valued function, for a non-empty set X, such that
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the integral operator Ty, f (x) = [y k(x,x") f(x')du(x') is positive definite. Let yj € Ly (X)
be the normalized orthogonal eigenfunctions of Ty associated with the eigenvalues A; >
0, sorted in non-increasing order, then

1. (Aj)j ey,

2. k(x,x') = Z]jyfl Ajyi(x)yj(x') holds for almost all (x,x'). Either Ny € N, or Ny =
oo; in the latter case, the series converge absolutely and uniformly for almost all
(x,x).

Furthermore, for every € > 0, there exists n such that

[k(x,x') = ) Ay y; ()] < e, (A.34)
j=1

for almost all x,x' € X.

This theorem states that one can define a feature map

@, (%) = [V ()., vV A wn ()] (A.35)

such that the Euclidean inner product (®(x),®(x')) approximates k(x,x’) up to an
arbitrarily small factor €.

By means of uniform convergence in Mercer’s theorem, we can prove the convergence
of the approximated MMD using the following lemma.

Lemma 1. Let H be an RKHS that is generated by the kernel k(-,-), and let H, be an
RKHS with a kernel k,(X,y) that can uniformly approximate k(x,y). Then, for a positive
real value &, there exists n, such that for every pair of distributions P,Q, we have

IMMD3, (P, Q) — MMD%n (P,O)| <e. (A.36)

Proof. Firstly, using Theorem we can find n such that |k(x,y) — (@, (x), P, (y))| < &.

We define the RKHS H,, as the space of functions spanned by ®,(-). Next, we rewrite
MMD3,(P,Q) — MMD% (P,Q), using the definition of MMD in Section [2.2.1} as

MMD3,(P,Q) — MMD%n (P,Q)

= Lxx/~P [k(x7x/)] + IEy,y'wQ [k(y, yl)} - 2EXNP,yNQ [k(x7y)}
— By x'~P [<q)n (x)7q)n (X’)ﬂ + IE:y7y’~Q [(q)n (y): D, (y/)ﬂ - 2]EXNP,)7NQ [(q)n (X), D, E}X >;7)

Therefore, we can bound ‘MMDgH (P,Q)— MMD% (P,Q)| as
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(a)
[MMD3, (P.Q) ~MMD?, (P.Q)| <

By vop [k(x,x))] —Eyvop [{CDn (x), P (x/)>] ‘

_|_

Eyyeo[k(3:))] = Eyyor [<<I>n (), ®n (y’)>} '

+2

By [(5.3)] = Exyrrg | (@u(x),@(3)| ‘

LS Uk(m’) — (@ (1), @a(x')) H +Eyyg Uk(w') —{@a(3), 2a(x)) H

+2Ex;po “k(x’y )= (@000, 2a0)) ”

(©) € € €

< Ex,X’NP[Z] TEy o [Z} +2Eypo [Z} =& (A.38)
where (a) holds because of triangle inequality, () is followed by Tonelli’s theorem and
Jensen’s inequality for absolute value function, and (c) is correct because of the choice
of n as mentioned earlier in the proof. [

As a result of the above theorems, we can approximate the MMD in RKHS #; for a
kernel k(-,-) via MMD in RKHS #,, C R” that is spanned by the first n eigenfunctions
weighted by square roots of eigenvalues of the kernel k(-,-). Therefore, in the following
section, we focus on finding the eigenfunctions/eigenvalues of a multivariate Gaussian
kernel.

A.3.1 Generalized Mehler’s approximation

As we have already seen in eq. Mehler’s theorem provides us with an approxima-
tion of a one-dimensional Gaussian kernel in terms of Hermite polynomials. To gener-
alize Mehler’s theorem to a uniform covergence regime (that enables us to approximate
MMD via such feature maps as shown in Lemma E[), and for a multivariate Gaussian
kernel, we make use of the following theorem.

Theorem 15 (Slepian|(1972), Section 6). Let the joint Gaussian density kernel k(x,y,C) :
R*x R" — R be

1

1

x,~y1C"x —y)") (A.39)
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where C is a positive-definite matrix as

Cii Ci2

C—
Cl, Cn

, (A.40)

in which C;j € R"™" for i, j € {1,2}, and C1| = Cy. Further, let the integral operator
be defined with respect to a measure with density

1
wX) = ———. (A41)
™ Jk(x,y,C)dy
Then, the orthonormal eigenfunctions and eigenvalues for such kernel are
1y a(x:Crp)
= Y (o), (P) )y e (A42)
N =Kl VI G
and .
A= ]e". (A.43)
i=1
Here, 6,,(A) is symmetrized Kronecker power of a matrix A, defined as
n H .AMij
ij
(Gllklh (A))kl = Hki!li! Z L, ]\/;jv ) (A44)
i=1 MR M1, =k AT M=1 L1ij 770"
for two n-dimensional vectors k and 1 with ||K||; = ||1||1, the vector e (the matrix P)

is formed by eigenvalues (eigenvectors) of Cl_llClz, and Q(x,A) is generalized Hermite
Jfunctions defined as

1 ol 1
(2m)n/2|A[1V/2 9xyhr ... Oxyl exp (—5x'A”'x). (A.45)

2
The above theorem provides us with eigenfunctions/eigenvalues of a joint Gaussian
density function. We utilize this theorem to approximate Mahalanobis kernels (i.e., a
generalization of Gaussian radial basis kernels where A = cI,,) via Hermite polynomials
as follow.

(Pl(va) =

Proposition A.3.1. A Mahalanobis kernel k(x,y,A) : RP x RP — R defined as

k(x,y,A) =exp(— (x—y)A(x—y)")

can be uniformly approximated as

a?—1

\/Zx> ,cpN( o1 \/Zy) > (A.46)

k(x,y,A) ~ <<I>N< p”
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A.3 Mercer’s theorem and the generalized Hermite polynomials

where ®(x) € NP is defined as a tensor product

n

Dy (x) = Q)0 (xi)]3 -1 (A.47)
i=1
where
o, (x7) = (%) exp (a fl) Hy, (x1) (A.48)

Remark 1. Using Proposition[A.3.1|and Lemma [I| we can show that the MMD based
on the tensor feature map in eq.|(A.47)and between any two distributions approximates
the real MMD based on Gaussian kernel with Mahalanobis norm.

1 1
2In g1
17 1
200°1 2°n

20 2a
C_l _ az_lln _a2_1ln
20 1 202 1 ’
n

Proof of Proposition[A.3.1] Let C =

] , or equivalently

a?—1 az—1""
for o € [1,00).
Since C is positive-definite, we can define a Gaussian density kernel as
1 o’ 2 o’ 2 T
k(X7y’C) - (717\/20527*1)/1 Y ( - a2 —1 ||X|| - ol —1 ||y|| + o2 — 1yX ) (A.49)
o

Moreover, we can calculate the integration over all values of y as

. 2 o2 _ 2
/k(x,y’c)ay:/Mexp(_M)ay:M‘ (A.50)

(T =Ly (a2 1) ()2
Next, by setting w(x) = m and using Theorem we have
! looy —x|*\ .
/W%(X)CXP(_—M_l )Ox = AWk (y). (A51)
04
Now to find the eigenfunctions of the Gaussian kernel k'(x,y) = exp ( _ 0‘|(|22: 1Y)H2>’

we let g (x) = Yic(x) exp (5% [Ix[|*) and let the weight function be

W)= (1) Pesp(~ S ),
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As a result of such assumptions, we see that

[ K (e (x)9x
~ [ en (- 2yl 2y ox
(A.52)
— ()" 2exp ( oc—+1”y” /1,/ |O;y2_xl||2)ax (A.53)
< () exp (2 I9112) VAcwady (#)"/2 (A54)
Yy (2 1)"/27Lkwﬁ<y>, (A55)

where (a) holds because of eq.|(A.51)| and (b) is followed by the definition of v (y).
As a result, y; (x) is an eigenfunction of the integral operator with kernel k'(x,y) and
with weight function w/(x).

Equation eq. |(A.55)[shows that the eigenvalue of k'(x,y) corresponding to yi(x) is as

2 _ n/2
* 1) N (A.56)

o2

M= (x)"(

Now we show that such eigenfunctions are orthonormal. Deploying the idea in eq.[(A.55)]
for two eigenfunctions y; (-) and y;(-) for fixed vectors k,1 € N”, we have

a l’l/2 C
[ v ar® [wew i arov? [wmmeme) Lok,
exp (~ /)

(A.57)

where (a) is followed by the definition of eigenfunctions y; (), ¥ () and the definition

of weight function w'(x), (b) is due to the definition of w(x) and eq. [(A.50)} and (c) holds
because of orthonormality of s as a result of Theorem [I5]

Further, in this case we have C1_11C12 = éln, or equivalently P =1, and e = é]ln.
Hence, firstly using eq.|(A.43), one can see that

Xy = o IKI/2, (A.58)

Secondly, in finding symmetrized Kronecker power G||k||1(P) in eq. |(A.44), for non-

diagonal matrices M, the term []; ; Pfy U = (0. Further, for a diagonal matrix M, we have

M1, =1, M. This induces the fact that

0 k#1,

G|k|1(P)={ 1 k=1 . (A59)
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A.3 Mercer’s theorem and the generalized Hermite polynomials

This shows that x)
X
wi(x) = — %) (A.60)

To find the formulation of eigenfunction y(x), we can rewrite the term ¢(x,Cyp) in

eq.{(A.42)|for 1y = 11, as

1 PYLP
o(x,1) =

2
()2 dxh .. dxyhn exp (‘ ;xi ) (A.61)

We note that the exponential function can be written as the product of functions that
are only dependent on one variable x; for i € [n]. Hence, we can rephrase eq.[(A.61)|as a
product of the derivative of each function as

1
H [ 72 z,x, exp (—x7). (A.62)

As aresult of this equation and the definition of Hermite functions in one dimension, we
have

_exp(—[x]*) ¢* .
(pl(X,I) = WEHZI.(X,) (A63)
Hence, we can calculate y; (x) as
P P —LI) § A (A.64)
()" [T~ &i! o+17g

Using above discussion, we see that k-th element [®p (x)]k of the tensor @y (x), which
is defined in the proposition statement, is equal to

[Py (%)]k = /Al Vi (%) (A.65)
This fact and Theorem |14|concludes that we can uniformly approximate k’(x,y) as

K (x,y) = (Pn(x), Pn(y)). (A.66)

Further, for any positive-definite matrix A, since the singular values of \/$\/Z
are bounded, one can uniformly approximate k”(x,y) :=exp (— (x —y)A(x—y)T) =

k' <\/@\/Zx, ﬁﬂy) as

k”(x,y):<CI>N< aza_lx/Zx),cpN( O‘za_l\/Zy» (A.67)
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A.4 Sum-kernel upper-bound

Instead of using Generalized Hermite mean embedding which takes a huge amount of
memory, one could use an upper bound to the joint Gaussian kernel. We use the inequal-
ity of arithmetic and geometric means to prove that.

D
k(x,y) :eXP< 2;( -y)" (x —y)) = exp( —Lz ; Xd —Yd) ) (A.68)

1

S (k= a)?) (A.69)

exp(—

I
e

@ 1 2 D >

< Bdg eXP( opp (X —a) ) (A.70)
1 D

— B Z kXd(xd7yd)a (A71)

d

—_

where (a) holds due to inequality of arithmetic and geometric means (AM-GM), and
kx,(-,-) is defined as

D
(xg — )’d)2> . (A.72)

kXd(xd7yd) = eXp( 212

Next, we approximate such kernel via an inner-product of the feature maps

90 (x1)/VD

C
ot — | P1r0VP | Cpicanona

(A.73)
0.5 (x0)/ VD

Although such feature maps are not designed to catch correlation among dimensions,
they provide us with a guarantee on marginal distributions as follows.

Lemma 2. Define kx,(-,-) as in eq.|(A.72) and define ¢c(X) as in eq.|(A.73)} Fore € RT,
there exists N such that for C > N we have

x~P H’C(Xﬂ Ey~o H’C } H2 <e= MMDkX (P, Qi) <D+ 1€ foreveryie
{1,...,D}, and
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* MMDy, (P;,Q;) < € foreveryi€ {1,...,D} =
|Ex~p[¢c(®)] — Eyeolocy)]]| < \/_8

where P; and Q; are marginal probability distributions corresponding to P and Q, re-
spectively.

Proof. Since ¢1(qc}),l. (x;) has the certain form as in Theorem , then Lemma shows that
we can use such feature maps to uniformly approximate the MMD in an RKHS based
on the kernel k;(x;,y;) = exp (— 55 (xi — yi)?). As a result, there exists N such that for
C > N, we have

< De>. (A.74)

‘ HExiNPi [(plgi@),z(xl)} —Eyng; [¢I€I€D)z(yl)} H; - MMD%X,- (P, Qi)
Now we prove the first part. Knowing

[Ex~p[9c(x)] = Ey~o[gc(¥)] |, < (A.75)

and by the definition of @¢(-), we deduce that

HExini [(PI(JC;’),i(xi)} —Ey~o [¢1(7(C;)),i(yi)] Hz < e’. (A.76)

Using this and eq. we can prove the first part.
Inversely, by setting MMDy, (F;, Q;) < € and eq.|(A.74), one sees that

[Ear [0559:(50)] — By [055p:00)] ||, < V2. (A7)

This coupled with the definition of ®¢ completes the second part of lemma. ]

A.S ¢ Recursion

k+1

O () = ((1+p)(1—p))? mm{m) exp (— 5 1x2) . by definition
L pr p
—(14+p)(1—p)) m [2Hy (x) — 2kHy ()] exp (—mﬁ) |
VP p
i) ————2x¢(x k(k+1)k¢k*l(x)' (A.78)

89



Appendix A Appendices 1

A.6 Sensitivity of mean embeddings (MEs)

A.6.1 Sensitivity of ME under the sum kernel

Here we derive the sensitivity of the mean embedding corresponding to the sum kernel.

S/\y_ le 1 ; _l
%lap’s””f’() ﬂ( NiF = 111)1211;5” lzivsxl (¥i) m; HF

where || - || represents the Frobenius norm. Since D and D’ are neighbouring, then m — 1
of the summands on each side cancel and we are left with the only distinct datapoints,
which we denote as (x,y) and (x',y’). We then apply the triangle inequality and the
definition of f. Asy is a one-hot vector, all but one column of v;(x)f(y) " are 0, so we
omit them in the next step:

Sus, = max | v(x)f(y)" — v (OEY) |
(x7y)( "y')
<r(r;ay>)< [Vs(x) (Y)THFngX%H?s(X)Hz- (A.79)

We recall the definition of the feature map given in eq. |(2.10),

1

P52 = == (Z [C37¥ENIE ) : (A.80)

To bound ||vs(x)||2, we first prove that ||¢1(sz)> 2(x2)|I3 < 1. Using Mehler’s formula (see
eq.[2.5)), and by plugging in y = x4, one can show that

l:exp(—

£ Z(Xd _xd)z) = Z A«cfc(xd)z- (A.81)
1__p c=0

Using this, we rewrite the infinite sum in terms of the Cth-order approximation and
the rest of summands to show that

o0 a °° (b)
1= Y 2200 210, c0lB+ ¥ A2 = [0 Duca)l3 (A82)
c=0

c=C+1

where (a) holds because of the definition of ¢1(LIC]; 4(xa) in eq. |(2.6); H¢1(LIC]2 S5 =

Y o Acf2(x4), and (b) holds, because A, and f2(x) are non-negative scalars.
Finally, deploying eq.[(A.79)] eq.[(A.80)] and eq.[(A.82)] we bound the sensitivity as

Sup Smax 2[[V(x)[2 < Z5vVD = 1. (A.83)
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A.6.2 Sensitivity of ME under the product kernel

Similarly, we derive the sensitivity of the mean embedding corresponding to the product
kernel.

Say = max |Hp(D) — Hp(D')l|r < max T[T (x")|l:

Given the definition in eq. [(2.8)] the L2 norm is given by

D prod

—~ C
215, (xPrd) |, = 2 TT [19%ep(xa) 2, (A.84)
d=1

< (A.85)

S

where the last line is due to eq.|(A.82)

A.7 Descriptions on the tabular datasets

In this section we give more detailed information about the tabular datasets used in our
experiments. Unless otherwise stated, the datasets were obtained from the UCI machine
learning repository |Dua and Graft| (2017).

Adult

Adult dataset contains personal attributes like age, gender, education, marital status
or race from the different dataset participants and their respective income as the label
(binarized by a threshold set to 50K). The dataset is publicly available at the UCI ma-
chine learning repository at the following link: https://archive.ics.uci.edu/ml/
datasets/adult.

Census

The Census dataset is also a public dataset that can be downloaded via the SDGym
package ['| This is a clear example of an imbalaned dataset since only 12382 of the
samples are considered positive out of a total of 199523 samples.

Cervical

The Cervical cancer dataset comprises demographic information, habits, and historic
medical records of 858 patients and was created with the goal to identify the cervical
cancer risk factors. The original dataset can be found at the following link: https://
archive.ics.uci.edu/ml/datasets/Cervical+cancer+/28Risk+Factors’29.

Covtype

This dataset contains cartographic variables from four wilderness areas located in the
Roosevelt National Forest of northern Colorado and the goal is to predict forest cover

!SDGym package website: https://pypi.org/project/sdgym/
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type from the 7 possible classes. The data is publicly available at https://archive.
ics.uci.edu/ml/datasets/covertype.

Credit

The Credit Card Fraud Detection dataset contains the categorized information of credit
card transactions made by European cardholders during September 2013 and the cor-
responding label indicating if the transaction was fraudulent or not. The dataset can
be found at: https://www.kaggle.com/mlg-ulb/creditcardfraud. The original
dataset has a total number of 284807 samples where only 492 of them are frauds. In our
experiments, we descarded the feature related to the time the transaction was done. The
data is released under a Database Contents License (DbCL) v1.0.

Epileptic

The Epileptic Seizure Recognition dataset contains the brain activity measured in
terms of the EEG across time. The dataset can be found athttps://archive.ics.uci.
edu/ml/datasets/Epileptic+Seizure+Recognition. The original dataset contains
5 different labels that we binarized into two: seizure (2300 samples) or not seizure (9200
samples).

Intrusion

The dataset was used for The Third International Knowledge Discovery and Data Min-
ing Tools Competition held at the Conference on Knowledge Discovery and Data Min-
ing, 1999, and can be found at http://kdd.ics.uci.edu/databases/kddcup99/
kddcup99.html. We used the file named “kddcup.datalOpercent.gz” that contains the
10% of the orginal dataset. The goal is to distinguish between intrusion/attack and nor-
mal connections categorized in 5 different labels.

Isolet

The Isolet dataset contains the features sounds as spectral coefficients, contour fea-
tures, sonorant features, pre-sonorant features, and post-sonorant features of the differ-
ent letters on the alphabet as inputs and the corresponding letter as the label. The orig-
inal dataset can be found at https://archive.ics.uci.edu/ml/datasets/isolet.
However, in our experiments we considered this dataset as a binary classification task as
we only considered the labels as constants or vowels.

Table [A.T| summarizes the number of samples, labeled classes and type of different
inputs (numerical, ordinal or categorical) for each tabular dataset used in our experi-
ments. The content of the table reflects the results after pre-processing or binarizing the
corresponding datasets.

A.7.1 Hyperparameters for discrete tabular datasets

Here we include the hyperparameters used in obtaining the results obtained in Table
[2.1] In the main text we describe the choices of the Hermitian hyperparameters. In the
separate section we present a broader view over the gamma hyperparameter.
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A.7 Descriptions on the tabular datasets

Table A.1: Tabular datasets. Size, number of classes and feature types descriptions.

dataset ~ #samps # classes # features
isolet 4366 2 617 num
covtype 406698 7 10 num, 44 cat
epileptic 11500 2 178 num
credit 284807 2 29 num
cervical 753 2 11 num, 24 cat
census 199523 2 7 num, 33 cat
adult 48842 2 6 num, 8 cat
intrusion 394021 5 8 cat, 6 ord, 26 num

Table A.2: Hyperparameters for discrete tabular datasets

privacy batch rate order hermite prod prod dimension gamma

order hermite

= £=03 0.1 10 5 1 100
2 e=01 0.1 5 7 1 100
2 £=03 0.01 7 0.1 100
(o]

S e=01 001 7 0.1 100

A.7.2 Gamma hyperparameter ablation study

Here we study the impact of gamma 7y hyperparameter on the quality of the generated
samples. Gamma describes the weight that is given to the product kernel in relation to
the sum kernel. We elaborate on the results from the Table [2.1] which describe o-way
marginals evaluated on generated samples with discretized Census dataset. We fix all
the hyperparameters and vary gamma. The Table shows the impact of gamma. The
k—way results remain indifferent for y < 1 but deterioriate for y > 1. In this experiment,
we set € = & = €/2. Here, “order hermite prod ” means the HP order for the outer
product kernel, “prod dimension” means the number of subsampled input dimensions,

and “order hermite” means the HP order for the sum kernel.
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Table A.3: The impact of gamma hyperparamer.

epsilon batchrate order hermite prod prod dimension gamma epochs 3-way 4-way

0.3 0.1 10 5 0.001 8 0474 0.570
0.3 0.1 10 5 0.01 8 0.473 0.570
0.3 0.1 10 5 0.1 8 0.499 0.597
0.3 0.1 10 5 1 8 0.474 0.570
0.3 0.1 10 5 10 8 0.585 0.671
0.3 0.1 10 5 100 8 0.674 0.757
0.3 0.1 10 5 1000 8 0.676 0.761

A.7.3 Training DP-HP generator

Here we provide the details of the DP-HP training procedure we used on the tabular data
experiments. Table [A.4]shows the Hermite polynomial order, the fraction of dataset used
in a batch, the number of epochs and the undersampling rate we used during training for
each tabular dataset.

Table A.4: Tabular datasets. Hyperparameter settings for private constraints € = 1 and
§=10".

data name batch rate order hermite prod prod dimension order hermite gamma

adult 0.1 5 5 100 0.1

census 0.5 5 5 100 0.1
cervical 0.5 13 5 20 1
credit 0.5 7 5 20 1

epileptic 0.1 5 7 20 0.1
isolet 0.5 13 5 150 1
covtype 0.01 2 10 1
intrusion 0.01 5 5 7 1

A.7.4 Non-private results

We also show the non-private MERF and HP results in Table [A.5]
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Table A.5: Performance comparison on Tabular datasets. The average over five indepen-
dent runs.

Real DP-MERF DP-HP DP-CGAN DP-GAN DP-MERF DP-HP
(non-priv) (non-priv) (1,107%)-DP | (1,1073)-DP | (1,1075)-DP | (1,1075)-DP
adult 0.786 0.683 | 0.642 0.525 | 0,673 0,621 | 0.509 0.444 | 0.511 0.445 | 0.642 0.524 | 0,688 0,632
census 0.776 0.433 | 0.696 0.244 | 0,707 0,32 | 0.655 0.216 | 0.529 0.166 | 0.685 0.236 | 0,699 0,328
cervical | 0.959 0.858 | 0.863 0.607 | 0,823 0,574 | 0.519 0.200 | 0.485 0.183 | 0.531 0.176 | 0,616 0,312
credit 0.924 0.864 | 0.902 0.828 | 0.89 0,863 | 0.664 0.356 | 0.435 0.150 | 0.751 0.622 | 0,786 0,744
epileptic | 0.808 0.636 | 0.564 0.236 | 0,602 0,546 | 0.578 0.241 | 0.505 0.196 | 0.605 0.316 | 0,609 0,554
isolet 0.895 0.741 | 0.755 0.461 | 0,789 0,668 | 0.511 0.198 | 0.540 0.205 | 0.557 0.228 | 0,572 0,498
F1 F1 F1 F1 F1 Fl F1
covtype 0.820 0.601 0.580 0.285 0.492 0.467 0.537
intrusion 0.971 0.884 0.888 0.302 0.251 0.892 0.890

A.7.5 The effect of subsampled input dimensions for the product
kernel on Adult dataset

Table shows the 3-way (Left) and 4-way (Right) marginals evaluated at different
number of dimensions for the product kernel (D,,,4) where the rest of hyperparameters
are fixed. The results show that increasing the number of dimensions in the product
kernel improved the result.

Table A.6: Trade-off for subsampling dimensions in the product kernel for Adult dataset.

D prod D prod
£ 2 5 7 2 5 7
10367 034 0332|0466 0.434 0422

A.8 Image data

A.8.1 Results by model

In the following we provide a more detailed description of the downstreams models
accuracy over the different methods considered in the image datasets.

A.8.2 MNIST and fashionMNIST hyper-parameter settings

Here we give a detailed hyper-parameter setup and the architectures used for generating
synthetic samples via DP-HP for MNIST and FashionMNIST datasets in Table The
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Digit MNIST downstream accuracy by model Fashion MNIST downstream accuracy by model
L0 0.9 . r
L ° L
0.9 1 0.8 rreopgreseesseeeeneeesggee g seisi e L
N ° ® e ® ®
0.8 L]
® realdata 0.7 "‘,'l... ... ® real data
07 e full MMDe=o e 8o e| e fulMMDe==
. ® DP-HP(ours) == - 0.6 B e .o ® DP-HP (ours) £=w
€ o6 ® DP-HP (ours)e=1 © C . ® DP-HP(ours)e=1
3 ® DP-MERFe=w g ° ® DP-MERFe==
g 205 @@ Ha, ... 0
05 DP-MERF € =1 . $ DP-MERF € = 1
: ® GS-WGAN £=10 ° ® GS-WGAN &=10
® DP-CGANt£=9.6 0.4 4 weeerereneneee g e B ® DP-CGAN&e=9.6
0.4 e . .
03 03 & .. L TR
L ]
0.2 — — - . 0.2 — .
& ‘\Ef}os\“_\\sp & 6«5" * 0067' @R @@'n c?\\‘oo'-'z* f @01\25}(\9‘1\5‘\‘3 & éa“ & °°°'§ (,\;Q CSQQ §Q‘DOL§' é,\*
l’-ou/ s & 0"\ & io"‘\ ,bb"’ Q'OQ +§ ¢ -1})"/ v o u"\ & /\0(\ ,bb’y qu +§° ¥
o o & P F o o8
R 2 ¥ & <
& & &Y ¢
& &
(a) MNIST (b) FashionMNIST

Figure A.2: We compare the real data test accuracy of models trained on synthetic data
for various models: DP-HP, DP-MERF, GS-WGAN and DP-CGAN. As baselines we
also include results for real training data and a generator, which is non-privately trained
with MMD, listed as “full MMD”. We show accuracy sorted by downstream classifier
and the mean accuracy across classifiers on the right. Each score is the average of 5
independent runs.

non-private version of our method does not exhibit a significant accuracy difference be-
tween 2, 3 and 4 subsampled dimensions for the product kernel, so we considered product
dimension to be 2 for memory savings. Table summarizes the 12 predictive mod-
els hyper-parameters setup for the image datasets trained on the generated samples via
DP-HP. In this experiment, we optimize this loss ming ||ft} — ﬁga 13+ VIl — Ho, |15,
where 7y is multiplied by the sum kernel’s loss.
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Table A.7: Hyperparameter settings for image data experiments. All parameters not listed
here are used with their default values.

MNIST
(non-priv) (1,107)-DP
Hermite order (sum kernel) 100 100
Hermite order (product kernel) 20 20
kernel length (sum kernel) 0.005 0.005
kernel length (product kernel) 0.005 0.005
product dimension 2 2
subsample product dimension beginning of each epoch beginning of each epoch
gamma 5 20
mini-batch size 200 200
epochs 10 10
learning rate 0.01 0.01
architecture fully connected fully connected
FashionMNIST
(non-priv) (1,107)-DP
Hermite order (sum kernel) 100 100
Hermite order (product kernel) 20 20
kernel length (sum kernel) 0.15 0.15
kernel length (product kernel) 0.15 0.15
product dimension 2 2
subsample product dimension beginning of each epoch beginning of each epoch
gamma 20 10
mini-batch size 200 200
epochs 10 10
learning rate 0.01 0.01
architecture CNN + bilinear upsampling CNN + bilinear upsampling
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Table A.8: Hyperparameter settings for downstream models used in image data experi-
ments. Models are taken from the scikit-learn 0.24.2 and xgboost 0.90 python packages
and hyperparameters have been set to achieve reasonable accuracies while limiting run-
times. Paramters not listed are kept at their default values.

Model

Parameters

Logistic Regression
Gaussian Naive Bayes
Bernoulli Naive Bayes
LinearSVC

Decision Tree

LDA

Adaboost

Bagging

Random Forest
Gradient Boosting
MLP

XGB

solver: Ibfgs, max_iter: 5000, multi_class: auto

binarize: 0.5

max_iter: 10000, tol: 1e-8, loss: hinge

class_weight: balanced

solver: eigen, n_components: 9, tol: 1e-8, shrinkage: 0.5
n_estimators: 1000, learning_rate: 0.7, algorithm: SAMME.R
max_samples: 0.1, n_estimators: 20

n_estimators: 100, class_weight: balanced

subsample: 0.1, n_estimators: 50

colsample_bytree: 0.1, objective: multi:softprob, n_estimators: 50




Appendix B
Appendix 11

Notations

. My W . . _ .
We employ the notations Lgé‘f, Ld;(f Y ngfy M to indicate Lgefl and stress on marginal,

conditional, and joint probability measures on X,Y, and M. We further use Lgf’lly‘x to

indicate zero-one loss Ly and to represent the underlying probability measures on X
and Y. The cardinality of a set .A is indicated by |.A|. The notation for the set of numbers
from 1to K is: [K] ={1,--- ,K}.

B.1 Proof of Theorem 1]

We first introduce some useful lemmas as below. In Lemma[3] we show that there exists a
pair of hypothesis classes (H,R) such that for all non-atomic measures on X’ the deferral
loss takes a fixed value. In Lemma] we use the aforementioned lemma to show that the
difference of deferral losses for all two pairs of classifier/rejector (hy,r) and (hy,r;) is
bounded by the difference of two deferral losses with atomic measures on X'. In Lemma
5] we upper-bound the difference of two deferral losses for pairs of classifier/rejector that
are obtained by staged and joint learning and on hypothesis classes that are defined in
Lemma [3] Such upper-bound is in terms of expected loss of an optimal classifier on a
certain hypothesis class. In Lemma 6] we further calculate the optimal expected loss on
such classes. In Lemma([7, we show that on a set of events with size n, we could find a
subset with size a and probability at most 7. Next, we uses these lemmas in the main
proof of theorem.

Lemma 3. For a probability measure 1y with no atomic component on X, hypothesis

class ‘H such that for every h € H, we have |{x : h(x) = 1}| < d(H), and hypothesis
class R such that for every r € R, we have |{x: r(x) = 1}| < d(R), for every choice of
(h,r) € H X R, the loss

Ly (h,r) = Ex y m [Ty 2v Lo —o + Iy Loy =1,

takes a constant value.
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Proof. Firstly, we know that
Ly (h,r) = Ex ym [Ty 2v L) —o) + Bax v sy Loy =1 . (B.1)

Since probability measure of the set {x : r(x) = 1} is zero in the absence of atomic
components in [y, one can show that Pr(r(X) = 1) = 0 (, and equivalently Pr(r(X) =
0) = 1). This fact together with ((B.1)) concludes that

Laet (h,r) = Ex v [Ty v ). (B.2)

Further, we have

Ex v [Lhx)2v] = Ex v [Lyx) 2y [1(X) = O]Pr(h(X) = 0)
+ Ex Iy v [0(X) = 1]Pr(A(X) = 1) (B.3)
@ Ex y[Iy=1], (B.4)

where (a) holds because probability measure of {x : 4(x) = 1} is zero in the absence of
atomic components in the measure, that concludes Pr(2(X)=0)=1—Pr(h(X)=1) = 1.

The proof is complete by ((B.2))) and ((B.4)). L]

Lemma 4. Let ux be a probability measure on X, and let H and R be hypothesis classes
as in Lemma[3] Further, let hy,hy € H and ry,r) € R. Then, we have

|LE% () — LS (ho, ) | < | LA (1) — LR (o, 1)) (B.5)

where U, is pure atomic (discrete) probability measure on X.

Proof. We know that for probability measure py, there exists p € [0, 1] and probability
measures [y and [, such that

Hx :pud+(1 _p).ucsa (B.6)

where U, is pure atomic and U s has no atomic components. As a result, for every
function f(-) : X — R, we have

Expty [f(X)] = PBayyy [f(X)] + (1 = p) By, [ (X)]. (B.7)
With the same reasoning, we have

L% (h,r) = pLY(h,r) + (1 — p)LAS (b, 7). (B.8)
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Next, we have

ngf(hlvrl) _Lgé(f(h%rz) = p[LSlgf(hlarl) —ngf(hz,l’z)]
+ (1= p) [Lig (i, r1) = LG (ha, r2) ] (B.9)

(a:) p[ngf(hl,I‘l) def(hz,rz)] (BlO)

where (a) holds because of Lemma [3|that proves ng(h, r) is constant for every (h,r) €
R xH.

Finally, using ((B.10))), and since p € [0, 1], the proof is complete. O]

Lemma S. Let supp(h) = maxs.yxes n(x)=1 |S| and Hqg = {h: X — {0,1} |supp(h) < d}.
Further, let Ly be an atomic measure on X, and define

h= argmmL“ Frix (h), (B.11)
hEHd( H)
where
tx
LOfIY‘X (h) = ]E’.UX,Uy\X [Hh(X);EY} ) (B12)
and
Fi= argminngf(h r). (B.13)
rE'Hd(R)

Further, define the pair (h*,r*) be the optimal classifier

Hx Hy|x

(h*,r*) = argmin. Ly " (h,r). (B.14)
(hr)€H g(2) x Ha(R)
Then, if d(H) > d(R), we have
L () =L (e )y < min LM ()= min LY (h),  (B.15)
hEIHd(H)fd(R) hE'Hd(H)
where [y is a purely atomic measure on X.
Proof. Firstly, using ((B.13)), we know that
Nx# » NXN ~
Lt T (h,F) < Let w (h,r"). (B.16)
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Hence, we have

Hx 1 2oA
Ldef T (h’ I’)

-

Sléfflimx (h*, r*) < Lgé(fﬂy\x (il, r*> i ngfﬂy\x (h*7 r*) (B.17)

4

)
D
=E[Lt)=oljcx0) v ] = E L ool x)zr]- (B.18)

Next, we form the conditional probability measure pj = Hx|r+(x)—0- Therefore, using

we have

D = Pr(r*(X) = 0) [L* "™ () — L™ (). (B.19)
Next, since h* € Hd(H), we know that
L™ () > min L5 (h). (B.20)
hGHd(H)
Moreover, we prove that
Ly < min Ly (h). (B.21)
heM y3)-a(r)

We prove this inequality by contradiction. If ((B.21)) is not correct, then there exists
n' € Ha(3)—a(r)» such that

My i My My|x 2
Ly (W) < Ly* "% (h). (B.22)

Then, we define a function 2" : X — {0,1} as below

W) — { H(x) 7 (x)

0
L (B.23)

h(x)  r*(x)

Using the definition of 7, and since supp(r*) < d(R), one could show that 7" € H ().
Furthermore, we have

LY () = Pr(r () = 0) Lo™"™ (W) 4+ Pr(r (X) = 1) Lo¥ 7M™ () (B.24)
@

< Pr(r'(X) = o)Lg‘fﬁ‘”X (h) +Pr(r*(X) = I)Lgf‘{*m:]”y'x (h)  (B.25)
= Ly (h), (B.26)

where (a) holds using ((B.22)), and ((B.26)) and h € H4(3) 1s a contradiction of ((B.1T)).

Using ((B.19)), ((B.20)), ((B.21)), and since Pr(r*(X) = 0) < 1, the proof is complete.
]
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Lemma 6. Let uy be a purely atomic measure on X. Further, let {X; 1 }; be the points in
X for which we have

Pr(Y =1X=x;1) <Pr(Y =0|X =x;1), (B.27)
and without loss of generality, assume that {X;,} are the points for which we have

Pr(Y =1|X =x;2) > Pr(Y =0|X =x;), (B.28)
and if i < j, then we have

Pr(X =x;2)[Pr(Y = 1|X =x;2) — Pr(Y =0]X =x;>)]
> Pr(X =x;2) [Pr(Y = 1|X =x;2) — Pr(Y =0|X =x;5)]. (B.29)
Then, we have
d

. lxp
min Ly "™ (h) =Y Pr(xi)Pr(Y = 11X =x;1) + Y Pr(xi2)Pr(Y = 0|X =x;,)
i i=1

+ Y Pr(xi2)Pr(Y =1|X =x;3), (B.30)
i=d+1

where H, is defined as in Lemma

Proof. Let h* be the optimal classifier

K* = argminLy "™ (h). (B.31)
heHy

Then, firstly, either i(x; ;) =0, or Pr(Y = 1|1X =x; 1) =Pr(Y = 0|X =x;) for all is.
We prove this claim by contradiction. If for some i, we have A(x;;) = 1, and Pr(Y =
1|X =x;1) #Pr(Y =0|X =x;), then we could define /’ as

K (x) :{ X)) x# X1 (B.32)

0 x=x

One could see that /' € H4, and that
(a)
LM !y — LYY () = Pr(x; 1) [Pr(Y = 11X = x;1) — Pr(Y = 0]X =x;1)] < 0,
(B.33)

where (a) holds by ((B:27)) and since [Pr(Y = 1|X =x;;) # Pr(Y =0|X =x;,)]. The
inequality ((B.33)) has contradiction with ((B.31)).
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As a result, by forming a set S of indices i for which A* (X,'71) =1, we have

. Hx Hy|x
min L h
hEHd 0-1 ( )

= Z Pr(x; 1 )Pr(Y = 1|1X =x;1) + Z Pr(x;1)Pr(Y =0|X =x;)
i¢S €S
+ Y Pr(xi2)Pr(Y = 1|X =x;2)
i

+min min Z]Ih(xﬂ)zlPr(xig) [Pr(Y =0[X =x;5) —Pr(¥Y = 1|X =x;)]
S| heHqs| "

i

(B.34)
@Y Pr(x;, )Pr(¥ = L|X = x;1) + Y Pr(xi2)Pr(¥ = 1|X =x;2)

+ min Y Txp)=1Pr(xi2) [Pr(Y = 0]X =x;2) —Pr(Y = 1|X =x;2)]  (B.35)
d" ’

(b:) ZPr(Xi,l)Pr(Y = HX = Xi,l) —{-ZPI'(Xiyz)Pr(Y = HX — Xi,2)

— max Y Pr(x;2) [Pr(Y = 0|X =x;2) —Pr(Y = 1|X =x;2)] (B.36)
P:|P|<d ioP ’

(_i) ZPI‘(X;’J)PI‘(Y — 1|X — Xi,l) —{—ZPI‘(XZ'Q)PI'(Y = HX = Xi72)

+ Y Pr(x;2)[Pr(Y =0|X =x,,) —Pr(Y = 1|X =x;»)], (B.37)

d
=

1

where (a) holds using that for i € S we have [Pr(Y = 1|X =x;;) =Pr(Y =0|X =x;,)],
and since H,_|s| € Hy. Further, (b) holds by the definition of H, in which supp(h) is
assumed to be bounded by d, and, (c¢) holds using the assumption ((B.29)). Finally, one

could see that ((B.37))) is equal to ((B.30)). [

Lemma 7. For an ordered probability mass function

P1<p2<...<pn, (B.38)
on a finite set, and for a € {1,...,n}, we have
a
Y pi<?. (B.39)
i=1 n
Proof. We prove this lemma by contradiction. Assume that
a
Y pi>a. (B.40)
i=1
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Since p;s are ordered, one could see that for all sets S; C {1,...,n} with |S;| = a, we
have
Y pi > - (B.41)
1681

We know that (Z) number of such distinct sets exist. Hence, we have

(Z Y pi> ( ) (B.42)

1= IZESf

Moreover, one could see that for each i, p; is repeated in LHS of for (Z:}) times.
Consequently, we see that

n 1

(n—l) jzl,zp‘ ():(Z:D (B.43)

that is a contradiction. O

Proof of Theorem[I| We derive the lower- and upper-bound in two steps as follows.
e Lower-bound: To prove the lower-bound, for every hypothesis class H and R, we
design a distribution of (x,y,m) such that

LY (h*, ") =0, (B.44)
while

Lgefl (h,?) - m (B45)

For every d(#) + 1 samples X = (X, ...,Xg(3)1), using the definition of VC dimen-
sion, we can find labels y = (yl,‘..,yd(g_[)+1) such that no classifier 4 € H can obtain
them (i.e., there is no & such that h(x;) =y;, fori € [1 : d(H) + 1]). We set

1+¢ i=1
d(H)+1

p(xi) =19 gmymr i€R2:d(H)] (B.46)
1—¢

PICIES i=d(H)+1

p(y\xl):{ o (B.47)
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and
1 m:yi7i:17
pmxi,y) =< 1 m=1-y,i=d(H)+1, . (B.48)
0 oW

If we train / and 7 separately, it means

h= argminE y ) p [Ta(x) 2y (B.49)
heH
l+e 1-¢
= aglgerﬁm d(H) + h(xi)#y T Z ) d(H) + l]Ih(Xd(HHl)?éyd(H)Jrl
(B.50)

By the definition of y, we know that at least one of the terms in the RHS of
is non-zero. In such case, for every subset 7 of [1 : d(H) + 1] of size d(#), one can find
h € H, such that h(x;) = y; for i € T. Hence, to minimize RHS of ((B.50)), we should
have h(x;) # y; only for i = d(H) + 1.

Further, 7 is obtained as

F= argr;gin]E(X,y,m)wp []Ifz(x)yéy]lr(x):o + ]Im#yl[r(x):] ] (B.51)
re

By the definition of p(m|y,x) and h, we can rewrite ((B.51)) as

1—¢ 1—¢
7 —1 qt+—I —0- B.52
r= I;gerélln d(H)+1 r(xgi1)=17T d(H)+1 r(Xg41)=0 ( )

One can see that by any choice of 7(-), we have

A 1—¢
L9V (h, 7 _— B.53
der (1:7) = d(H)+1 (B.53)
Finally, by the arbitrariness of €, we have
LY 1 (h,#) = L (B.54)
def X d(H) + 1

Further, we prove that Lgefl (h*,r*) = 0 by constructing #* and r*. Since d(R) > 2, we
can shatter {X1,X,(3)11 } by R, which means that there exists r* € R such that r(x;) =1,
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and 7(xg(3)+1) = 0. As aresult, we have

a 1—¢
0—1/7% %\ __ 1. i _C 1. ‘ '
Lyer (B517) = l:Zé d(?—[)—l—l]lr (x)=0Th* (x;) 27 + d(q_[)+1]lh (Xa(30)+1)7Vi (B.55)

Since VC dimension of H is d(#), we can find #* such that all terms in the RHS of
is zero. Hence, we have L)' (h*,r*) = 0, that completes the proof.

e Upper-bound: For d(#H) < d(R) the upper-bound is trivial. Then, we asssume d(H) >
d(R). Let Dy, be

HXHyX 3 A Hx p
DIER = LS () — L (). (B.56)

Uxym

H,R
Uxym>

we find a pair of hypothesis classes 7 and R,
< dR)
= dH)"

We choose H = ”Hd(q.[), and R = Hd(R), where H,; is defined in Lemma 5| One could
check that VC(H) = d(H), and VC(R) = d(R). Further, using Lemma] we know that

7R H~R : : ! s :
D3y, 1s bounded by Dﬂf(m’ in which py is purely atomic. For such measures, Lemma

5] proves that

To upper-bound inty z sup,,, . D

such that for all joint probability measures pixys, we have Duxy "

H,R . Iy Hy|x . i My |x
D < min L.,” h)— min L," h). (B.57)
HUxym hEIHd(H)fd(R) 0—1 ( ) hEHd(H) 0—-1 ( )
As a result, we have
sup Duxm < sup Diﬁl (B.58)
HUxym Uxym: My atomic
< sup min Lgflfy‘x(h) — min Lgfllly‘x (h). (B.59)
Lixy: iy atomicP€Ha()—a(R) heHt j(31)
Next, by applying Lemma [6] we have
d(H)
sup Duxm < sup Z Pr(x;2) [Pr(Y =1|X =x;2)—Pr(Y =0|X = xi72)],
HUxym Uxy: Uy atomic i=d(H)—d(R)+2
(B.60)
where {x;,}; are defined in Lemma@
Since Pr(Y = 1|X =x;5) > Pr(Y = 0|X =x;2) we could define
Pr(x;2)|Pr(Y =1|X =x;5) —Pr(Y =0|X = x;
o Prlua) [PV = 11X = xi0) —Pr(y =0}X =x;2)] Bl

L40 Pr(xj0) [Pr(Y = 1|X = xj2) — Pr(Y = 0|X =x;2)]
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Then, by the definition of x; » we know that
g1 =922 ... 2 qa(H); (B.62)
and Z?:(?) gi = 1. Hence, using Lemmawe have

Zd(H)H)id(R)JrlPr(XjQ) [Pr(Y = 1|X =x;2) —Pr(Y =0[X =x;)]

j=d( o (B.63)
Y Prixj2) [Pr(Y = 11X = x;2) —Pr(¥ = 0[X = x;»)]
d(H)
- Y ac® (B.64
j=d(H)—d(R)+1 (H)
which concludes that
d(H)
Z Pr(x;5) [Pr(Y = 1]X =xj5) —Pr(Y = 0|X =x;,)]
j=d(H)—d(R)+1
d(R) " d(R)
< _— . = = . — = = . < —_— .
<A > Pr(xj2) [Pr(Y =1|X =x;2) —Pr(Y =0|X =x;,)] < ) (B.65)
This, together with completes the proof. O

B.2 Proof of Proposition [1

We will prove the following proposition from which Proposition [I|can be obtained from
by re-arranging the terms.

Let S; = {(X,-,y,-,m,')}:i] and Sy = {(Xijn,Yitn,) }i"; be two iid sample sets that are
drawn from the joint distribution Px y 5 and are labeled and not labeled by human, re-
spectively. Assume that the optimal classifier 7 = arg;nin Ex vy ~pyxy []Ih(X)?éY] is a member

of H (i.e., realizability). Then, with probability at least 1 — J we have

L0 (R, ) < Loy (W, r*) + R (H) + 2R, (R)

log1
+2min {Pr(M #£Y), R, prurr)2(R)} +C / Ogn /6 4 o mPr(MAY)?/2
I

Lo [log 1/6 (B.66)
ny

where /%, r* = argmin;, »)e3x = Lo—1(h, 7).
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Compare this to using only S; to learn jointly E, 7 we get Mozannar and Sontag (2020a

L0V ) < Loy (H*,7) + B, (H) + 29, (R)

log1/6
+ 2,]zanr(M#Y)/Z (R) +C' gnl/
n Pr(]\/?éY) oI (M#Y) /2 (B.67)

We start by introducing some useful lemmas, and then we continue with the proof of
proposition.

Lemma 8. Let h*(x) = argminLy_(h), where F is the class of all functions h(-) : X —
heF
V. Then, for every function r(-) : X — {0,1}, we have

Ex v [Tc0)=oln(v)2y) < Ex .y [Loo)=oln()y) » (B.68)
for all function h(-) € F.

Proof. Since h*(-) could be any function, it is easy to show that for x € D, where D =
{x: fx(x) # 0}, we have

h*(x) = argminEyx_[L,.y], (B.69)
1%

which concludes that

IEY\X:)C [Hh* (x)#Y] < IEY\X:)C [Hh(x)7éY] ) (B.70)

for all 4(-) € F. Hence, we have

Ex v [T x)=oln (x)£v] = Ex [Lrix) =By [x—x [T+ x) 2] (B.71)
< Ex (1020 By [x = [T (x) 7] (B.72)
= Ex v [L(x)=0lnx)2r ], (B.73)

which completes the proof.
O

Lemma 9. Let h*(x) = argminLo_1(h), where F is the class of all functions h(-) : X —
heF

V. If we have h*(-) € H, then there exists r € R such that the pair (h*,r) is a minimizer

INote that in Mozannar and Sontag| (2020a), they set the notation in a manner that » € {—1,1}. Hence,
MR, (R) under such notation is twice as much as the case in this paper (i.e., r € {0, 1}). Here, we express
their results with our choice of notation.
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of the optimization problem

argmin EX,Y,M [Hr(X):O]Ih(X)?AY + I[r(X):l]IM#Y} . (B.74)
(h,r)eHXR

Proof. We prove this lemma by showing

in  ExyumLol Loyl
gomin By an [T —olaoo) 2v Ly 1 Ty

=minEyy [T x)=0Te ()27 +Trx)=1 Tnaer | - (B.75)

To show ((B.75)), using Lemma(§] we know that

min _Exyy []Ir(X):O]Ih(X);éY + ]Ir(X):l]IM;AY]

(h,r)eHXR

2 i E I ox =0l E L xy=11 B.76
= (h.,rgrelgllxR X,Y,M[ r(X)=0%h (X);éY] + X7Y7M[ r(X)=1 M#Y:| ( )
= rrreli%]Ex,Y,M [HV(X):OHh*(X)7AY] +Ex ym [H,(X)ZI]IM#y} . B.77)

On the other hand, using the minimum property, one could show that

minmin | I o) —olnox) v + ]Ir(X)zl]IMyéY}

< %%EX,Y,M L x)=olp(x)2v] + Ex y.m [Hr(X):IHM7£Y] : (B.78)

Hence, using the lower- and upper-bound in ((B.77)) and ((B.78)), one could show
((B.75)) and complete the proof. 0

Proof of Proposition|[l] We prove in three steps: (i) we bound the expected 0 —
1 loss of the classifier 7 when deferral does not happen by a function of the optimal
expected 0 — 1 loss in such cases, (ii)) we bound the joint loss Lge¢ by a function of
the optimal joint loss and the Rademacher complexity of a hypothesis class, and (iii)
we bound the Rademacher complexity of the aforementioned class by the Rademacher
complexity of the deferral hypothesis class R.

e Step (i): Using Rademacher inequality (Theorem 3.3 of Mohri et al.| (2018)), with
probability 1 — §/4, we have

Lo-1(h) < Lo 1 () +29%,(9) + loﬁj/ . (B.79)

where G = {X,y —= Iy, : h € H}.
Furthermore, using ((B.79))), since h is an optimizer of the empirical loss in 4 and
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since h* € H, with probability 1 — § /2 we have

N N log4/6
Lo (h) < Lo_1 (/’l*) + 29{,,,4 (Q) —+ Oin/ (B.80)
(a) 3v2 [logd/o
< Lo (") +2%,,(9) + zf = /% (B.81)

where (a) holds using McDiarmid’s inequality, union bound, and by that the empirical
loss is %—bounded difference.

Next, using Lemma 3.4 of Mohri et al.[ (2018) we know that R,(G) = 3R,(H). By
means of such identity and ((B.81))), with probability 1 — 6 /2 we have

3v2 log4/6
5 )

Lo_1(h) < Lo_i(h*) +R,(H) + -

(B.82)

It remains to show that for each function r(-) : X — {0, 1}, we could bound
Exy [HT(X):O]IZ\;(X)?EY] by sum of Ex y[I(x)—olj(x)y] and a term that is corresponded to
the concentration of measure for large sample size. For proving such inequality, first we
know that

Lo_1(h*) = Exy [L(x)=olp(x) v ] +Ex [Hr(X)zlEﬂX:x [Hh*(X);éY]] (B.83)
(a)
< E[T,0)—olp(x)2v] +Ex [Hr(x):lEY\X:x [Hh(x)ﬂ]] ; (B.84)

for all h € F, where (a) is followed by Lemma 3]

Using ((B.82)) and ((B.84)), we have

EX,Y []Ir(X):OH]/:l(X)#Y} +EX [Hr(X)zlEY‘X:X [I[}Al(X)yéY]]

3v2 [log4/d
2 ny

(B.85)

<E[Lx)=oly-(x)2r] +Ex [Hr<x>:1EY\x:x mi;(x#ﬂ] + R, (H) +

Y

which concludes

3v2 [log4/d

Ex v L) =005 x)2v ) SE[Lrx)=oln (x)2v ] + P, () + 5 (B.86)

ny

111



Appendix B Appendix Il

e Step (ii): We know that 7(-) is obtained as

nj

P(x) = argmin — Y [T x)—0Tnx) 2y + Drix)=1 it » (B.87)
reR M2
or equivalently,
1
P(x) = argmin — Y [Lx;)=0 Ma(xy)2ys — Lmistni]] - (B.88)
reR D

Hence, using Rademacher inequality (Theorem 3.3 of Mohri et al.| (2018])), with prob-
ability 1 — 6 /4, we have

1 &
Ex,vm [Tix)=oll )y — Inar]] < Z]I (%) =0 Wi (x;)s — Tt
log4/8
+ 2R, () + Ogn/ : (B.89)
[
where
T = {x,3.m = Lol — Lnas] 1 T ER}. (B.90)

Using Lemma|9, we know that there exists r* € R such that (+*,h*) are the minimizers
of the joint loss Lde_f1 (h,r) in H x R. Next, since 7 is the minimizer of the empirical joint
loss given the classifier be h, and using ((B.89)), we have

1”’

Ex,v.m (L0 =0T oy — Taaer ] ZL* () =0T )y — L]
log4/6
+2%R, () + Ogn/ , (B.91)
[

for r*(-) defined as above.

Next, using McDiarmid’s inequality, union bound, and since the empirical loss in RHS
of (B.91)) is %—bounded difference, then with probability at least 1 — 0 /2 we have

Ex v [Tr(x)=0 W) v — Tnzy]] <Exym[Ls(x) W) v — Lyzy]] +29%R.(T)
log4/6

n

+(V2+1) (B.92)

Therefore, using step (i), and by means of union bound, one could prove that with
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probability at least 1 — & we have

Ex y.m [Hf(X) [H;,(x#y —Iyrzy]] <Exyml[I x) [Lpe (x) 27 — Lyzy]] + R, (H) +29R,, ()

3\/_ 10g4/5 /log4/5 (B.93)

3v2 [log4 log4
u l

(B.94)

or equivalently

LY (7, h) <LYG (1, r7) + R, (H) + 2R, (T) +

Y

e Step (iii): In this step, we bound R,(G) to complete the proof. By recalling the
definition of 7 in ((B.90)), we bound R, (J) as

1

R (T) = Ef(xyypm)yr Eo [~ 522 Zong Xi, Vi, )| (B.95)
1 n
= Eionmyy Bo [ sup ; 6 [Lrx)=0 (Wixs) s — Lot ]] (B.96)
(a) 1 n
S E{(thz ml)}, 1EG [; 5272 ; i [r(xl)]l h(x )7éy1j|]
1 n
Rt o [ 3up Y 0ir(X) T (B.97)
(b) 12
< Nu(R) +E{(Xi7}’i7mi)}?:| Eo [r_l — Gi]I/:l(X,')#yi]
;l: ]Imi [X3%
By, Eo [F PR (R)] (B.98)
A
J Ru(R) +A, (B.99)

where S = {(x;,yi,m;) : m; # y;} and (a) holds because of sub-linearity of supremum,
(b) holds by sub-linearity of supremum, since for two events E; and E; we have I, -
Ig, <Ig, +Ig,, and using Lemma 3.4 of Mobhri et al.[(2018), and (c) is followed by o;
being zero-mean.

Now, we should bound A. Since u = Y\"_ I,,,,, is a random variable with distribution
Binomial(n, Pr(M # Y)) and using Hoeffding’s inequality, we have

Pr(4 <Pr(M#Y)—1) <e 2. (B.100)
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Next, by decomposing A, we have

A=Pr(f <Pr(M#Y) = 1)E((x,y.m))
+Pr(’% > PI‘(M 75 Y) —I)E{(

[“Rs(R)|“ < Pr(M £Y)—1]
[ERs(R)| 4 >Pr(M #Y)—1]  (B.101)
< [Pr(M #Y) —tle™2" + min{Pr(M # Y), Rygpr(urr)—n) (R)}, (B.102)

n
i=1

Xi,Vi,mi) Y

where the inequality holds since Rademacher complexity is bounded by 1 and is non-
increasing in terms of sample-space size, followed by » < 1, and by means of Lemma

3.4 of Mohri et al.|(2018)). As a result, by setting t = %, we have

Pr(M #7) nPr? (M#Y)

A S Te_ 2 + mln{Pr(M # Y)7RnPr(M7éY)/2 (R)} (B103)
Finally using ((B.94)), ((B.99))), and ((B.103)) we complete the proof. O

B.3 Proof of Proposition 2

To prove the consistency of the deferral surrogate, we know that since /£, is consistent,

for every {p1,..., prs1}, such that Zf.‘:ll pi = 1, we have

k1
argmax argmin Z pily(i,h) = argmax p;. (B.104)
iclk+1]  heD =1 i€k+1]

(One could prove this by setting Pr(X =x) = d[x], and Pr(Y = y|X =x) = p,.)
Next, we find the minimizer of the loss £¢ as

argminEx y p [Zp (¢,h)] = argminEy y/x—, [Zp (¢, h(x))] (B.105)
heF h(x)
k1 B
= argmin Z E[ max c(j)—c(i)|X = x]ly(i,h(x)). (B.106)
h(x) =1 JElk+]]
Next, we form the probability mass function {q1,...,qr+1} as

E [maxje[kH] c(j)— C(i)}

qi = . . (B.107)
Y E[max e c(f) — ()]
One could see that the optimizer in ((B.106))) is equivalent to
k+1
argmin Z gily (i,h(x)). (B.108)

h(x) =1
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Now, using ((B.104)) and ((B.108)), we can show that

argmax argminEy y ps [Ep (c,h)] = argmaxg; = argminE[c(i)|X =x].  (B.109)
i€lk+1]  heF ick+1] ick+1]

The above identity means that /i1 (x) > max;cphi(x) (e, r(x) = 1) iff. we have
Elc(k+1)[X = x] < minje E[c(i)|X = x]. Further, we have

h(x) = argmaxh;(x) = argminE[c(7)|X = x]. (B.110)
ic[k] i€k

Recalling Proposition 1 in|Mozannar and Sontag (2020a)), one sees that r(x) and h(x)
are that of Bayesian optimal classifier, which proves that £ is Fisher consistent.

B.4 Proof of Theorem

To show the result for the calibration function, by setting Pr(X = x) = 8[x'], and Pr(Y =
y|X =x') = py fory € [k+1], we see that

0-1 o 0—1py . .
L7 (k) —minl> (k)= ), pi= ), P (B.111)
i#h(x") i# argmax p;
= P — ’. B.112
éﬂﬁﬁ}p’ Ph(x) ( )

Furthermore, we have

k+1

Ly(h) — ggﬁgp ):;pi[ﬁq,(i,h(x’))—Z,,(i,h*)}. (B.113)

Hence, y being a calibration function proves that

pillo (i, h(x)) — Ly (i, )], (B.114)

] M+

W(max pi—

for every choice of h(x').
On the other hand, one could calculate the conditional cost-sensitive loss as

Ley(h) = Eyx—i[c(h(X)] = Y Eyx—c[c(i)|X =x]. (B.115)
i#h(x)

Hence, we have

Lew(h) = Lea(h") = E[e(h(X))|X =x] = éf}ch}E[ c(i)X =x], (B.116)

115



Appendix B Appendix Il

where h* = argminLc(h).
heF
By defining ¢;s as ((B.107)), one can prove that

+
Lex(h) —Lex(h*) = Z maX c (j)—c()|X :x] (maxqi—qh(x)). (B.117)

For the new surrogate, we further know that

Le.x(h) = Eyjx—[£(c,h(x))] (B.118)
ket k1

= Y E[ max c(j)—c(i)|X =x] ¥ qily (i, h(x)). (B.119)
i=1 JjEk+1] Py

Furthermore, one could show that

th = argmmch(h) (B.120)
heF
k1
= argmin Y_ g;ly(i,h), (B.121)
heF =1
and consequently,

7 = s e ©C 7 7 Tkl
Lex(h) —Lex(l™') = Y E[ max c(j)—c(i)|X =x] - Y qi(ls(i,h) — s (i,hi).
i=1  JEk+] i=1

(B.122)

Hence, using ((B.114)) and ((B.121)), we have

. . T Tk+1
[ max c(j) —c()|X =x]y(max i~ gy) < Lealh) - L) B123

Hence, since y(x) = C|x|¢, we have

V(Lex(h) —Lex(h")) = y/(E[ max c(j)—c(i)|X :x]( max q; — qh(x)) (B.124)
Jjelk+1] i€[k+1]

<E'[ max c(j) — (D)X =] (Lea(h) — Lex (W) (B.125)
JEk+1]

(a) _ o
< ME (Lo (h) — Lo (HETY), (B.126)

where (a) holds using the assumption of the theorem.

116



B.4 Proof of Theorem

Finally, using convexity of y and by Jensen’s inequality, we have

W(Le(h) = Le(h")) = W(Ex[Lex(h) — Lex(h")] (B.127)
<Exy(L. (h) Cx(h*)) (B.128)
& M By [Ten(h) — Len ()] (B.129)
= M (Lex(h) — Le o (K1), (B.130)

in which (a) is followed by ((B.126)). This completes the proof of the first part of
theorem.

To obtain the calibration function of the cross-entropy error, we first introduce the
following lemma.

Lemma 10. For every two distributions P and G, we have
max P, — max G;| < /2D (P||G). (B.131)
l 1

Proof. We define argmaxG; = ij;, and argmaxP; = ip. If we have max;G; = Gi»& >
i i

Gi; = max; P;, then

(@ (®)
0< Gy, — Py < Gy, — Py, < /2D (P(|G), (B.132)

where (a) is correct due to the fact that max; P, > P;:, and (b) holds due to Pinsker’s

inequality. Further, if we have max; G; = P, < P;; = max; F;, using a similar argument,
we have

0 <Py — G, < P — Gi < /2Dk1(P||G). (B.133)
O

Next, we note that the conditional surrogate risk can be rewritten as

~ K+l N exp(gi(x))
Leg x(815---,8Kk+1) ; E[ ,Qfl?fuc( J) —c(i)|X =x] logm (B.134)
= N:Hp, (Gy), (B.135)

where N, = Y50 E[max j x4 1) ¢(j) — (i) |X = x|, Hp,(Gx) refers to the relative entropy
of the distribution G, w.r.t P, which are defined as

E[max e k41 ¢(/) — ()X = x]

Pyi= ,
X,1 Nx

(B.136)
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and

G — exp(gi(x))

Xi = . B.137
= Feexp(gx)) (5137

Secondly, one note that since in the minimizer of surrogate risk

argmin ZCE (g),
geF

F contains every function, hence there is no dependency between different point xs, and
as aresult, the minimization is equivalent to finding minimize every conditional surrogate

risk. More formally, if g7, ...,8% are such pair of minimizers, we have
(gT(x)a'-~7g7(+l(x)) = argmin ZCE,x(gl(x)a-"agK-H(x)) (B.133)
81(x),.- 8k +1(x)
@ argmin N.Hp,(G) (B.139)
81 (X),...,g[(+1(x)
= argmin Hp (Gy) (B.140)
81 (X),...,gK+1(x)
(b)
- (Px,la"wPX,K—Fl)a (B141)

where (a) holds because of ((B.135)), and (b) is a property of relative entropy.

As a result, the conditional excess surrogate risk can be rewritten as

Leg (81, 8k+1) — Lég « = NeHp, (Gy) — NeHp, (Py) = NiDkr(Px,Gx).  (B.142)

Further, we can write the conditional excess risk as

Lg_l(glv cee 7gK+1)_L§C)_1(gT7 e 7g;{+1)
=E|c( argmax g;(,) (x)|X = x| — minE [c(i(x)) | X :x} , (B.143)

i(x) i(x)
where L9~ is defined as

L)(C)il(glw"?gK-i-]) :E[HY;A argmax |X:X:| (B144)

ic[K+1]g;(X)
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B.4 Proof of Theorem

Next, we can rewrite this conditional excess risk in terms of Py ;s as

Lg_l (gl’ o ’gK+1) o Lg_l (g>1k7 e 78;(4_1) = Nx(rrgcl)xpx,i(x) - Px, argmaxgi(x)(x)) (B.145)
! i(x)
=N, (H%a)x ,Px,i(x) - ,Px7 argmax G, ) ) . (B.146)
e i

To bound such a value, we use Pinsker’s inequality which states that for every two
distributions P and G supported on N, we have

1 Dy (P
TV(RQ)ZEZ!B—QA < w (B.147)

To make use of that inequality, by defining ip, := argmax P ;) and ig,; = argmax g, ;.
i(x) i(x)

and using triangle inequality, we know that

Nx‘ n’%a)X Px,i(x) - Px, argmax g, ;) < Nx‘lpx,ipx - gx,igx ‘ +Nx‘gx,igx - ,Px,igx ‘ (B.148)
i(x i ’

i(x)

Next, we bound each of these terms separately. Firstly, we know that
Ne|Grig, — Prig,| < Ne Y |Pri—Guril = NeTV (Px[|Gy) (B.149)
i

<N 2DKL(Px||gx)- (B~150)

Further, using Lemma[I0] one can show that

NX‘P)C,ipx - gx,igx} S Nx 2DKL(7)ngx)- (B~151)
As a result, we have
Lgil (gl IR 7gK+1) _Lgil(gika s 7g}k(+1) < Ny SDKL(Pngx) (B152)
=/ 8Nx\/ZCE,x(g17- . 7gK+1) _ZEE,)N
(B.153)

where the last equality is followed by ((B.142)). Next, using the upper-bound on c¢(i)s,
we have N, < 2KM. As a result, we have

— _ 2
(L)(g l(glﬂ"'7gK+1) _Lg l(gTv"-ag;{+1))

T4 <Lcex(81,---,8k+1) = Lep - (B.154)
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Finally, using Jensen’s inequality, we have

_ 2
(LO 1(g17--'7gK+1) LO ](g 17 ag[{+1))
16MK

<Lce(gi,- - 8x+1) —Leg,  (B.155)

which yields the statement of theorem.

B.5 Proof of Theorem

We first introduce some useful lemmas, then we get back to the proof of theorem.

Lemma 11. Let F,...,F; be hypothesis classes with Rademacher complexity
Rs(F1),...,Rs(Fr) on set S. The Rademacher complexity of the hypothesis class
G = {logy* e/l : fi(-) € Fi} on set S is bounded as

k
<Y Rs(F). (B.156)
i=1

Proof. We prove this lemma for k = 2. By following similar steps, one could generalize
this proof for every k € N.

We write the Rademacher complexity of G as
m

Rs(G) = ~Eq| sup Y ojlog(eht)+eh )] (B.157)
m heFi.rehi=1

ZlEo sup chfﬁrzclfz

m f] eF1,HEeEF =

+ Z oilog(e/1W/2=LW)/2 4 ofrx)/2= 1 (x)/2)} (B.158)

(i) 1 Eg Z £+ 1 lg Z 5]

S 5 SUP GiJ1 6 sup 2 Gij2

m fieFri= 2m fheFRi=
MR (Y Grlog(e/1 /2R W/2 | o)/ 2=1()/2)) (B.159)
moi3
I 1 N

=5 Rs(F1)+5Rs(F2) + R (Po(F1 — F2)), (B.160)

where (a) is followed by the sublinearity of supremum, and ®(-) is defined as ®(x) =
log(e*/% +e~*/2).
(.X) _ lex/Z_efx/Z

P
One could see that —= = fex/2+e*x/2 <

, that leads to ——LlpSChltZIleSS of ®(-).
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Using this, and by Ledoux-Talagrand theorem Ledoux and Talagrand (1991)), we have

R 1.
Rs(Po(Fi—F)) < 59% s(Fi —F2) (B.161)
:—Eg sup O; f1 (B.162)
2m fleffzelez £2)
a l 1
< — sup oif1(x —Eo sup Cifa(x (B.163)
2m flefllz 2 fEeF 2121
1
5(9{3 (F1) +ER5 .7:2)) (B.164)

where (a) is again followed by sublinearity of supremum.
Finally, using ((B.160)) and ((B.164)), we complete the proof. O

Lemma 12. Let F be a hypothesis class of functions f(x,y) : X x [k+ 1] = R, and
I (F) = {x— f(x,y): f(-,-) € F,y € [k+1]}. Then,

e for G ={x,y — f(x,y) — logxljg f(x,y): f(-,+) € F} and given the assumption
that for every label inside sets of pairs (x;,y;) € S is within the range {1,... k},
we have

Rs(G) < (2k+1)Rs, (I (F)), (B.165)

 and for H; = {x — f(x,i) —logZIy‘i}f(x,y) : f(+,-) € F}, we have

Rs(Hi) < (k+2)Rs, (II1(F)). (B.166)

Proof. 1. We write Rademacher complexity of G as

N 1 m k+1 _
Rs(G) = —Ec[sup ¥ 6if (xi,yi) — oilog ¥ &/ i2)] (B.167)
m-feri=i =1
(@) 1 1 k+1
< —Eg [supc,f(xl,y,)]+ —Eg | supZG,logZe )], (B.168)
m fer feFi= y=1
A ¥

where (a) holds because of sublinearity of supremum. Next, we bound A and B as
follows.
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First, we know that

1

A= —Eg|sup oif (xi,y)Ly,= (B.169)
— fefyZ“Z =]

< Z —]EG sup Z oif (xi,y)(&/2+1/2)], (B.170)

ylm feFi=

where € = 2I,,—, — 1. Hence, again, applying sublinearity of supremum, we have

1
A<Y —E —f(xi, )| +— E , B.171)
yZlm o[;gg; fxzy} G[ﬁgg; fxly)} (

Since € € {—1,1}, then o;¢; take Rademacher distribution as well. Hence, using

((B.171)), we have
kiq 1 4
A<Y 7 Rs, (I (F)) + T Rs, (T1,(F)) (B.172)
y=1
= kRs, (T (F)). (B.173)
Next, to bound B, using Lemma@, we have
k+1 1 .
B<Y —Eo|sup an (x1,9)] < R, (1 (F)). (B.174)
y=1 m fEF =

Finally, using ((B.168)), ((B.173)), and ((B.174)), we complete the proof.
2. We bound Rademacher complexity of H,; as

R 1 k+1 )
Rs, (Hi) = —]Eg [ sup Z 0;f(xj,i) —ojlog ) &/ ti)] (B.175)
feJ:] y=1
< L8l y- L [sup 3 oylog Y e/t
sup oif(xj,i + IEG sup oilog ) ¢/ (B.176)
m fEF j=1 ’ ! fEF j=1 ! y=1
(b) R k+1
< R, (I (F)) + Z —IEG [ sup Zf x;,y)] (B.177)
fefj
< (k+2)Rs, (Hl(F)), (B.178)

where (a) is followed by sublinearity of supermum, and () because of Lemma|[11]
and using definition of IT; (F).
[
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Lemma 13. Fori € {1,...,k+ 1} let H; be hypothesis class of functions hj(x) : X — R
with bounded norm ||h;|| < C. Further, let T1}(H) = {x — hi(x) : hj € H;,i € [k+1]}.
The Rademacher complexity of the class L of loss functions

_hy(x) —hk+1( )

=—-log —— L4 log —/———— B.1

form,y € [k] is bounded as

R (L) < (k+ )R, (I (H)) + (k+2) min{Pr(M # Y ), Ruprmzr)2 (i (1)) }
+ gPr(M £Y)(k+2)e P (M#Y)/2 (B.180)

Proof. We write empirical Rademacher complexity of £ as

- 1
DC{S(ﬁ) = ;]EG zugz Gl xlaylaml)} (B.181)
€L
1 e y(xi) e his1(xi)
=-Eg| sup Y oi(—log———— 1, log—) (B.182)
n . GHHZ: ! lec-i-]l —h]( i) #y Zk+] —hj(x;) }
1 e~ y(xi) 1 n e hi+1(xi)
< ]EG sup o; log— +-Eg| sup 10g—
" hj EHHZ’ l Zk+% o (x,)] n [hjEHj ilwzﬁém, ZIJCJF{ el (x,)}
(B.183)
(a) R o Tty A
< (k+1)Rs, (T (H)) + <k+2>%"”7éy’lesx\mi¢yi (T(H)), (B.184)

where (a) holds by applying Lemma([12]

Using [(B.184), and by calculating the expectation over {(x;,y;, mi)}?zl, we have

?:1 I[mﬁéyi »
TRSx‘mﬁé)’i (Hl(H))] :

A

Ra(L) < (k+ 1Ry (11 (H)) + (k+2) Ef(r, gy},

J/

(B.185)

It is remained to bound A. For this task, we first notice that u =} ; I+, is a random
variable with distribution Binomial (n,Pr(M =+ Y)) Further, by Hoeffding’s inequality
we know that for > 0, we have

Pr(% <Pr(M#£y)—1) <e 2, (B.186)
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Hence, by decomposing A, we have
u u . u
A= Pr(Z <Pr(M#Y)—-1)E [ngﬂy#mib <Pr(M#Y)—1]
u u o u
+Pr(; >Pr(M #Y) —I)E[;f)‘{gx‘y#milﬁ >Pr(M#£Y)—1] (B.187)
< CIPr(M #Y) — e + min{Pr(M # ), Rypriasr) - (T (H))},  (B.188)

where the last inequality holds because (1) every function in IT; () is bound by C, and
so is the Rademacher complexity of ITj (#), and (2) the Rademacher complexity is non-
increasing with the sample space size.

Hence, using |(B.185), (B.188), and by setting t = % the proof is complete. [

Proof of Theorem[3} Using Rademacher inequality on generalization error (e.g., Theo-
rem 3.3 of Mobhri ef al. (2018)), we know that with probability at least 1 — 0 /2, we have

Lep (871 < Lep (B0 +2,(L) ﬂ/m%nz/‘s, (B.189)

where D is an a upper-bound on ||£||.. for £ € £, and where Lcg is the empirical loss
corresponding to {cg, and f; € F;.

B We follow the proof in three steps, (i) we find D, (ii) we find a lower-bound on
Lep (887 in terms of L' (f*1), and (iii) we complete the proof by bounding the dif-
ference ]minfef{<+l Lep(FH1) — minf;f+1€fLCE(f/1<+l)|.

e Step (i): For calculating a bound on ||¢||. for £ € £, we use boundedness of || f;|. for
i € [k+1] and 57! € F{*!. Indeed, we know the function

—X

bp(x) = —log (B.190)

e *+D’

for D > 0 is a monotonically non-increasing function of x. Hence, over a closed interval,
it takes the minimum and maximum on the limit points. As a result, for x| < C, we have

-C

0 S bD(X) S —10g m

(B.191)
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Hence, for the loss function £(x,y,m), in which ||fi*1|| < C, we have

0< E(x7y, m) = beill ity e fi®) (fY(x)> + ]Im;éybzle e fit®) (fk+] (X)) (B192)
| e ¢ o C
-l — Iyl B.193
R e TR b s S T
-C e 2C
—21 21 —4C—2log(k+1). B.194
OB e CikeC = Tk og(k+1) ( )

e Step (ii): Using excessive surrogate risk bound, we see that

W (Laer' (F77) — min L' (0™)) + min Lep (0™) < Lep (7). (B.195)
1 1

e Step (iii): In this step, we find a bound on ﬁCE(f]{+l) — miny Lcg (h’f“). Indeed, we
know that

Lep(f!) —minLep(hy*') = Lep (') —  min  Lep(hi™!)
h1+ h1+ 6]:1+

-~

J/

€min
4+ min Lcg (hlfrl ) — min Lcg (hlf+1 )
hlf+1 6}'{(“ h/erl EJ—_'{{+1
+ min Lcg (hlfrl) —minLcg (h’f“) (B.196)
hk+1 e]_—k-H hk+|
1 1 1

J/

-

€¢—appr

< Lep(M) — Lop (05 + emin + €p—appr,  (B.197)

where Hlfrl = argmin ZCE(h’fH). Hence, using Hoeffding’s inequality, with probabil-
h/fJfl ef{C+1
ity at least 1 — /2, we have
5 +1 T vkl D
Lep (B8 — minLep (hy ') < > 1022/ 8 + emin + €9 —appr- (B.198)
hl
Finally, using Lemma|[13] [(B.189)] [(B.194)} [(B.195)] [(B.198)] and by union bound, we
complete the proof. O

B.6 Proof of Proposition 3

We prove this proposition in four steps: (i) we first prove that in each iteration, the
deferral loss L' (h,7) is bounded, (ii) using Step (i), we show that Pr(X € DIS(V;))
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halves in each iteration with high probability, (ii1) using Step (i1) we conclude that

Pr(X € DIS (Vﬂog 1 1)) < & with high probability, and finally (iv) we provide a bound
€

on L3 (h, ) using the result in Step (iii).

e Step (i): We use Theorem 2 of Mozannar and Sontag| (2020a) that making use of
realizability of (%, r) on empirical distribution shows that with probability at least 1 — 6
we have

em;

5 2d(H)log 57

E [L,(x)=oln(x) 2y + L) =1 Iuv |X € DIS(V;)] < 4/ ZIO%/ + = (1)
32d(R)log o~
N ik 2l

(B.199)

where m; is the size of the set on which human provides the prediction in each iteration.
Note that we draw only samples from DIS(V;), and that is the reason that we condition
the loss on X being in DIS(V;) .

To analyze the sample complexity that corresponds to (B.199)), we let 6’ = ﬁ
+|log - |—i
and we assume that )

(2+ [log %1 —i)?

m; > max{108®2 log 5

,3600%d(H)10g®,2,2760%d(H)log O} .
(B.200)

Using the first term in RHS of ((B.200)), we bound the first term in the upper-bound
(B.199)) as

11—
210g3 _ 2log 2t Iy ., 2 5201
. — 17 - Py _p2- :
m; 108@21(%% 60| 3 310g%

Then, for i < [log 5 and since 6 < 1, we know that log% > 2, which concludes that

2logs 1
\/ <. B.202
m; ~ 60O ( )

Further, using the second and third term in RHS of ((B.200)) and since 2d(#)logem; 3

mj

monotonically decreasing for m; > 2 (note that % (10%‘) = é — k;#c <0 forx>2) we
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have

(B.203)

Q%d(H)log®
2d(H)logem; < 2d(H) log% _ [2log (e®?-10g®)
m; - 3600%d(H)log® 3600210og ®

1 \/loge+210g®+loglog®

%) 1801og ©

(B.204)

If we set ® > e, we have log® > loge, and since loglog® < log® for ® > 1, we have

2d(H)log 7
(H)log 5745 <L [Dlog® 1 (B.205)
m; ®\ 180log® 6O

Similarly, we could show that

\/ 32d(R)log 7% 1

< — B.206
ni; - 6@7 ( )
which together with ((B.199)), ((B.202)), and ((B.205)) proves that for
1, .2
m; = 0(©%*(d(H)log®+d(R)log® +log w)) we have
1
E [Lx0)—olx) v + L1l [X € DIS(V)] < ., (B.207)
ith probability at least ] — ——9—
WP d (2+[log%1—i)2

Since X € DIS(V;) is a necessary condition for L oo =olnoy2r + Lo =1luzy = 1, we
conclude that

A(Vi)

ngfl (h, r) = A(V,)E []Ir(X)zo]Ih(X);éY + Hr(X):l]IM;éY|X € DIS(V,)] < 20 (B.208)
with probability at least 1 — +, where A(V;) is defined as
(2+[log g 1-i)?
A(V;) :=Pr(X € DIS(V;)) (B.209)

o Step (ii): Since L)' (h,r) = Pr(r(X)M+(1—r(X))h(X) #Y), and because Lo (h* ) =

0, and using Step (i), we have

AVi)
20’

Pr(r(X)M+(1—r(X))h(X) # r*(X)M+ (1 —r*(X))h*(X)) < (B.210)

127



Appendix B Appendix Il

)
(2+[log 31-i)?
(h,r) € B((h*,r*), %)) with such probability.

Hence, we have

with probability at least 1 — . As a result, for all (h,r) € Vi1, we have

A A(V; A(V;
AWirr) < A(B((,r), %)) g@-é—gz%, (B.211)

where the last inequality is followed by the definition of ©.
e Step (iii): Using union bound, and since

1 1
[log ¢ 1 [log ¢ +1 o 2
y o Yy Syl Tty (B.212)
= (24 [logg] —i)? i—_ ! 6
and using Step (iii), we have that
1
AV, 1)< A(Vo) <&, (B.213)

[log %W 2[log %]

with probability at least 1 — 6.
e Step (iv): Since we know that Lge’fl (h*,r*) = 0, we conclude that

Pr(M#Y,r*(X)=1)=0. (B.214)

Next, since forallh €V

log L7 W€ have Pr(h(X) #Y,r(X) = 0) = 0, we can show that
€

LS (hor) =Pr(h(X) #£Y,r(X) =0) +Pr(M #Y,r(X) = 1) (B.215)
=Pr(M#Y,r(X)=1 (B.216)
=Pr(M £Y,r(X)=1,r*(X) =0)+Pr(M £Y,r(X) = 1,r*(X) = 1)
(B.217)
WM £ Y, r(X) = 1,7 (X) = 0) (B218)

=Pr(M #Y,r(X) #r (X),r'(X)=0) <Pr(r(X) #r (X)), (B.219)

where (a) is followed by ((B.214)).

Next, since (A%, ") is not removed in any iteration because of its consistency, we have
h*,r*) €V _ .. Hence using Step (iii), for all (h,r) €V {_ we have

Pr(r(X) # r*(X)) <Pr(X € DIS(V,, 1 ])) <e, (B.220)

with probability at least 1 — 6.
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B.7 An example on which CAL algorithm fails

Using ((B.219)) and ((B.220)) the proof is complete.

B.7 An example on which CAL algorithm fails

Here, we provide the reader with an example on which vanilla CAL algorithm in Sec-
tion does not converge. Let X = {0,1} and let X ~ Uniform{X} and uxyy =
Uxly—xIp—p, which means for all instances on X', ¥ = X and M = 0. Further, let
H ={hy,hy},and R = {ry,r,}, where

hi(x) =ri(x) =X, hy(x) =r(x) =0. (B.221)

One could see that in this case three pairs (hy,ry),(h1,72),(ha,r1) as deferral systems
provide zero loss.

To run CAL, we draw a sample from ty. Assume that we observe x = 1. We see that
since x € DIS(Vp) = {1}, then we need to query human’s prediction and true label on
such instance. Hence, we collect the corresponding values y = m = 1 for that instance.
Next, we update the version space

Vl:{(hl;r1)7(hlarz)v(h27rl)}7 (B222)
to induce consistency. However, we note that DIS(V}) does not change comparing to
DIS(Vy). Hence, Pr(X € DIS(Vy)) = Pr(X € DIS(Vi)) = ... = 3. As a result, CAL

algorithm does not converge, and in each iteration queries human prediction for x = 1.

B.8 Proof of Theorem 4

Using Theorem 5.1 of Hanneke|(2014)), we know that if n; = COd (D) log (% log %) log g,
then with probability at least 1 — g we have

&€

Pr(f(X) # Iysy] < 7 (B.223)
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Next, we bound the empirical joint loss on unlabeled samples. We know that

Lot (1, Z]Ih ()2 b () =0 - Lmgstyi L ()= (B.224)
1
= H_Z ]Ih (xi 7éy, xi)=0 +f(xi>]1r(x,~):l] + H_Z (]Imﬁéy,- - f(xi))ﬂr(xi):l
u g u-
(B.225)
< —Z mity: = F () L) =1 (B.226)
=< —Z| miyi — f (%) (B.227)
= n_z]lf(x,-);éllm#yi (B.228)
L

where (a) holds because of Line 5 in Algorithm 1]

As a result, we use Hoeffding’s inequality coupled with to show that

S0 € log2/6
PO (hr) < =+ ===, (B.229)
er (127) < 5 \\  2n,

with probability at least 1 — =~. Further, by generahzanon bound in Theorem 2 of Mozan-
nar and Sontag (2020a), w1th probability at least 1 — Z we have

A

_ _ 2log8/6 nuPr(M;éY)
Lgefl (h,r) < Lgefl (hyr) 44| ———— -5

+ R, (H) +49R,,(R)+Pr(M #Y)e ,

ny

(B.230)

where following ((B.229)) we conclude that with probability at least 1 — 0 we have

€ | 2 5 21 8 6 —nPr(M#Y)
Lg?f“h”’)Sz*\/oin/ \/ O8I0 (M) + 8%, (R) 4 Pr( £ V)e
u u

(B.231)

One can further calculate an upper-bound on R, () and R, (R) using Corollary 3.8
and 3.18 of Mohri et al.| (2018)) as

2d(H)log e(”“)
R, (H) < , (B.232)

ny
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and
2d(R)log e(”“)

R, (R) < : (B.233)

ny

which by substituting in ((B.231)) we conclude that

LO ] < N log 5 210g 5 2d lOg enu + 32d(R) log e(nu)
def 21’lu 1,
—nPr( M;éY

+Pr(M #Y)e (B.234)

' 1
Finally, using ((B.234)) and by letting n,, > max {Slog 5 288log8/3 C'max{d(H)d(R)}log ¢ }

g2 ’ 82
in which C’ = 210 and for e< 213 -, we have

LS (h,r) <, (B.235)

with probability at least 1 — &, which completes the proof.

B.9 Experimental Details

Data. We use the CIFAR validation set of 10k images as the test set and split the CIFAR
training set 90/10 for training and validation.

Optimization. We use the AdamW optimizer|Loshchilov and Hutter| (2017) with learn-
ing rate 0.001 and default parameters on PyTorch. We also use a cosine annealing learn-
ing rate scheduler and train for 100 epochs and saving the best performing model on the
validation set. For the surrogate L, Mozannar and Sontag (2020a), we perform a search
for o over a grid [0,0.1,0.5,1].

Model Complexity. For the model complexity gap figure, we use a convolutional neu-
ral network consisting of two convolutional layers with a max pooling layer in between
followed by three fully connected layers with ReLU activations. We modify respectively:
the number of channels produced by the convolution of the first layer and of the second
layer, and the number of units in the first and second fully connected layers. We use this
set of parameters to produce the plot for the classifier model:

[[1,1,50,25],[3,3,50,25],[4,4,80,40], [6,6, 100,50], [12, 12, 100, 50],
20,20, 100, 50], [100, 100, 500, 250], [100, 100, 1000, 500]]
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For the rejector model, and for the expert confidence model used for Staged we use the
parameters [100, 100, 1000,500]. The error bars in the plot are produced by repeating
the training process 10 times and obtaining standard deviations to average over the ran-
domness in training. We used a rather simple network architecture so that we can more
easily illustrate the model complexity gap, as more complex architectures can easily ob-
tain ~ 100% accuracy on CIFAR and would not allow us to have a more fine-grained
analysis of the gap.

Data Trade-Offs. We use the model parameters [100, 100, 1000, 500] for all networks
in this plot. For each fraction of data labeled, we sample randomly from the training set
the corresponding number of points. The error bars are obtained by repeating the training
process 10 times for different random samplings of the training set.
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Appendix I1I

C.1 Lack of Compositionality of Fairness Criteria

Here, we show an example of lack of compositionality of fairness criteria for learn-to-
defer problems. This falls in line with Dwork and Ilvento (2018), where the authors
studied the effect of the operators such as ‘OR’ or ‘AND’. Here, we show that a similar
non-compositionality holds for the operator ‘DEFER’. The following example is found
based on the insight that a fair predictor is fair over all the space X, and if it could take
a decision over only a subset of X" it will not necessarily be a fair predictor. This can
be seen as a particular application of Yule’s effect Ruggieri ef al.| (2023)) which explains
that vanishing correlation in a mixture of distributions does not necessarily concludes
vanishing correlation on each of such distributions.

Let us assume that the space X contains only four points x, x2, x3, and x4, and that
the input takes these values with probability Pr(X = x;) =Pr(X =x;) =Pr(X =x3) =
Pr(X =x4) = JT. The first two points x,x, are corresponded to the demographic group
A = 0 and the last two points are corresponded to the demographic group A = 1. Further,
assume that the conditional target probability is Pr(Y = 1|x;) =Pr(Y = 1|xy) =Pr(¥Y =
I|x3) = Pr(Y = 1|x4) = 1. Moreover, we consider the equality of opportunity as the
measure of fairness. Now, assume that the classifier 4(-) : X — {0, 1} is taking values
h(x1) =1, h(xp) =0, h(x3) = 1, and h(x4) = 0 and the human decision maker predicts
M = 0 conditioned on x;, M = 1 conditioned on x,, and M = 1 conditioned on x3, and
M = 0 conditioned on x4. Therefore, both classifier and human expert have accuracy of
% on the data.
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Following the above assumptions, we can find the fairness measure for classifier as

Pr(h(X)=1Y =1,A=0)—Pr(h(X)=1|Y =1,A=1)
=Pr(h(X) =1y =1,A=0,X =x)Pr(X =x|¥ = 1,A =0)

)
+Pr(h(X) =1y =1,A=0,X = x;)Pr(X =x,|Y = 1,4 =0)
Prh(X)=1]Y = LA=1,X =x3)Pr(X =x3]Y = 1,LA=1)
1 1
~Pr(h(X) =1y = LA=1X =x)Pr(X =xyly =1A=1)= - +0- > -0=0,

(C.1)

which means that the classifier is fully fair. We can derive a similar result for the human
expert, i.e.,

Pe(M=1|Y =1,A=0)—Pr(M =1y =1,A=1) =0. (C.2)

Now that we established a fair classifier and a fair expert, we take the step to find an
optimal deferral solution, i.e., a deferral system that minimizes the overall loss. We can
observe that for x; the classifier is accurate, while for x, the human expert is accurate.
Furthermore, for x3 and x4 they both are equally inaccurate. Therefore, an optimal solu-
tion is not to defer for x;, and defer for x;, and take an arbitrary decision for x3 and x4.
Now, if we find the fairness measure of the resulting deferral predictor, we have

Pr(Y =1y =1,LA=0)-Pr(Y =1y =1,A=1)

=Pr(h(X) =1]Y =1,A=0,X =x)Pr(X =x|Y = 1,4 =0)
+Pr(M=1]Y =1,A=0,X =x2)Pr(X =x3]Y = 1,A=0)
—Pr(h(X)=1Y =1, A=1,X =x3)Pr(X =x3]Y = 1,A=1)

CPr(h(X) =1y = LA=1,X =xy)Pr(X =xs]Y = 1, A=1) =

or equivalently the resulting predictor is unfair for the demographic group A = 1. This
means the ‘DEFER’ composition of the predictors does not preserve fairness. One can
further easily show that no deferral system from the above classifier and human expert
that has the accuracy better than % is fair.

C.2 Extended Related Works

The deferral problem has been studied under a variety of conditions. Rejection learn-
ing Cortes et al.| (2016); Bartlett and Wegkamp| (2008); Charoenphakdee et al.| (2021);
Cheng et al.| (2024) or selective classification EI-Yaniv et al| (2010); Geifman and EI-
Yaniv| (2017); Gangrade et al.| (2021])), assumes that a fixed cost is incurred to the overall
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loss, when ML decides not to make a prediction on an input. The first Bayes optimal rule
for rejection learning was derived in \Chow| (1970). Assuming that the accuracy of hu-
man, and consequently the cost of deferring to the human, can vary for different inputs,
Mozannar and Sontag| (2020a) obtained the Bayes optimal deferral rule. The deferral
problem is further studied assuming that the number of available instances for deferral
are bounded and a near-optimal classifier and deferral rule is required as a solution of
empirical risk minimization De et al.| (2020, 2021). Most recently, the implementation
of deferral rules using neural networks and surrogate losses is studied for binary and
multi-class classification (Cao et al.| (2022); Mozannar and Sontag (2020a); Charusaie
et al.|(2022a); Narasimhan et al.| (2022b)); |Cao et al.|(2024);[Liu et al.| (2024)); Mozannar
et al. (2023a); Mao et al.| (2024). A possible shift in human expert for L2D methods
recently studied in Tailor et al.|(2024). The problem multi-objective L2D and rejection
learning is mainly studied in an in-processing approach. A few instances of tackling such
problems can be found in |Okati et al.| (2021b); Narasimhan et al.| (2024, 2023)) and |Yin
et al.|(2023));|Lee et al.|(2021) for L2D and rejection learning, respectively.

Neyman-Pearson’s fundamental lemma is introduced in [Neyman and Pearson! (1933)
originally for binary hypothesis testing and later was generalized in [Neyman and Pear-
son (1936)) to give a close-form formulation for a variety of binary constrained optimiza-
tion problems. Later, |Dantzig and Wald| (1951) found conditions for which Neyman
and Pearson solution exists and is unique. The generalization of the empirical solution
to Neyman-Pearson problem is studied in two lines of works: (i) the generalization of
direct (in-processing) solutions to the optimization problem Scott and Nowak| (2005);
Scott (2007); Rigollet and Tong| (2011), and (ii) the generalization of plug-in methods
Tong| (2013)) that first approximate the score functions and then use Neyman-Pearson
lemma to approximate the predictor. The generalization of Neyman-Pearson lemma to
multiclass setting is first empirically studied in Landgrebe and Duin| (2005) and under
strong duality assumption is proved in [Tian and Feng (2021). Our lemma d-GNP ex-
tends these works in order to (i) be able to control a general set of constraints instead
of Type-K errors, and (ii) be valid in absence of strong duality assumption. Further, the
idea of using Neyman-Pearson lemma for controlling fairness criteria originally dates
back to Zeng et al.| (2022) (later as [Zeng et al.| (2024)). More recently, a similar post-
processing method is introduced in |Chen et al.| (2023b)) using cost-sensitive learning and
strong duality technique. Although these works cover binary classification problem, in
this paper we focus on solving multi-class classification problem, and particularly in a
deferral system.

Lastly, this work differs from multi-class classification with complex performance
metrics [Narasimhan et al.| (2022a)) in the sense that they consider constraints that are
non-linear functions of confusion matrix, while ignoring the dependence on input x. In
our setting, the constraints are linear in terms of confusion matrix when conditioned on
the input, but the linear coefficients vary with the input.
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C.3 Rephrasing ((4.2)) into Linear Functional
Programming

Here, we first characterize functions that are outcome-dependent. To that end, we define
1(x) as

1= [Loy=oln)=15 - - In(x)=0Tn() = Lr(y=1] - (C4

This function can retrieve the value of r(x) and can retrieve the value of i(x) only if
r(x) = 0. In fact, we can obtain r(x) = (i(x))(L+ 1) and h(x) =i if r(x) = 0 and
(1(x)) (i) = 1. Therefore, for a function W(x, h(x), r(x)) = Ey px— [¥(x,Y, M, h(x), r(x))]
and Cger(x, h(x),r(x)) = Ey pix—x [Caer(x,Y, M, h(x),r(x))] to be outcome dependent, it
must only be a function of x and ¢(x). In fact, we must have

Wi(x,h(x),r(x)) = Pi(x,1(x)), (C.5)
and
Lae(x,h(x), 7(x)) = Lhos(x,1(x)), (C.6)

for a choice of W' and £}, where lact(x, h(x),7(x)) = Ey pix— [Laet (x, Y, M, h(x), r(x))].

Now, we can check that 1(x) can take L+ 1 different values, in each of which one of
its components takes the value 1 and others take the value 0. Therefore, by conditioning
on each of these L + 1 values we have

¥i(x,1(x)) = E‘P’(x, [0,... \1,, -,0]) ((l(x>) (i)> = (1(x), yi(x)), (C.7)
where ;(x) is defined as
wilx) = [\y;(x,[1,0,...,0]),...,\1"@, [0,0,...,1])}
= [Wi(x,1,0),...,%(x,L,0),%(x,0,1)]. (C.8)
Similarly, we can show that
Chep(,1(x)) = (1(x), e (%)), (C.9)
where lyef(x) is defined as

Zdef(x) = Vdef<x7 170)7 R ,Zdef(x,L,O),Zdef(x,o, 1)} . (ClO)

Next, we know that due to the randomization of A, the vector i(x) can take various
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values on each instance x. This, however, is not the case for y;(x) and Zdef(X), since they
are defined independent of r(x) and %(x). Therefore, the average of constraints and loss
can be rewritten as

By [P (1, 8(x),7(2)) | = By [(Wi(x),2(2)) | = (F (x), i (), (C.1D)

and

E ()t [ Laer (6 2(%),(0)) ] = By [(Baes (6),1(2))] = (F (%), Laer(x)),  (C.12)
where f(x) is defined as

f(x) =E[i(x)] = [Pr(r(x) = 0,h(x) = 1),...,Pr(r(x) = 0,h(x) = L),Pr(r(x) = 1)].
(C.13)

Therefore, the optimization problem in ((4.2)) is effectively reduced to the linear pro-
gramming problem in ((4.3)). Moreover, if f*(x) is the solution to that linear program,
then the corresponding r(x) should be distributed as Pr(r(x) = 1) = (f*(x))(L+ 1),
_ (=)o

£t (F0) o)
Note that the assumption of independence of 4(x) and r(x) comes with no loss of gener-
ality, since the value of A(x) does not variate the loss or constraints in the system when
we have r(x) = 1.

where h(x) should be distributed as Pr(h(x) = i) = Pr(h(x) = i|r(x) = 0)

C.4 Derivation of Embedding Functions

In this appendix we derive the embedding functions in Table[4.1|that are corresponded to
the constraints of choice, as named in Section The trick that we use for all these
constraints is that we first rewrite the constraint in terms of the expected value of a
function over the randomness of the algorithm .4 and the input variable X, and then
we use ((C.8)) to transform that function into the embedding function.

* Overall Loss: To find the embedding function that is corresponded to the overall
loss of the system, we should first note that by loss we mean the probability of
incorrectness of Y. Therefore, the corresponding £y ¢ (x, h(x),7(x)) in this case, as
defined in ((4.1)) is obtained as

Zdef(x7 h<x>7 r(x)) :]EY,M\X:)C []Ir(x):l]IM#Y + ]Ir(x):O]Ih(x)#Y]
= ]Ir(x):lpr(M = Y‘X = x) + ]Ir(x):()PI‘(Y 75 h(x) ‘X = x).

137



Appendix C Appendix III

138

Therefore, using ((C.10)) we find Edef as

et = [Pr(Y # 11X =x),...,Pr(Y #n|X =x),Pr(Y # M|X =x)].

* Expert intervention budget: In this case, similar to the case before, we first derive

Y (x,h(x),r(x)). To that end, we first note that the expert intervention constraint in
Section [4.3]is equivalent with

PI‘(I‘(X) = 1) = IExrv/.tx,(r,h)fv.A []Ir(x)zl] < 67

which in turn suggests that

‘{’(x,h(x),r(x)) = Hr(x)zl'

Next, we find y(x) using ((C.8)), as

OOD Detection: To obtain the corresponding embedding function to the OOD
detection constraint in Section we can rewrite Pryy (r(X )= 1) as

Hr _ OutX
Pr ou(r(X) =1) =Ex_jou pynL)=1] = Ex ot in, (1)~ A [%ﬁﬁ)()}

Y

where the last equation holds when X and X, are absolutely continuous distri-
butions, and therefore have probability density functions. A similar assumption is
made by Narasimhan et al.| (2023). This results in W(x, h(x),r(x)) being obtained
as

N T., .\ ,fout
W (x, h(x),r(x)) = ”%%(X)
X

Therefore, we conclude that the embedding function can be calculated using ((C.8))
as

_ [1X)
Il/(x> - [Oa ce 707 f)l(l’l(x) ]

s (X)Hf;i}l()f)és

In the simple case that 1% (x) = ——— X "=
p fX ( ) ff)l(n(x)]lf)i(rl(x>§£dx

the embedding function is equal

to
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» Long-Tail Classification: This methodology aims to minimize the balanced loss

K

Z (Y #h(X)|r(X) =0,Y €G;).

:1

However, as mentioned in Narasimhan et al.|(2024), this optimization problem can
be rewritten as

i Pr(Y Zh(X).rX) =OF €Gi)  \ pripx) =0y e Gy = &

i=1 o

Therefore, the objective can rewritten as

K E(nyaxiopy [Pr(Y #h(X),r(X) =0,Y € Gi|X =X')]
a;Pr(Y € G)) ’

i=1

which together with ((C.8))) shows that

_[ X Pr(Y #1,Y € Gi|X =x) K Pr(Y #L,Y € Gi|X =x) 0]

,'Z{ O‘iPr(Y € Gi) T OC,'PI‘(Y - G,')

g

i=1

The reason that we use negative sign is because in the definition of ((4.3)) we aim
to maximize the objective.

Similarly, we can rewrite the objectives as

E(mymAxpy [PE(F(X) =0,Y € Gi|X =X') — %Pr(Y € G))|
Pr(Y € G)) '

Therefore, using ((C.8)) we can obtain y;(x) as

Pr(Y € Gi|X = x) o

i(x) = 1,0 — —. C.14

Vi) = —pve oy 1o 10 K (14

* Type-k Error Bound: We first rewrite Type-k constraint in[4.3]as
. Pr(Y #k,Y =k)
Pr(Y Y=k)=
(kY = k) = RS

(@) Bxpy [Pr(¥ # kY = k|X = x)]
B Pr(Y = k)
_ By [Pr(Y #k|Y =k, X =x)Pr(Y =k|X = x)] (€.15)

Pr(Y = k) ’
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where (a) is followed by chain rule.

Next, we condition Pr(¥ # k|Y = k,X = x) on (X ) being 1 and 0, which concludes
that

Pr(Y £k|Y =k, X =x) =Pr(Y Zk,r(x) = 1|y =k, X =x)
+Pr(Y #k,r(x) =0Y =k, X = x)
=Pr(M #k,r(x) =1|Y =k, X =x)
+Pr(h(x) £ k,r(x) =0|Y =k, X =x)
= E (o amix =y =k [Tl vy=1 + i) 2l ()=o)
= E(pymAx—ry—k [Pr(M # kX = x,Y = k), ()
+ Dy 2l ()=o)
Therefore, using ((C.15)) we conclude that
Ex/ iy (r)~A [Lr(x) =1 PH(M # k.Y = k|X = X')]
Pr(Y = k)

Ex' oy (r)~A Tnx) 2l (xty—oPr(Y = k|X = X7)]
Pr(Y =k) ’

Pr(Y #£k|Y =k) =

+

which together with ((C.8)) shows that the embedding function is obtained as

Pr(Y = k|X = x)
Pr(Y =k)

w(x) = [1,...,1, 0 ,1,...,1,Pr(M7AkyX:x,Y:k)]
k

Note that here we used the assumption that (Y,M) and A are independent for each
choice of X, i.e., the value noise that is introduced in A for each X = x is generated
independent of the value of ¥ and M, which is the true assumption, since the
algorithm only has access to X and not true label or the human label.

Demographic Parity: We know that the demographic parity constraint in Section
can be written as
—S§<Pr(Y =1A=0)-Pr(Y =1]A=1) < §. (C.16)

Here, we find the corresponding embedding function y/(x) for the upper-bound in
the above inequality. For the lower-bound, we can use —y/(x) and follow the steps
that are proposed in the main text of the manuscript.

To find the embedding function that corresponds to the upper-bound of ((C.16)),
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we first rewrite Pr(Y = 1|A =0) —Pr(Y = 1|[A=1) as

Pr(Y =1,A=0) Pr(Y =1,A=1)

Pr(f =14=0)-Pr(? = 1A= 1) = =5t Pr(A=1)

Now, similar to what we did in previous section, we condition Pr(Y = 1,A = a) for
a € {0, 1} on the value of (x) and r(x), and we conclude

Pr(Y =1,A=a)=Pr(Y = 1,LA=a,r(X)=1)+Pr(Y = 1,A=a,r(X) =0)
=PrM=1,A=a,r(X)=1)+Pr(h(X)=1,A=a,r(X)=0)
= Ex a4 [ In=1Ta=al,(x)=1 + Tnox)=1Ta=aly(x)=0
=Ex 4 [Pr(M =1,A =alX = x),(x)—

+Pr(A = alX = x)Lyx)=1Lx)—o) - (C.18)

Here, we used the assumption of independence of X and (M,Y) given a choice of
X.

As a result of ((C.17)), ((C.18)), and ((C.8)) we can find the embedding function
as

[, PrA=1X=x) Pr(A=0[X=x)

W@—@, Pr(A=1)  Pr(A=0)
Pr(M=1,A=1X=x) Pr(M=1A=0|X=x)
Pr(A=1) a Pr(A =0) ]

(In-)Equality of Opportunity: Similar to the previous items, we rewrite equality
of opportunity constraint in Section 4.3]as

—S<PrY =1y =1,A=1)-Pr(Y = 1Y =1,A=0) < §.

Again, we only consider the upper-bound and rewrite Pr(¥ = 1Y = 1,LA=1) —
Pr(Y =1]Y =1,A=0) as

Pr(Y =1y =1,A=1)-Pr(Y = 1|Y = 1,A=0)

_Pr(Y=1Y=1A=1) Pr(Y=1Y=1A=0)

Pr(Y =1,A=1) Pr(Y = 1,A =0) (C.19)

Next, by conditioning on (X) = 1 and r(X) = 0, we rewrite Pr(Y = 1,Y = 1,A =
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a) fora € {0,1} as

A

PriY =1,Y=1A=a)=Pr(Y =1,Y =1, A=a,r(X)=1)
+Pr(Y =1,Y =1,A=a,r(X) =0)
=Pr(M=1Y=1,A=a,r(X)=1)
+Pr(h(X)=1,Y=1,A=a,r(X)=0)
=Exyma.a [HleﬂYzlﬂAzaﬂr(x)zl
+ T x)=1 Iy =1Ta=all,(x) 0]
=Ex a[Lx)=1Pr(M =1,Y = 1,A = alX =x)
+ ) =1 Lo —oPr (Y = 1,A = a]X =x)],
(C.20)

where the last identity is followed by the assumption of independence of 4 and
(Y,M,A) given an instance X = x.

As a result of ((C.19)), ((C.20))), and ((C.8))) we can obtain the embedding function

as

Pr(Y=1,A=1X=x) Pr(¥ =1A=0|X =x)

=0
VO = 10—y —Ta=1) Pr(Y = 1,A = 0)
Pr(M=1,Y =1,A=1|X =2x) IﬂM:LY:LA:mX:ﬂ]
Pr(Y = LA=1) Pr(Y = 1,A=0) '

(In-)Equality of Odds: This induces the same constraint as that of equality of
opportunity, and further induces an extra constraint that is in nature similar to
equality of opportunity with the difference that it uses ¥ = O instead of ¥ = 1.
Therefore, we have two embedding functions, one is similar to that of equality of
opportunity as

Pr(Y = LA=1[X =x) Pr(Y =1,A=0[X =x)
vi(x) = o, e e
Pr(Y = LA=1) Pr(Y = ,LA=0)
PrM=1Y=1,A=1X=x) P(M=1,Y=1,A=0[X =x)
Pr(Y = LA=1) Pr(Y = 1,A =0) ’

and another similar to that with changing ¥ =1 into Y = 0, and therefore as

Pr(Y =0,A=1|X =x) Pr(Y =0,A=0[X =x)

_ 0
Y2 () [ Pr(Y =0,A=1) Pr(Y =0,A=0)
Pr(M=1,Y =0,A=1]X=x) Pr(M=1Y=0A=0X =x)
Pr(Y =0,A=1) Pr(Y = 0,A = 0)
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C.5 Limitations of Cost-Sentitive Methods

A variety of works have tackled constrained classification problems using cost-sensitive
modeling |[Lehmann et al.| (1986); Chzhen et al. (2019); Okati et al. (2021b)). In other
words, they use the expected loss that is penalized with the constraints and solve that for
certain coefficients for those constraints (a.k.a., they form Lagrangian from that prob-
lem). In the next step, they optimize the coefficients and obtain the optimal predictor.
The issue that we discuss further in the following we concern is that during this process,
the optimal predictor is achieved only when the corresponding cost-sensitive Lagrangian
has a single saddle point in terms of coefficients and predictors. Such assumption, unless
by analyzing the Lagrangian closely, is hard to be validated. However, our results in this
paper have no such assumption, and instead use statistical hypothesis testing methods to
show their optimality.

To further clarify the issue with such methodology, we bring an example of L2D prob-
lem when human intervention budget is controlled. Suppose that the features in X" are
distributed with an atomless probability measure uy (e.g., normal or uniform distribu-
tion)E] Further, assume that the human has perfect information of the label, i.e. Y =M,
while the input features have no information of the label, i.e., Pr(Y = 1|X = x) = 1/2 for
all x € X. Moreover, let the classifier and the human induce the O — 1 loss function. In
this case, we can see that the optimal classifier is the maximizer of the scores (see the
early discussion of Section |C.7)), which in this case, since there is no clear maximizer,
without loss of generality can be set to 4(x) = 1.

For such assumptions, if we write the Lagrangian in form of

1 1
L(A,r)= Lgef(h, r)+A(E[r(X)]—b) = 5~ EE [r(X)] + A(E[r(X)] —b),
then strong duality shows that
min_ maxL(A,r) =max min_ L(A,r), (C.21)
ref0,1]% >0 A>0 ref0,1]¥

or to put it informally, the objective is invariant under the interchange of minimum and
maximum over Lagrange multipliers and the variable of interest. However, this does
not prove the interchangeability of the saddle points in these settings, i.e., we cannot
guarantee argmin,.c(o jL(A%,r) = f*, where 1™ € argmax; min,c[o ;) L(4,r), and f* €
argmin, o ;ymaxy L(A,r). In fact, this guarantee holds only in particular examples, e.g.,
when L(A, r) is strictly convex (Boyd ef al., 2011} page 8).

In fact, if we optimize r for all A as in RHS of ((C.21)), we can show that r) (x) =

1 a<d
2. Therefore, A* can be obtained as A* = argmax(A —1/2)” — Ab
0 otherwise A>0

'If we have a probability measure that contains atoms, one can follow the same steps for the first coun-
terexample.
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where (x)” := min{x,0}. This can be rewritten as
—L-Ab-1) o<a<i 1
A* = argmax 2 A ) 0= 12 ==
A>0 —Ab A>3 2

Hence, the condition A < 1/2 is never satisfied and we have rj«(x) = 0, i.e., we should
never defer. For the deferral rule ry -, the deferral loss ((4.1))) is

Lig(h, ) =Ex ym[lar(Y,h(X),X)] = 5.

To show that ry« is not optimal, we provide random and deterministic deferral rules
f* and r** that satisfy the constraint in ((4.2)), while having a smaller deferral loss:

o Let f*(x) = b, that is a random deferral rule that defers with probability b every-
where on X'. Therefore, on average b proportion of inquiries are deferred and thus
it satisfies the constraint in ((4.2)). The deferral loss for f*(x) is equal to

Lies(h, f7) = Elr(X)]-Elln (Y, M)]
T/ —_———
+E[1-

~

0
r(X)]-E[lar(

—

(X))

1-b
<1
5

o= ¢

—
N‘|
S

¢ The second example is a deterministic deferral rule. Since the probability measure
on X is atomless, for all b € [0, 1] there exists a set .A such that Pr(X € A) =5
(Fremlin, [2000, Proposition 215D). Hence, defining r**(x) = 1,c 4 the constraint
n li is met. Similar to the last example L (h,r**) = % < %

The above two examples show that the deferral rule - is sub-optimal. The reason is
that, for optimality of r;« we should make sure that L(A,r) has a single minimizer of
r. However, in our example we had L(%, r) = —Ab has infinite number of minimizers in
terms of r(x). Therefore, the equality of the solutions to minimax problem and maximin
problem is not guaranteed.

C.6 On Failure of In-Processing Methods

One might think that the need of using post-processing methods does not necessarily
appear in some examples of multi-objective L2D problem. As an instance, for the expert
intervention budget we can rank samples based on the difference between machine and
human loss and defer the top b-proportion of samples for which the machine loss is
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higher than the human one. This method is illustrated in Algorithm [3| Indeed, in the
following we show that the sub-optimality of such deterministic deferral rule, compared
to the optimal deferral rule diminishes as the size of training set increases.

Algorithm 3: Deterministic Algorithm for Deferring Tasks to Human or Al
for the Empirical Distribution and Expert Intervention Budget
Input: The dataset D, he human and classifier loss /g and /4; and available
proportion b of instances to defer
Output: Labels of “defer” or "no defer” for each instance in D
1: procedure DEFERTASKS(D, g, ar,b)
2: Make the set A = {(x,y,m) € D : Ly (y,m) — La;(y,h(x)) <0} if |A| > b|D| then
3

Defer all tasks in A to human else
4

Defer the b|D]| tasks with the lowest g (x,y,m) — £4;(x,y) to human
5: END

6: end procedure

Theorem 16 (Optimal Deferral for Empirical Distribution). For a classifier h(x) and
dataset D = {(x;,yi,m;)}!_,, where we assume x; # xj, i # j, the deterministic deferral
rule as in Algorithm 3| is (i) the optimal deterministic deferral rule for the empirical
distribution on D and bounded expert intervention budget, and (ii) at most %-suboptimal
(in terms of deferral loss) compared to the optimal random deferral rule for the empirical
distribution on D.

Next in the following, we show that such policy does not provide sufficient information
to determine the optimal deferral rule for the true distribution. To that end, we first recall
that in classification tasks, the optimal classifier typically thresholds an estimation of
conditional probability of the label Y given X that is obtained using the available dataset.
As a result, if we observe enough pairs of (x;,y;), then we improve upon such estimation
of conditional probability and increase the accuracy of the obtained classifier. However,
we argue that this paradigm is inapplicable in the case of deferral rule as follows.

Although the output 7 of Algorithm [3|for each feature x is a deterministic 0 or 1 label, it
varies with the choice of the dataset D. Hence, if we draw datasets from a distribution p,
the outcome of 7 becomes probabilistic. In the following, we introduce two probability
distributions p; and pp over (X,Y,M) such that for random draws of the dataset from
Ui, the conditional probability of such optimal deferral label 7 given X is equal, yet the
optimal deferral rule for the true distribution is different.

Although the following discussion bears some resemblance with the No-Free-Lunch
theorem (e.g. |Shalev-Shwartz and Ben-David, 2014), there exists the following differ-
ence between the two. The No-Free-Lunch theorem states that for each learning algo-
rithm, there exists a data distribution on which the algorithm does not generalize well.
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However, in the following discussion, we assume that we can observe infinite number of
datasets and indeed, we can find the underlying probability of the deferral labels. In fact,
we show that the limiting factor for finding the optimal deferral for the true distribution
is that we only use deferral labels and if we use values of both losses, we can accordingly
find the optimal deferral rule as suggested in Theorem [6]

Assume that we have a dataset D = {(x;,y;,m;)}?_, that contains i.i.d. samples from
the distribution Ltyyss. Further, assume that we have no budget constraint, that is b =
1 in Algorithm [3] Therefore, the optimal randomized deferral rule over the empirical
distribution is the solution of the problem

n
min Ly i+ Ly (1 — 7).
'A’ie[OJ]; ml?éy:r + h('&)#YI( I")

It is easy to see that the solution to this problem is given by 7 = 0 if 1),y 4y, < Ly,

i

and 7; = 1 if 1)), > L;y,- As aresult, the optimal deferral is obtained as

i

1 mi = yi, h(xi) # yi
IA’i = 0 m; 75 Vi, h(xi) =YVi - (C22)
any value in [0, 1] o.w.

Among all the possible policies, we can choose

- { Lomi=yi&h(xi) # i
0 ow.

Next, we assume that we have a classifier 4 and two probability distributions y; and
over (X,Y,M). For both distributions X is uniformly distributed over [0, 1], and we have
(Y =Mh(X)=Y)=3,m(Y =M,h(X)#Y)= 3 and (o(Y # M, h(X) =Y) = 3, 1o (Y =
M,h(X)#£Y)= % We can see that although the observed s are fixed for a given choice of
D, since D is randomly drawn, 7 values are randomly distributed. Furthermore, the distri-
bution of Pr(#|X) is according to Bern(3), since in both cases we have y;(¥Y =M, h(X) #
Y)= % However, the optimal deferral rule for the first distribution is 7} (x) = 1 for all
x € X, since we have Lgéf(h, rik) = 0, while for the second case the optimal deferral rule
is 75(x) = 0 for all x € X’ because we have Li%(h,r5) = % Furthermore, such deferral
rules are not interchangeable, because we have Lge‘f(h, ry) = ngf(}h ) = % As a result,
Pr(7|X) does not provide sufficient information for obtaining optimal deferral rule on
true distribution.

For an arbitrary choice of deterministic deferral rule for empirical distribution, we
state the following proposition as a proof of insufficiency of deferral labels for obtaining
optimal deferral rule over the true distribution.
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Proposition 5 (Impossibility of generalization of deferral labels). For every determin-
istic deferral rule 7 for empirical distributions and based on the two losses 1, and
Ly (x)y there exist two probability measures Wy and [y on X X Y X M such that the
corresponding (#,X) for both measures is distributed equally. However, the optimal de-
ferral ry, and ry, for these measures are not interchangeable, that is Lgéf(h,rzi) < %

while Lgéf(h,rﬂj) = %for i=1,2and j#i.

Proof. As mentioned in ((C.22)), there are four possibilities of a deterministic deferral
rule for empirical distribution based on the events #(X) # Y and M # Y. The reason is
that

1 h(x)#y,m=y
i) 0 hx)=y,m#y
a h(x)#y,m#y
b h(x)=y,m=y

the parameters a and b can take binary values. One of the cases in whicha =b =0 is
analyzed previously in this section. We study the other cases as follows:

1. a=1,b = 0: In this case we have

f:{l hx) £y

0 oW.

If we define a measure u; such that

and a measure [, such that

1

2
3’ uZ(h(X) :YvM:Y) :§7

o (h(X)#AY,M=Y) =
then on one hand one can see that 7 is according to Bern(%) in both cases. On
the other hand, because the probability of classifier accuracy is larger than human
accuracy in (1 and is smaller than human accuracy in U, we have r, (x) =0 while
rji, (x) = 1. Therefore, we conclude that

1
Hy (o —
Ldéf(’”uph) =3
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and

Ly (rh, h) =0,
while the losses with interchanging deferral policies are equal to

2

Lﬁiléf<r*2’h) = Lgéf(r* 3

M uwh):

2. a=0,b = 1: In this case, the deferral rule is as

f:{ 0 m#y

1 ow.

Next, if we set two probability measures t; and U, such that

’ ;ul(M:YJ/l(X)#Y):%?

W | —

w(M#Y,h(X)=Y) =

and

Y

i (M # Y, h(X) =¥) = 5, pa(M =Y, h(X) =¥) =

then 7 is according to Bern(%) in both cases. However, r;,

, = 1 while r;,, =0.
Furthermore, the expected deferral losses are equal to

L

1
2 Lgéf(r*

My (o _
Lioe(r h)—3 1>

My h) =0,

while after interchanging the deferral policies we have

2

Lg;f(r* h) = Lgéf(rzl h) = 3

Hp>

3. a=1,b = 1: In this case, the deferral rule is as

f:{o hx) =ym#y

1 ow.

Next, if we set two probability measures ; and u, such that
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and

o (M # Y, h(X) = ¥) = po(M # ¥, h(X) Y) = go(M =¥, h(X) =) = 5

then we can see that 7 has the distribution Bern(%). However, one can find the
optimal deferral policies for the true distributions are rj, = 1 and r;;, = 0. Further-
more, we have

Lgéf(r/j] h) = %7
and
Li(rp, h) = %;
while
LA h) = 5, LA ) = 5.

C.7 Proof of Theorem

Let X = {x,...,x,} and Y = {1,...,n}. We first show that obtaining the optimal classi-
fier is of O(n) complexity, since in this case is equivalent to obtaining the Bayes optimal
classifier in isolation. The reason is that, the unconstrained Bayes optimal classifier is a
deterministic classifier that minimizes

h*(x) € argminEy, [0ar(Y,9,X)|X =x],
y

for all x € X. This is regardless of whether the deferral occurs or not. Therefore, this
solution is further the solution to
h*(x) € argminEy, [(1—r(X))lar(Y,5,X)|X = x|
¥
= argminEy,, [(1=r(X))ar(Y,$,X) +r(X)lu(Y,M,X)|X = x],

hi
for every rejection function r, including the optimal rejection function of the constrained
optimization problem. In the particular case of expert intervention budget, the constraint

is further independent of 4 and is only a function of r. Therefore, the unconstrained
Bayes classifier is an optimal classifier for the constrained L2D problem with human
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intervention budget.

Next, we consider a specific case in which By, [€ar(Y, 1,X)[X = x| >Ey,, [€ar(¥,0,X)|X =
x} for all x € X, and therefore i(x) = 1 over all input space. Further, we assume the data
distribution has the property uxyy = uxy6(M =Y), i.e. M =Y on all the data. In this
case, we know that

E[lu(Y,M,X)|X =x] =E[Lysy|X =x] =0,
and we define
E[la(Y,h(X),X)|X =x;] =E[1y 4 |X =x] = (..
Now, if we set Pr(X = x;) = p;, and r(x;) = r;, then the optimization problem

f*= argmin L} (h,r),
r(-)e{0,1}

is equivalent to

n n
argmianiXOXri+pix(1—r,~)><£,~, S.t. Zpil’igb,
ri€{0,1} i=1 i=1

that is equivalent to

n n
argmax Z pirili, s.t. Zpi”i <b. (C.23)
ri€{0,1} i=1 i=1

Next, we show that the above problem spans all instances of the 0 — 1 knapsack problem,
which is known to be NP-hard (Theorem 15.8 of |[Papadimitriou and Steiglitz| (1998))).
Let

n n
argmax Z rici, S.t. Z wiri <K, (C.24)
ri€{0,1} i=1 i=1

be an instance of the 0 — 1 knapsack problemﬂwith wi,c;i > 0,1 € [n], and K > 0. With
b= ?i"]/ gj}w," pi = sivi— and b = X, problem ((C.24)) can be written in the form of

2?:1 wi 2?:1 w;’

((C.23)). Because of ' | [; =Y."; pi = 1 this yields indeed a valid problem.

ZNote that in case that w; = 0 the Knapsack problem has a degenerate solution of r; = 1. Hence, we could
drop that point and without loss of generality assume that w; is non-zero.
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C.8 Proof of Theorem

We start this proof by introducing a few useful lemmas:

Lemma 14. The set F = A;¥ of all functions that map X to an n—dimensional probability

is weakly compact, i.e., for each sequence {f,}7_,, there is a sub-sequence { fy;} and a

function f* € F such that for all measurable embedding functions y, we have

Proof. We know that all components of each element of the function sequence is bounded
by 1. We define {f! ~_1 as the sequence of the ith component of the function se-
quence. Therefore, using (Lehmann et al.,|{1986, Theorem A.5.1) we know that there is
a sub-sequence { fr}z,l }%_, and a non-negative 1-bounded function f}’, such that for each

U-integrable function yq(x) we have
limEy [ w1 ()] = B [f7 (¥) 91 ()]

Next, we can repeat the same process for {f r’n 1}y Where i € [2: n], and we can find a
k

sub-sequence m}:rl of m}{ and a non-negative 1—bounded function f;', | for which

lim £, [f l+1( Wit ()] = Eu [ () Wi (1))

k—oo

Now, since all sub-sequences of a converging sequence converges to the same limit, we
can use m; that is the intersection of all sequences and show that

Tim By [ (i()] = B[ (i)

for all i € [1 : n] and integrable functions y;. As a result, due to interchangeability of
limit and summation, when the sum is over a finite set of elements, it is easy to show that

tim (/. ¥)] = gggoE[ifﬁg(X)%(X)] = ¥ Jim B[ (i)
- L wi0] = Bal(f (0. (o))

Next, we need to show that f* € F. We already know that all components of f* is 1-
bounded and non-negative. Therefore, we only need to prove that all elements of f*
sum up to 1 almost everywhere. If not, then assume that there is a non-zero set A where
1 (A) > 0 and there exists / > 0 such that |}, f* — 1| > [ for all x € A. We know that there
is either a subset B C A with p1(B) > 0 such that for all x € B we have }; f*(x) > 1 +1,
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or similarly a subset for which }; f*(x) < 1 —I. The reason is that otherwise a non-zero
measure set A is a union of two zero-measure set, which is a contradiction. Without loss
of generality we assume the first, which means Y ; f7(x) > 1 +/ for x € B. Now, if we
define §(x) =[1,...,1] for x € B and otherwise J(x) = [0,...,0], then we have

By [(f*(x),9(x))] = (1+1)u(B),

while

By [(fo (), 9)] = 1,

for all k € N. This is a contradction, because the limit of a constant sequence is not
different from that constant value. Hence, f* sums up to 1 almost everywhere, and that
completes the proof.

Proof of Theorem [6} We prove the theorem using the following steps: (i) for the class
C of prediction functions for which E[(f(x), y;j(x))] = & for i € [1 : m], we show that
the supremum of the objective function E [(f(x), yo(x))] is a maximum, (ii) we show
that it is sufficient for a predictor f € C to be in form of ((4.8)) to achieve the maximum
objective E [(f(x), Wo(x))] in C and also for all predictors with E[(f(x), yi(x))] < &,
(ii1) we show that the space of all possible constraints for any prediction function in Af
is convex and compact, and (iv) we show that if the tuple of constraints is an interior
point of all possible tuples of constraints, then a point in C achieves its maximum if and
only if it follows the thresholding rule almost everywhere.

* Step (i): Due to the definition of supremum, we know that for each € > 0, there ex-
ists a function fe in C such that E[(fe, yo(x))] > sup rec B [{f, wo(x))] — €. Equiv-
alently, there is a sequence of functions f;, for which lim, . E [(f, Yo (x))] =
sup rec E [{f,wo(x))]. Using weakly-compactness of the function class A;" " p asin
Lemma|T4] we know that for the sequence f;,, there exists a subsequence f;, and a

function f* € A;Y, | such that

1m B[S, i1 ()] = B[ (1), W1 ()]

Furthermore, we know that each subsequence a,, of a converging sequence aj,
has the same limit as the limit of the mother sequence a, (Pugh and Pugh, 2002,
Chapter 2, Theorem 1). Therefore, we have

E[{f(x), Yms1(x))] Z;EIC)E[<f, W1 (x))]

which means that the supremum of the objective is achievable by f*.

Moreover, for y;(x) where i € [1: m], we have E[(f,, yi(x))] = & for all n, which
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concludes
6= lim E[ (£, ()] = E[(f* (0, wi(0)].

This means that the equality constraints holds for f*, i.e., f* € C, if it holds for
each predictor f,.

Step (ii): Assume that there is a predictor f such that E [( 1, I//,>] < ;. In this step,
we show that if exists a predictor f in form of ((4.8)) and in C, then f always has
smaller objective than f. To that end, consider the following expression:

A=E[{f(x) = f(x), yo(x) — iki%(xm
Now, we know that

ka, =

(@)

Ms

(B[00, wi)] ~E (7). wilx)] )

I
—_

i

'MS

~
—

k(8 —E[(@. w@)]) > 0.

where (a) holds because f € C. As aresult, if A > 0, then we could show that

E[(f(x) = F(x), wo(x))] >0, (C.25)
and complete the proof.

To that end, first note that both f and f are in A, and therefore

As a result, for any fixed scalar ¢, we have

() — F) o) — ikiw» = (F() — F), wolx) — ikiwxx) -
- - (C.26)

Next, we fix ¢ to be the maximum component of the vector yo(x) — Y7 | kiy;(x),
1.€.,

— k
c: ,gff"é]{"’o Z JWi(x

153



Appendix C Appendix III

154

Now, we rewrite A using as
A=E[(f() — 1), wo(x) = ¥ kivilx) — )]
i=1

d m
~ ¥ B[00 - v - £ ko o]

i=

[y

Now, we consider two cases for which Ei(x) : fi(x) > fi(x), and E}(x) : fi(x) <
fi(x). If fi(x) > fi(x), then we have fi(x) > 0, because 1 > f;(x) >0 foralli € [I:
d). Therefore, using the definition of S; and because f € S; we have

x)— Y kjyh(x) = max {wi(x) Z kivi(x)} =c. (C.27)
]:1 l .

Consequently, we have

b
I
M=~

Y E|(filx)~ Z@% o))

~.
—_

I
M=~

Y E|(fi(x) -/ Z@% — )] ()| Pr(E] ()

ﬁ
I
—_

+
M=~
&=

()~ /i Z@% — cIE(x)| Pr(E}(x))

le

—
S
=

EWU Z@% — o))E}(x)| Pr(E} ()

N
I
—_

where (a) holds due to and (b) holds because f;(x) < fi(x) and y/, ()=
T kjwi(x) < ¢ = maxic(iy 1 { W, (1) — X)L kjwi(x) ). As aresult, we have
A > 0 that concludes ((C.25)) and completes the proof of this step.

Step (iii): In this step, we show that the space of joint set of expected inner-
products

G = { (B0 v (o) ELFC) w()) : £ € A7),

is compact under Euclidean metric, and convex.

To show the compactness of that space, assume that there is a sequence {g,},_;
such that lim,,_,. g, = g, or accordingly there is a sequence of f, € Ajf for which
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Figure C.1: If an interior point of N has one corresponding point at M, then so are all
interior points of N

1imy e (E[(f3(x), w1 (x))], ..., E[fu(x), ¥im(x)]) = (81,--.,8m). Since the metric
is Euclidean, this is equivalent to lim,_,. E[{f,(x), Wi(x))] = g; for all i € [1 : m].
The weak compactness of AY, as proved in Lemma , shows that there exists f*
and a sub-sequence f,, such that limy_,.. E[(fn, (x), ¥i(x))] = E[(f*, wi(x))] for all
i € [1:d]. Therefore, because of the choice of Euclidean metric, we have

lim (E[{f, () 1 ()]s El o (3), ¥in ()]
= (BL v ()] B v ()],

which is equivalent to compactness of G.

To show the convexity of G, it is enough to prove the convexity of Aff . The reason

is that g(f) = (E[(f(x), ¥1(x))],- .., E[f(x), W(x)]) is a linear functional of f, and
a linear functional images a convex set to another convex set.

To prove the convexity of A}, let f, f' € A . This means that f;(x), f/(x) € [0,1]
forall i € [1 :d] and Y, fi(x) = Y%, f/(x) = 1. Consequently, af;(x) + (1 —
a)fl(x) >0,since a,1 —a>0. Moreover, Y% afi(x)+ (1 —a) fl(x) =aYl | fi(x)+
(1—a)YL, fl(x) =a+1—a=1. As aresult of these two facts, af + (1 —a)f' €
Aff , and the proof of this step is completed.

» Step (iv): In this step we show that if the tuple of constraints is an interior points
of all possible achievable tuples of constraints using different prediction functions,
then a point in C achieves its supremum in terms of objective E[(f(x), yo(x)] if
and only if it is in form of almost everywhere. This is an extension to
(Dantzig and Wald, |1951, Theorem 3.1) and its proof resembles to the proof that is
provided there. The sufficiency is already shown in Step (ii). Therefore, we only
need to show that if a prediction function in C maximizes the objective, then it is

155



Appendix C Appendix III

156

in form of ((4.8))).

Firstly, using Step (iii), we know that the space N of all points
(E[(f(x),y1(x))],-..,E[f(x), Ym(x)]) and the space M of all points

(E[(f(x), y1(x))],-..,E[f(x), yo(x)]) are compact and convex. Now, assume that
v=(8y,...,0) is an interior point of N'. Then, the corresponding set in M,
ie., By ={(8,..-,0m) € M : & € R} has a supremum and an infimum of the
first component that we name 6** and 6*. Now, since M is compact, then v** =
(6*%,81,...,0,) and v* = (8%, 9y,..., ;) are contained in M. Next, assume the
following two cases:

. &% = §*: In this case for all other points ¥ = (81,...,8,) of N, the corre-
sponding set B, in M is a smgle point. The reason is that if it is not so, then
we have two points v** (6 ,81,...,0,) and ¥* (5 ,81,...,0m) where
& > 38 . Now, since v is an interior point of A/, then on any direction in a
small neighborhood around v there exists a point v within . Let that direc-
tion be opposite the connecting line of v and v, i.e., let v be on a connecting
line of v/ and v*. Now, make a convex hull using the three points v/, v**, and
v*, which are all in M. Because of the convexity of M, the convex hull is
also a subset of M. Since v is an interior point of the convex hull, this means
that a neighborhood of v along any direction is inside M. Now, if we set
(m+ 1)th axis to be that direction, we contradict with the fact that 6* = 6**.

(See Figure[C.1)

Now, we know that in such case all points within A have one corresponding
point in M. Because of the convexity of M this is equivalent to M being a
subset of a hyperplane with the generating formula xo = }_" | kix; +ko. There-
fore, we have E[(f, wo)] = E[(f, L/ kiw;)| +ko for all f € A . Therefore,

for d > 2, if we set f; = (% .,%,l—{)(x),%,..., (J) ,%,...,%)
andfzz(%,...,%, O ,%,...,l—p(x),%,.. , (x%)forp() [0,1]%*

; .
J
, then we have

E[{f1,v0)] — flazkllll =E[(f2,%0)] - fz,Zkllfz

or equivalently
E[(1 - pla)) (v (x) — flkmff(x) )+ flkth’(x))] —o,

for all function p(x) € Ajf . A similar result can be achieved for d = 2 and by
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setting f1 = (p(x),1 —p(x)) and f> = (1 — p(x), p(x)). As a result, we have
= L kv () = wix) = L kv ()
t=1 t=1

forall i # j € [1 : d], and consequently

() — Y ki (x) =m[ax{wo Zktt/ft
=1

foralli € [1:n+1]. As aresult, there is a set of ky,...,k;, such that yp(x) —
Y | kiyi(x) has equal components almost everywhere. As a result, due to the
freedom of choice for 7(yp(x) — Y™, kiy;(x),x) where T € S; and when we
have more than one maximizer component, then, without loss of generality
we can assume that every prediction function f almost everywhere is in form

of T(Wm+l(x) - Z:n:l kil//i(x)v)C)'

. 6™ > 6" Insuch case, for all & € [6*,6**], we can show thatv = (&, ..., Iy)
is an interior point of M. To show that, we first find m points v{,...,v,, € N/
that are linearly independent and such that their convex hull include (51 sy Om).
Using the definition of M, for each of these points v; = (] L8, there
exists /; € R such that v/ = (h},8!",...,8/) is within M. Now, we add
the two points v** and v* to these sets of points. It is easy to see that v/'s
are linearly independent. Furthermore, we know that (6y,...,8,) is a con-
vex combination of Vs, i.e., Y;av} = (81,...,0,). As a result, if ;b —
v¥* =(0,...,0), then we have b; = a; for i € [1 : m]. Furthermore, we have
Yail, = Zb h, = 6**. Similarly, if ¥, ¢} —v* = (0,...,0) we have ¢; = g
and ):a,h’ Zc,h’ 0*. As a result, since 6* # 6** at least one of these
cases would not occur, or equivalently, the dimension of the convex hull of
Vi, v, v, v is of dimension m+ 1. As a result, v is an interior point of
this convex hull, and because the convex hull is (m + 1)-dimensional, it is an
interior point of M.

Now, since v** is a border point in M and due to the convexity of M there is
a hyperplane P such that it passes v** and it lays above all points of M. Since
v is an interior point of M, a neighborhood of v is laid under the hyperplane
P, hence v cannot be laid on the hyperplane. Therefore, if the generating
formula of such hyperplane is Y jkix; = Y.I" | k;6; + kod™*, since v is not
laid on the hyperplane we assure that Y./ | k;0; +koSo # Y. | ki&; + ko0 ™**, or
equivalently ko # 0. Hence, without loss of generality assume that ko = —1.
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This shows that for all points in (u, ..., u,) € M we have

m
kiui < 8™ =Y ki,
1 i=1

m
uyg —
=

or equivalently, by the definition of M, for all prediction function f, we have
m m
E[(f(x), yo(x) = Y kiyi(x))] <8 =) k.
i=1 i=1
Assuming that / € C maximizes the objective, we have
E[{(f(x), wo(x) = Y kiyi(x))] <E[(F(x), yo(x) = ) kiwi(x))].  (C.28)
i=1 i=1

This shows that almost everywhere whenA there is a unique maximizing com-
ponent j in yp(x) — Y™, kiyi(x), then fj(x) = 1. The reason is that other-
wise and if there is a set A such that u(A) > 0 and for x € A and a choice
of 1 €[0,1), € € R, and all ¢ # j we have w,{l+l(x) —Z§l1ki‘lflj(x) > e+
Vo1 (x) = XL ki (x) while f; <1—1, then we can make a function f(x)
that is f(x) = f(x) for x € X\ A and f(x) = [0,...,\1/,...,0] for x € A.
Such function leads to '

E[(£(x). wo(x) — ikiwm > elp(A) + E[(F(x), wo(x) — iw(x»] ,

that is in contradiction with ((C.28)). This completes the proof of this step.

C.9 Proof of Theorem

In the following, we introduce a few lemmas that are useful in our proofs.

Lemma 15. For every random variable X on R we have

lim Pr(t<X <t)= lim Pr(t <X <1)=0
Tt~ Tt

Proof. For each increasing sequence {7;}3>; we show that the first limit is zero, which
proves the claim that the function of 7 has a zero limit.
We define

Si — [Ti;t)7
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and notice that

Further, we note that

As aresult
Sfcssc..,
and
UJsi=R.
i=1

Next, because probability measure is o-additive, we conclude its lower-semicontinuity
(Klenkel 2013, Theorem 13.6), and therefore we have

limPr(X € S§) =Pr(X € U7, SF) = 1,

[—ro0
which proves lim; . Pr(X € §;) = 0.
We could take similar steps to show that since (;—;(¢,7/) = @ for decreasing 7/ we
have
limPr(X € (¢,7/)) =0.
j—yo0
[
Lemma 16. Let y; : X — RY be a bounded function. Further, we define two functions
C(k) =E[(f;o(x), w1 (x))]. D(k) =E[(f; (x), w1 (x))], and F (k) = E[{(f ; (x), yo(x))],
where [ IS defined in Theoremm Then,
1. C(k) is monotonically non-increasing,
2. C(k) is upper semi-continuous,
3. F(k) is monotonically non-decreasing,

4. D(k) is lower semi-continuous, and we have

5. limk/Tk C(k) = hmk’TkD(k)
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1. Firstly, let us define /;(x) = wo(x) — ky;(x). For the setting where p = 0,
the prediction function f ,(x) is defined as

1 i=min{ argmin (y;(x))(j)}
Jrolx,p) = j€ argmax (4 (x) . (C.29)
0 otherwise

Further, for kq,k, such that k; < kp, let us define j; and j, as the only non-zero
index of fi o(x,p) and f{ o(x,p), respectively. To show that C(k) is monotoni-

cally non-increasing we only need to show that (y1(x)) (j1) = (ff, o(x), ¥1(x)) >
(fr0(); w1(x)) = (w1(x)) (j2). Assume that this does not occur, or equivalently

(w1(x))(j1) < (y1(x)) (j2). In such case we have

max g, (x) @ (Cr, (x ))(JZ)
= (l, (x) (kz—kl)llfl( ) (j2)
< (ki —k2) (y1(x)) () +mjax (b (%)) (1)

k2) (w1(x)) (2) + (6, () ()

k2) (w1 (%)) (1) + (G (x)) ()
= (ekz( ))(12), (C.30)

where (a) and (b) holds due to the definition of j; and j,, and (c) holds due
to the assumption (y1(x))(ji) < (Wi(x))(j2). The last inequality is clearly a
contradiction, and shows that (f{ o(x), W1(x)) = (f, (%), ¥1(x)), and therefore
C(kl) > C(/Q).

/—\
\_/

Let us divide the space X" into two subsets

A= {x €X: | arglmax(ﬂk(x))(iﬂ :d},

By = {x €EX:| argmax(ﬁk(x))(i)‘ ell:d— 1]}
For each x € A, we know

1 i =min{ argmin (y; (x))(j)}
(fl:.,o(x))(i) = : 1

0 otherwise



C.9 Proof of Theorem@

Using previous part, we know that by increasing k we have no increase in (f;,(x), y1(x)),
and in this case since (f"((x), ¥ (x)) =min; (y;(x)) (), then this value cannot re-

duce with the change of k. Therefore, (f'((x), ¥1(x)) is a constant function for all

k' > k, and consequently E [(f,f,p(x), V1 (x))]x € Ag|Pr(x € Ay) is a constant func-

tion for k' > k.

If x € By, then for j ¢ argmax (¢;(x))(i) and I € argmax (£ (x))(i), we have
(€e(x)) () < (€(x))(1). Define the set Cg for § > 0 as

Cs ={x € Br: (L(x))(J) < (&(x)) (1) — 8}
Using Lemma [I5 we know that

lim Pr(B; \ Cs) =0,
6—0

or equivalently for all € > 0, there exists d such that
Pr(B,\Cs) < €.

Therefore, if without loss of generality, we assume that y;(x) is bounded by 1,
then there exists 6 > 0 such that we have

B [(f70(0), 1 (1)) € B\ Ca]Pr(x €8, \ C)
<y () Pr(x € B\ C) < e/2,

where (a) holds due to Holder’s inequality.

If x € Cg, and because we assumed ||y (x)||. < 1, then we know that by increasing
ktok' € [k—8/2,k+6/2), we have

7 = argmax/{y(x) C argmax i (x) = J. (C.31)
This means that

(fio(x), wi(x)) = min (wvi(®) () < min (w1(x)) (j) = (fio(x), w1 (x)).-

This, together with the previous part in which we showed (£}’ (x), Wo(x)) > (f}7 (%), Wo(x)),

concludes that (f((x), Yo(x)) = (/i o(x), Wo(x)). This means that E [{ T 0(x), Wo(x))|x €
Cs]Pr(x € Cs) is a constant function for all K’ > k .
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Finally, since we have

C(K") =E[(f o), w1 (0)] =E[{fr o(x), w1(x))|x € A]Pr(x € Ay)
+E[(fi o), w1(x))|x € Bt \ Cs]Pr(x € By \ Cs)
+E[(fio(x), ¥1(x))|x € Cs]Pr(x € Cy),

and because the first term and the third term in RHS are constant in terms of ¥’ and
for K > k, and the second term is diminishing, then we have

|C(K') —C(k)| = |E[(f5 o(x), w1 (x))|x € B\ C5|Pr(x € B\ Cs)
—E[{fio(x), w1(x))|x € By \ C5]Pr(x € B\ Cs)| < £/2+¢/2,

which is equivalent to say that limy, C(k") = C(k).

3. For p = 1, we know that the prediction function f;’ p(x) is obtained as

1 i=min{ argmax (yp(x))(j)}
f]zl(x) = Jj€ argmax £y (x) )
0 otherwise

If we define yj(x) := —yp(x), then we have

1 i=min{ argmin (y{(x))(j)}
flj,l (X) — Jj€ argmax (. (x)
0 otherwise

Since the above is equal to (C.29))), then using the first part of this lemma, we
know that £ [( fk | } IE [ fk | )] is monotonically non-increasing,

which is equivalent to F (k) =E[(f; (), w()( )ﬂ being monotonically non-decreasing.

4. This part is similar to the second part of the proof. In fact, if x € Ay, then we have

1 i =min{ argmax (yy(x))(j)}
(fia () (@) = e (¥ . (C.32)

0 otherwise

For kK’ < k and because of the third part of this lemma we know that (f | (x), Yo (x)) =

(f&1(x), wo(x)). Furthermore, because of ((C.32)) we know that (f;; (x), Yo(x)) =
max Y (x), and therefore by reducing k', the predlctlon function f}; | (x) stays con-

stant. As a result, E[(f | (x), y1(x))|x € Ag]Pr(x € Ag) is a constant function for
K <k.

Furthermore, similar to the second part of this lemma, we can show that for each
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€ > 0, there exists 6’ > 0 such that for all 0 < 6 < 6’ we have
E[(fi1(x), w1 (x))|x € By \ Cs]Pr(x €Bi \ Cs)

()
< [[y1(3)[[Pr(x € Bi\ Cs) < €/4,
(C.33)

Moreover, for the case of x € Cg, since in this case J C Z, then we know that

(fi1(0), wo(x)) = max (o (x)) (/) < max (yo(x)) () = (fir1 (%), Yo(x)). (C.34)
jeJg JET

Next, using the third part of this lemma, we know that for &’ < k we have (f}; Ji 1 (%), wo(x)) <
(f&1(x), wo(x)), which together with ( concludes that (f';(x), 0(x)>
(fo.1(x), Wo(x)). Next, because (yp(x ) kll/l( ))() (wo(x) — kw1 (x))(j) fo
i,j € 7, then we know that ‘(ék/(x))() (4 (x) ( = |(k—K) ((w] () (i) —
(y1(x))(j )) < 2|k —K'|. Therefore, if for i, j € J we know that (yp(x)) (i) =
(wo(x)) (/). then the difference between y; for those indices is bounded as

—

(1))~ (1 ) )] < 7] W) ()~ (wo(0) ()
+

<2lk—K]. (C.35)
Now, we know that because x € Cs, then (f{’;(x), y1(x)) = (w1 (x)) (i) for i €
argmax (wo(x)) (/). and (£} ; (x), w1 (x)) = (w1 (x)) () for j € argmax (wo(x)) (7).
J €
Hence, we can see thati € J CZ and j € Z, and because (yo(x)) (i) = (fi1(x0), wo(x)) =
<f/jf71 (%), wo(x)) = (wo(x))(j), and due to ((C:35)) we have

() v () = (i (), wi ()| < 20k =K,
as long as kK’ € [k— 8/2,k). Therefore, if we set 6 = max{d’,&/2} we have

[(fe1 (), w1 (x)) = (1 (x), wa ()| < &/2,
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and therefore

[E[(f7.1 (), v ()l € Co] ~E [ (0, wa (o) e G|

< B[] (100, 90 (0) — (fi (0, o) || < &/2
(C.36)

Finally, we can rewrite D(k’) as

D(K') =E[(fir,1(x), wo(x))| =E[{fii 1 (x), Wo(x))|x € Ag] Pr(x € Ay)
—l—E[(f,f/J(x), Yo (x))|x € By \ Cs|Pr(x € B\ Cy)
+E[(fr1(x), Wo(x))|x € C5]Pr(x € C5),

and because of ((C.33)) and ((C.36)), and since the first term is a constant function
in terms of k" and for all k" € [k — 8 /2,k], then we have

ID(K)—D(k)| < e/4+¢e/d+e/2=¢. (C.37)

This shows that D(k’) is lower semi-continuous around k' = k.

. To prove this part, we first divide X into two subsets

Gy = {x eX:| arg?ax(ﬁk/(x))(i)| = 1}, (C.38)

and Hy = X'\ Gy. We know that for x € G we have

« . _J 1 i=min{j € argmax/{p(x)}
S o(x) = fo 1 (x) = { 0 herise (C.39)
This concludes that
E[(fi0(x), w1 (x))|x € G] = E[(f5 (%), w1 (x))| x € Gy]. (C.40)

Moreover, let us define the set ‘I"]‘/ ={xeX:3ceR,Vje argmaxly(x), (y1(x))(j)=

c} . We show that sum of the probabilities of Hs \‘P’l‘/ is always bounded by 2¢ for
a set of choices for k’, or equivalently

Y Pr(xe Hy \¥Y) <29, (C.41)
Kek

for all finite or countably infinite choice of K C R™T. In fact, we know that for each

instance x, argmax (£;(x))(j) can take up to 2¢ cases of all subsets of {1,...,d}.
JE[ld]



C.9 Proof of Theorem@

Therefore, we need to show that there cannot exist two values of k, k" such that for
x € (H\W%) N (Hy \'PY) we have

argmax (6 (%)) (j) = argmax (e (%)) (). (C.42)
j j

If we prove such identity, then due to pigeonhole principle, we have
d
Z ]lerk/\\P’f/ <2 (C.43)
Kek

which by integration over all values of x concludes in ((C.41)). We prove this
claim by contradiction. If we assume k,k’ € K such that for x € (Hk\‘l”f) N

(Hk/ \‘P’l‘/) the identity ((C.42)) holds, then because x € H; N Hy, then the size

of argmax ({(x))(j) and argmax (¢4 (x))(;) is at least 2. This concludes that
J J

(Wo(x) = kyi1(x)) (i) = (o (x) — kw1 (x)) ()
as well as
(wo(x) = K'yi(x)) (i) = (wo(x) —K w1 (x)) ()
for all choices of i, j € argmax{x(x). As a result, we have
(k=K) (w1 () () = v (x) (/) =0,
and because k' # k, we have
(w1(x)) (1) = y1(x)) (),

for all i, j € argmax /¢y (x). Therefore, x € ‘P’f/ and that is a contradiction.

Now that we know that the sum of the probabilities of Pr(x € Hy \‘P’f/) is bounded,
we can renormalize that and make a probability measure as

k
. ZkeA,Pr(erk\ly/;)>o Pr(x € H; \‘P1)
Zk:Pr(xEHk\‘I’]f)>0 Pr(x € Hy \ ‘Plf)

g(A) (C.44)

Due to Lemma for all € > 0 we can find a small enough 6 > 0 such that
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g([k—8,k)) < &/2¢%!, and therefore for all K’ € [k — §,k) we have
Pr(x € Hy \W¥) < Y Pr(x € H, \ %))
re[k—8.k) Pr(xeH,\ ¥ )>0]

:g([k—S,k)) Z Pr(xEHk\‘Plf)
k:Pr(xeH\P¥)>0

€ ,a
§W2 :8/2,

where the last inequality holds because of ((C.41)).
Now, using this and due to ((C.40)), and by defining g;(x) = (f;";(x), Wo(x)) for
i = 1,2, we can bound the difference of D(k) and C(k) as

D) — )] = [Elg1 () — go(x)|x € Hy]Pr(x € Hy)

< Pr(x € Hy \‘{‘If/ |x € Hy)

E[g1(x) — go(w)] v € Hy \ ¥4

+Pr(x € Hy N ‘I’]f, lx € Hyr)

E[g1(x) — go(x)|x € Hp NP¥] (

(a) K
<2(g/2)+ ‘E[gl(X) —go(x)|x € Hy NP7 | ‘

where (a) holds because [| /7o — fi 111 < [Iffolli + [/ /l1 = 2 and because of
Holder inequality we have |(fo(x) = f1 i ()] < 1f5o — fialllwi ()]l < 2.
Moreover, to show that () holds we know that for x € ‘P]f, we have (y(x)) (i) =
(wi(x))(j) for all i,j € argmaxfy(x). Therefore, because we know go(x) =
(wi(x)) (i) forie argmin  (y3(x))(j) € argmax (¢ (x))(I) and g; (x) =
J€ argmax (ék/ (x)) () !
l
(wi(x))(j) for j € argmax (wo(x))(j) C argmax (¢ (x))(I), we have
JE arg;nax (fk/ (x)) (1) l

go(x) = g1(x). The above inequality proves that the limit of C(k’) and D(k’) for
k' 1 k are equal and that completes the proof.

0

To prove this theorem, we take the following steps: (i) We show that the set K has a
non-negative member, (ii) we show that the prediction function f p(x) achieves the in-
equality constraint tightly, and by Theorem @ we can conclude that f;' p(x) is the optimal
solution.

* step (i): It is easy to see that the Bayes optimal solution of the prediction function
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in ((4.3)) without any constraint is

L (wo(x)) (@) > (wo(x)) (/) forall j # i
(ffx))H=4q o0 (wo(x)) (i) < max; (wo(x)) (/)

pi(x) otherwise

where p;(x) € Ay is an arbitrary vector. We can see that by setting

1 j=min{ argmin (y;(x))(t)}
(pi(x)) (j) = t€ argmax £o(x) ,
0 otherwise

then the two prediction functions f*(x) and fg,(x) are equal (See statement of
Theorem 7).

Now, in the first and second part of Lemma16{we have shown that E[(f7 o (x), w1 (x))]
is upper semi-continuous and monotonically non-increasing. Therefore, for all
k € R™ we have

E[(fio@), wi(x)] <E[{f50(x), y1(x))] = E[(f*(x), y1(x))].

Similarly, we can show that for k — oo, the solution is equivalent to the Bayes
minimizer of

£ (x) = argminE[(f(x), w1 (x))].

X
feA?

Therefore, since 0 is an interior point of all possible values, it lays on the interval
(E[(F(x), w1 (x))],E[(f*(x),y¥1(x))]). due to the montonicity and upper semi-
continuity of E[(f;", Wi (x))], we can find ¢ such that

E[{fo(), w1 (0))] < 8 <HmE[(£¢o(x), 1 (x))]. (C45)

Moreover, this ¢ should be a positive scalar, since otherwise we have
E[{f7o(x), w1(x))] > E[(f50(x), ¥1(x))] =E[(f*(x), y1(x))] > &,
which is a contradiction to ((C.45)).

* step (ii): In this step, we consider the following two cases:

— C(r) is continuous at 7: In this case, ((C.45)) is equivalent to 6 = C(t) =
E Iio(x), wo (x))], which means that the prediction function f;(x) achieves
the constraint tightly, and therefore using Theorem @ fio(x) is the optimal
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solution.

— C(t) is discontinuous at ¢: To show that we can achieve the highest constraint

in this case, we first condition the constraint into two events x € G and x €
X\ G, where Gy is defined in ((C.38)). We know that in the latter case x €
X'\ G, the prediction function f;' p can be decomposed into two components

Jep(®) = pfici(x) + (1= p)fio(x), (C.46)

while for x € Gy the prediction function fi’ ,(x) = fio(x) = fi,(x) for all
p € [0, 1]. Therefore, in both cases ((C.46)) holds, and we have

E[(f7,(0), w1 (0)] = E[{p £ (¥) + (1= p) fi o), w1 (x))]
= PE[(f1 (0, v ()] + (1 - pE[(fFo(x). v ()]
= pD(K) + (1 - P)C(K). (€47

where C(-) and D(-) are defined in Lemma [16] Using this lemma, we know
that D(-) is lower semi-continuous, and limy C(k) = limy; D(k). There-
fore, together with and the definition of p in the statement of theo-
rem, we have

E[{fep (), Wo(x))] ZP}Ci,%{lC(k/) +(1=p)C(k)
_ C(k)—c im /
_C(k) — limk/Tk C(k’) }C’TkC(k )

C— limk/Tk C(k’)
C(k) — limk//rk C(k/)

C(k) =c. (C.48)

Equivalently, the prediction function achieves the constraint inequality tightly,
and therefore by Theorem [f] this is sufficient to be the optimal solution to the
constrained optimization problem.

C.10 Proof of Theorem

Through the proof of this theorem, we use (Blumer et al., 1989, Lemma 3.2.3) that
implies that the class of multiplications of k binary functions f;(x) for i € [1 : k] within
a hypothesis class with VC dimension VC(f;) = d itself has a VC dimension that is
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bounded as

k
VC({[1/i: fi e Hi,VC(H;) = d}) < 2dklog3k. (C.49)
i=1

S/

H
In fact, we use a simple extension to this lemma for which the VC dimension of the
functions is not d itself but is bounded above by d. In such case we claim that ((C.49))
still holds. The starting point for the proof to this lemma is bounding the size of the
restriction [Ty (S) = [{hANS : h € H}| for the hypothesis class H by
em. d

My (8) < (7). (C.50)
where VC(H) = d and m = |S|. However, this inequality holds for the hypothesis classes
that have VC dimensions that are bounded by d. The reason is increasingly monotonicity

of RHS of ((C.50)). In fact, by obtaining the gradient of (%)d in terms of d we have

a(%)d B a(edlogem/d) B
5= 57 = (logem/d —1)(

ems- d
=)

which is nonnegative as long as m > d. If we particularly set m* = 2dklog3k, then
m* > d and therefore ((C.50)) holds. Next, similar to the proof of (Blumer et al.l [1989]
Lemma 3.2.3), we can show that for the set S with size m* we have

em” )dk

< om’
d b

k
Iy (S) < Iy, (S) < (
which means that S cannot be shattered by #’, and therefore the VC dimension of this
hypothesis class must be bounded by m*.

We further use the following lemma:
[]

Lemma 17. For arbitrary sets of functions {¢}(x)}_, and {9i(x)}"_, on R and for a
given d € R the hypothesis class

n
H = {[]sen(¢i(x) —k¢5(x) —d) : ke R},
i=1
has the VC dimension of at most 4.

Proof. To prove this lemma, we show that the form of the product in the definition of H
reduces to the form of an interval on R, which is known to have VC dimension of 2. In
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fact, each term sgn(¢! (x) — k@i (x) —d) can be rewritten as

sen(9f (x) — k93 (x) — d) qgn(%—k>sgn(¢5<x>>+sgn<k A )sgn(~93(x))
+sgn(9](x) —d)I 94 (x)=0

As a result, by multiplying all terms we have

n

Hsgn(¢f(x) — koS (x) —d) = sgn(min (P;)(Z()) —k)sgn(k — max 204 ¢2 H sgn(o} (x
-1 ic Ay icBy ieC.

(C.51)

where A, By, and C, are defined as A, = {i € [1 : n] : ¢i(x) >0}, By={ie[l:
n] : ¢i(x) <0}, and Cy = {i € [1:n] : ¢5(x) = 0}. Now, we see that the first two

terms define an interval for k € (fi(x), f2(x)) where f1(x) = max;ep, HD—d 4nq f(x)=

95 (x)
%( () B . Next, we prove that the VC dimension of the hypothesis class of all such

functions is less than the VC dimension of G = {f : R xR — {0,1} : f(x,y) = sgn(x—
ki)sgn(ky — ), k1,ky € ]R}. The reason is that if the aforementioned interval can shatter
a set S, then we can find the corresponding values of f)(x) and f(x) for each x € S, and
then form the pair (x;,y;) where x; = f)(x) and y; = f>(x), and by setting k; =k, = k, we

mlnleAx

can shatter the set {(x,-,y,-)}l.‘jl with G. Note that here all pairs are identical. The reason
is that if not, i.e., if fi(x) = f1(*') and f>(x) = fo(¥') for x,x’ € S and x # X/, then, for
all possible k, we have sgn(k — f1(x))sgn(f2(x) — k) = sgn(k — f1(x'))sgn(fo(X') — k),
and therefore we cannot shatter S by sgn(k — f1(x))sgn(f2(x) — k). Therefore, the set
{(xi,yi)} El has the same cardinality of S, which in consequence proves that the VC di-
mension of all sgn(k — fi(x))sgn(f2(x) — k) is bounded by VC(G). Moreover, VC(G) <
4, since for each 5 points in two-dimensional space, one is in the convex hull of the oth-
ers, and in case that all others are labeled as 1, the one in the convex hull also must be
labeled as 1. As a result, G cannot shatter 5 points, and therefore VC(G) < 4.

Up to now, we have shown that the class of functions equal to the first two terms of
((C.31)) has a VC dimension that is bounded by 4. Next, we show that multiplying a
hypothesis class H with a binary function ¢ (x) does not increase the VC dimension of
that class. More formally, if we define

H={o(x)f(x): feHS,

then VC(H) < VC(H’). The reason is that if we can shatter a set S using H, then for
each member x € S there exists two members f1, f> of H' such that f1(x) =1 and f>(x) =
0. This means that ¢(x) # 0, because otherwise fi(x) = 1 would not be achievable.
Therefore, ¢(x) = 1 for all x € S, and as a result similarly ' can shatter S, which
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proves that VC(H) < VC(H').

Finally, since we know that the class of all functions in H is in form of sgn(k —
f1(x))sgn(f2(x) — k) multiplied with a binary function, then we conclude that VC(H) <
4. L

To prove the rest of the theorem, we need to show that for all choices of k and p the
difference of the empirical and the true loss is bounded. In fact, we should find a bound
in form of

Pr sup [Es: (£, (0. o)) ~ B {7 (), volo)] | € ) 2 1 —e.
P

Here, we divide the class X" into two subsets G and Hy = X'\ Gy, where Gy is defined

in ((C.38)).
Now, using the definition of f (x), we know that within Gy, the inner-product (f;" ,(x), y1(x))
can be rewritten as

iep (w1 () = (w1 () ) Cargmax (6()) (1))

1

I
M=

Y (v <x>><j>£1sgn((ek<x>)<j> — (4()) (i)
J= 17
d
— ; (w1 (x))(j) I;Isgn<(ll/0(x)) () = (wo(x) (0) = k[ (v1(x)) (j) — (w1 (x)) (,')D .
0 ’

Now, we can condition x on being a member of Gy, and therefore the maximum differ-
ence between the two empirical and true expectation is as

supl B (i (x), ¥4 (1) 13 € Gu] ~ By [{£7 () ¥4 () x € G|
P

d
< lekup Egn [(Wl (0) () - Bk (x) | € Gk] ~E, [(1,/1 () () - Bk (x) | € Gk] ] (C.52)
j=1k.;p

Now, we bound the inner term of ((C.52)) in a high probability setting. To that end, we
use Rademacher’s inequality in (Shalev-Shwartz and Ben-David, |2014, Theorem 26.5),

which shows that maximum difference between the expected value of a function h € ‘H
over empirical distribution and the true distribution is 2R(H) + 4c # where R(H) is
the Rademacher’s complexity of the class of function H and ¢ is maximum value that &
can take. By defining

h(x) = (y1(x)) (/) - D),
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we have ¢ = || (y1(x)) (j) |- < 1. Therefore, we have for all 4,

sup Egn [h(x)] — Ey [h(x)] < 2R(H)+ 4 ln4d/€’ (C.53)
heH n

with probability at least 1 — £. Now, we can use contraction Lemma (Shalev-Shwartz
and Ben-David, 2014, Lemma 26.9) to show that since || (y1(x)) (j)||e < 1, then R(H) <
R(F), where F = {CIDIJ< (x),k € R}. Moreover, F contains functions that are all multipli-
cation of d — 1 binary functions all in form of

sen (1) () = (¥1(0) (0) = k[ (o)) () — (wo() ()] ).

Lemma|[I7]shows that the hypothesis class that contains products of all such function has
a VC-dimension that is bounded by 4. As a result, the Rademacher’s complexity of F is
bounded using (Mohri et al., 2018}, Corollary 3.8, Corollary3.18) as

R(F) < /410gnen/4’

and therefore together with ((C.53)) for all 7 € H we have

Egn [h(x)] —Ey [h(x)] < 2\/@4_4\/@’

with probability at least 1 — 5. Hence, using ((C.52)) we have

sup [Bgs (£ (x), 1 (0) [ € Ga] = By [{F7, (), w1 () | v € G|
P

gzd\/MJﬂm/w, (C.54)

with probability at least 1 — €. In the last inequality, we used Bonferroni’s inequality on
€/d bad events that each summand of ((C.52)) is not within the concentration bound.

Next, we consider the region Hy in which there are at least two maximizer components
of {;(x). In this case, by definition of f ,(x), among these maximizers, we choose
the first maximizer of yy(x) with probability p and the first minimizer of yj(x) with
probability 1 — p. Therefore, by condition on these cases, and if we define

E(k,p) = ‘Esn [(Frp ), w1 (x)) |x € H ] = B [(frp (), w1 (x)) | x € Hy] ’, (C.55)
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then we have

supE(k,p) < suppE(k,1)+ (1 — p)E(k,0) < supE(k,1)+supE(k,0). (C.56)
k.p k.p k.p k.p

Now, to bound E (k, 1), we first rewrite the closed-form solution of f 1 (x) as

(e @) = sen((6:x)) () = max (64(0) (/) =) [Ty [ Ty, (C.57)

j<i j>i
where /;;(x) and u;;(x) are defined as

lij(x) =1 L o) i< (wo) (0 (69) () 2mans (60) )7

and

i) = 1= Ly ) i< (w00) )] (60) () 2mae (6609) 01

respectively. Note that the only difference between the definition of u;;(x) and /;;(x) is
that u;j(x) permits the equality of (Wp(x))(i) with other components, while that is not
the case for /;;(x). This difference lets us find the first component with the largest value

of yp(x).

Now, we can rewrite sgn ( (e (x)) (j) = max; (€ (x)) (t)) as the product

sen () (/) = max (6(x)) (1) =d) = T sen((4(x)) () = (Gx) (D).

1€[1:d]

As shown in Lemma the class of such function has VC dimension of at most 4.
Furthermore, multiplying a hypothesis class with a function such as sgn(( wo(x)) (i) >

(wo(x))( ])> and sgn( (Yo (x)) (i) > (wo(x))( ])) does not increase the VC dimension
(See proof of Lemma [[7} and neither does negation. Therefore, in RHS of we
can count d number of functions, each with a hypothesis class with the VC dimension of
at most 4, and therefore using the early discussions in this proof (C:49)), (f.1(x)) (i) is
within a function class with the VC dimension of at most 8d1og(3d). Therefore, similar
to ((C.54)) in previous part, we can bound sup; , E(k, 1) as

supE(k,1) <2d

k.p

\/ 8 log(3d) log(en/ (8d log(3d))

Indd
L gqy ) m4d/E (C.58)

n
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for [ > 8dlog(3d) with probability at least 1 — €.
We can similarly, show that sup; , E(k,0) is bounded as

\/ 8 log(3d) log(en/ ((8n+8)log(3d))

n

oy /ln4:li/£7 (C.59)

Therefore, using ((C.54)), ((C.53)), ((C.536)), ((C.58)), ((C.59)), and the application

Bonferonni’s inequality we have

supE(k,0) <2d
k,p

sup [ [0 Yo ())] — B (75, (), yole)]

8dlog(3d)log gt In12d
\/ l (8n+8)log(3d) 1124 n=—

— dy(e), (C.61)

<6d (C.60)

with probability at least 1 —¢e. Therefore, by assuming Eg: [(ff ,(x),y1(x))] < a —

dn(€), we assure that By, [(f; (%), v (x))] < o, with probability at least 1 — ¢, and this
completes the proof.

C.11 Proof of Theorem

We first introduce three lemmas that are useful in proving this theorem.

Lemma 18. If § is an e-interior point of the set C = {E, [(f(x),y1(x))] : f € AT},
then § is (¢/2)-interior point of D = {Eg [(f(x), w1 (x))] : f € AY } with probability

12

1—2e 4.
Proof. The proof of this lemma is a direct application of Hoeffding’s inequality. In fact,
for ||y || < C that inequality together with Holder’s inequality imply that

2

Pr([B [(£0), w1 ()] ~Esr[(£(0), va(x)] | > £/2) < e7icx.

Therefore, if there exists fi such that E, [(fi(x), y1(x))] = €, then with probability at

2

least 1 — ¢ 4 we have Es [(f1(x), y1(x))] € [€/2,3€/2]. Similarly, if f> exists such that

n£2
Ey [(f1(x), w1(x))] = —¢, then with probability 1 —e™ 4 we have Eg: [(f2(x), y1(x))] €
[—3€/2,—¢€/2]. As a result of Bonferroni’s inequality, with probability at least 1 —
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I182

2e 4% both these events happen, and because of the convexity of the set D we can say
that with such probability all values between ag € [-3€/2,—€/2] and a; € [¢/2,3¢/2]
are in D too. This, of course at least contains the interval [—€/2,€/2]. O

Lemma 19. Assume that we have an approximation i(x) of yi(x) with the error
bounded as || (x) — W1 (x) || < €. Further let € € R" such that € > €. Now, if for
o € {—¢,€'} there exists a rule f € Ay such that By, [(f(x), y1(x))] = 8 + 0, then there

exists k € R as well as p € [0,1] such that Ey [(fi p(x), ¥1(x))] = § + &35,

Proof. Firstly, because of Holder’s inequality we know that

By (£, w1 ()] ~ B[, 91 ()] | < ellfi, 0l =,

for all f € A . Therefore, by setting o = €’ and ¢ = —¢€’, we can show that for f; € A
such that

Eu[(i(x), y1(x)))] =8+,

then

Ey [(fi(x), ¥1(x))] > 5 +¢& —e,

and where for f, € Af

Eu[(f2(x), 1 (x))] =8 - ¢,

then

Ey (2. 91 (x))] <8¢ +e.

Now, because of step (iii) of the proof of Theorem|[6] we know that the set of constraints
for all rules within Aff is convex. Therefore, since we can achieve two points f1, f>
such that the constraint E, [(f;(x), {1 (x))] can achieve two points above & + €’ — € and
below & — €’ + ¢, then for each ¢ € [§ — &'+ ¢€,5 + &' — €] there exists f € AT such that
Eyu [(f(x), ¥1(x))] =c. Now, letc =6+ *7,—2_8 In the following, we show that there exists
k € Rand p € [0,1] such that further E,; [(f,(x), ¥1(x))] =c.

To that end, we first remind that Lemma shows that E,, [( Fro(x), 1 (x))] is mono-
tonically non-increasing in terms of k. We show that for k € R~ we have max {;(x) —
(feo(x), ¥i(x)) < —%. The reason is that if j € argmax (Yp(x) —k¥i(x)) (/) and j/ €

1

argmax (P (x))(l), then we have
l
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which concludes that
—k[(91(x) () = (01(x) GN] = (W) (j) — (W (x)) () > —2.
Therefore, since

Ey, [( argmax 1 (x), ¥ (x))] = max Eu [(f(x), ¥1(x))] > 8 +¢ —e,

where the last inequality holds due to the existence of f, then for k < —8/(¢' —€) we
have
- 2 e —e

E“[<fk70(x),lf/1(x)>}25—|—8/—8—m25+3 1

Similarly, if we let k > 8/(€’ — €) we can prove that

/_
By [(feo(), 1 (x))] <8¢ +e+20 <535 ) £

As a result, the set C = {k : Ey[(fio(x),¥1(x))] > ¢} is non-empty and bounded
below by — 8,§ - Therefore, its infimum exists and is also bounded below by — SE -~ Let
us name that infimum k. Now, if Ey [(fi00(x), ¥ (x))] is continuous at k = k, then we
can show that Ey [(f; ,(x), ¥1(x))] = c. If not, then as shown in step (ii) of the proof of

Theorem@ and in particular in ((C:48))), there exists p such that E, [( fk (%), W (x)] =
c. This completes the proof. [

Lemma 20. If | W — Yol < & and || — Y1l < 61, and for k € [-K,K], and k' <
k— Mfor T € R*, then we have

E[{fro.0(x) = fi o(x), wi(x))] < T

Proof. The proof of this lemma bears similarity to that of Lemma Here too, we
define /(x) = Wp(x) — kP (x). Next, we have

1 i=min{ argmin  yq(x)}
Fro(x) = i€ argmax ({(9)) (1) . (C.62)

0 otherwise

Next, we need to show that (l//l (x))(jl) = (reo(x), y1(x)) > <fk,0,0(x)> W(x) —T =
(wo(x))(j2) — T. Assume otherwise, meaning that (v (x))(ji) < (vi(x))(j2) —T. In
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this case, we have

A

max 5,(x) < (0,() (j2)
= (€(x)) () + (W0 (x) — wo(x)) (j2) — k(91 (x) — w1 (x)) ()
x)) (j2) — (k=K (v1(x)) (j2) + (Vo (x) — wo(x)) (j2)

raun

= (i
— k(¥ (x) — y1(x)) (j2)
2 (000) () — (k) (w1 () (o) + (0 KBY)
€ (00) () = (k=K (V1 (00) (1) = (k=K T + (8 KB)
L (o) (1)~ (ke K) (n () G1) — (k— KT + (8 + K8)
2 (@) ) — - () () — 22K (k)

T

) )
() Gir) — (B0 - K81) — (90(x) — vol)) () + & (91.(x) — w1 () (i)
2000 1) — (30 K81 + (80 + K8) = (%) (),

which is a contradiction. Note that (a) holds because of definition of j, and ((C.62)),
(b) holds due to approximation assumptions || o — Yo || < 8 and || P11 — Wil < 01, (€)
holds because of the assumption (y1(x))(j1) < (wi(x))(j2) — T, (d) is followed by the

definition of j; on maximizing ¢y (x), and (e) holds because k > k' + M, and (f)
is followed by approximation assumptions. O]

In order to prove this theorem, we define a measure of distance between two rules
fi.fo € AR as

Di(f1,f2) == E[{fi(x) — f2(x), wo(x) —kyr (x))]. (C.63)

Using this measure of distance, the difference of objectives between two rules f; and f>
can be written as

E[{f1(x), wo(x))] —E[(/2(x), vo(x))] =D (1, f2)

K (B[ () v ()] = E[(S0), w1 ()] )
(C.64)

Therefore, if two rules achieve similar constraints, and if Di(f1, f2) is small enough, we
can prove that the two rules achieve similar objectives too, since k is bounded above by
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K.

In fact, if we let f1(x) = f¢ ,(x) and fo(x) := fk » Where k and p are optimal solutions
as in Theorem (7, then due to this optimality, and because E (fi ppW1(x )} < 6 with
probability at least 1 — € as shown in Theorem [§] then LHS of is positive with
at least the same probability. In this proof, we show that how large is that term, and
therefore, we show that how sub-optimal is f; 5 in terms of the objective.

To that end, we first bound the difference between constraints. This bound can be
achieved similar to the proof of Theorem|[§] In fact, there we showed that if the empirical
constraint Egn [( Jip W (x))] < & —dyu(r), then using ((C:60)) the true expectation is
bounded as E, [(f; 5 V1(x))] < & with probability at least 1 — . However, ((C:60))
is symmetric in empirical and true constraint, i.e., if we show that Eg: f;{ » VI (x)] >
8 —dy(7), then we have E, [(f; 5 V1(x))] > 8 —2d,,(m) with probability at least | —

To show Egn [(f;(’ﬁ, Vi1 (x))] > 8 —d,(m), we follow three steps, (i) because & is (g, &,)-
interior point of the set of constraints, i.e., (0 — &,0 + &,) is a subset of all plausible
constraints, then 6 — d, () is (81 —dy(m), €, +dy(m))-interior point. Now, using Lemma
[18|and by setting &’ = min{g, — d,(7), &, + dn(7)} we can show that § — d,,(7) is €/2-

2
interior point of the empirical constraints with probability at least 1 —2e™ =S , (i1) using

the first step and assuming d, () < g/2 we conclude that 6 — d,(7) is d,(7) / 2-interior
point of the empirical constraints with the aforementioned probability, (iii) because of

nel?

Lemma |19, we conclude that for € = d,,(7)/2, and with probability at least 1 —2¢™ 4~
, » N dn(m)/2—

there exists k € R and p € [0, 1] such that Eg: [(fi »(x), Y1 (x))] = 6 —du(7) + % =

0 —d,(m). As aresult of the above discussion we conclude that with probability at least

| —7—2¢"% there exists k and psuchthat 8 > E[(fi ,(x), w1 (x))] > 8 —2d,(x). Now,
since we know that E[(f (x), yi (x))] =E [(f,:p (x), w1 (x))] = 8, then we have

0 <E[(fi(x), w1 (x))] —E[(f2(x), y1(x))] < 2d)(m), (C.65)
with probability at least 1 — 7 — 2e’#.

The above discussion together with and the assumption of boundedness of k
shows that the difference of objectives is bounded with a high probability, if we bound
Dy (f1,f2). However, before we proceed with bounding that term, we should derive a
relationship between k and k* for the reasons that we see in proving boundedness of
Di(f1, f2)-

We have already shown that there exists p € [0, 1] such that § > E [( ffc,ﬁ’ vi(x)] > 86—

2d;(r). Here, Lemma shows that for k' = k — M we have E [(f]:‘, 0 Wi (x))] >

n rs/2
0 — 2d;(w) — T with probability at least 1 — & —2e~ 4 . Moreover, using symmetry in
Lemma 20| and for k" = k + (50+K51) we have E[(f o(x x) — fe(x),¥1(x))] < T. Now,
since ||y (x) — ¥1(x)[e < 8, using Holder’s inequality we conclude that E [(f}, ,(x) —
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Je(x), ¥ (x))] < T +28), and consequently E[(f; (x), ¥ (x))] <& +T +28

Now that we have found a lower-bound on constraint of the rule f;" q(x) for g =

m, then if we find an upper bound on the constraint of the rule f;., ,(x) for an

e € R™, then we can use monotonicity of the constraint of f; in terms of k and prove a
relationship between k and k*. To that end, we use detection assumption with which we
can show that

E[(f

< &= _
st V100 S8 200() T

Y—
where we assume that d, () < —(CA)Z r

E[<fl:*+é(2dn(ﬂ)+T)l/V’ yi(x))] < E[<flj’,07 vi(x))],

. Now, using previous discussions conclude that

72

with probability at least 1 — 7 — 2e~ "7 . This together with the first part of Lemma
shows that k' < k* + £ (2d,(7) +T) 17, or eguivalently k<k*+ w + £ (2du(m) +
T) 1/7 with probability at least 1 — 7 — 2e~ "7 . Since we know that Y is clamped above by

1, and using the inequality (1+x)* < 14ax fora > 1 we can substitute the above inequal-
1y
dl'l . . . .
ity with k < k* 4 2(50;K51) + (2 (g)) (1 —+ 7/(2dn(TJT))1/7)' Now optimizing over T leads in
T = /2YC(8 + K &), which concludes that k < k* + A,k with the aforementioned prob-
1y
2d, Y_ F]
( (g)) ) 2(50;5(61) (1) < (CA) \/ZgC(BoH( 1)

, if we have d,,

ability, where A,k =

Similarly, using sensitivity assumption, we have

E[(f

k*+%(231+T)1/7(x)’ yi(x))] = 6+26 +T,

where (ELCT)W < A. Next, using previous discussions conclude that
E[<fk*+%(261+r)1/7(x)’ Vi (x))} = ERka,o(x)a Vi (x)ﬂ,

with the aforementioned probability. This, again, together with the first part of Lemmal[I6|
shows that k" > k* — £ (28, + T)'/7, or equivalently k > k* — (28 + T)'/7 — M
Therefore, by setting T = 1/2yC(& + K8;) we conclude that k > k* — Ajk where Ajk =

(28+y/2rC+k5))

, and assuming c <A.

(251C)1/V s

2(80+K5))
T

Next, we turn into bounding Dy« (f1, f>). To that end, we first note that

te(k7) := (fie p (%), Wolx) — K7y (x)) = max (wo(x) =k w1 (x)) (7), (C.66)
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for all p € [0,1]. This is followed by the definition of f. (-). Similarly, we can show
that

(k) := (fi (), Po(x) — k"9 (x)) = max (Yo (x) — kg (x)) (),
for all p € [0,1]. Now, we can rewrite D+ (f1, f2) as

DMﬁJﬁzEuﬁ (%) = fr (%), Wo — K"y (x))]

= Bl (k)] = E[(f; (%), o — K1 (x))]

PAHERMw%%%@}
—B[(f; ), (Wo(x) = Po(x)) — k(1 (x) — ¥ (x))]

Bl )] ~ B[y (), Yo — K 1 ()] + & + K
— Bl ()] — EliB)] + (6 ~ D[y 5 (3), Bo(x))] + 8o+ K

(b) .
< Elry(k)] — E[fu(R)] + K — kK + 8+ K3, (C.67)
where (a) and () hold due to Holder’s inequality.

Next, we show Lipschitzness of 7(k) using its structure. In fact, due to its defini-
tion, 7(k) is the maximum of a set of lines with {#; = (o (x)) (i) — k(1 (x)) (i) 1 in
terms of k with slope m; = — (¥ (x)) (i) and y-intercept of b; = (yp(x))(i). Therefore,
such piecewise-linear function has a Lipschitz factor equal to the maximum slope of the

lines, which in here is equal to max;m; = max; ‘ (wi(x)) (z)’ < 1. Therefore, t(k) is a
1-Lipschitz function. Therefore, using ((C.67)) we can bound Dy-(f1, f2) as

Di(f1, o) < Elty(k) — £ (k)] +2|k* — k| 4 8 + K&,
ZE[mlaX(llfo(X)—fﬂlfl(X))(i)—mle(lifo(X) kg () (i) +2[k" — k| + 80 + K81

(a) A
<2|k* —k|+2(6+K),

where (a) holds because each component of (yp(x) — kyi(x)) and (Pp(x) — &k (x))
is bounded by &y + K&, and because the maximum operator is a norm, and therefore
satisfies sub-additivity. Finally, since we have bounded A < k* — k < A; with probability
at least 1 — 71 — 2e—"€"/ 4 then we have

Di(f1,/2) < 2max{A,A;} +2(8 + K&)

_, Cemax{d(m).8))"7 28 +K8)

C yC

+2(80+ K1),
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with such probability. This, together with ((C.64)) and ((C.65)) shows that

1y
E[{f1(x), wo(x))] —E[(f(x), yo(x))] S2(2max{a’,l(cyr),51}) L M}CK&)

+2(8+ K&)) +2Kd,(7),

which completes the proof.

C.12 Proof of Theorem 16|

To prove this theorem, we first prove the following auxiliary lemma

Lemma 21. For o, € > 0, the following holds

id; — di<e- d;
min <aZr min Zrl max| |

ri>0, Zl 1 i< ri>0, Zl 1r,<Oc+£

Proof of lemma. We know that for every positive vector r with Y/, r; < @+ €, we could
rewrite that as a sum of two vectors r = r’ +r” for which

N\

and

r§'§8

-

1

As a result, we can rewrite min, >oy»  r<o-te Y rid; as

n
min Z rid;>  min min Z (ri4+7r)-d;
By

riz0 Y risotg (= F>0Y0 ri<ar! >0y r<e;

. / !
= min  rd; + min Z rld;.

r>0Y"  ri<a />0y rf<e =
Hence, we have that
min Zrd —  min rdiz—‘ min Zr”d|
riz0 Y0 riote (= ri>0YL  ri<a >0y rf<e (=

(@ &
> =Y r{- max |dj| > smax\d\

=1 i€[l:n] i€[1:n]
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where (a) holds using Holder’s inequality. O

Next, we know that the optimal deterministic deferral policy should satisfy

min =Y () u (xi, yi,mi) + (1 —r(x;)) - Lag(xi, i)
r(xi)e{0,1}, Ly, r (x,)<bnz ( )
T : i + min o r'xl € Xi, Yi, Mj 15 XiyYi
”Z ) r)ef01), 10 (x,)<bnlz‘1 (Crr (i yiymi) = Car (xi, 1))

@1 lar(xi,yi) + min =) r(x;) (Cu (xi,yi,m;) — Lar(xi,yi) ),
ZAI Yi) r(xi)e{o,l},):?zlr(xi)ngnJni:Z{ ( )(H( Yismi) —Lar( Y))

B
where (a) holds because r(x;) € {0, 1} and therefore Y r(x;) < bn if and only if Y r(x;) <

|bn]. Now, we turn to examining B. To that end, we first consider the following opti-
mization problem:

n

1
min — 2 (i) (G (xi, yiy mi) — Lar (i, yi) ) (C.68)
r(xi)€[0,1], ,'Llr(xi)SLbnjn; (i) (€t (e yiy mi) = Lar (32, 3i))

For a minimizer r* of the above problem, we could form f as

P ri(xi) (X, yiymi) = Lar(xi,yi) <0
l 0 Ly(xi,yi,mi) —Lar(xi,yi) >0

One can see that £(x) is also a minimizer of the above problem. Hence, without loss
of generality, we assume that there is an optimal deferral policy that has only non-zero
value when (x,y,m) € A = {(x,y,m) € D :}. Furthermore, we know that since #(x;) < I,
then Y; 7#(x;) < min{|nb|,|A|}. We argue that this inequality does not hold in a strict
form, i.e., we have ¥; #(x;) = min{ |nb|,|A[}. The reason is that otherwise one can find
7 (x) € [0,1]F such that X vy mi)eA f(x;) + 7 (x;) = min{nb,|A|} and because of nega-
tivity of £ (x;,vi,m;) — £as(x;,vi), we can strictly reduce the objective function that is a
contradiction.

Next, we order £g (x;,yi,m;) — £as(x;,y;) increasingly and we name them d;. In fact,
we define k; such that d; = (g (xk  Vkjs Mi; ) — EAI(xkj,yk ) and thatd; <d... <dj <0.
For the sake of s1mp11c1ty, we further define r; := r(xy;). As aresult, the optimization
problem in ((C.68)) can be rewritten as

Zd

Here, we show that the optimizer of the above problem is r; = 1L;<yin{ (] 4]} TO show

i€[0,1], X1 lr, mln{ |nb|, |A|}
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that, we consider 7, € [0, 1] such that Y7, 7. = min{|nb|, |A|}. Then, we have

Y Licoming(nb) ja)ydi — Y ridi = ) (Li<min{ np) ja[} — 77) - di
i=1 i—1

i i< min{ | np) A} — T/ <O

+ ) (Li<min{[np) Al — 1) - di. (C.69)

i Licmin{ [np),|ap} —77>0

Now, since we know that }.; 1< min{|np),)a} = L ri, we can define a parameter Q as

Q:= ) Li<min{ |} JA]) — 77 = ) ri = Licmin{[nb]. a1}
i Licmin{ (b, Ja} —71>0 i Licmin{ (b, Ja} —71<0
(C.70)
Next, by defining p; := M for is in which 1;<ing|nb], 4y — 7§ > 0 and g; :=
ilizmind LA o s in which 1 i<min{|nb],}a]} — T < 0 and O otherwise, we conclude that
{pi}i and {g;}; are probability mass functions. Hence, using ((C.69)) and ((C.70)), we
have
n n min{|nb],|A[} n
/
Y Licomingus apdi— Y ridi=0( Y, pidi— Y qid;).
i=1 i=1 i=1 i=min{|nb|,|A|}+1

The above identity contains the difference of two expected value over random variables
that one is always smaller than the other. As a result, we show that

Y Licming(np ) japdi — Y, ridi <0,
i=1 i=1

which completes the proof.
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Appendix D
Appendix IV

D.1 Proof of Example {4
One can find the error probabilities for 4 and M as
Pr(h #Y|Y =y) = pi,
and
Pr(M £Y|Y =y) = pa.
Next, we can write the deferral loss as
Lget(h,r) = %E[r(x)} [cPr(M #Y|Y =1)+ (1 —c)Pr(M #£Y|Y =0)]
+ %E[l —r(X)][cPr(h £Y|Y =1)+ (1 —c)Pr(h £ Y|Y =0)]

_ PE[r(X)] N PE[1—r(X)]
2 2 ‘

This shows that the optimal deferral is
1 >
7 (X) _ P2 = P1 :
0 pp<pi
which does not depend on c. Moreover, the optimal deferral loss in this case is

min{p,p>}

inLgor(h.r) =
1%1 def(h,r) >

Next, we assume that f(h,M) = hV M is the binary OR operation of the two predic-
tions. For analyzing the probability of error Pr(Y # f(h,M )) we consider the following
two cases:

1. Y=0and f(h,M) = 1: In this case, either & or M should be 1, which is equivalent
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to either ny or ny taking the value of 1. Such probability is equal to

Pr(f(h,M) #Y|Y =0) =1—(1—p1)(1—p2).

2. Y =1and f(h,M) = 0: In this case, both n; and n, must be equal to 1, which has
the probability

Pr(f(h,M)#Y|Y =1) = pipa.

As a result, the loss of this binary operation as a predictor is

1
Lor(h) = 5 [epipa+(1—c)[1—=(1—=p1)(1—=p2)]].
Similarly, one can show that for AND function, we have

Lao(h) = 5 [(1=e)pipa el (1= p1)(1 = pa)]].

0 min{pi,p2}—pi1p2 1

It is easy to show that for the case of ¢ € [0, ot 2pipy ] we have

Lor(h) < Lget(h,r*) < Lanp(h),

max{p1.p2}—pip2
for ¢ € (7 P22 1] we have

Lanp(h) < Lget(h,r*) < Lor (h),

min{py,pa}—p1p2 max{pi.p2}—pipa
and for the rest ¢ € [ it 2pr  priir—2pips } we have

Lanp(h),Lor(h) > Lgeg(h,r™).

As a result, we observe that the deferral is optimal if and only if the false negative and
the false positive losses are almost equal.

In Figure we show the average loss of the optimal operation (from 16 possible
binary operations on {0, 1} x {0,1} over training data) and the learn-to-defer method
over Nier = 100 seeds, when p; and p, are drawn uniformly randomly from [0, 1], and
the parameters ¢ and P(Y = 1) are drawn uniformly randomly from [0, 1]. One could
observe that the deferral method is sub-optimal.
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D.2 Relationship Between Entropic Lower-Bounds

—— Optimal Trained Operation Loss
0.20 Deferral Loss
go.ls 1
BN
©0.10 IES NN | | |
Q il
o
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0.00
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Figure D.1: Average loss of trained operation on two binary decisions of human M and
classifier i, where the true label is drawn from Bern(q). Here, M and h are two noisy
versions of Y with probability of error p; and p,. The average is over 100 uniformly
random drawn probability values g, p1, and p».

D.2 Relationship Between Entropic Lower-Bounds

We know that

H(Y|M,r(X) = D)Pr(r(X) = 1)+ H(Y|h(X),r(X) = DPr(r(X) = 1)
> HY|M, X, r(X) = D)Pr(r(X) = 1) + H(Y |h(X),X,M,r(X) = 1)Pr(r(X) = 1)

9 H(y|M,X,r(X) = 1)Pr(r(X) = 1)+ H(Y|X,M,r(X) = DPr(r(X) = 1)

Y Hy M, X, (X))

9 H(y|M,x)
where (a) holds because

I(Y;h(X)|X,M,r(X)=1)=H(hX)|X,M,r(X)=1)—H(h(X)|Y,X,M,r(X)=1)
0-0=0,

and (b) is due to the definition of conditional entropy, and (c¢) holds because

1(Y;r(X)|M,X) = H(r(X)|M,X) — H(r(X)|M,X,Y) =0—0=0.

D.3 Proof of Theorem

We prove this theorem for the two cases of deferral and DaF system:
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* Deferral System: We know that the prediction of the deferral system is equal to

188

Yoer = r(x) - M+ (1 —r(x)) - h(x). (D.1)

Now, to find the lower-bound on the error of the above prediction, we can lower-
bound the optimal prediction IA/opt of ¥ based on ¥4.. More formally, optimality of

A

Y, concludes that
Pr(Yaer #Y) > Pr(Yope #Y). (D.2)

Next, we use Fano’s inequality (see e.g. Theorem 1 of Scarlett and Cevher| (2019))
to lower-bound the RHS of the above inequality as

H(Pr(fzopt ” Y)) +Pr(Pop £ V) log(|V| = 1) > H(Y [faer).  (D.3)

We follow the proof by finding a lower-bound on H (Y |¥,f). Using the positivity
of mutual information, we have

H(Y |Yaer, 7(X) = 0) +Pr(r(X) = 1) H(Y [Yger, r(X) =
1

(r(x)=0) )=1)
=Pr(r(X) = 0)H(Y|h(X),r(X) =0) +Pr(r(X) = )H(Y|M,r(X)( i))

O

where the last equality is followed by the definition of Yyt in ((D.1)). Using
((D.2)), ((D.3)), and ((D.4)), one can prove the theorem in the case of deferral

system.

DaF system: In this case, we use Fano’s inequality directly. In fact, we have

H<Pr(f’DaF # Y)) +Pr(Ypar # Y)log(|¥| = 1) > H(Y [Ypar) > H(Y|M,T),

where the last inequality is followed by data processing inequality, and that ¥,
(M,X), and Y form a Markov chain.



D.4 Proof of Theorem

D.4 Proof of Theorem 11|

A Bayes optimal deferral r*, classifier 4%, and meta-learner g* should satisfy

(r',n".g") € argmin E [Hr(x):of(h(x),Y) + 1 x)=1£aef (M, Y)
re{0,1,2}¥ heY¥ geyX =V

+ Hr(X):ZEfus (g(X,M), Y)] .
We start by minimizing over 4. We know that

argminEy y []I,,(X):Oe (h(X), Y) + Hr(X):l Laet(M,Y) + H,(X):zgfus (g(X,M), Y)}

hey¥
(D.5)
@ argmin[Ey y [I[,(X):OE (h(X),Y)]
hey¥
— aremin[Ey []I,(X):OEHX [£(h(X), Y)H : (D.6)
heyX

where (a) holds because the second and the last term of (D.5)|is not a function of 4. As
a result, because Hr(X):O > 0, to minimize [(D.6), one can choose

h* (x) € argmin EY\X:X [E(hay)} C argmin Hr(x)zOEY\X:x [K(l’l,y)} )
hey hey

which proves (((5.8))
Similarly, one can show that is the optimal meta-learner.
Next, we find an optimal deferral as

rr S argmin ]EX,Y,M []Ir(X):0£<h*(X),Y) +]Ir(X):1€def(M,Y) +]Ir(X):2£fus (g*(X,M),Y)]
re{0,1,2}%

= a{rgmi}r; Ex [Lx0)=0Eaix [Eyx p [L(*(X), Y ) + L x)=1 By paix [Laet (M, Y ) ]
re{0,1,2

+ 1 x)=2Eaix [Eyjx ar [Crus (87 (x,m),Y)]]]

= argmin EX |:]IT(X):0 mil’lEy‘X [g(h, Y)} +]Ir(X):1EY,M|X [Edef(M, Y)]
re{0,1,2}% hey

+ L x)=2Emx [ggjf} Eyx m [ffus (8,)’)} } } ;
(D.7)

where (a) holds using ((3.8)) and ((3.9)) and because Eyy_[¢(h*(X),Y)] is not a func-
tion of r(x) or M. Finally, one can see that a minimizer of ((D.7)) is as stated in the
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theorem.

D.S Complementarity of Fusion

Using Theorem 11| one can show that if the losses are defined as

Laer(g,y) = ]Igaéy + Cdef,

for a fixed cost of deferral and

U(h,y) = Thzy,

then the Bayes optimal is obtained using the deferral set

N4
T = {x : ;Pr(M:i\X:x)

x maxPr(Y = y|M =i, X = x) > maxPr(Y = y|X =x) +Cdef},
yey yey

and h*(x) € argmaxPr(Y = y|X =x) and g*(x,m) € argmaxPr(Y = y|M =i, X = x).
yEY yey
Furthermore, in case of cqef = 0, we can show that 7 = X’. The reason is that since

V|
Y Pr(M =ilX =x)Pr(Y = y|M =i,X =x) =Pr(¥Y = y|X =x),
i=1

because ||| = max; ¥; for a vector ¥ is a convex function, and using Jensen’s inequal-
ity Jensen| (1906) (i.e. for a convex function f we have E [f(X)] > f(IE [XD ) we see
that

V|
ZPr(M =X =x) -maxPr(Y =y|M =i, X =x) >maxPr(Y =y|[X =x). (D.)
Py yey yey

Hence, if there is no cost for deferral, a Bayes optimal DaF system always requests for
human advice and use the meta-learner to take the final decision accordingly.

Furthermore, since

ma)iiPr(Y =yM=i,X=x)>Pr(Y =ilM=i,X =x), (D.9)
ye
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D.6 Sufficient Statistics in DaF Methods

o0
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4

-04 -03 -02 -0.1 0.0 0.1 0.2 0.3

(a) Difference of confidence of fusion and clas-(b) Difference of confidence of fusion and the
sifier expert

Figure D.2: Comparing confidences of options in DaF method on test set of CIFAR-10H
dataset. The confidences are obtained using CDaF method.

one can conclude that

B
Y Pr(M =i]X =x)-maxPr(Y =y|M =i,X =x)
i=1 yeY

V|

> Y Pr(M=ilX =x)Pr(Y =ilM =i,X =x) (D.10)
i=1

=Pr(Y = M|X = x), (D.11)

and therefore the confidence of the fusion is more than the confidence of human alone.

However, this theoretical result holds only when we observed enough number of data
that we can accurately approximate above probabilities. In our experiments, however,
we noticed that just training the meta-learner on the instances that human is accurate still
needs a certain amount of sample complexity that is not needed if we just defer to the
human.

Figure demonstrates the difference between confidences of fusion, expert, and
classifier. We observe that although the confidence of fusion is larger than the expert
and classifier in the majority of times, the bounded training size concluded in cases that
the classifier confidence and expert confidence are larger than fusion confidence. This
phenomenon is particularly notable for the expert confidence.

D.6 Sufficient Statistics in DaF Methods

Theorem 17. Let us assume that the human decision M and the feature X are indepen-
dent given the true label. Further, let us assume that T'(X) is a sufficient statistics of X
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for estimating M, i.e. we have
1(Y;T(X)) = 1(Y:X),

where I(-,-) is the mutual information. Then, (T (X),M) is a sufficient statistics of (X,M)
for estimating Y.

Proof. First, we upper-bound the mutual information /(X,M;Y) as
1x,M:Y) & 1(X:7) + 1(M: Y |X)

O 1T (X);Y) + 1(M:Y 1X) = I(T(X);Y) + H(M|X) — H(M|Y,X)

—
=

< KTy + HMIT(X)) ~ H(M]Y,X)

LT X):¥) + HMIT(X)) ~ H(M|Y)

D HT(X):Y) + HMIT (X)) ~ HM|Y,T(X)) = I(T(X):¥) +I(M:¥|T (X))
L. rx)y), (D12

where (a) holds because of chain rule, (b) is because of statistical sufficiency of T'(X),
(¢) holds because marginalization increases the entropy, (d) and (e) hold because

0<IM;T(X)|Y)<IM:;X|Y)=

which results in H(M|Y) = HM|T(X),Y) = H(M|X,Y). Finally, (f) is due to chain
rule.

Next, we lower-bound I(X,M;Y) as

1X,M:Y) Y 1M Y) + 1Y M) = I(M:Y) + H(Y M) — H(Y|X, M)

2 1)+ HY M) — HY (T (X), M)

— IM:Y) + I(TX): Y M) L 1M, T (%):7), (D.13)

where (a) holds using chain rule, (») holds because conditioning reduces entropy, and
(¢) is another use of chain rule.

As a result of ((D.12)) and ((D.13)) we show that I(X,M;Y) = I(T(X),M;Y) that
completes the sufficient part of the proof.

]

192



D.7 Reduction to Confusion Matrix Learning

D.7 Reduction to Confusion Matrix Learning

Proposition 6. Let X, Y, and M be the corresponding random variables for features,
labels, and human decisions. Further, assume that h(x) is the set of confidences of the
classifier. The equivalence of the DaF method and that of Kerrigan et al. (2021) occurs
if and only if the graphical model in Figure is the underlying model of the variables.

Proof. First, on one hand we know that the DaF method and that of |Kerrigan ez al.|(2021)
are equivalent if Pr(Y|X,M) = Pr(Y|h(X),M), or because h(X) is a function of X if we
have

Pr(Y|X,M,h(X)) =Pr(Y|h(X),M), (D.14)
that is equivalent to the independence of Y and X given h(X) and M, or
[(Y;X|h(X),M)=0. (D.15)

The equivalence between this condition and the graphical model in Figure can be
shown in the following way. Firstly, if we ignore the variable M, then the above identity
is assigning a Markov chain between X, h(X), and Y. Now, M can have connection
with all three variables. However, since 4(X) is a function of X, then conditioned on X,
M should not share any information with i4(X). As a result, there does need to be any
connection between X and M. Conversely, it is easy to show that in this graphical model,
conditioning on M and h(X) removes all connections betewen X and Y that proves the
claim. [

Note that the above conditional independence results in a conditional independence of
human decision and classifier decision given the true label that is assumed in a variety of
methods for combining predictions Kerrigan et al.|(2021); Clemen and Winkler (1999);
Jacobs| (1995)).

Remark 2. Using Fisher factorization Halmos and Savage|(|1949), we know that 1(X) is
a sufficient statistics of X for estimating Y, if the conditional density function of X given
Y can be factorized as

Fxy(X =x[Y =y) = g1(x)g2(,n(x)),

for two functions g1,g. By setting n(x) = [Pr(Y =1|X =x),...,Pr(Y = |V||X =x)]
we have g1(x) = fx(x) and g>(y, ) = Oy for a vector ¥ = (191,...,19|y|). As a result,
the set of posterior probabilities are sufficient statistics of X for estimating Y. Hence,
under the conditions of Theorem |17 the pair (n(X),M) is sufficient statistics of (X,M)
for estimating Y. More formally, we have

Pr(Y|X =x,M =m) =Pr(YIn(X)=n(x),M =m).
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6@6@

Figure D.3: To substitute features x with 1(x =1X=x),....Pr(Y = |Y||X =
)} in our analysis, we assume that X and M are condltlonally 1ndependent given the true
label Y. We further use the fact that n(X) is sufficient statistics of X for estimating Y.

Therefore, in this case the deferral set T is obtained as
‘y‘ . .
= {X : ZPV(M: i1X =x) 'gg)l}]EﬂM:i,n(X):n(x) [gdef(gvy)} < Efél)I}EnX:x [E(h,Y)} }7

and the optimal meta-learner is a function of (1 (x),m) and is obtained as

g (n(x),m) € arg’;ﬂnEnM o (X)=n (x) [Laet (8,Y)]
g€

D.8 An Example of Suboptimality of Kerrigan et al.
(2021)

Assume that the true label Y for all features is distributed as Bern(0.8). As a result, the
best classifier g(x) is

g(x) = argmaxPr(Y =y|X =x) =1, (D.16)
y

which has the accuracy of 80%, i.e. h(x) =[0.20 0.80] for all x. Furthermore, assume
that the human observe the exogenous variable V that is correlated to X and based on
which the human can perfectly recover Y for X > 0, while for X < 0 we have the joint
probability of human decision and the true label is as following:

Pr(Y =1,M=1)=

Pr(Y =1,M=0) =

Pr(Y =0,M = 1) =0. 10,

Pr(Y = 0,M = 0) = 0.10, (D.17)

which means that the probability of correctness of human is 70%.
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Furthermore using the above we have

1 1 1
Pr(M =0) = sPr(M = 0X > 0) + sPr(M = 0[X < 0) = 5(0.30+0.80) = 0.55
(D.18)

By assuming that X has the same probability of being positive or negative, we have
1 1
Pr(Y|M,h(x)) =Pr(Y|M) = EPr(Y|M,X >0)+ EPr(Y\M,X <0). (D.19)
As a result, the method of |Kerrigan et al.|(2021) leads to the accuracy of

. 1
Pr(Yiee =Y) =Y Pr(M =m) max [EPr(Y =y|M =m,X >0)

1
+ 5Pr(y =y|M =m,X <0)] (D.20)
1 1
=Pr(M =0)7(0.333+1) +Pr(M = 1)5(1+0.857)
=0.65%0.666+0.35%0.928 = 0.757 (D.21)

However, if we use the information within X and using the DaF method we have
. 1
Pr(Ypp=Y) = ZEPr(M =m|X > 0)maxPr(Y = y|M =m,X >0)
y

1
+ EPr(M =m|X < 0)maxPr(Y =y|M =m,X <0) (D.22)
y

1 1
=-08+-=009. D.23
70847 (D.23)

Furthermore, an optimal deferral system is

1 x>0

r(x) = { 0 x=0 (D.24)

The reason is that for x > 0 we have Pr(Y = g(X)|X =x) = 0.8 while Pr(Y = M|X =x)
1. However, for x < 0 we have Pr(Y = g(X)|X =x) = 0.8 while Pr(Y = M|X =x) =0.
As a result, one can see similar to DaF, the accuracy of the deferral system is

7.

. 1 1
Pr(Yger =Y) = 50.8 + 5= 0.9. (D.25)
This shows that there are cases that our DaF method, and even deferral over-perform the
method in Kerrigan e al.| (2021)). The reason is that the latter method simply ignore the

variation of human distribution on different instances and substitute that with an average
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distribution.

D.9 Consistency of DaF methods

Theorem 18. Let ¢ (-) be a strictly proper binary surrogate function. Further, let f1(0};x) :
X =RV £(65:x,m]) : X x M — RV, and f3(63:x) : X — RM!| be three functions
that are trained to approximate the label y and human decision m by minimizing

L(fi, fo x5 ym) =0 (F1)) + ¥ o(—F () (D.26)
yEyY
L1(A)Y)
+ (R (xm)+ Y o(—£ (bx,m])) (D.27)
y#y
Ca(fa(fem]) y)
o))+ Y (A (v)). (D.28)
m#=m'
£3(f3(x).m)

Then, the above loss is consistent, i.e., we can find Bayes optimal DaF solution using the
minimizer of such loss.

Proof. Assume that F1, />, and F3 are hypothesis class of all possible functions fi, f>,
and f3. It is easy to show that the solution of risk minimization

argminE[E(fl,fz,fg,X,Y,M)] (D.29)
fi€Fi
contains the solution of
fl (x> = argminEY\X:x[ﬁl (fa Y)]a (D.30)
feRVI
fZ([x7 m]) = argminEY‘X:x,M:m['CZ(faY)]7 (D.31)
fERVI
and
/3 (x) = argmin]EY|X:x[£3 (faM)] (D.32)
feRIMI

This holds because (i) minimum of the sum of two functions are larger than sum of
minimum of each function, and (ii) minimum of expected variable of a function is larger
than the expected value of minimum of that function (i.e., inverse Jensen’s inequality for
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the concave function min). Furthermore, a strictly proper composite surrogate assures
that the link function A(n) defined as

A(n) = argminn¢(g)+(1-n)o(-g), (D.33)
geR

is a strictly increasing function (see Ramaswamy et al.|(2014)). Therefore, the expected
risk of a One-vs-All loss function for a parameter t € RX on a variable U € [1 : K]

Eulp()+ Y. o(—")] :UZ Pr(U = u)¢ (") + (1 = Pr(U = u))9(—1"), (D.34)

U'4U

has a minimizer that contains the information regarding Pr(U = u). This holds because
the minimizer ¢t* of the above loss on parameter ¢ is equal to the minimizer of each
summand and therefore we have

ALY =Pr(U = u). (D.35)

This and the previous discussion shows that

AN () = Pr(Y = y[X =), (D.36)
AN ([x,m]) =Pr(Y = y|X = x,M = m), (D.37)

and
27N (X)) = Pr(M = m|X =x). (D.38)

Using these parameters and the definition of extended confidence in Theorem |1 1/ we can
find the Bayes optimal DaF solution. O]

Theorem 19. For score function ¢(x) = log(1+ e™*) and under the circumstance that
the meta-learner makes error with probability at most 0.5, LDaF loss is consistent.

Proof. We know that the One-vs-All loss function based on such score function for ¢ €
RUI for estimating u € U is obtained as

L(t,u) =log(l+e ")+ ¥ log(1+e"), (D.39)
u'#u
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and the expected value is calculated as

u| ‘ |
Z:Pr iog(1+e ™)+ (1 —Pr(U =i))log(1+¢") (D.40)
|U| o .
_—ZPr i) log( l—|—efi)+(1_Pr(U:l))log(l—l—efi) (D.41)
M
=Y Dku(pillg:) +hs(pi), (D.42)

i=1

where p; :=Pr(U =i), q; := and hp(p) is Shannon binary entropy of a random

z”

variable with distribution Bern( p)

Next, we define the LDaF loss function as

Lipar(fis o f3x60m) =0 (L) + ¥ o(—F (%)) (D.43)
y#y

Ly (f1(x).y)

+ oS (xm)+ Y 0(=£ (bx,m)) (D.44)
y#y

N J/

@ﬁﬁmw

+O(f50)+ Y o(—£5 (), (D.45)
e#e!

[\ J/

L3(f3(x).e)

1 —
where e := { argmax fy([x, m]) =y )
0 oW.

Similar to SDaF, one can show that the result of the expected risk minimization leads
to

fl (X) = arg;nin]EﬂX:x[El (f)>Y>]> (D.46)
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and
f2(x)7f3 (X) = a;gr‘l;inEY,M‘X:x [,Cz(fg([x,M]),Y) +£3(f3(x)7E)] (D47)
i€Si
. 1Y .
(:) argminEM|X:x[ZDKL(PKX;M)HJ%(X?M)}
fi€Fi i=1

+ Dk (p" (%)|1 /3 (%) + Dir(1 = p" ()] £5 (x))
+2hg(p" (x))], (D.48)

where (a) is followed by (D42)), pi(x,m) = Pr(Y = i|X = x,M = m), and p/(x) =
Pr(Y = argmax f>([x,M])|X = x). We can observe that since Dk (p|l¢g) > 0 and is zero
iff. p = g, then the minimizer of the first three terms occur when p} = fi, fl = p?,
and f7 = 1 — p!. Next, we know that p(x) is maximized when argmax f>([x,M]|X =

x) = argmax Pr(Y = y|X = x,M = m). Because of this and since Ap(p) is decreasing for
y
p € [1/2,1] we conclude that the last term is minimized where fi = p!. As aresult, since

the first three terms of above loss and the latter have the same minimizer, then the overall
minimizer of the sum of these terms coincides with the mentioned minimizers.

The above discussion proves that the minimizer of f] (x) approximates Pr(Y = y|X =
x), the minimizer of f; ([x,m]) approximates Pr(Y = y|X =x,M = m), and the minimizer
of f3([x)] approximates p/(x). Therefore, we can find the extended confidences as in
Theorem |1 1) using these probabilities and obtain Bayes optimal solution. L

D.10 Defer to Multiple Experts

In this section, we derive the optimal deferral rule to multiple individuals. More specifi-
cally, we discuss the two cases for which

¢ we need to defer the decision to the most suitable candidate, and

* we need to form a committee among a group of individuals
In the following, we express the optimal deferral rule in the first case.

Theorem 20. Assume that for each feature variable X and the true label Y, there a set
of human decisions {M,}ZK: 1~ Additionally, it is assumed that deferring to each of these
humans incurs an initial cost of c; for human i, along with a shared decision-based cost
of £(Y,8i(M;,X)). Moreover, the loss of classifier h is defined as ((h(X),Y). In this
scenario, the optimal classifier, deferral rule, and meta-learner for each human is as
following

h*(x) = argminE[(($,Y)|X =x|, (classifier) (D.49)
¥
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argmin/;(x) min/;(x) < min;E[((9,Y)[X = x]
r*(x) = i , (deferral) (D.50)
0 0.W.

gi(m,x) = argminEy |y, x— [¢(Y,g)], (meta-learner) (D.51)
g
where (;(x) is defined as

Y
Ci(x) = ci(x)+ Y Pr(M; = t|X =x) myan” M=t x=x [ (Y, 9)]. (D.52)
t=1

Proof. We start the proof by writing the expected loss as

Luys (h,r,{gitie1) = Ex [bayb (h(x),r(x), {gi(x) }21.X)], (D.53)

where fyyp is defined as

. K .
‘ehyb (HvRv {Gl}{ibx) = EYs{Mi},K:”X:x |:]IR=0£(H7Y) + ; Tr— [CI<X> +£(Y7 Gj\/[,)]] s

1

(D.54)

where H, Rc {1,...,|Y|} and G' € {1,...,|Y|}{1=IYI}. Therefore, the optimal set of
classifier, deferral, and meta-learner is the solution

n*,r* {g} = argminLuy, (h,r, {gi}X,). (D.55)
hvrv{gi}

We note that the optimization is over all measurable functions. As a result, since the
optimization of the value of functions on a feature x; does not change the feasible set
for optimizing the functions on feature x,, then we can reduce the optimization to the
instance-based optimization problem

h(x),r(x),{g:(x)}X, = argmin ly,(H,R,{G'}E | x). (D.56)
H.R{G K
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Next, by fixing R and minimizing the terms of £, we have

. inK s
H)?(l;linl!il ghyb (H,R, {G }izl) —n}}nEY\X:x []IR:()€<H, Y)}

K .
+Y nqgiinEWi‘X:x [Lr=i[ci(X)+£(Y,Gy,)]], (D.57)
=1

1

because the choice of G' and H is independent.
Finally, since Ig_; can only take positive value, we have

H* = argminEyy_, [E(H,Y)] € argminEyx_, [I[RZOE(H,Y)] (D.58)
H H

Further, we observe that if

G = argtminEYWi:m’X:x [e(v,1)], (D.59)

then we have
G e argminEyy,x— By u, x— [(Y,Giy)] (D.60)
= argminEKMAX_x [ci(X)+£(Y,G")] € argminEy yx—, [Ig—i[ci(X) +£(Y,G")]].
° ° (D.61)

As a result of ((D.56)), ((D.57)), , and ((D.58)) we conclude that ((D.63)) and ((D.63))
hold.

Next, to prove ((D.64)), we assume that R is a function of x and as a result is indepen-
dent of Y and M given X. In this case, we have

R* = argminlg_oEy yx—, [e(H*vY)]+Zfilﬂk=fEYvM\sz [ei)+e(r67) ]]. (D.62)
R

As aresult, R get the value to choose the minimum term among the above terms. Finally,
using the definition of optimal H* and G*' as in and we conclude
((D.64)). Note that via a very similar argument, we can show that if R is a random
variable that is independent of Y and M given X, then because in the above we minimize
a linear function in terms of [Pr(R = i|X = x)] g'l, and because the arguments take values
in a simplex, then the optimizer is taking place in a node of this simplex, that proves that

the optimal deterministic solution is also an optimal probabilistic solution of R.

Next, in case that we can choose a committee among the humans, we can treat the
deferral like the previous part, but this time r(x) takes 2X + 1 values instead of K +
1 choices, and in that case we have 2X meta-learners too. As a result, the following
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proposition is followed readily by the above theorem.

Proposition 7. With the assumption of Theorem |20\ and under the condition that we can
defer to many experts, i.e. r(x) takes (K + 1)-dimensional binary vector, and we can
combine the decision of all experts i for which v = 1 using a meta-learner g, then the
optimal classifier, meta-learners and deferral are as

h*(x) = argmmE[ (9.Y)|X =x|, (classifier) (D.63)
J

argminfy(x) minfy(x) < mingE|4($,Y)|X =x
=4 v ’ iE| ] . (deferral) (D.64)
0 o.w.

({m,}l' ‘1|, x) = argminE [K(Y,g)}, (meta-learner) (D.65)
g

Y|{My=m "] x=

where {y(x) is defined as

|V |V
ﬁv(x) = Z —|— Z Z Pr(Mv = t|X )mmEYHM», [l}HVH [K(Y,ﬁ)]

ivi=1 n=l1 ZHVHZI =X

(D.66)

To avoid needing of training such large number of networks, we can assume that the
deferral occurs to a committee of experts, the result of which is aggregated and then
passed through a meta-learner. This, as a result, is equivalent of using Theorem @
for which M; is replaced by a function Aggr(UjesM;) where S is a set of indices of
all non-zero digits in binary representation of i. To be able to calculate the optimal
solution as in[20] however, it is sufficient to approximate the three probability distribution
Pr(Y =y|X =x), Pr(Aggr(UjesM;) =t|X =x),and Pr(Y =y|X = x, Aggr(UjcsM;) =t).
The first term can be readily approximated using a neural network with a consistent
surrogate loss. Further, assuming conditional independence of the experts given each
instance, the second term can be obtained as

Pr(Ager(UjesM)) =1|X =x) = Y Taggr(u,com)— | | Pr(Mi = mi|X =x), (D.67)
mieM; jES

that can be calculated if we have simulation of each expert, which is similar to what is
discussed in a single-expert DaF setting.
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Finally, the last probability can be obtained as

Pr(Y =y, Aggr(UjesM;) = t|X =x)
Pr(Aggr(UjcsM;) =t|X = x)

 Ymem Lager(ujesmy)=Pr(Y =y, M K =mfIx =x)

N Pr(Aggr(UjesM;) =t|X =x)

- YmeM; I[Aggr(ujeij):tPr(Y = Y|M{( = m{{,X =X) zK:l Pr(M; = mj|X = x)

N Pr(Aggr(UjesMj) =t|X =x) '

(D.68)

Pr(Y =y|X = x,Aggr(UjesM;) =t) =

(D.69)

(D.70)

As aresult, for obtaining the optimal committee, we further need to train the meta-learner
to approximate Pr(Y = y|MK = mK X =x). As result, with a classifier, K expert simu-
lator, and one meta-learner with a K x M-dimensional input we can obtain the optimal

solution for multi-expert setting.
]

D.11 Comparison of DaF and Learn-to-Defer

In Table [D.I] we showed 5 samples within Imagenet-16H dataset for which learn-to-
defer method Mozannar and Sontag| (2020b)) identified incorrectly, while DaF method
could correctly classify.

Image - : B , o
True Label Boat Oven Chair Chair Bear
DaF Boat Oven Chair Chair Bear
Learn-to-Defer | Airplane Airplane Oven Elephant Dog
Classifier Boat Oven Chair Chair Bear
Human Airplane Airplane Oven Elephant Dog
Meta-Learner Boat Oven Chair Chair Bear
Defer and Fuse Yes Yes Yes Yes Yes

Table D.1: 5 Examples of correcting learn-to-defer method using DaF
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D.12 Calibration and CDaF

The surrogate loss that is used in LDaF and SDaF method is an OvA loss with ¢ =
log(1+e™*). Using this loss, as shown in proof of Theorem [19|is equivalent to the
sum of binary cross entropy losses on [lj_f;—%, m] and the label I,_; for all i € [1:
output_dim|, where fj(x) is the i-th output of network f. Now, although each output
in the end of training approximates the probability of Pr(Y = i|X = x), since there is no
constraint on joint output, the final N-dimensional output can get the value outside of the
simplex Ay. This, as a result, can lead to errors while finding approximation of expected
values and confidences.

In fact, normalizing the outputs is not necessarily helpful too. To show why, assume
that one of the outputs (w.l.o.g the last output) is not a good approximation of the true
probability, i.e., the true probability is p while the approximation has the bias TV| = 9,
and the rest of the probabilities are exact, the total variation of the output probabilities

compared to the true probabilities in this case is equal to 8. Now, by normalizing the

(1-p)é
1+6

outputs, we induce
that has the bias =2 with respect to p. As a result, the total variation measure

shift for the other probabilities and convert the last output to
p+o
14-6

1+6

in this case is TV, = %. We observe that TV, — TV = W that is greater
than O for p € [0,1/2] and § € R™. This shows that in this case normalization effectively
reduces the accuracy of output probabilities.

To address this issue, we can train networks for which the output corresponds to set
of probabilities sequentially. In fact, in CDaF, in each epoch, we first train the classi-
fier with N-dimensional output on label y, then we train the meta-learner on the same
label, then we train 2-dimensional classifier on binary label Iy—,s, and finally we train
2-dimensional classifier on binary label Iy —peta-1earner- In all these training processes,
since we use softmax layer in the output, we assure that the resulting output is within
Ay. This, however, cannot be done in OvA methods. In this sense, we argue that CDaF
method is more calibrated than the OvA method, and we hope for less error based on this
method.

To observe that effect, we trained SDaF on CIFAR-10H dataset and plotted the sum
of its outputs in Figure One can see the shift and variance that such summation has

around the value 1.

D.13 Experiments

D.13.1 Settings

In the experiment setting, we used 4 datasets that are listed in Table The expert
labels, and size of training, validation, and test data, and batch size corresponding to
each data is further listed there.
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Figure D.4: Sum of output values of the classifier of CIFAR-10H that is trained by SDaF
method

Furthermore, the architecture of all the neural networks corresponding to each dataset
is listed in Table D.3] Finally, the way these networks are used for different methods
are listed in Table [D.4] All trainings are done by setting num_epochs=150, and using
Adam optimizer and cosine annealing learning rate scheduler. All the experiments be-
low are run with Nvidia V100 GPUs coupled with 4 CPUs and 100GBs of RAM. The
code of these experiments are avaliable in https://anonymous.4open.science/r/
BeyondDefer-9073/.

D.13.2 Coverage Experiments

The accuracy of learn-to-defer methods with respect to the coverage (i.e., 1 - portion of
human involvement) is plotted in Figure [D.5] We observe that our methods overperform
the baselines. Further, the AFE method does not obtain a better accuracy than a random
choice between the classifier and meta-learner.

D.13.3 Deferral Loss experiments

In this experiment, we change the cost that is induced by human involvement and observe
the final loss that is induced in our methods compared to other learn-to-defer methods.
The demonstration of overal loss in Figure shows that while our methods in regions
of deferral cost for CIFAR-10K and ImageNet-16H overperforms other methods, it stays
comparable to other methods otherwise. We suspect that the failure of SDaF and LDaF
for ¢ € [0,0.5] and for CIFAR-10H dataset is related to uncalibratedness of the outputs as
discussed in Appendix [D.12] In that case, CDaF shows a clear improvement over those
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Appendix D Appendix IV

Dataset Train size | Validation| Test size | Batch size | Expert
size

CIFAR-10K 45k 5k 10k 512 True label for

Mozannar _et _al. K classes, and

(2023¢) uniformly ran-
dom otherwise

CIFAR-10H [Peter- 7k 1k 2k 1000 Randomly

son et al.|(2019) drawn  from
the  distribu-
tion of expert
decisions on
the instance

Imagenet-16H 948 12 240 32

Steyvers et al.

(2022) Noise

Level=110

Hatespeech [David- 17349 2478 4956 1000

son et al.| (2017)

Table D.2: Information regarding the datasets used in experiment section

methods.

D.13.4 Imbalanced Cost experiments

In this experiment, we introduce a loss matrix A for which the loss of one-hot encoded
prediction y of the label y is equal to
L =T Ay. (D.71)

We draw non-diagonal elements of A uniformly randomly and set the diagonal values
equal to 0. Under such setting the methods undergo the process of training as following:

— For LDaF method, the first num_classes outputs of the classifier and all outputs
of the meta-learner are trained on one-hot encoded version of the true label. Fur-
thermore, the output num classes+1 of the classifier are trained on the expert
confidence 1 — m’ Ay and the output num_classes+2 of the classifier are trained
on the meta-learner confidence 1 —meta-learner’Ay. In test-time, the optimal
decision based on the classifier or meta-learner is taken by minimizing yAp, on
values of y where p, is the approximated probability in the output of the classifier
or meta-learner network.
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Figure D.5: The accuracy vs. coverage of learn-to-defer methods and on CIFAR-10K
and Hatespeech, datasets. The bars indicate the standard deviation of the accuracy.

— For CDaF the classifier and meta-learner are trained and used as in LDaF. The
confidences 1 —m’ Ay and 1 —meta-learner! Ay are trained on two different net-
works.

— For CC, the classifier is trained as in LDaF and the confidence 1 —m! Ay is trained
on a different network. In test-time the confidence of the classifier is obtained
by max; 1 — $Ap;, where pj, is the approximated probabilities in the output of the
classifier.

— For LCE and OvA we perform training similar to CC with the different that the
expert confidence is trained on the output num_classes+1 of the classifier.

We observe in Figure that our methods outperform all other learn-to-defer meth-
ods. In fact, we can observe that CDaF method performs consistently better than other
methods on all datasets.
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Figure D.6: Average loss vs. deferral cost on Hatespeech, CIFAR-10H, CIFAR-10K ,
and Imagnet dataset and for 10 random seeds, with bars being standard deviation.
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Dataset

Network1

Network?2

CIFAR-10K
num_class=1(

A ReLu convolutional neural net-
work with two convolutional lay-
ers with width 50 followed by
three fully connected layers with
output dimension of 100, 20, and
10

CIFAR-10H
num_class=1(

A WideResNet network that is
pre-trained on CIFAR-10 dataset.
It contains 25 convolutional lay-
ers with 3, 16, 64, 256, and 1024
channels followed by two fully
connected layers with output di-
mension of 50 and 10.

ImageNet-
16H
num_class=18§

A DenseNetl21 network that is
pretrained on ImageNet dataset
with output dimension 16.

Hatespeech
num_class=3

A linear classifier with output di-
mension 3.

Same as Network1 just with out-
put dimension num_class+1

Dataset Network3 Network4 Network5

CIFAR-10K | Same as Net- | Same as Networkl | Concatenation of

num_class=1Q workl  just with | just with output di- | Networkl without the
output dimension | mension 2 last fully connected

CIFAR-10H
num_class=10

ImageNet-
16H
num_class=16

Hatespeech
num_class=3

num_class+2

layer with num_class
extra dimensions
followed by a fully
connected layer with
output dimension
num class.

Table D.3: All networks that are used in learn-to-defer tasks based on different datasets.
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Method Networks

LDaF (ours) Augmented classifier: Net-
work3, meta-learner: Net-
work5

SDaF (ours) Augmented classifier: Net-
work?2, human simulator: Net-
workl, meta-learner: Net-
work5

CDaF (ours) Classifier: Networkl, meta-

learner:  Network5, expert
confidence predictor:  Net-
work4, meta-learner confi-
dence predictor: Network4

Active Feature Elicitation Natarajan et al. (2018)

Classifier: Networkl, meta-
learner: Network5

Compare Confidences Raghu et al. (20] 9)

Classifier: Networkl, expert
confidence predictor:  Net-
work4

Reallizable Surrogates Mozannar et al.| (2023c)

Augmented classifier: Net-
work?2

Cross Entropy Mozannar and Sontag| (2020b))

Augmented classifier: Net-
work?2

One-vs-All [Verma and Nalisnick| (2022b)

Augmented classifier: Net-
work?2

Table D.4: The type of networks that are used in each method
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Figure D.7: Average loss vs. coverage on CIFAR-10K, Hatespeech, CIFAR-10H, and
ImageNet-16H dataset and for 10 random sets of prediction costs, with bars being stan-
dard deviation.
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