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Abstract

Gravitational-wave (GW) astronomy has led to groundbreaking discoveries in the past decade, and
with the development of next-generation detectors, its potential for future breakthroughs continues to
grow. This field hinges on the ability to accurately characterize GW sources based on measured data.
However, computational demands of existing inference methods impede their application to large-scale
or real-time data analysis. We here present DINGO, a probabilistic machine learning framework for
Bayesian GW inference that addresses these limitations with an unprecedented combination of speed
and accuracy. Building on neural posterior estimation (NPE), DINGO trains deep neural networks on
GW simulations to learn the mapping between measured data and GW source parameters.

We first introduce DINGO for binary black hole mergers, the most common GW source. We develop
techniques to integrate symmetries (called GNPE) and to rapidly adapt to varying detector noise
properties. We then augment NPE with importance sampling (NPE-IS) to correct for potential network
inaccuracies. This enables asymptotically exact inference, independent verification and unbiased
estimates of the Bayesian evidence, addressing important limitations of deep learning-based inference.
Finally, we extend DINGO to binary neutron star mergers. We develop techniques to effectively
compress long signals based on event-adaptive priors (prior conditioning) and to enable inference
even before the merger. With inference times of less than a second, this provides crucial real-time
information for directing searches for electromagnetic counterparts.

Our experimental evaluations encompass more than 50 real events and thousands of simulations, three
different waveform models, two types of sources and two experimental setups (LIGO-Virgo-KAGRA
and next-generation detectors). DINGO consistently achieves comparable accuracy to established
inference methods while being orders of magnitude faster. This prepares GW data analysis for
increasing detection rates, facilitates large-scale studies and can improve searches for electromagnetic
counterparts. Beyond GW astronomy, DINGO contributes several broadly applicable techniques to the
field of simulation-based inference, including GNPE, NPE-IS and prior-conditioning.






Zusammenfassung

Die Gravitationswellen-Astronomie hat im letzten Jahrzehnt bahnbrechende Entdeckungen ermdglicht.
Mit der Entwicklung der nichsten Generation von Detektoren wéchst ihr Potenzial fiir zukiinftige
Durchbriiche weiter. Ein zentraler Bestandteil dieses Forschungsfeldes ist die Charakterisierung von
astrophysikalischen Gravitationswellenquellen anhand gemessener Daten. Existierende Inferenzmeth-
oden sind allerdings so rechenintensiv, dass grofl angelegte oder Echtzeitanalysen damit nur bed-
ingt durchfiihrbar sind. In dieser Arbeit priasentieren wir DINGO, ein probabilistisches System des
maschinellen Lernens fiir Bayessche Inferenz von Gravitationswellen, welches diese Einschrankungen
iiberwindet. Aufbauend auf der Methode der neuronalen Posteriorschitzung (engl. neural posterior
estimation, NPE) trainiert DINGO tiefe neuronale Netzwerke mit Simulationen von Gravitation-
swellen, und lernt so die Zusammenhinge zwischen gemessenen Daten und Parametern, welche die
Gravitationswellenquellen beschreiben.

Zunichst fithren wir DINGO fiir Verschmelzungen von schwarzen Lochern ein, die hiufigste Quellen
von Gravitationswellen. Wir entwickeln Techniken, um Symmetrien zu integrieren (GNPE) und um
Schwankungen im Detekorrauschen zu beriicksichtigen. AnschlieBend kombinieren wir NPE mit
Importance Sampling (NPE-IS), um potenzielle Fehler der neuronalen Netzwerke zu korrigieren.
Dies ermoglicht asymptotisch exakte Inferenz und unabhéngige Validierung der Ergebnisse. NPE-IS
adressiert damit wichtige Einschriankungen von auf Deep Learning basierenden Inferenzmethoden.
Zuletzt erweitern wir DINGO auf Verschmelzungen von Neutronensternen. Wir entwickeln Techniken,
um lange Signale durch Nutzung adaptiver Prior zu komprimieren (prior conditioning) und um Inferenz
bereits vor der Verschmelzung zu ermoglichen. Mit Inferenzzeiten von unter einer Sekunde liefert
dies entscheidende Echtzeitinformationen fiir die Suche nach elektromagnetischen Signalen.

Unsere Experimente umfassen Auswertungen auf iiber 50 echten Gravitationswellenmessungen
und tausenden Simulationen, drei verschiedene Wellenformmodelle, zwei Arten von Gravitation-
swellenquellen und zwei experimentelle Setups (LIGO-Virgo-KAGRA und Detektoren der ndchsten
Generation). DINGO erreicht eine mit etablierten Inferenzmethoden vergleichbare Genauigkeit, ist
dabei jedoch um Groflenordnungen schneller. Dies bereitet die Datenanalyse in der Gravitationswellen-
Astronomie auf steigende Detektionsraten vor, ermdglicht grofl angelegte Studien und kann die Suche
nach elektromagnetischen Signalen verbessern. Mehrere fiir DINGO entwickelte Techniken sind
allgemein anwendbar im Bereich der simulationsbasierten Inferenz, darunter GNPE, NPE-IS und
prior conditioning.
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Chapter 1

Introduction

Inverse problems play a crucial role in science and engineering. They arise because theoretical models
are typically developed in the causal direction of the data generating process, mapping from a physical
system to observable data. Data analysis generally aims to solve the inverse direction: starting from
observed data, the goal is to infer underlying properties that could have given rise to the data (Fig. 1.1).
Therefore, inference often corresponds to inversion of a forward model. Solving such inverse problems
enables characterization of physical systems and mechanisms that are not directly observed, as well
as validation of the corresponding forward model. Therefore, the ability to efficiently and accurately
solve inverse problems is one of the major drivers of scientific progress.

We here focus on inverse problems in gravitational-wave (GW) astronomy. In the past decade, this
field has emerged as an important new way of probing extreme astrophysical phenomena (e.g., black
hole mergers) via the GW signals emitted by these sources. A central task in GW astronomy is to
estimate source properties (e.g., black hole masses and spins) based on measured GW signals. This
requires inversion of general relativity-based models, which map from source properties to signals.
The ability to perform accurate GW inference by solving the associated inverse problem is of great
importance to GW science, forming the basis for numerous discoveries and studies.

In this thesis, we develop a simulation-based machine learning framework for GW inference. The key
idea is to directly learn solutions to inverse problems by training probabilistic inference models on
simulated datasets. This connects probabilistic modeling with GW science, and the goal of this thesis
is to advance the state of the art in both these fields. From the perspective of GW science, we aim
to address limitations of conventional inference methods, thereby enabling new scientific analyses
while also preparing GW data analysis for next-generation detectors. From the machine learning
perspective, we aim to contribute approaches that are inspired by but generalize beyond GW inference,
advancing the capabilities of probabilistic machine learning.

In the remainder of this chapter, we provide background information on probabilistic inference
(Sec. 1.1) and GW science (Sec. 1.2). We then discuss the research gaps in these fields which we aim
to address here and provide a brief overview of this thesis (Sec. 1.3).



2 Introduction

Forward model

\

Physical system Observed data
0 eR” -~ Inference deR™

Fig. 1.1 Theoretical models in science and engineering are typically developed for the causal direction
of the data generating process, and thus define a mapping from a physical system (the causes; 6)
to observational data (the effects; d). Experiments and measurements often provide access only to
the data d. The task of inference is then to characterize the underlying physical system in terms of
parameters 6 based on observed data d. Inference thus corresponds to inversion of the forward model.

1.1 Inverse problems and probabilistic inference

Given a forward model § — d, the associated inverse problem describes the task of inferring the
inverse direction d — 6. Here, 6 denotes a set of input parameters to the forward model, which usually
parameterize an underlying physical system or process (often § € R™), and d denotes observational
data (often d € R™). Model inversion is a successful and broadly applicable paradigm for inference
of hidden properties which are not directly captured by a measurement.

Inverse problems are ubiquitous in many disciplines. In computer vision and graphics, reconstruction
of 3D structures (corresponding to #) based on sets of 2D projections from multiple perspectives (d)
can be achieved by inverting a rendering model. This is the central concept behind X-Ray computed
tomography [124, 39], which infers 3D structures based on sets of 2D X-Ray scans by inverting
a model for X-Ray absorption and scattering. A similar inverse problem is addressed by machine
learning methods for novel view synthesis such as neural radiance fields [159] and Gaussian splat-
ting [133]. Other inverse problems in computer vision include deblurring and inpainting, which aim to
reconstruct clean images (#) based on corrupted or partial images (d). In geophysics, rock properties
(0) can be estimated from seismic reflection or transmission data (d) via seismic inversion [199]. In
astronomy, atmospheric properties of exoplanets (f) can be estimated from observed telescope data
(d) by inverting simulators for exoplanet emission spectra [155]. These are all examples of inverse
problems: the quantity of interest (3D structure/clean image/rock properties/exoplanet atmosphere) is
only indirectly observed via a measurement (2D projections/corrupted image/seismic data/telescope
data), and there exist models to map from the former to the latter.

Forward models are often not deterministic, for example because of model uncertainties or mea-
surement noise, and can therefore not be defined via functions d = f(6). Instead, a stochastic
forward model is described by a conditional probability distribution p(d|f) called the likelihood. The
forward model can therefore be defined explicitly via the likelihood density p(d|@) (or a function
f(d,0) = z(d)p(d|@) proportional to it), or via a mechanism to sample the likelihood, d ~ p(d|0).
The density p(d|@) quantifies how likely data d is under the model for given 6, and sampling d ~ p(d|0)
corresponds to simulating an observation for §. Note that the density implicitly defines the corre-
sponding simulator and vice versa, but in practice only one of those mechanisms—density evaluation
or sampling—may be computationally accessible.
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Fig. 1.2 Bayesian posterior distribution p(#|d) over four black-hole parameters 6 = (my, ma,dr,0n)
estimated from gravitational wave data d for GW150914 [4] (Fig. 1.3). One-dimensional marginals
are visualized via their densities and two-dimensional marginals are indicated via 50% and 90%
credible regions. The posterior captures uncertainties induced by detector noise and correlations
between parameters. For example, distance dy, and inclination angle 6 7 are highly correlated, as
both primarily effect the loudness of the gravitational wave. See Fig. A.4 for the full corner plot.

Given a forward model, the task of inference is to estimate parameters 6§ that could have given rise to
observed data d. It is typically not possible to uniquely determine 6, for example due to incomplete
data, measurement noise or degeneracies of the forward model. The inverse mapping d — 6 is
therefore also described by a probability distribution p(6|d) which captures probabilistic properties
such as uncertainties and correlations of the parameters (Fig. 1.2). In a Bayesian framework, the
posterior is given by Bayes’ theorem

p(d|0)p(0)
p(d)

where the prior p(6) captures assumptions about # before observing d and the evidence p(d) =
J p(d|0)p(#)dl is a normalization factor. By combining prior and model likelihood, the posterior
distribution summarizes our updated knowledge about 6 after observing d.

p(0]d) = ; (1.1)

In Bayesian inference, a central task is to numerically approximate the posterior for a given observation
d by generating a representative set of samples (61, ...,0;) with 6; ~ p(f|d). Such samples are
a useful representation, as they can capture complex posterior distributions without the need for
closed-form solutions. Posterior representation via samples further enables (1) straightforward
marginalization over subsets of parameters to assess uncertainties or low-dimensional correlations
(Fig. 1.2), (2) cheap Monte Carlo estimation of expectation values of functions f () given the data,
E[f(0)|d] = [ f(0)p(6]d)do ~ 1 Zle £(0;), and (3) posterior predictive checks to assess whether
the forward model adequately describes the observed data. There exist a variety of methods to generate
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samples from the posterior distribution. These can be grouped into approaches based on likelihood
density evaluations (Sec. 1.1.1) and likelihood simulation (Sec. 1.1.2).

1.1.1 Likelihood-based inference

When the likelihood of the forward model p(d|@) can be evaluated explicitly, likelihood-based methods
such as Markov chain Monte Carlo (MCMC) [158, 117], nested sampling [206] and importance
sampling [220] can be used to sample the posterior. These methods explore the parameter space by
evaluating the target density for specific values of 6. For Bayesian inference, the target density is
the posterior p(#|d), which up to a normalization can be evaluated as the product of likelihood and
prior. The output of these methods are sets of samples (61, . . ., 0 ), which under some assumptions
are asymptotically uncorrelated and representative of the posterior. These methods are designed for
unconditional distributions. In the explanations below d,, is thus considered a fixed observation of
interest, and density evaluations and sampling are only performed in the space of 6.

MCMC methods generate samples via Markov chains whose equilibrium distribution is the posterior.
A common MCMC method is the Metropolis-Hastings algorithm [158, 117], which adds new samples
to a chain in two steps. First, a candidate ¢’ is proposed based on the current sample 6; via a
proposal distribution ¢(#'|6;). Second, the candidate is accepted as 6;1; = 6’ with probability
min {p(md") a(0:]0") 1} (see e.g. Sec. 4 in Ref. [63]); if rejected, 6,11 = 6;. This ensures that

p(0tldo) q(0710:)°
parameters with high posterior density are more likely to be sampled. Indeed, the posterior is

the stationary distribution of the resulting chain if the transition ¢ is irreducible (i.e., every 6 with
p(0|d,) > 0 can be reached by the chain with finite probability) and aperiodic. While convergence
is guaranteed whenever these conditions are met, the convergence rate in practice depends on the
target and proposal distributions. MCMC usually applies a burn-in period, in which early samples
are discarded to reduce the dependence on the starting sample. Samples are typically autocorrelated,
so when (approximately) independent samples are required, the chains need to be subsampled. The
necessity for burn in and subsampling can greatly reduce the sampling efficiency in practice.

Nested sampling has originally been developed for estimation of the Bayesian evidence p(d), but
it can also generate posterior samples. Furthermore, nested sampling is often more efficient than
MCMC for multimodal inference problems, and has thus become a popular alternative [40]. The
basic idea is to iteratively sample from prior regions where the likelihood exceeds a certain threshold,
p(do|0) > p*. The likelihood threshold p* is increased with each iteration, progressively shrinking
the prior volume and thereby focusing on higher likelihood regions.

Importance sampling represents the posterior with a set of samples (61, . . ., 0;) with associated
importance weights (w1, ..., wy). Samples are generated from a proposal distribution 6; ~ ¢(6|d,),
and weights w; = p(0;|d,)/q(0;|d,) account for deviations between p(6|d,) and ¢(0|d,). Unweighted
samples can be obtained via rejection sampling. Importance sampling requires ¢(60|d,) to cover the en-
tire support of p(6|d,). The sampling efficiency further depends on how well ¢(60|d,,) matches p(6|d,).
In practice, importance sampling is not directly applicable to most problems, due to the challenges of
designing a good proposal distribution ¢(6|d,) that provides sufficiently high efficiency.
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In this thesis, MCMC and nested sampling are used as baselines and to provide reference results (Chap-
ters 2,3,4,5). Importance sampling is used to augment machine learning results (Chapter 4).

1.1.2 Simulation-based inference

When the likelihood of the forward model can be sampled, d ~ p(d|6), simulation-based inference
(SBI; sometimes also called likelihood-free inference) [78] can be applied. The central idea is that the
forward model enables sampling from the joint distribution

(92', dz) ~ p(@, d) via 91 ~ p(@), di ~ p(d’ez) (1.2)

The joint distribution p(6, d) captures all marginal and conditional distributions, including for example
the posterior p(6|d). Neural SBI leverages such samples (6;,d;) ~ p(6,d) to train neural network-
based surrogate models for the likelihood, likelihood ratios or directly for the posterior.

We here discuss SBI through the lens of Bayesian inference, although frequentist interpretations are
possible in many cases. We further restrict the discussion to neural SBI, but note that there also exist
traditional SBI approaches based on rejection sampling [205, 44, 45, 49, 183].

Neural posterior estimation (NPE) [175, 152, 112] directly estimates the posterior p(f|d) with a
neural density estimator gy, (6|d). Here, 1) denotes learnable neural network parameters, which are
optimized to achieve gy (0|d) ~ p(f|d). The density estimator is often parameterized with a normal-
izing flow [193, 178]. Normalizing flows can accurately model complex distributions, and further
allow density evaluation (required for training) and sampling (required for inference). NPE training
aims to minimize the marginalized Kullback-Leibler divergence between p(6|d) and g, (6|d),

By Dt (0(0])] g, (6]d))] = / p(d)p(6]d) log (q’j;fe’@)) qdds

= [ Owiaio) g (qf;(fef;)

— [ p0)p(d6) [ loga Ol dddo + -

= Eop(9), d~p(ajo) [— 108 qy (0]d)] + 2.

> dd dé
(1.3)

Here, Bayes’ theorem (1.1) is used in the second line, and z denotes the constant contribution
from log p(#|d), which is independent of ¢, (6|d) and therefore irrelevant for optimization of 1.
Minimization of the Kullback-Leibler divergence can thus be achieved by minimizing the loss
L = —log q,(0|d) across samples from the joint distribution (1.2). Once trained, inference for ob-
served data d,, can be performed by sampling from the trained density estimator, 6 ~ g, (6|d,).

While this thesis focuses primarily on NPE, there exist a variety of other SBI methods. Neural
likelihood estimation (NLE) [233, 91, 177, 153] trains a conditional density estimator ¢(d|f) to
estimate the likelihood p(d|6). The density estimator is trained by maximizing the log probability
log q(d|@) across samples from the joint distribution (1.2). After training, the posterior can be sampled
with MCMC, using the density estimator ¢(d|f) as a surrogate for the likelihood p(d|#). Neural
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ratio estimation (NRE) [128, 182, 76, 119, 95, 218, 160] trains a classifier to distinguish between
samples from the joint (6, d) ~ p(d|60)p(#) and marginal (6, d) ~ p(0)p(d) distribution. The resulting
neural network provides an estimate of the likelihood ratio r(d|6;, 6;) = p(d|6;)/p(d|6;), which can
then be used to sample the posterior with MCMC. Finally, various lines of work explore the use
of generative modeling techniques in SBI. This includes generative adversarial training for SBI
(GATSBI) [189] based on generative adversarial networks [107], neural posterior score estimation
(NPSE) [105, 200] based on score matching and diffusion models [207, 208, 123], flow matching
posterior estimation (FMPE) [229] based on flow matching [148] and consistency models for
neural posterior estimation (CMPE) [198] based on consistency models [209]. These methods
directly target the posterior and could thus be regarded as NPE variants, with different density
estimators and training objectives compared to the original NPE formulation.

Amortized inference

After training, the neural SBI methods described above can perform inference for any number of
observations without the need for new likelihood simulations or retraining. The computational cost of
simulation and training is thus amortized over all analyses. This makes SBI an efficient framework
for performing large numbers of analyses. It also enables rapid inference of new observations, which
may provide useful real-time results in time critical applications.

Sequential inference

In their generic form, SBI models are trained with samples from the joint distribution (1.2). This
can be inefficient when there is only a single observation of interest d,. The posterior p(6|d,) may
only cover a small part of the prior p(#) and many simulations d ~ p(d) may be very different from
d,, such that the majority of training samples from the joint distribution p(d|0)p(#) may not be very
informative about p(6|d,). To better tune the training data to the observation d,, it has been proposed
to sample training parameters from a distribution p(6) optimized for d,, instead of sampling from the
prior p(#) as in (1.2). An obvious choice for p(6) is the posterior p(6|d,) itself.

Sequential SBI methods for NPE [175, 152, 112, 85], NLE [177] and NRE [119, 95] train the
inference model in multiple rounds, iteratively improving the proposal p(6). In the first round, training
is performed as usual with samples from the joint distribution (1.2). After each round r, new training
samples are generated based on the current inference model (6;, d;) ~ p(d|0)q"(0|d,) (for NLE and
NRE, ¢"(0|d,) is defined implicitly and sampling requires running MCMC). This iteratively tunes
the training dataset to the observation d,. Sequential SBI methods are thus typically more simulation
efficient than their generic counterparts [154] for a single observation d,, but no longer applicable to
arbitrary data d ~ p(d). Posterior estimation methods such as NPE further require modifications to
the training objective to account for the difference between p(6) and p(6).

1.1.3 Likelihood-based versus simulation-based inference

Some forward models have a tractable likelihood p(d|#) but cannot simulate data d ~ p(d|#), in which
case only likelihood-based inference is applicable. Conversely, other forward models can simulate
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data but don’t have a tractable likelihood, such that only SBI is applicable. However, many forward
models provide access to both, likelihood evaluations and simulations. This includes in particular
the gravitational wave model in Sec. 1.2.2. In such cases, likelihood-based and simulation-based
methods are both applicable, and the choice of inference method involves various trade-offs. We
here compare specific examples of the two inference paradigms: MCMC, which is the most common
likelihood-based approach, and NPE, which is the SBI method of choice in this thesis. Note that most
(but importantly not all) aspects of the discussion below transfer to the general comparison between
likelihood-based and simulation-based approaches.

Computation. NPE can have great computational advantages when many observations need to be
analyzed, or when rapid inference results are required for real-time applications. This is because amor-
tized NPE performs the computation for simulation and training ahead of time (Sec. 1.1.2), enabling
cheap and fast inference for any number of observations afterwards. In contrast, MCMC cannot share
computation between different analyses. In some cases, these computational advantages alone may
justify the choice of NPE over MCMC. On the other hand, when there are only few observations of
interest and inference times are not critical, MCMC can sometimes be more efficient.

Convergence in theory. For MCMC, one can design proposal distributions which guarantee that
the posterior is the equilibrium distribution. Asymptotically, for sufficiently long chains, MCMC
then generates samples from the posterior. For NPE on the other hand, theoretical guarantees are
weaker. Some density estimators can provably represent any well-behaved probability distribution
with sufficiently large neural networks (see e.g. Sec. 2.2 in Ref. [178]), and the global optimum of
the NPE training objective (Eq. (1.3)) is indeed achieved when NPE correctly predicts the posterior.
However, NPE optimization is based on standard techniques for neural network training, and there
exist no formal guarantees for convergence to a global optimum. From a theoretical point of view,
MCMC could thus be regarded as more rigorous—although even for MCMC, convergence is not
necessarily achieved in a computationally feasible number of steps.

Convergence in practice. NPE addresses two common challenges that MCMC faces in practice.
First, MCMC chains are typically autocorrelated. Samples inferred with NPE density estimators on the
other hand are naturally independent, removing the need for additional subsampling or thinning steps.
Second, MCMC is prone to missing distributional modes. This is because MCMC typically relies on
exploration of the parameter space with local proposal distributions, which impede transitions between
disconnected modes. In contrast, NPE training samples are generated from the joint distribution
(Eq. (1.2)), which by construction accurately captures all distributional modes. On the other hand,
NPE is subject to the usual pitfalls of deep learning [120]. This includes overfitting, susceptibility to
adversarial attacks and poor performance on out-of-distribution data (i.e., data very unlikely under
the integrated likelihood and prior). Assessing, whether NPE training has converged may further be
similarly challenging as assessing convergence of MCMC chains.
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Fig. 1.3 Time series strain data for GW150914—the first-ever detected GW—comparing observed
data (blue) to a corresponding GW simulation (orange) in the two LIGO detectors Hanford (left) and
Livingston (right). The time is specified relative to September 14, 2015 at 09:50:45 UTC. To decrease
detector noise, the frequency range is restricted to [35, 350] Hz with a bandpass filter, and frequencies
with high detector noise levels are removed with band-reject filters. The GW simulation is generated
with the maximum likelihood parameters from a DINGO [82, 84] analysis with the waveform model
IMRPhenomXPHM [185]. The bottom row shows the residual between the measured and simulated
strain data. The figure layout is inspired by Fig. 1 in Ref. [4].

1.2 Gravitational waves

Gravitational waves (GWs) are deformations of spacetime that propagate at the speed of light, pre-
dicted by Einstein in 1916 [97] within his theory of general relativity. GWs are emitted by accelerated
masses, just like electromagnetic waves are emitted by accelerated charges [101]. However, the gravi-
tational interaction is so weak that extremely high masses and accelerations are required to produce
detectable GWs. Realistic sources of GW measurements are thus of astrophysical origin.

Einstein’s predictions of GWs have for the first time been verified in 1974 [126] with a system of two
neutron stars orbiting each other. The binary system was observed through pulsed electromagnetic
radiation emitted by one of the neutron stars. These measurements indicated the decay of the binary
orbit over time. The corresponding energy loss was in close agreement with theoretical predictions for
the energy loss from emission of GWs. This marked the first indirect observation of GWs, for which
Russell A. Hulse and Joseph H. Taylor Jr. were awarded the 1993 Nobel Prize in Physics.

The first direct observation of GWs was made in 2015 [4] by the Laser Interferometer Gravitational-
Wave Observatory (LIGO) [2] (Fig. 1.3). The astrophysical source was a system of two black holes,
both around 30 times the mass of our Sun, around one billion light-years from Earth. The black holes
spiraled around each other and merged into a single, more massive black hole. This process emitted
GWs with a total energy of around 3 solar masses, which propagated through space and were detected
by the two LIGO interferometers (Fig. 1.4) as tiny deformations of spacetime. Detection of these
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Fig. 1.4 GWs can be detected by measuring small distance changes with interferometry. (a) Schematic
diagram of a laser-based Michelson interferometer. The interferometer splits a laser beam into
two perpendicular arms, reflecting the light off mirrors at the ends of each arm. The light is then
recombined to create interference patterns. Any change in the relative lengths of the arms, such as
those caused by passing GWs, alters the interference pattern. (b) Photograph of the LIGO Livingston
detector, showing the 4 km long interferometer arms. Courtesy Caltech/MIT/LIGO Laboratory.

GWs, referred to as GW150914, required a tremendous experimental effort. Three key scientists
behind LIGO, Rainer Weiss, Kip S. Thorne and Barry C. Barish, received the 2017 Nobel Prize in
Physics for this discovery.

The ability to directly observe GWs heralded a new era in astronomy, providing a novel way of
probing the universe. Through GW measurements, we can now observe astrophysical events that are
hard or impossible to detect in other channels (e.g., with electromagnetic radiation), such as black hole
mergers. In the past decade, GW astronomy has been used to test the theory of general relativity [24]
and for detailed studies of black-hole astrophysics and populations [21, 30], neutron-star physics [12]
and cosmology [7]. The remainder of this section provides background information on experimental
GW astronomy.

1.2.1 GW detections

GWs can be detected by directly measuring the corresponding spacetime deformations with interfer-
ometry (Fig. 1.4a). An interferometer splits a light beam into two perpendicular arms with a beam
splitter. The beams are reflected back by mirrors placed at the end of each arm, recombined at the
beam splitter and finally detected by a photodetector. The interference pattern of the recombined beam
depends on the difference Ad of the distances traveled by the light in the two detector arms. For light
with wavelength A, the corresponding phase difference of the two beams is given by Ap = 2%%, and
an additional (but constant) phase shift may arise from the beam splitter. If the total phase difference
is a multiple of 2, the beams interfere constructively and the recombined beam at the photodetector
becomes stronger. Conversely, for odd multiples of 7, the beams interfere destructively, leading to a
vanishing (or, in practice, weaker) amplitude of the recombined beam. Therefore, the interference
pattern measured by the photodetector contains information about Ad.
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GWs passing through such an interferometer stretch and compress spacetime differently along the two
arms. As a consequence, the distance differences between the two light paths Ad changes over time,
which can be observed via the inference pattern. However, the spacetime deformations are extremely
small. For example, the relative distance changes due to GW 150914 were of order 10~2! (Fig. 1.3),
and therefore changed the length of a kilometer-long interferometer arm by around 10~'® m, which is
roughly one thousandth the size of a proton. Resolving such tiny distance changes is experimentally
extremely challenging. GW observatories thus employ a variety of techniques to enhance the basic
Michelson interferometer. For example, LIGO uses Fabry Perot cavities, which repeatedly reflect
the beams within the individual arms and thereby increase their effective length; power and signal
recycling mirrors to enhance the signal in the photodetector; and sophisticated damping mechanisms
to suppress noise [2].

There exist several interferometer-based GW detectors. The two LIGO detectors Hanford (Washington,
United States; 4 km long interferometer arms) and Livingston (Louisiana, United States; 4 km arms;
Fig. 1.4b) made their first detection in 2015, with the aforementioned event GW150914 [4]. The
Virgo detector [32] (near Pisa, Italy; 3 km arms) made its first detection in 2017 [8]. The Kamioka
Gravitational Wave Detector (KAGRA) [42, 35] (Kamioka, Japan; 3 km arms; built underground) and
GEOG600 [90] (near Hannover, Germany; 600 m arms) are operational [26], but have not yet reported a
GW detection due to their reduced sensitivity compared to LIGO and Virgo. Use of multiple detectors
is crucial for GW astronomy. Coincident measurements of GW signals in spatially separated and
independent detectors greatly increases the confidence in detections. Furthermore, observation in
multiple detectors enhances GW source localization, as the incident direction can be constrained
from differences between the detection times. Multi-detector observations also provide greater
combined signal-to-noise ratios for estimation of other GW source parameters. The observatories
thus collaborate closely to form a global detector network.

Since 2015, LIGO and Virgo have reported 90 candidates for GW detections [15, 22, 31, 29] from
their first three observering runs, O1, O2 and O3 (Fig. 1.5). In addition, individual candidates have
been reported [3] from the fourth observing run (04, May 2023—June 2025) of the LIGO Scientific,
Virgo, and KAGRA Collaboration (LVK), and frequent public alerts (e.g., Ref [146]) indicate a
high detection rate in O4. All of the confident observations are believed to originate from compact
binary coalescences, that is, mergers of two compact objects. Specifically, three types of events have
been reported, binary black hole, neutron star—black hole, and binary neutron star mergers. Mergers
involving neutron stars can emit electromagnetic signals in addition to GWs. So far, such so-called
counterparts have only been observed for one event [75, 9], which has led to important scientific
results [7, 10, 13, 12, 14], including an independent measurement of the Hubble constant [7] and tests
of general relativity [14]. Such observations are challenging, as telescopes need to be pointed into
the direction of the merger, which requires accurate source localization based on GW signals.

1.2.2 Gravitational-wave data models

The primary data product of GW detectors is a time series measurement of the spacetime strain
d(t) (Fig. 1.3). This is obtained from the calibrated output of the photodetector, sampled with a
fixed frequency (fs = 16384 Hz for LIGO), resulting in a discrete time series d; = d(¢;) with
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Fig. 1.5 Mergers of compact objects during the first three LIGO-Virgo observing runs O1-0O3. Each
line represents one event (90 in total), showing the two initial masses and the final mass connected
with an arrow. Events analyzed with DINGO [82, 84] in this thesis (51 in total) are highlighted (black
event names and arrows, filled circles), with the corresponding chapter numbers in parentheses.
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Fig. 1.6 Detector noise ASDs of the LIGO-Virgo detectors, quantifying the detector noise amplitude
in each frequency bin. Detectors are upgraded between observing runs, so the noise level at the time of
GW150914 [4] in O1 (left) is higher than the noise level at the time of GW170817 [13] in O2 (right).
Here, the ASDs are multiplied by y/4A f to make them independent of the frequency resolution A f
and dimensionless.

At = ti41 —t; = 1/ fs. This time series is assumed to be the superposition of GW strain h(t) and
additive detector noise n(t), d(t) = h(t) + n(t). Analysis of GW data thus requires modeling of both,
detector noise as well as GW signals.

Detector noise model

The data collected by LVK detectors are affected by various types of noise. This includes fundamental
sources like quantum and thermal noise, as well as technical sources, like laser frequency fluctuations
and photodetector dark noise (see Sec. 3 in Ref. [1] and Sec. 3 in Ref. [18] for details).

The definition of a statistical noise model requires one to make additional assumptions. First, detector
noise is commonly assumed to follow a Gaussian distribution. This is often a good approximation, as

detector noise typically arises as the superposition of many small, (mostly) uncorrelated effects (cf.
central limit theorem). Second, the noise is commonly assumed to be stationary, that is, statistical

properties do not change under time shifts. Formally, this means that the noise covariance matrix C;;—
which captures correlations between noise at times ¢; and ¢; and is defined as C;j; = E[(n;—p)(n;—p)]

with ¢ = E(n)—only depends on the difference |t; — t;|, or equivalently, on |i — j|. Note that while

both these assumptions are usually applied in GW data analysis, real detector noise is neither exactly
Gaussian nor stationary, and there are efforts to mitigate these deviations [18].

GW data analysis is typically performed in the Fourier transformed domain, which is particularly well
suited for stationary noise. In the following, all quantities are thus represented in the Fourier domain,
omitting the usual hat notation. The noise covariance matrix is diagonal in Fourier domain,

Cij = 0i5Sn(fi), (1.4)
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Description Parameter ‘ Description Parameter
component masses 11, Mo polarization P

spin magnitudes ai, az phase of coalescence ¢,

spin angles 01, 02, P12, @51, | time of coalescence .

tidal parameters A1, A2 sky position a, B
inclination 05N luminosity distance  dj,

Table 1.1 Parameters describing a compact binary coalescence. Indices 1, 2 refer to the individual
compact objects (black holes or neutron stars). Parameters \; are only applicable to neutron stars.

with indices 7, j now referring to frequency bins f; ;. This defines the power spectral density (PSD)
Sp(f) and the amplitude spectral density (ASD) /Sy, (f). The ASD is a property of the detector, quan-
tifying the noise level in each frequency bin (Fig. 1.6), which corresponds to the free parameters of the
stationary and Gaussian detector noise model. The ASD can be determined empirically, for example
with Welch’s method [227] via the power spectrum of a long segment of signal-free data, or with tools
such as BAYESWAVE [73, 149] which simultaneously fit the GW signal and noise distribution.

The ASD quantifies the sensitivity of the detector as a function of frequency—the lower the ASD,
the lower the noise level, and the higher the sensitivity. The LVK detectors are most sensitive in a
frequency band between roughly 102 Hz and 10® Hz, resulting in U-shaped ASDs (Fig. 1.6). The
steep increase towards lower frequencies is primarily due to seismic noise, and at higher frequencies,
the ASDs are dominated by quantum noise. The LVK ASDs further have several narrow peaks from
electrical and mechanical sources. For example, there are peaks at 60 Hz for the US-based LIGO
detectors and 50 Hz for the Europe-based Virgo detector due to the frequencies of the respective power
grids. Detector noise ASDs change over time. In between observing runs, detectors are upgraded,
resulting in improved sensitivity (Fig. 1.6). Even throughout an observing run, the detector noise level
drifts, such that ASDs have to be estimated for each event individually.

Gravitational wave signal models

A compact binary coalescence is parameterized by its component masses (2), spins (6), tidal de-
formabilities (1 per neutron star involved), inclination (1), polarization (1), phase (1) and time (1) of
coalescence, sky position (2), and distance (1) (Tab. 1.1). This amounts to 15 parameters for binary
black hole, 16 for neutron star-black hole and 17 for binary neutron star events. These parameters 6
determine the GW signal, which can be computed with waveform models.

The gold standard for waveform modeling are numerical relativity (NR) simulations [181, 197].
These solve Einstein’s equations numerically, and are therefore accurate but also computationally
expensive. Data analysis is typically performed with cheaper waveform models, such as NR surrogate
models [47, 221], which interpolate NR simulations but are only available for restricted regions of
the parameter space, effective-one-body models [55, 173, 190], which combine NR and perturbative
calculations, and phenomenological models [115, 134, 50, 185]. Based on the binary parameters 6,
these waveform models compute the two GW polarizations, h. (0), hy (6), which can then be projected
onto the detectors to obtain the simulated GW signal /(#) in time or frequency domain.
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Fig. 1.7 Frequency domain data (blue) for GW150914 in the two LIGO detectors Hanford (left) and
Livingston (right), obtained by Fourier transforming the time series strain (Fig. 1.3). The data are
whitened by dividing by /.S, /(4A f), such that detector noise should have unit variance. The GW
simulation (orange) is generated using the maximum-likelihood parameters from a DINGO analysis.

Gravitational wave likelihood

With the assumptions above, GW data d = h(#) + n is modeled as the sum of a signal h(6) and
stationary, Gaussian noise n with PSD S,,. This implies the likelihood

p(d|6) = [ p(dil0), (15)
with

p(dil0) =

1 |di — hi(0)[?
2705 exp <_2Af—(5n)i ) , (1.6)

where data d and signal h(6) are both represented as complex frequency series with ¢ indexing the
frequency bins, potentially in multiple independent detectors. Intuitively, the likelihood compares the
data to the waveform simulation by quantifying whether the residual r = d— h(€) is a plausible realiza-
tion of the noise model (Fig. 1.7). Specifically, evaluation of Eq. (1.6) thus corresponds to computing
the probability of r; under a Gaussian with mean 0 and standard deviation o; = \/(Sy)i/(4Af).
This is done for real and imaginary part individually, resulting in a two-dimensional Whittle likeli-
hood [228]. Similarly, the likelihood can be sampled, d ~ p(d|f), by adding noise n with mean 0 and
standard deviation o; to the signal h(6), d = h(#) + n. Likelihood evaluation and sampling both have
roughly the same computational cost, which is dominated by the waveform simulation h(6).
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Fig. 1.8 Cumulative count of confident GW detections during the first three LIGO-Virgo observing
runs O1-03. The event rate increases between observing runs due to upgrades to detector sensitivities.
It is expected that this trend continues in the current observing run O4 (May 2023—June 2025).

1.2.3 Gravitational-wave data analysis
Data analysis at the LVK can be grouped into two central tasks.

GW search [100, 166, 58, 34, 66, 196, 167, 140] aims to identify GW event candidates in the detector
data and to assess their statistical significance. This is commonly achieved with a technique called
matched filtering, which compares the data to a large bank of GW signal templates. These templates
are generated to densely cover the parameter space of compact binary coalescences. Given measured
data, matched filtering searches for the template with the highest signal-to-noise ratio in the bank.
The statistical significance of a GW candidate is then estimated based on this optimal template, using
the signal-to-noise ratio and other detection statistics. The corresponding template parameters further
provide an initial estimate of the GW source properties. The LVK employs multiple independent
search pipelines, including PyCBC [166], GstLAL[58], MBTA [34] and SPIIR [66].

GW parameter estimation aims to estimate GW source parameters, typically in a Bayesian frame-
work (Sec. 1.1). Parameter estimation is performed for event candidates identified by search pipelines,
and assumes that the data indeed contain a GW signal. Given observed data d, a likelihood p(d|9)
defined by waveform and noise models (Sec. 1.2.2) and a prior p(6), the goal is to characterize
the astrophysical source in terms of the Bayesian posterior p(f|d) over source parameters 6. The
LVK traditionally employs likelihood-based methods (Sec. 1.1.1) implemented by the LVK tools
LALInference [224] or Bilby [41, 195, 210] to generate posterior samples (61, . .., 6x). Accurate and
reliable inference methods are of great importance in GW science, as they underlie the vast majority
of downstream analyses (see for example Refs. [12, 25, 28-30]).
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1.3 Overview of this thesis

Conventional GW inference (Sec. 1.2.3) often provides excellent results. However, inference times
typically range from hours to months, depending on the complexity of the GW waveform model. With
the growing GW detection rate (Fig. 1.8), the computational cost of inference becomes increasingly
problematic. More efficient GW inference methods are thus essential to continue analyzing each GW
event individually, to routinely use the most physically realistic waveform models, and to perform
large-scale searches for new discoveries (e.g., eccentricity in black hole orbits, deviations from
general relativity). Moreover, GW inference provides crucial information (e.g., source location, mass
parameters) required to direct multi-messenger searches for potential electromagnetic counterparts.
However, conventional inference is too slow to provide this information in very low latency. Finally,
planned next-generation detectors will amplify the issues above, with even higher detection rates,
more multi-messenger events and new data analysis problems such as overlapping signals.

This thesis introduces a paradigm for GW data analysis intended to address these limitations. Our new
framework, called DINGO (“Deep INference for Gravitational-wave Observations”), augments the SBI
method NPE with several new techniques to solve the challenging problem of GW inference.

Chapter 2 introduces DINGO, demonstrating for the first time that SBI can meet the high accuracy
requirements in GW science while also being ~ 102 times faster than conventional methods. Therefore,
this foundational chapter motivates the subsequent research efforts to develop a comprehensive
framework that covers all areas of GW inference. Crucially, DINGO explicitly integrates GW
symmetries into the inference algorithm to enhance its performance. Chapter 3 describes this
technique in detail and generalizes it beyond the GW application.

While theoretically principled and empirically successful, DINGO lacks formal accuracy guarantees.
However, GW science requires highly reliable data analysis. Chapter 4 addresses this issue with
DINGO-IS, which combines DINGO with likelihood-based importance sampling. This establishes
an independent mechanism to verify and potentially correct DINGO predictions, providing results
that are asymptotically free from deep learning inaccuracies. Chapter 4 further extends DINGO to
more physically realistic GW waveform models, one of which is so computationally expensive that
conventional inference would require several months of computation per event. The ability to verify
results without comparison to conventional inference is therefore crucial for such analyses.

With Chapters 2—4, DINGO can analyze most binary black holes and is tested with the most common
GW waveform models. However, possibly the greatest scientific benefit of fast GW inference is its
ability to improve searches for electromagnetic counterparts, which are not expected to be observed
for binary black holes. In contrast, binary neutron stars are known to emit such counterparts, but
are challenging to analyze with machine learning due to their long and complex signals. Chapter 5
introduces various innovations that, for the first time, enable full GW inference for binary neutron
stars in less than one second. This method, DINGO-BNS, can further analyze binary neutron stars
even before the merger, and scales to hour-long signals in next-generation detectors.



Chapter 2

Real-Time Gravitational Wave Science
with Neural Posterior Estimation

We demonstrate unprecedented accuracy for rapid gravitational-wave parameter esti-
mation with deep learning. Using neural networks as surrogates for Bayesian posterior
distributions, we analyze eight gravitational-wave events from the first LIGO-Virgo
Gravitational-Wave Transient Catalog and find very close quantitative agreement with
standard inference codes, but with inference times reduced from O(day) to 20 seconds
per event. Our networks are trained using simulated data, including an estimate of the
detector-noise characteristics near the event. This encodes the signal and noise models
within millions of neural-network parameters, and enables inference for any observed data
consistent with the training distribution, accounting for noise nonstationarity from event
to event. Our algorithm—called “DINGO”—sets a new standard in fast-and-accurate
inference of physical parameters of detected gravitational-wave events, which should
enable real-time data analysis without sacrificing accuracy.
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2.1 Introduction

Since the first detection of a signal from a pair of merging black holes [4], gravitational waves have
quickly emerged as an important new probe of gravitational theory [24], neutron-star physics [12],
cosmology [19], and black-hole astrophysics [21]. These scientific successes were made possible
by a growing rate of detections by the LIGO [2] and Virgo [32] observatories, and their subsequent
analysis and characterization as signals from merging compact binary systems. The LIGO and Virgo
Collaborations (LVC) have now published results from over 50 such systems [15, 23], and this number
promises to grow ever-faster as detectors are made more sensitive in the future [17].

Given a detection, Bayesian inference is used to characterize the originating source [18]. This is based
on having models for the signals and the detector noise. For gravitational waves, signal models take
the form of waveform predictions h(#) depending on the source parameters 6 (masses, location, etc.).
Waveform models are based on solutions to Einstein’s equations (and any relevant matter equations)
for the two-body dynamics and gravitational radiation, using a combination of numerical-relativity
and perturbative calculations [55, 51, 222] and phenomenological fitting [188, 134, 222]. Detector
noise is typically modeled as stationary and Gaussian, with some spectrum which can be estimated
empirically. Together, these “forward” models give rise to the likelihood p(d|f) for the observed
strain data d, which is assumed to consist of a signal plus noise. With the choice of a prior p(6) over
parameters, the posterior distribution is given via Bayes’ theorem,

p(d|0)p(6)
p(d)

where p(d) is a normalizing factor called the evidence. The posterior gives our belief about the source

p(0]d) = 2.1)

parameters, given the observed data.

The task of inference is to characterize the posterior by drawing samples from it. This can be
accomplished with stochastic algorithms like Markov chain Monte Carlo (MCMC). The LVC have
developed software tools such as LALInference [224] and Bilby [41, 195, 210] to carry this out.
However, these algorithms are computationally expensive as they require many likelihood evaluations
for each independent posterior sample 6 ~ p(6|d), and each likelihood requires a waveform simulation.
An analysis producing ~ 10* independent samples typically requires millions of waveform evaluations
and a total inference time of hours to months, depending on the signal duration and waveform model.
More physically-realistic waveform models [170] are also more costly, so carrying out inference for all
events with the best models is an enormous computational effort. When rapid results are desired—for
alerts to trigger electromagnetic follow-up of transient phenomena [6], or when processing large
numbers of events—accuracy usually has to be traded off for speed, by restricting to a limited set of
fast models [184, 185] or specialized inference algorithms [203, 143, 71].

In this Letter, we describe an alternative approach to gravitational-wave inference which delivers
both dramatically reduced analysis time and high accuracy, in stark contrast to the trade-off intrinsic
to standard algorithms. The basic idea is to produce a large number of simulated data sets (with
associated parameters), and use these to train a type of neural network known as a normalizing flow to
approximate the posterior. The trained network can then generate new posterior samples extremely
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quickly once a detection is made. This bypasses the need to generate waveforms at inference time,
thereby amortizing the expensive training costs over all future detections. The general approach of
building such “surrogate” inverse models is called neural posterior estimation (NPE) [175, 152, 112],
and is beginning to see application in several scientific domains [77]. When applied to gravitational
waves, with all of the optimizations we describe, we call the method Deep INference for Gravitational-
wave Observations, or DINGO.

NPE and conventional methods both involve the same inputs: a prior and a likelihood. A key
difference, however, is the way in which the likelihood is used: for conventional methods, its density
is evaluated, whereas for NPE it is used to simulate data, i.e., d ~ p(d|@). This distinction is
important when dealing with nonstationary or non-Gaussian detector noise, for which an analytic
likelihood is either expensive or unavailable. In this case, one could nevertheless simulate data, in a
noise-model-independent way, by injecting simulated signals into real noise. Our present focus is on
speed and on validating DINGO on real data with the common assumption of stationary-Gaussian
noise, but the ultimate aim of more accurate inference using real noise should be kept in mind.

There have been several previous studies that applied NPE or related approaches to gravitational
waves [103, 67,61, 111, 110, 86, 141, 201]; see also [80]. However, most of these are limited in some
way: they either restrict the number of parameters or the distributional form of the posterior, or they
do not analyze real data, or there are clear deviations from results obtained using standard algorithms.
The best performance to-date was achieved in the study [110] by some of us. This was the only study
to infer all 15 parameters' of a binary black hole (BBH) system in real data and demonstrate close
agreement to standard samplers. However, even that study did not achieve full amortization, as it
did not address the fact that detector noise varies from event to event. Rather, the neural network
of [110] was tuned to the noise power spectral densities (PSDs) of the detectors at the time of the
event analyzed, and it would require retraining for each new event.

We now present for the first time completely amortized inference for BBHs using DINGO. This is
achieved by conditioning the neural network not only on the event strain data, but also on the detector
noise PSD, which can be estimated using nearby data [224]. We also achieve unprecedented accuracy
thanks to a new iterative algorithm for time-shifting the coalescence times, as well as various architec-
ture improvements. We use our trained networks to analyze all events in the first Gravitational-Wave
Transient Catalog (GWTC-1) [15] with component masses greater than 10 M, (our prior bound) and
find close (sometimes indistinguishable) quantitative agreement with standard algorithms. This Letter
sets a new standard for rapid gravitational-wave inference, which should enable real-time gravitational-
wave science in the near future. It shows that NPE has moved beyond toy models and is competitive
with conventional algorithms. More broadly, it provides a demonstration of these new methods in
a realistic use case, which we hope will inspire wider adoption in experimental science.

'Parameters consist of detector-frame component masses (m1,mz), time of coalescence at geocenter t., reference
phase ¢., sky position («, d), luminosity distance dr,, inclination angle 6y, spin magnitudes (a1, az2), spin angles
(01,02, d12, ds1) [98], and polarization angle 1.
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Fig. 2.1 DINGO flow chart. The posterior distribution is represented in terms of an invertible
normalizing flow (orange), taking normally-distributed random variables u into posterior samples 6.
The flow itself depends on a (compressed) representation of the noise properties .S, and the data d, as
well as an estimate 77 of the coalescence time in each detector I. The data are time-shifted by 77 to
simplify the representation. For inference, the iterative group equivariant neural posterior estimation
(GNPE) algorithm is used to provide an estimate of 77, as described in the main text.
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2.2 Method

The central object of DINGO is the density-estimation neural network, which defines a conditional
probability distribution ¢(é|d). This should be distinguished from the posterior p(6|d), which ¢(6|d)
learns to approximate through training. We use so-called normalizing flows [193, 136, 176] to define
a sufficiently flexible ¢(é|d) via a d-dependent mapping f; : u — 6 from a simple “base” distribution
m(u),

g(8ld) = = (f71(0)) ’det |- 2.2)

If 7(u) can be rapidly evaluated and sampled from, and if f; is invertible and has simple Jacobian

determinant, then ¢(6|d) can also be rapidly evaluated and sampled from. Following [110], we take
7(u) to be multivariate standard normal, and f; a composition of spline coupling flows [93], each
of which is defined with a neural network.

The overall structure of DINGO is illustrated in Fig. 2.1. This contains three key enhancements
compared to the study [110]. First, since the data generation process depends on the detector noise PSD
Sh, we include this as additional context to the neural network, i.e., ¢(6|d, Sy). This allows us to tune
the network at inference time to the PSD estimated just prior to the event, corresponding to standard
“off-source” noise estimation [224]. An alternative would be to estimate the noise “on-source” [149],
but since we consider only short-duration BBH events here, the off-source approach is sufficient.

The second enhancement addresses the problem of high-dimensional observed data by using an
additional neural network to first compress to a small number of features. This network (called an
“embedding network™) is trained alongside the flow network. Our data is in the frequency domain,
between 20 Hz and 1024 Hz, with 0.125 Hz resolution, so combined with the PSDs, this gives 24,096
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input dimensions for each of the two or three interferometers. The first stage of the embedding
network maps this linearly to 400 components per detector. To provide an inductive bias to extract
signal information, we seed this layer with the principal components of clean waveforms from our
training set, and then allow these parameters to float during training. Following this, a fully-connected
residual network [118] compresses to 128 features, which are provided to the flow.

Finally, we developed a new method to treat time translations of the strain data. For standard
algorithms, inference of («, d, t.) requires sampling over waveforms with varying coalescence times
tr in each detector /. Likewise for NPE, the network must learn to interpret strain data with different
tr. For frequency-domain data, however, time translations correspond to local phase shifts, which,
although explicitly known, are challenging for neural networks to learn. Indeed, this occupied much
of the network capacity in Ref. [110]. Our new approach—called group equivariant neural posterior
estimation (GNPE)—leverages explicit knowledge of the time-translation symmetry along with
approximate knowledge of t; to simplify the data representation and allow the network to focus on
more nontrivial parameters. For further details see [83].

For GNPE, we train the network to infer 6 given perturbed coalescence times 7; and manually-time-
shifted strain data d_,,. Using maximum likelihood estimation [108], this means we minimize the
loss function

L =Ep0)Eps)Epaio,sn Enoty) [~ 108 a(0]d_,0)st; Sns t1(0) + 0t1)] (2.3)

with respect to the network parameters [135]. Here, [E refers to the expected value over the specified
distribution, which is evaluated stochastically using Monte Carlo draws. x(dt7) is a uniform kernel
used to perturb ¢;. For inference, even though we do not have direct access to ¢, all parameters can be
inferred using Gibbs sampling starting with an approximate ¢; (obtained, e.g., using standard NPE):
first, convolve ¢; with k(Jt7) to obtain 77, then use the network to infer a new estimate for ¢7; then
convolve again and repeat. We find that this converges after O(10) iterations.

Evaluating (2.3) requires sampling () ~ p(6) and S8~ p(S,), and then simulating data d() ~
p(d|e®, Sr(li)). Aside from the PSD sampling, this follows Ref. [110] very closely. In particular we
use the same prior over parameters, with my, mg € [10,80] Mg . We train separate networks for the
noise distributions in the first (O1) and second (O2) observing runs of LIGO and Virgo, with PSD
samples estimated empirically from stretches of interferometer noise data [20]. For O1, we choose
the distance prior [100, 2000] Mpc. For O2, we train one network for loud events with distance prior
[100, 2000] Mpc and another for quieter events with [100, 6000] Mpc. In addition to these two-detector
networks, we train a three-detector network with distance prior [100, 1000] Mpc to analyze GW170814.
With future enhancements of network architecture we expect to cover the entire distance range with
a single network. Finally, as in Ref. [110], training data are generated from a fixed set of spin-
precessing frequency-domain waveforms, described by the IMRPhenomPv2 [115, 134, 50] model,
but with extrinsic parameters and noise realizations drawn randomly during training. With training
sets of 5 x 10% waveforms, there is no indication of overfitting. Training takes roughly 10 days on a
single NVIDIA A100. Further details on the networks and training are provided in Chapter A.
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Fig. 2.2 P-P plot for 1000 injections. The legend shows the p-values of the individual parameters,
with a combined p-value of 0.46.

2.3 Results

As a first test, we evaluate DINGO on data entirely consistent with the training distribution, i.e.,
simulated waveforms in stationary-Gaussian noise. This is an easier task than using observational data,
which includes real signals in noise that is neither strictly stationary nor Gaussian, and therefore lies
outside the training distribution. We sample posteriors from 1000 simulated data sets and construct a
P-P plot (see Fig. 2.2). For each parameter, we compute the percentile score of the true value within
its marginalized posterior, and then we plot the cumulative distribution function (CDF) of these scores.
For true posteriors, the percentiles should be uniformly distributed, so the CDF should be diagonal.
Kolmogorov-Smirnov test p-values are indicated in the legend, with combined p-value of 0.46. This
shows that DINGO is performing properly on simulated data.

We now proceed to our main result, which is a demonstration of performance on real events. We
perform inference on the eight GWTC-1 BBH events compatible with our prior, using both DINGO
and LALInference MCMC. For DINGO, generation of 50,000 sample points with 30 GNPE iterations
takes roughly 20 seconds. Comparisons of inferred component masses and sky position for all events
show good agreement (see Fig. 2.3), including multimodality for the sky position. The one exception
is GW170104, where the mass posterior is slightly flatter. Nevertheless, 90% credible intervals are
in good agreement.
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Fig. 2.3 Comparison of (a) detector-frame component mass and (b) sky position posteriors from
DINGO (colored) and LALInference (gray) for eight GWTC-1 events. 90% credible regions shown.
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Fig. 2.4 JSDs between DINGO and LALInference marginalized posteriors, averaged over 100 realiza-
tions. The mean JSD across all events and parameters is 0.0009 nat.
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For quantitative comparisons, we compute the Jensen-Shannon divergence (JSD) [147] between
DINGO and LALInference one-dimensional marginalized posteriors (see Fig. 2.4). This is a symmetric
divergence that measures the difference between two probability distributions, with values ranging
from 0 to In(2) ~ 0.69 nat. We find a mean JSD across all events and parameters of 0.0009 nat, which
is slightly higher than the variation (0.0007 nat) found between LALInference runs with identical
settings but different random seeds [195]. By comparing such LALInference runs, Ref. [195] also
established a maximum JSD of 0.002 nat for indistinguishability; our results are approaching this
threshold, with two events below for all parameters, and the others with one to three parameters
above. The slight visible disagreement between mass posteriors for GW 170104 is also reflected in
larger JSDs. For comparison, we note that PSD variations (see Fig. A.2) and the choice of waveform
model [195] both impact the JSD at a much higher level (0.02 nat). Additional comparisons between
samplers, including posteriors for all events, are provided in Chapter A.

2.4 Conclusions

In this Letter, we introduced DINGO and applied it to perform extremely fast Bayesian parameter
inference for gravitational waves observed by the LIGO and Virgo detectors. We analyzed eight
GWTC-1 events, and showed excellent agreement with standard algorithms, with inference times
reduced by factors of 103-10*. This was achieved by conditioning on the detector noise characteristics
and making a number of architecture and algorithm improvements. The DINGO code is available at
https://github.com/dingo-gw/dingo.

A critical component of DINGO is a new iterative algorithm—GNPE—to partially off-load the
modeling of time translations from the neural network. Although convergence of GNPE may take
20 seconds, initial samples with slightly reduced accuracy can, however, be produced in just a few
seconds by taking fewer iterations.

Going forward, the next steps are to extend the prior to include longer-duration binary neutron star
signals [11] (for which rapid results are especially important to identify electromagnetic counterparts)
and to extend to more physically-realistic waveform models, which include higher multipole modes
and more accurate spin-precession effects [170]. Long and complex waveforms are much more
expensive for standard algorithms, so the relative improvement in performance should be even more
significant. If successful, this would also enable the routine use of the most physically-realistic
waveforms, resulting in consistently reduced systematic errors. These extensions will likely require

somewhat larger networks and improved data representation or compression.”

Another natural extension would be to study signals without making the common stationary-Gaussian
idealization for the detector noise during the training stage. For DINGO, performing inference with
realistic noise is simply a matter of training with simulated signals injected into real noise realizations

*Initial estimates based on a singular value decomposition [56] indicate that to accurately represent SEOBNRv4PHM
BBH waveforms [170], the initial layers of our embedding network should be widened by a factor of roughly four. Assuming
the same number of iterations and fixed hardware, the total training time would increase by about 35%. For binary neutron
stars, adopting a frequency-dependent resolution [225, 57] would limit the expansion of the number of frequency bins to a
factor of three.
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taken from detectors. Using real noise should lead to improved accuracy that is not possible using
standard likelihood-based methods, and would serve as an excellent demonstration of the advantages
of NPE. For real-time analysis, it will also be necessary to develop approaches to progressively retrain
networks to keep pace with changing data distributions during an observing run, e.g., as detector
sensitivity is improved. All of these enhancements, particularly the treatment of nonstationary noise,
will be critical for extensions to future observatories such as LISA.

Deep-learning tools are now ready to analyze the vast majority of LIGO/Virgo events. In the past, the
primary challenge has been in obtaining sufficiently accurate results, but with DINGO, we have now
achieved this in a realistic context. Through planned future extensions, we expect that DINGO could
become one of the leading approaches to gravitational-wave inference.
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Chapter 3

Group Equivariant Neural Posterior
Estimation

Simulation-based inference with conditional neural density estimators is a powerful
approach to solving inverse problems in science. However, these methods typically
treat the underlying forward model as a black box, with no way to exploit geometric
properties such as equivariances. Equivariances are common in scientific models, how-
ever integrating them directly into expressive inference networks (such as normalizing
flows) is not straightforward. We here describe an alternative method to incorporate
equivariances under joint transformations of parameters and data. Our method—called
group equivariant neural posterior estimation (GNPE)—is based on self-consistently
standardizing the “pose” of the data while estimating the posterior over parameters. It is
architecture-independent, and applies both to exact and approximate equivariances. As
a real-world application, we use GNPE for amortized inference of astrophysical binary
black hole systems from gravitational-wave observations. We show that GNPE achieves
state-of-the-art accuracy while reducing inference times by three orders of magnitude.
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%\1%\‘ Fig. 3.1 By standardizing the source sky position, a GW

. signal can be made to arrive at the same time in all three

W20 LIGO/Virgo detectors. However, since this also changes

o Hanford the projection of the signal onto the detectors, it defines
N I ingston only an approximate equivariance. Nevertheless, our pro-

%@;\w@ * posed GNPE algorithm simplifies inference by simultane-
%@‘g\:ﬁ%\ﬁ\;’ ously inferring and standardizing the incident direction.

3.1 Introduction

Bayesian inference provides a means of characterizing a system by comparing models against data.
Given a forward model or likelihood p(x|6) for data = described by parameters 6, and a prior p(6),
the Bayesian posterior is proportional to the product, p(6|z) o p(z|0)p(#). Sampling techniques such
as Markov Chain Monte Carlo (MCMC) can be used to build up a posterior distribution provided the
likelihood and prior can be evaluated.

For models with intractable or expensive likelihoods (as often arise in scientific applications)
simulation-based (or likelihood-free) inference methods offer a powerful alternative [78]. In particu-
lar, neural posterior estimation (NPE) [175] uses expressive conditional density estimators such as
normalizing flows [193, 178] to build surrogates for the posterior. These are trained using model
simulations = ~ p(z|@), and allow for rapid sampling for any = ~ p(z), thereby amortizing training
costs across future observations. NPE and other density-estimation methods for simulation-based
inference [114, 177, 119] have been reported to be more simulation-efficient [154] than classical
likelihood-free methods such as Approximate Bayesian Computation [204].

Training an inference network for any = ~ p(x) can nevertheless present challenges due to the large
number of training samples and powerful networks required. The present study is motivated by the
problem of gravitational-wave (GW) data analysis. Here the task is to infer properties of astrophysical
black-hole mergers based on GW signals observed at the LIGO and Virgo observatories on Earth.
Due to the complexity of signal models, it has previously not been possible to train networks to
estimate posteriors to the same accuracy as conventional likelihood-based methods [224, 41]. The
GW posterior, however, is equivariant! under an overall change in the time of arrival of the data.
It is also approximately equivariant under a joint change in the sky position and (by triangulation)
individual shifts in the arrival times in each detector (Fig. 3.1). If we could constrain these parameters
a priori, we could therefore apply time shifts to align the detector data and simplify the inference task
for the remaining parameters.

More generally, we consider forward models with known equivariances under group transformations
applied jointly to data and parameters. Our aim is to exploit this knowledge to standardize the pose
of the data® and simplify analysis. The obvious roadblock is that the pose is contained in the set of
parameters ¢ and is therefore unknown prior to inference. Here we describe group equivariant neural
posterior estimation (GNPE), a method to self-consistently infer parameters and standardize the pose.

'In physics, the term “covariant” is frequently used instead of “equivariant”.
*We adopt the language from computer vision by Jaderberg et al. [129].
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The basic approach is to introduce a proxy for the pose—a blurred version—on which one conditions
the posterior. The pose of the data is then transformed based on the proxy, placing it in a band about
the standard value, and resulting in an easier inference task. Finally, the joint posterior over 6 and the
pose proxy can be sampled at inference time using Gibbs sampling.

The standard method to incorporating equivariances is to integrate them directly into network architec-
tures, e.g., to use convolutional networks for translational equivariances. Although these approaches
can be highly effective, they impose design constraints on network architectures. For GWs, for exam-
ple, we use specialized embedding networks to extract signal waveforms from frequency-domain data,
as well as expressive normalizing flows to estimate the posterior—neither of which is straightforward
to make explicitly equivariant. We also have complex equivariance connections between subsets of
parameters and data, including approximate equivariances. The GNPE algorithm is extremely general:
it is architecture-independent, it applies whether equivariances are exact or approximate, and it allows
for arbitrary equivariance relations between parameters and data.

We discuss related work in Sec. 3.2 and describe the GNPE algorithm in Sec. 3.3. In Sec. 3.4 we
apply GNPE to a toy example with exact translational equivariance, showing comparable simulation
efficiency to NPE combined with a convolutional network. In Sec. 3.5 we show that standard NPE
does not achieve adequate accuracy for GW parameter inference, even with an essentially unlimited
number of simulations. In contrast, GNPE achieves highly accurate posteriors at a computational cost
three orders of magnitude lower than bespoke MCMC approaches [224]. The present paper describes
the GNPE method which we developed for GW analysis [82], and extends it to general equivariance
transformations which makes it applicable to a wide range of problems. A detailed description of GW
results is presented in Dax et al. [82].

3.2 Related work

The most common way of integrating equivariances into machine learning algorithms is to use
equivariant network architectures [142, 68]. This can be in conflict with design considerations such as
data representation and flexibility of the architecture, and imposes constraints such as locality. GNPE
achieves complete separation of equivariances from these considerations, requiring only the ability to
efficiently transform the pose.

Normalizing flows are particularly well suited to NPE, and there has been significant progress
in constructing equivariant flows [52]. However, these studies consider joint transformations of
parameters of the base space and sample space—not joint transformation of data and parameters for
conditional flows, as we consider here.

GNPE enables end-to-end equivariances from data to parameters. Consider, by contrast, a conditional
normalizing flow with a convolutional embedding network: the equivariance persists through the
embedding network but is broken by the flow. Although this may improve learning, it does not enforce
an end-to-end equivariance. This contrasts with an invariance, for which the above would be sufficient.
Finally, GNPE can also be applied if the equivariance is only approximate.



3.3 Methods 31

Several other approaches integrate domain knowledge of the forward model [43, 54] by considering a
“gray-box” setting. GNPE allows us to incorporate high-level domain knowledge about approximate
equivariances of forward models without requiring access to its implementation or internal states of
the simulator. Rather, it can be applied to “black-box™ code.

An alternative approach to incorporate geometrical knowledge into classical likelihood-free inference
algorithms (e.g., Approximate Bayesian Computation, see [204]) is by constructing [99] or learning
[130, 64] equivariant summary statistics s(z), which are used as input to the inference algorithm
instead of the raw data x. However, designing equivariant summary statistics (rather than invariant
ones) can be challenging, and furthermore inference will be biased if the equivariance only holds
approximately.

Past studies using machine-learning techniques for amortized GW parameter inference [103, 67, 110,
87] all consider simplified problems (e.g., only a subset of parameters, a simplified posterior, or a lim-
ited treatment of detector noise). In contrast, the GNPE-based study in Dax et al. [82] is the only one to
treat the full amortized parameter inference problem with accuracy matching standard methods.

3.3 Methods

3.3.1 Neural posterior estimation

NPE [175, 112] is a simulation-based inference method that directly targets the posterior. Given a
dataset of prior parameter samples 69 ~ p(6) and corresponding model simulations () ~ p(x|6()),
it trains a neural density estimator ¢(6|x) to estimate p(f|x). This is achieved by minimizing the
loss

Lnpe = Ep9)Epajo) [~ log q(0])] G.1)

across the dataset of (#(), z()) pairs. This maximum likelihood objective leads to recovery of p(f|z)
if ¢(0|x) is sufficiently flexible. Normalizing flows [193, 93] are a particularly expressive class of
conditional density estimators commonly used for NPE.

NPE amortizes inference: once ¢(f|x) is trained, inference is very fast for any observed data z,, so
training costs are shared across observations. The approach is also extremely flexible, as it treats the
forward model as a black box, relying only on prior samples and model simulations. In many situations,
however, these data have known structure that one wants to exploit to improve learning.

3.3.2 Equivariances under transformation groups

In this work we describe a generic method to incorporate equivariances under joint transformations of
0 and z into NPE. A typical example arises when inferring the position of an object from image data.
In this case, if we spatially translate an image = by some offset d—effected by relabeling the pixels—
then the inferred position @ should also transform by cf—by addition to the position coordinates 6.
Translations are composable and invertible, and there exists a trivial identity translation, so the set
of translations has a natural group structure. Our method works for any continuous transformation
group, including rotations, dilations, etc., and in this section we keep the discussion general.
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For a transformation group GG, we denote the action of g € G on parameters and data as

0 — g0, 3.2)
x — Tyx. 3.3)

Here, T}, refers to the group representation under which the data transform (e.g., for image translations,
the pixel relabeling). We adopt the natural convention that G is defined by its action on 6, so we do
not introduce an explicit representation on parameters. The posterior distribution p(f|z) is said to be
equivariant under G if, when the parameter and data spaces are jointly G-transformed, the posterior
is unchanged, i.e.,

p(0|z) = p(gf|Tyx)| det Jy|, Vg € G. (3.4)

The right-hand side comes from the change-of-variables rule. For translations the Jacobian J, has unit
determinant, but we include it for generality. For NPE, we are concerned with equivariant posteriors,
however it is often more natural to think of equivariant forward models (or likelihoods). An equivariant
likelihood and an invariant prior together yield an equivariant posterior (App. B.1.1).

Our goal is to use equivariances to simplify the data—to G-transform z such that 6§ is taken to
a fiducial value. For the image example, this could mean translating the object of interest to the
center. In general, 6 can also include parameters unchanged under G (e.g., the color of the object),
so we denote the corresponding standardized parameters by 6. These are related to 6 by a group
transformation denoted g7, such that g6y = 6. We refer to ¢¥ as the “pose” of 6, and standardizing
the pose means to take it to the group identity element e € G. Applying T{40)-1 to the data space
effectively reduces its dimensionality, making it easier to interpret for a neural network.

Although the preceding discussion applies to equivariances that hold exactly, our method in fact
generalizes to approximate equivariances. We say that a posterior is approximately equivariant under
G if (3.4) does not hold, but standardizing the pose nevertheless reduces the effective dimensionality
of the dataset. An approximately equivariant posterior can arise if an exact equivariance of the forward
model is broken by a non-invariant prior, or if the forward model is itself non-equivariant.

3.3.3 Group equivariant neural posterior estimation

We are now presented with the basic problem that we resolve in this work: how to simultaneously
infer the pose of a signal and use that inferred pose to standardize (or align) the data so as to simplify
the analysis. This is a circular problem because one cannot standardize the pose (contained in model
parameters #) without first inferring the pose from the data; and conversely one cannot easily infer the
pose without first simplifying the data by standardizing the pose.

Our resolution is to start with a rough estimate of the pose, and iteratively (1) transform the data based
on a pose estimate, and (2) estimate the pose based on the transformed data. To do so, we expand the
parameter space to include approximate pose parameters § € G. These “pose proxies” are defined
using a kernel to blur the true pose, i.e., § = g% for € ~ r(e); then p(§|0) =  ((¢°)~'g). The
kernel £ (¢) is a distribution over group elements, which should be chosen to be concentrated around
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e; we furthermore choose it to be symmetric. Natural choices for x(¢) include Gaussian and uniform
distributions. For translations, the pose proxy is simply the true position with additive noise.

Consider now the posterior distribution p(6, g|z) over the expanded parameter space. Our iterative
algorithm comes from Gibbs sampling this distribution [194] (Fig. 3.2), i.e., alternately sampling 6
and g, conditional on the other parameter and z,

g~ p(g|z,0). (3.6)

The second step just amounts to blurring the pose, since p(g|z,8) = p(§|0) = & ((9°)~*§). The key
first step uses a neural density estimator ¢ that is trained taking advantage of a standardized pose.

For an equivariant posterior, the distribution (3.5) can be rewritten as (App. B.1.2)

p(0l2,3) = p (570 Ty12,57"9) [det I3 = p(@')2")

det Jg_l‘ . 3.7)

For the last equality we defined = §='0 and 2’ = T-1x, and we dropped the constant argument
G719 = e. This expresses p(f|z, §) in terms of the g-standardized data z'—which is much easier to es-
timate. We train a neural density estimator ¢(#’|z’) to approximate this, by minimizing the loss,

Lanve = Ey(0)Ep(aio)Ep(gio) [~ 10gq (97 0|Ty-12)] (3.8)
With a trained ¢(6’|2'),
0~ p(0|x,q) — 0=3a0', 0 ~ q(G'\qum). (3.9)

The estimated posterior is equivariant by construction (App. B.1.3).

For an approximately-equivariant posterior, (3.5) cannot be transformed to be independent of g.
We are nevertheless able to use the conditioning on ¢ to approximately align z. We therefore train a
neural density estimator ¢(f|2’, §), by minimizing the loss

Lanee = Epo)Ep(aio)Ep(sle) [~ log g (017512, 9)] - (3.10)

In general, one may have a combination of exact and approximate equivariances (see, e.g., Sec. 3.5).

3.3.4 Gibbs convergence

The Gibbs-sampling procedure constructs a Markov chain with equilibrium distribution p(6, g|x). For
convergence, the chain must be transient, aperiodic and irreducible [194, 106]. For sensible choices of
k(€) the chain is transient and aperiodic by construction. Further, irreducibility means that the entire
posterior can be reached starting from any point, which should be possible even for disconnected
posteriors provided the kernel is sufficiently broad. In general, burn-in truncation and thinning of
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Fig. 3.2 We infer p(g?, §|x) with Gibbs sampling
k= U[-0.2,0.2] k=U[-1,1] by alternately sampling (1) g® ~ p(¢°|x, §) (blue)

and (2) § ~ p(g|z, ¢°) (orange). For (1) we use a
density estimator ¢(g°|T;-1(z), §), for (2) the def-
“1p(g”, glz) “1p(g’, gz inition § = ¢? + ¢, € ~ K(¢). Pose standardization
K X with 71 is only allowed due to conditioning on g.
g 9 Increasing the width of x accelerates convergence
(due to larger steps in parameter space), at the cost
44 4 ~ . . . 9
- , . : of ¢ being a worse approximation for ¢”, and there-
/q, 9 Q@ /ﬂ, 0 DA . . .
g g fore pose alignment being less effective.

the chain is required to ensure (approximately) independent samples. By marginalizing over ¢ (i.e.,
ignoring it) we obtain samples from the posterior p(#|z), as desired.’

Convergence of the chain also informs our choice of x(¢). For wide (¢), only a few Gibbs iterations
are needed to traverse the joint posterior p(#, g|x), whereas for narrow x(e) many steps are required
(Fig. 3.2). In the limiting case of (¢) a delta distribution (i.e., no blurring) the chain does not deviate
from its initial position and therefore fails to converge.* Conversely, a narrower «(¢) better constrains
the pose, which improves the accuracy of the density estimator. The width of x should be chosen
based on this practical trade-off between speed and accuracy; the standard deviation of a typical pose
posterior is usually a good starting point.

In practice, we obtain N samples in parallel by constructing an ensemble of N Markov chains. We
initialize these using samples from a second neural density estimator gini;(¢°|2), trained using standard
NPE. Gibbs sampling yields a sequence of sample sets {0]@ N.,j=0,1,2,..., each of which
represents a distribution @ ;(6|x) over parameters. Assuming a perfectly trained network, one iteration
applied to sample set j yields an updated distribution,

Qia(Ble) = (0l | L i (), G3.11)
The “x” symbol denotes group convolution and “%” the combination of marginalization and group
convolution (see App. B.1.4 for details). The true posterior p(f|x) is clearly a fixed point of this
sequence, with the number of iterations to convergence determined by « and the accuracy of the
initialization network qipi.

3.4 Toy example: damped harmonic oscillator

We now apply GNPE to invert a simple model of a damped harmonic oscillator. The forward model
gives the time-dependent position x of the oscillator, conditional on its real frequency wg, damping
ratio 3, and time of excitation 7. The time series x is therefore a damped sinusoid starting at 7

3In practice, this results only in approximate samples due to the asymptotic behaviour of Gibbs sampling, and a potential
mismatch between the trained g and the targeted true posterior.
*This also explains why introducing the pose proxy is needed at all: GNPE would not work without it!
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Fig. 3.3 Comparison of standard NPE (blue) and GNPE (orange) for the damped harmonic oscillator.
a) Three sample inputs to the neural density estimators showing GNPE data are pose-standardized. b)
c2st score performance (best: 0.5, worst: 1.0): GNPE significantly outperforms equivariance-agnostic
NPE, and is on par with NPE with a convolutional embedding network (purple). ¢) Example filters
from the first linear layer of fully trained networks. GNPE filters more clearly capture oscillatory
modes. d) Singular values of the training data. Inputs to GNPE 2’ have smaller effective dimension
than raw inputs = to NPE.

(and zero before). Noise is introduced via a normally-distributed perturbation of the parameters
0 = (wo, B, T), resulting in a Gaussian posterior p(f|z) (further details in App. B.3.1). The model is
constructed such that the posterior is equivariant under translations in 7,

p(wo, 8,7 + AT[Tarx) = p(wo, B, 7|2), (3.12)

so we take 7 to be the pose. The equivariance of this model is exact, but it could easily be made approx-
imate by, e.g., introducing 7-dependent noise. The prior p(7) extends from —5 s to 0 s, so for NPE,
the density estimator must learn to interpret data from oscillators excited throughout this range.

For GNPE, we shift the data to align the pose near 7 = 0 using a Gaussian kernel k = N[0, (0.1 s)?]
(Fig. 3.3a). We then train a neural density estimator ¢(6'|z’) to approximate p(#'|z’), where §' =
(wo, B, —€) and 2’ = T_ ;1 oz are pose-standardized. We take ¢(6'|2’) to be diagonal Gaussian,
matching the known form of the posterior. For each experiment, we train until the validation loss stops
decreasing. We also train a neural density estimator ¢iyi¢(7|x) with standard NPE on the same dataset
to generate initial GNPE seeds. To generate /N posterior samples we proceed as follows:

1. Sample 7 ~ gipie(7|z), i =1,...,N;

2. Sample () ~ k(€), set 70 = 7 4 ¢ and time-translate the data, /() = T .oyx;

3. Sample §') ~ ¢(¢’|2"(")), and undo the time translation 7(*) to obtain 6",

We repeat steps 2 and 3 until the distribution over 7 converges. For this toy example and our choice of
x only one iteration is required. For further details of the implementation see App. B.3.2.

We evaluate GNPE on five simulations by comparing inferred samples to ground-truth posteriors using
the c2st score [102, 151]. This corresponds to the test accuracy of a classifier trained to discriminate
samples from the target and inferred distributions, and ranges from 0.5 (best) to 1.0 (worst). As
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baselines we evaluate standard NPE (i) with a network architecture identical to GNPE and (ii) with a
convolutional embedding network (NPE-CNN; see App. B.3.2). Both approaches that leverage the
equivariance, GNPE (by standardizing the pose) and NPE-CNN (by using a translation-equivariant
embedding network), perform similarly well and far outperform standard NPE (Fig. 3.3b). This
underscores the importance of equivariance awareness. The fact that the NPE network is trained to
interpret signals from oscillators excited at arbitrary 7, whereas GNPE focuses on signals starting
around 7 = 0 (up to a small e perturbation) is also reflected in in simplified filters in the first layer of
the network (Fig. 3.3¢c) and a reduced effective dimension of the input data to GNPE (Fig. 3.3d).

3.5 Gravitational-wave parameter inference

Gravitational waves—propagating ripples of space and time—were first detected in 2015, from the
inspiral, merger, and ringdown of a pair of black holes [4]. Since that time, the two LIGO detectors
(Hanford and Livingston) [2] as well as the Virgo detector [32] have observed signals from over
50 coalescences of compact binaries involving either black holes or neutron stars [15, 23, 31]. Key
scientific results from these observations have included measurements of the properties of stellar-
origin black holes that have provided new insights into their origin and evolution [21]; an independent
measurement of the local expansion rate of the Universe, the Hubble constant [7]; and new constraints
on the properties of gravity and matter under extreme conditions [12, 24].

Quasicircular binary black hole (BBH) systems are characterized by 15 parameters 6, including
the component masses and spins, as well as the space-time position and orientation of the system
(Tab. B.1). Given these parameters, Einstein’s theory of general relativity predicts the motion and
emitted gravitational radiation of the binary. The GWs propagate across billions of light-years to
Earth, where they produce a time-series signal h;(f) in each of the LIGO/Virgo interferometers
I =H,L, V. The signals on Earth are very weak and embedded in detector noise ny. In part to have
a tractable likelihood, the noise is approximated as additive and stationary Gaussian. The signal and
noise models give rise to a likelihood p(x|@) for observed data x = {h;(6) + nr}r=m 1 v.

Once the LIGO/Virgo detection pipelines are triggered, classical stochastic samplers are typically
employed to determine the parameters of the progenitor system using Bayesian inference [224, 41].
However, these methods require millions of likelihood evaluations (and hence expensive waveform
simulations) for each event analyzed. Even using fast waveform models, it can take O(day) to analyze
a single BBH. Faster inference methods are therefore highly desirable to cope with growing event
rates, more realistic (and expensive) waveform models, and to make rapid localization predictions for
possible multimessenger counterparts. Rapid amortized methods such as NPE have the potential to
transform GW data analysis. However, due to the complexity and high dimensionality®> of GW data, it
has been a challenge [103, 67, 110, 87] to obtain results of comparable accuracy and completeness to
classical samplers. We now show how GNPE can be used to exploit equivariances to greatly simplify
the inference problem and achieve for the first time performance indistinguishable from “ground truth”
stochastic samplers—at drastically reduced inference times.

3In our work, we analyze 8 s data segments between 20 Hz and 1024 Hz. Including also noise information, this results
in 24,099 input dimensions per detector.
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3.5.1 Equivariances of sky position and coalescence time

We consider the analysis of BBH systems. Included among the parameters 6 are the time of coales-
cence t. (as measured at geocenter) and the sky position (right ascension «, declination ¢§). Since
GWs propagate at the speed of light, these are related to the times of arrival ¢; of the signal in each of
the interferometers.® Our priors (based on the precision of detection pipelines) constrain ¢; to a range
of ~ 20 ms, which is much wider than typical posteriors. Standard NPE inference networks must
therefore be trained on simulations with substantial time shifts.

The detector coalescence times t;—equivalently, (., «, §)—can alternatively be interpreted as the
pose of the data, and standardized using GNPE. The group G transforming the pose factorizes into a
direct product of absolute and relative time shifts,

G = Gabs X Grel' (3.13)

Group elements g,ps € Gabs act by uniform translation of all 7, whereas gr] € Gy act by individual
translation of {;, and ty. We work with data in frequency domain, where time translations act by
multiplication, Tyx; = e 2mifAtr g, Absolute time shifts correspond to a shift in ., and are an exact
equivariance of the posterior, p(gans#|Tg,,.x) = p(f|x). Relative time shifts correspond to a change
in (o, 6) (as well as t.). This is only an approximate equivariance, since a change in sky position
changes the projection of the incident signal onto the detector arms, leading to a subdominant change
to the signal morphology in each detector.

3.5.2 Application of GNPE

We use GNPE to standardize the pose within a band around t; = 0. We consider two modes
defined by different uniform blurring kernels. The “accurate” mode uses a narrow kernel Kparrow =
U[—1 ms, 1 ms]™, whereas the “fast” mode uses a wide kernel xyige = U[—3 ms, 3 ms]™. The
latter is intended to converge in just one GNPE iteration, at the cost of having to interpret a wider
range of data.

We define the blurred pose proxy gr = t; + €, where €; ~ r(er). We then train a conditional density

estimator q(6'|', gre1), where 8" = ;160 and 2’ = Tj;—12. That is, we condition ¢ on the relative time

g
shift (since this is an approximate equivariance) and we translate parameters by the absolute time shift
(since this is an exact equivariance). We always transform the data by the full time shift. We train a

density estimator ginit({¢7}r=m,1,,v|z) using standard NPE to infer initial pose estimates.

The difficulty of the inference problem (high data dimensionality, significant noise levels, complex
forward model) combined with high accuracy requirements to be scientifically useful requires careful
design decisions. In particular, we initialize the first layer of the embedding network with principal
components of clean waveforms to provide an inductive bias to extract useful information. We
further use an expressive neural-spline normalizing flow [93] to model the complicated GW posterior
structure. See App. B.4.2 for details of network architecture and training.

%We consider observations made in either n; = 2 or 3 interferometers.
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Fig. 3.4 Comparison of estimated
posteriors against LALINFERENCE

8 GW150914 GW170809
0.70 1 o GWISII2  © GWIT0814 MCMC for eight GW events, as
o E}Xﬁiﬁi‘jg 821;322 quantified by c2st (best: 0.50, worst:
0.65 o 1.00). GNPE with a wide kernel out-
= —20627 o performs both NPE baselines, while
< 0.60 being only marginally slower (1 it-
o eration ~ 2 s). With a narrow ker-
0.55 —o0558 g o nel and 30 iterations (~ 60 s), we
8 2052 . ocig achieve c2st < 0.55 across all events.
0.50 1= . ; : @ indicates the average across all
NPE NPE GNPE GNPE eight events. For an alternative met-
(chained) (wide k) (narrow k)

ric (MSE) see Fig. B.3.

3.5.3 Results

We evaluate performance on all eight BBH events from the first Gravitational-Wave Transient Cata-
log [15] consistent with our prior (component masses greater than 10 M). We generate reference
posteriors with the LIGO/Virgo MCMC code LALINFERENCE [224]. We quantify the deviation
between NPE samples and the reference samples using c2st.

We compare performance against two baselines, standard NPE and a modified approach that par-
tially standardizes the pose (“chained NPE”). For the latter, we use the chain rule to decompose the
posterior,

p(0lz) = p(¢, A|z) = p(olz, A) - p(Alx), (3.14)

where A = (., a, 0) are the pose parameters and ¢ C 6 collects the remaining 12 parameters. We use
standard NPE to train a flow ¢(A|z) to estimate p(\|x), and a flow g(¢|z’, \) to estimate p(p|x, A).
The latter flow is conditioned on A, which we use to standardize the pose of x. In contrast to GNPE,
this approach is sensitive to the initial pose estimate ¢(A|z), which limits accuracy (Figs. 3.4 and B.8).
We note that all hyperparameters of the flow and training protocol (see App. B.4.2) were extensively
optimized on NPE, and then transferred to GNPE without modification, resulting in conservative esti-
mates of the performance advantage of GNPE. Fast-mode GNPE converges in one iteration, whereas
accurate-mode requires 30 (convergence is assessed by the JS divergence between the inferred pose
posteriors from two successive iterations).

Standard NPE performs well on some GW events but lacks the required accuracy for most of them,
with c2st scores up to 0.71 (Fig. 3.4). Chained NPE performs better across the dataset, but performs
poorly on events such as GW 170814, for which the initial pose estimate is inaccurate. Indeed, we
find that inaccuracies of that baseline can be almost entirely attributed to the initial pose estimate
(Fig. B.7). Fast-mode GNPE with only one iteration is already more robust to this effect due to the
blurring operation of the pose proxy (Fig. B.8). Both GNPE models significantly outperform the
baselines, with accurate-mode obtaining c2st scores < 0.55 across all eight events. We emphasize that
the c2st score is sensitive to any deviation between reference samples and samples from the inferred
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Fig. 3.5 Corner plots for the GW events GW170809 (left) and GW170814 (right), plotting 1D
marginals on the diagonal and 90% credible regions for the 2D correlations. We display the two
black hole masses m; and mo and two spin parameters 6, and 0> (note that the full posterior is
15-dimensional). NPE does not accurately reproduce the MCMC posterior, while accurate-mode
GNPE matches the MCMC results well. For a plot with all baselines see Fig. B.5.

posterior. On a recent benchmark by Lueckmann et al. [154] on examples with much lower parameter
and data dimensions, even state-of-the-art SBI algorithms rarely reached c2st scores below 0.6. The
fact that GNPE achieves scores around 0.52—i.e., posteriors which are nearly indistinguishable from
the reference—on this challenging, high-dimensional, real-world example underscores the power of
exploiting equivariances with GNPE.

Finally, we visualize posteriors for two events, GW170809 and GW170814, in Fig. 3.5. The quan-
titative agreement between GNPE and MCMC (Fig. 3.4) is visible from the overlapping marginals
for all parameters displayed. NPE, by contrast, deviates significantly from MCMC in terms of shape
and position. Note that we show a failure case of NPE here; for other events, such as GW170823,
deviations of NPE from the reference posterior are less clearly visible.

3.6 Conclusions

We described GNPE, an approach to incorporate exact—and even approximate—equivariances under
joint transformations of data and parameters into simulation-based inference. GNPE can be applied
to black-box scientific forward models and any inference network architecture. It requires similar
training times compared to NPE, while the added complexity at inference time depends on the number
of GNPE iterations (adjustable, but typically O(10)). We show with two examples that exploiting
equivariances with GNPE can yield large gains in simulation efficiency and accuracy.
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For the motivating problem of GW parameter estimation, GNPE achieves for the first time rapid
amortized inference with results virtually indistinguishable from MCMC [82]. This is an extremely
challenging “real-world” scientific problem, with high-dimensional input data, complex signals, and
significant noise levels. It combines exact and approximate equivariances, and there is no clear path
to success without their inclusion along with GW-specialized architectures and expressive density
estimators.
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Chapter 4

Neural Importance Sampling for Rapid
and Reliable Gravitational-Wave
Inference

We combine amortized neural posterior estimation with importance sampling for fast
and accurate gravitational-wave inference. We first generate a rapid proposal for the
Bayesian posterior using neural networks, and then attach importance weights based on
the underlying likelihood and prior. This provides (1) a corrected posterior free from
network inaccuracies, (2) a performance diagnostic (the sample efficiency) for assessing
the proposal and identifying failure cases, and (3) an unbiased estimate of the Bayesian
evidence. By establishing this independent verification and correction mechanism we
address some of the most frequent criticisms against deep learning for scientific inference.
We carry out a large study analyzing 42 binary black hole mergers observed by LIGO and
Virgo with the SEOBNRv4PHM and IMRPhenomXPHM waveform models. This shows
a median sample efficiency of ~ 10% (two orders-of-magnitude better than standard
samplers) as well as a ten-fold reduction in the statistical uncertainty in the log evidence.
Given these advantages, we expect a significant impact on gravitational-wave inference,
and for this approach to serve as a paradigm for harnessing deep learning methods in
scientific applications.
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4.1 Introduction

Bayesian inference is a key paradigm for scientific discovery. In the context of gravitational waves
(GWs), it underlies analyses including individual-event parameter estimation [29], tests of gravity [25],
neutron-star physics [12], populations [30], and cosmology [28]. Given a prior p(f) and a model
likelihood p(d|6), the Bayesian posterior

p(d|0)p(0)
p(d)
summarises, as a probability distribution, our knowledge of the model parameters 6 after observing

data d. When p(d|0) is tractable (as in the case of GWs) likelihood-based samplers such as Markov
chain Monte Carlo (MCMC) [158, 117] or nested sampling [206] are typically used to draw samples

p(0]d) = 4.1)

from the posterior. If it is possible to sample d ~ p(d|f) (i.e., simulate data) one can alternatively
use amortized simulation-based (or likelihood-free) inference methods [78]. These approaches are
based on deep neural networks and can be several orders-of-magnitude faster at inference time. For
GW inference, they have also been shown to achieve similar accuracy to MCMC [82]. In general,
however, it is not clear how well such networks generalize to out-of-distribution data and they lack
diagnostics to be confident in results [59]. These powerful approaches are therefore rarely used in
applications where accuracy is important and likelihoods are tractable.

In this Letter, we achieve the best of both worlds by combining likelihood-free and likelihood-based
methods for GW parameter estimation. We take samples from DINGO! [82]—a fast and accurate
likelihood-free method using normalizing flows [193, 136, 93, 178]—and treat these as a proposal for
importance sampling [220]. The combined method (“DINGO-1S") generates samples from the exact
posterior and now provides an estimate of the Bayesian evidence p(d). Moreover, the importance
sampling efficiency arises as a powerful and objective performance metric, which flags potential
failure cases. Importance sampling is fully parallelizable.

After describing the method more fully in the following section, we verify on two real events that
DINGO-IS produces results consistent with standard inference codes [224, 41, 195, 210]. Our main
result is an analysis of 42 events from the Second and Third Gravitational-Wave Transient Catalogs
(GWTC-2 and GWTC-3) [23, 29], using two waveform models, IMRPhenomXPHM [185] and
SEOBNRvV4PHM [170]. Due to the long waveform simulation times, SEOBNRv4PHM inference
would take several months per event with stochastic samplers. However DINGO-IS with 64 CPU
cores takes just 10 hours for these waveforms. (Initial DINGO samples are available typically in
under a minute.) Our results indicate that DINGO(-1S) performs well for the majority of events, and
that failure cases are indeed flagged by low sample efficiency. We also find that the log evidence is
recovered with statistical uncertainty reduced by a factor of 10 compared to standard samplers.

Machine learning methods have seen numerous applications in GW astronomy, including to detection
and parameter estimation [80]. For parameter estimation, these methods have included variational
inference [103, 111], likelihood ratio estimation [86], and posterior estimation with normalizing

"Deep INference for Gravitational-wave Observations.
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flows [111, 110, 82, 62]. Aside from directly estimating parameters, normalizing flows have also
been used to accelerate classical samplers, with significant efficiency improvements [231].

Neural density estimation and importance sampling have previously been combined [172] under the
guise of “neural importance sampling” [165], and similar approaches have been applied in several
contexts [168, 36, 132, 213]. Our contributions are to (1) extend this to amortized simulation-based
inference, (2) use it to improve results generated with classical inference methods such as MCMC, and
(3) to highlight how the use of a forward Kullback-Leibler (KL) loss improves reliability. We also apply
it to the challenging real-world problem of GW inference.> We demonstrate results that far outperform
classical methods in terms of sample efficiency and parallelizability, while maintaining accuracy
and including simple diagnostics. We therefore expect this work to accelerate the development and
verification of probabilistic deep learning approaches across science.

4.2 Method

DINGO trains a conditional density-estimation neural network ¢(6|d) to approximate p(f|d) based on
simulated data sets (0, d) with 6 ~ p(0), d ~ p(d|f#)—an approach called neural posterior estimation
(NPE) [175]. Once trained, DINGO can rapidly produce (approximate) posterior samples for any
measured data d. In practice, results may deviate from the true posterior due to insufficient training,
lack of network expressivity, or out-of-distribution (OOD) data (i.e., data inconsistent with the training
distribution). Although it was shown in [82] that these deviations are often negligible, verification of
results requires comparing against expensive standard samplers.

Here, we describe an efficient method to verify and correct DINGO results using importance sampling
(IS) [220]. Starting from a collection of n samples ; ~ ¢(6|d) (the “proposal”) we assign to each one
an importance weight w; = p(d|6;)p(0;)/q(0;|d). For a perfect proposal, w; = constant, but more
generally the number of effective samples is related to the variance, nerr = (>, w;)?/ >, (w?) [139].
The sample efficiency € = nege/n € (0, 1] arises naturally as a quality measure of the proposal.

Importance sampling requires evaluation of p(d|0)p(#) rather than the normalized posterior. The
Bayesian evidence can then be estimated from the normalization of the weights as p(d) = 1/n ), w;.
The standard deviation of the log evidence, 014 p(a) = /(1 — €)/(n - €) (see Sec. C.1), scales with
1/4/n, enabling very precise estimates. The evidence is furthermore unbiased if the support of the
posterior is fully covered by the proposal distribution [171]. The log evidence does have a bias, but
this scales as 1/n, and in all cases considered here is completely negligible (see Sec. C.1). If ¢(6|d)
fails to cover the entire posterior, the evidence itself would also be biased, toward lower values.

NPE is particularly well-suited for IS because of two key properties. First, by construction the
proposal has tractable density, such that we can not only sample from ¢(f|d), but also evaluate it.
Second, the NPE proposal is expected to always cover the entire posterior support. This is because,
during training, NPE minimizes the forward KL divergence Dxy.(p(0|d)||q(0]d)). This diverges

%A similar approach using convolutional networks to parametrize Gaussian and von Mises proposals was used to estimate
the sky position alone [137] Using the normalizing flow proposal (as we do here) significantly improves the flexiblity of the
conditional density estimator and enables inference of all parameters.
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unless supp(p(f|d)) C supp(q(f|d)), making the loss “probability-mass covering”. Probability mass
coverage is not guaranteed for finite sets of samples generated with stochastic samplers like MCMC
(which can miss distributional modes), or machine learning methods with other training objectives
like variational inference [131, 226, 193].

Neural importance sampling can in fact be used to improve posterior samples from any inference
method provided the likelihood is tractable. If the method provides only samples (without density) then
one must first train an (unconditional) density estimator ¢() (e.g., a normalizing flow [193, 136, 176])
to use as proposal. This is generally fast for an unconditional flow, and using the forward KL
loss guarantees that the proposal will cover the samples. Success, however, relies on the quality
of the initial samples: if they are light-tailed, sample efficiency will be poor, and if they are not
mass-covering, the evidence will be biased. Nevertheless, for initial samples that well represent the
posterior, this technique can provide quick verification and improvement.

In the context of GWs, we refer to neural importance sampling with DINGO as DINGO-IS. Although
this technique requires likelihood evaluations at inference time, in practice it is much faster than
other likelihood-based methods because of its high sample efficiency and parallelizability. Indeed,
DINGO samples are independent and identically distributed, trivially enabling full parallelization of
likelihood evaluations. This is a crucial advantage compared to inherently sequential methods such
as MCMC.

4.3 Results

For our experiments, we prepare DINGO networks as described in [82], with several modifications.
First, we extend the priors over component masses to mi, my € [10,120] M and dimensionless
spin magnitudes to a1, as € [0,0.99]. We also use the waveform models IMRPhenomXPHM [185]
and SEOBNRv4PHM [170], which include higher radiative multipoles and more realistic precession.
Finally, in addition to networks for the first observing run of LIGO and Virgo (O1), we also train
networks based on O3 noise. For the O3 analyses, we found performance improved by training
separate DINGO models with distance priors [0.1, 3] Gpc, [0.1, 6] Gpc and [0.1, 12] Gpc. We continue
to use frequency-domain strain data in the range [20, 1024] Hz with A f = 0.125 Hz and identical
data conditioning as in [82]. The network architecture, hyperparameters, and training algorithm are
also unchanged. We consider the two LIGO [1] detectors for all analyses, and leave inclusion of
Virgo [33] data to a future publication of a complete catalog.

In our experiments, we found that DINGO often has difficulty resolving the phase parameter ¢..
Although ¢, itself is of little physical interest, it is nevertheless needed to evaluate the likelihood for
importance sampling. We therefore sample ¢. synthetically, by first evaluating the likelihood across a
¢ grid and caching the waveform modes for efficiency (see Sec. C.2). This approach is similar to
standard phase marginalization [223, 224, 219], but it is valid even with higher modes; it can therefore
be adapted also to stochastic samplers.

For DINGO-IS, with 10° proposal samples per event, the total time for inference using one NVIDIA
A100 GPU and 64 CPU cores is typically less than 1 hour for IMRPhenomXPHM and ~ 10 hours for
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Mean JSD Max JSD log p(d)
DINGO 2.2 7.2 () -
DINGO-IS 0.5 1.4 (dp) —15831.87 £ 0.01
BIiLBY 1.8 4.0 (dp) —15831.78 £0.10
DINGO 9.0 53.4 (M.) -
DINGO-IS 0.7 2.2 () —16412.88 4 0.01
BILBY 1.1 4.1 (o) —16412.73 + 0.09

Table 4.1 Performance for GW150914 (upper block) and GW151012 (lower) with waveform
model IMRPhenomXPHM. The Jensen-Shannon divergence (JSD) quantifies the deviation from
LALINFERENCE-MCMC for one-dimensional marginal posteriors (all values in 10~ nat). The
mean is taken across all parameters. Posteriors with a maximum JSD < 2 x 1073 nat are considered
indistinguishable [195]; here, maxima occur for right ascension «, luminosity distance dy , and chirp
mass M.. We also report BILBY-DYNESTY results.
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Fig. 4.1 Chirp mass (M,), mass ratio (¢) and sky position («, d) parameters for GW151012, comparing
inference with DINGO and LALINFERENCE-MCMC. Even when initial DINGO results deviate from
LALINFERENCE posteriors (left panel), IS leads to almost perfect agreement (right). For comparison,
the right panel also shows results for SEOBNRv4PHM.
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Event log p(d) € Event log p(d) €
GW190408 —16178.332 £ 0.012 6.9% GWI190926 —16015.813 £0.019 2.8%
_181802 —16178.172 + 0.010 9.3% _050336 —16015.861 +0.009 = 12.1%
GW190413 —15571.413 £0.006 = 22.5% GW190929  —16146.666 + 0.018 3.2%
_052954 —15571.391 £ 0.005 | 26.3% _012149 —16146.591 + 0.021 2.4%
GW190413 —16399.331 £0.009 = 12.4% H GWI191109 —17925.064 £ 0.025 1.7%
_ 134308 —16399.139 £ 0.014 4.7%  _010717 —17922.762 + 0.041 0.6%
GW190421 —15983.248 £0.008 @ 15.3% | GWI191127 —16759.328 + 0.019 2.7%
_213856 —15983.131 £ 0.010 9.4%  _050227 —16758.102 + 0.029 1.2%
GW190503 —16582.865 £ 0.022 2.0% tGW191204 —15984.455 4+ 0.015 4.2%
_185404 —16583.352 £ 0.027 1.4%  _110529 —15983.618 £ 0.063 0.3%
GW190513 —15946.462 £ 0.043 0.6% GWI191215 —16001.286 + 0.013 5.8%
_205428 —15946.581 £ 0.017 3.4% 223052 —16000.846 + 0.052 0.4%
GW190514 —16556.466 £0.009 = 11.6% GW191222  —15871.521 £0.007 = 16.5%
_065416 —16556.314 £ 0.017 3.5%  _033537 —15871.450 + 0.005 | 25.8%
GWI190517 —16271.048 £ 0.027 1.3% GWI191230  —15913.798 £0.009 = 12.2%
_055101 —16272.428 +0.034 0.9% 180458 —15913.918 £ 0.010 8.8%
GWI190519 —15991.171 £0.008 @ 15.2% GW200128 —16305.128 + 0.013 6.1%
_153544 —15991.287 + 0.068 0.2% _022011 —16304.510 £ 0.007 | 18.3%
GW190521 —16008.876 £ 0.008 13.4% | +GW200129 —16226.851 + 0.109 0.1%
_074359 —16008.037 + 0.015 4.2%  _065458 —16231.203 £ 0.051 0.4%
GW190527 —16119.012£0.008 13.8% GW200208 —16136.381 £ 0.007 = 16.6%
_092055 —16118.781 + 0.013 6.1% _130117 —16136.531 £ 0.009 = 11.2%
GW190602 —16036.993 £0.006 = 25.0% GW200208 —16775.200 + 0.011 7.4%
_175927 —16037.529 + 0.006 & 23.5% _222617 —16774.582 + 0.021 2.2%
GW190701 —16521.381 £ 0.040 0.6% GW200209 —16383.847 +£0.009 @ 12.5%
_203306 —16521.609 +0.010 = 10.1%  _085452 —16384.157 + 0.025 1.6%
GWI190719 —15850.492 £0.008 13.4% GW200216 —16215.703 £ 0.017 3.4%
_215514 —15850.339 £ 0.011 8.0% _220804 —16215.540 £ 0.018 3.1%
GW190727 —15992.017£0.009 @ 10.3% GW200219 —16133.457 £ 0.011 9.6%
_060333 —15992.428 £ 0.005 | 30.8% _094415 —16133.157 £ 0.017 4.0%
GWI190731 —16376.777 £0.005 | 32.6% GW200220 —16303.782+£0.007 = 17.3%
_140936 —16376.763 £ 0.005 | 31.0% _061928 —16303.087 £ 0.026 1.5%
GWI190803 —16132.409+0.006 @ 21.4% GW200220 —16136.600+£ 0.008 = 13.2%
_022701 —16132.408 & 0.005 = 27.8%  _124850 —16136.519 + 0.037 0.7%
GWI190805 —16073.261 £0.006 = 20.0% GW200224  —16138.613 £ 0.006 = 22.5%
_211137 —16073.656 + 0.007 = 16.6% _222234 —16139.101 £ 0.006 | 21.4%
GW190828 —16137.220£0.009 12.2% +GW200308 —16173.938 + 0.013 6.0%
_063405 —16136.799 + 0.010 9.1% _173609 —16173.692 + 0.025 1.7%
GW190909 —16061.634 +0.011 7.4% GW200311 —16117.505 £ 0.011 7.4%
_114149 —16061.275 + 0.016 3.8%  _115853 —16117.583 £ 0.009 = 11.9%
GWI190915 —16083.960 £ 0.015 = 20.8% +GW200322 —16313.568 + 0.307 0.0%
_235702 —16083.937 £ 0.027 4.8% _091133 —16313.110 £ 0.105 0.1%

Table 4.2 42 BBH events from GWTC-3 analyzed with DINGO-IS. We report the log evidence
log p(d) and the sample efficiency € for the two waveform models IMRPhenomXPHM (upper rows)
and SEOBNRv4PHM (lower rows). Highlighting colors indicate the sample efficiency (green: high
yellow: medium; orange/red: low); DINGO-IS results can be trusted for medium and high € (see
Chapter C). Events in gray suffer from data quality issues [23, 29]. £See remarks on these events in

text.
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SEOBNRvV4PHM. In both cases, the computation time is dominated by waveform simulations, which
could be further reduced using more CPUs. The rest of the time is taken up to generate the initial
DINGO proposal samples.>

We first validate DINGO-IS against standard inference codes for two real events, GW150914 and
GW151012, using IMRPhenomXPHM. (For SEOBNRv4PHM it is not feasible to run classical
samplers, and one would instead need to use faster methods such as RIFT [174, 143].) We gen-
erate reference posteriors using LALINFERENCE-MCMUC [224], and compare one-dimensional
marginalized posteriors for each parameter using the Jensen-Shannon divergence (Tab. 4.1). For both
events, the initial small deviations of DINGO samples from the reference are made negligible* using
DINGO-IS (see Fig. 4.1 for a qualitative demonstration). We find sample efficiencies of ¢ = 28.8%
and € = 12.5% for GW150914 and GW 151012, respectively.

For the evidence, we compare against BILBY-DYNESTY [41, 195, 210], since nested sampling
generally provides a more accurate estimate than MCMC. In Tab. 4.1 we see that DINGO-IS is
more precise by a factor of ~ 10, but the BILBY evidence is larger for both events by roughly one
standard deviation. This deviation could be statistical, but it could also indicate a bias in one of
the methods. (Recall that IS requires the proposal to be mass-covering for an unbiased evidence.)
To further investigate for GW151012, we perform neural importance sampling starting from 105
BILBY samples (see Sec. C.3.2). This achieves a slightly lower ¢ = 8.3% than DINGO-IS, but
log p(d) = —16412.89 £ 0.01 in close agreement. While this does not fully rule out a bias in DINGO-
IS samples (since the test is not fully independent) we take this as an indication that DINGO-IS
indeed infers an unbiased evidence. More generally, it showcases how our method can be extended to
improve the output of stochastic samplers.

We now perform a large study analyzing all 42 events in GWTC-2 [23] and GWTC-3 [29] that are
consistent with our mass prior.> We stress that a study of this scope would be infeasible with standard
codes, since SEOBNRv4PHM inference for a single event would take several months. Across all
events we achieve a median sampling efficiency of € = 10.9% for IMRPhenomXPHM and € = 4.4%
for SEOBNRvV4PHM (Tab. 4.2). For most events, the initial DINGO results are already accurate and
only deviate slightly from DINGO-IS; furthermore, DINGO-IS shows excellent agreement between
the two waveform models (see Sec. C.6 for more detailed comparisons). Note that these results
are based on highly complex precessing higher-mode waveform models, and do not include any
mitigation of noise transients (see below). With the simpler IMRPhenomPv2 [115, 134, 50] model
and a smaller mass prior (in a study on drifting detector noise distributions [230]) DINGO-IS achieves
an even larger median sample efficiency of ¢ = 36.8% on 37 events.

31t takes longer to generate the proposal than to produce low-latency DINGO samples (= 20 s) because of the group-
equivariant NPE (GNPE) algorithm [82, 83] (which breaks access to the density) and the synthetic phase recovery. See
Chapter C for details.

“Initial deviations are larger than those reported in [82] since we use a more complicated waveform model and a larger
prior, while keeping the size of the neural network and training time the same. Any remaining deviations after importance
sampling can in principle also be due to sampling inaccuracies of LALINFERENCE-MCMC. Note that a direct comparison
to published LIGO-Virgo-KAGRA results is impeded by different data settings.

SLower mass events produce longer signals, so extending DINGO to these may require improved methods for data
compression [225, 57]. This will be particularly relevant for binary neutron stars.
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Importance sampling guarantees robust results by marking failure cases with a low sample effi-
ciency. By this metric, DINGO struggles slightly with chirp masses near the lower prior boundary
(GW191204_110529 and GW200322_091133). For such systems, efficiency may be improved by
increasing the prior range used for training. Events with known data quality issues also often have
low sample efficiency (see Tab. 4.2): several low-€ events are contaminated by glitch artifacts (which
would be mitigated in a more complete analysis [23, 29]); GW200129_065458, in addition to having
a glitch [180], may not be well modeled by either of our waveform models due to having strong
precession [116]; and GW200322_091133 may be simply a Gaussian noise fluctuation [163]. In these
cases, DINGO-IS marks events for additional investigation.

Data quality issues such as non-Gaussian noise or observed signals that do not match models corre-
spond to OOD data, i.e., data not consistent with the training distribution. Since OOD data are not
seen during training, DINGO cannot be expected to return their true posterior, which results in a low
sample efficiency. As an additional test, running DINGO-IS on signal-free data with a blip glitch [74]
in the LIGO Hanford detector (GPS time 1238613687.5) results in € ~ 0.001%. Likewise, we find
that DINGO-IS successfully flags adversarial examples [215, 109] that are intentionally corrupted
to mislead the inference network (e ~ 0.01%; see Sec. C.5)—addressing a common failure mode of
neural networks. Our general view, therefore, is that although there can be various reasons for low-e
results, it often serves as a useful heuristic to identify OOD events.

4.4 Conclusions

We have described the use of importance sampling to improve the results of NPE in amortized inference
problems, and we applied it to the case of GWs. Neural importance sampling provides rapid verifica-
tion of results and corrects any inaccuracies in deep learning output; it provides an evidence estimate
with precision far exceeding that of classical samplers; and it marks potentially OOD data for further
investigation. With high sample efficiency and rapid initial results, DINGO-IS becomes a comprehen-
sive inference tool for accurately analyzing the large numbers of BBH events expected soon.

High sample efficiencies are predicated on a high quality proposal, which DINGO thankfully provides.
A key element is the probability-mass covering property, which is guaranteed by the forward KL
training loss. This tends to produce broad tails, which are downweighted in importance sampling.
Overly broad proposals would nevertheless result in low sample efficiency, so highly expressive
density estimators such as normalizing flows are essential, along with DINGO innovations such as
GNPE and GW training data augmentation. DINGO posteriors are rarely light tailed, but this does
occasionally lead to underestimated evidence for small n.

With the inclusion of importance sampling, the DINGO pipeline can now be used in several different
ways. When low latency is desired, complete posteriors are still available without importance sampling
in a matter of seconds. Results include sky position and mass parameters and could therefore play an
important role in directing electromagnetic followup observations once we extend DINGO to mergers
involving neutron stars (see footnote 5). By comparing against DINGO-IS, we have shown that in
the majority of cases, initial results are already very reliable, with only minor deviations in marginal
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distributions. Indeed, validation of DINGO results was a major motivation in exploring importance
sampling.

When high accuracy is desired, DINGO-IS reweights results to the true posterior and includes an esti-
mate of the evidence. Results are verified and include probability mass-covering guarantees that ensure
secondary modes are not missed. Sample efficiencies are often two orders-of-magnitude higher than
MCMC or nested sampling, and importance sampling is fully parallelizable. As a consequence, results
are typically available within an hour for IMRPhenomXPHM, or 10 hours for SEOBNRv4PHM. This
represents a significant advantage when considering the event rates likely to be reached with advanced
detectors (three per week or higher in the upcoming LIGO-Virgo-KAGRA observing run O4).

DINGO-IS opens several new possibilities for GW analysis: (1) rapid inference means that the most
accurate waveform models, which include all physical effects, could be used for all events; (2) high-
precision evidences enable detailed model comparison; and (3) low sample efficiencies can identify
data that do not fit the noise or waveform model. We believe that these results have highlighted clear
benefits of combining likelihood-free and likelihood-based methods in Bayesian inference. Going
forward, as DINGO-IS validates and builds trust in DINGO, it will help to set the stage for noise-model
free inference, which is truly likelihood-free.

The code for DINGO and DINGO-IS is available at https://github.com/dingo-gw/dingo.
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Chapter 5

Real-Time Inference for Binary Neutron
Star Mergers using Machine Learning

Mergers of binary neutron stars (BNSs) emit signals in both the gravitational-wave
(GW) and electromagnetic (EM) spectra. Famously, the 2017 multi-messenger obser-
vation of GW170817 [11, 9] led to scientific discoveries across cosmology [7], nuclear
physics [10, 13, 12], and gravity [14]. Central to these results were the sky localization
and distance obtained from GW data, which, in the case of GW 170817, helped to identify
the associated EM transient, AT 2017gfo [75], 11 hours after the GW signal. Fast analysis
of GW data is critical for directing time-sensitive EM observations; however, due to
challenges arising from the length and complexity of signals, it is often necessary to make
approximations that sacrifice accuracy. Here, we present a machine learning framework
that performs complete BNS inference in just one second without making any such
approximations. Our approach enhances multi-messenger observations by providing
(i) accurate localization even before the merger; (ii) improved localization precision by
~ 30% compared to approximate low-latency methods; and (iii) detailed information on
luminosity distance, inclination, and masses, which can be used to prioritize expensive
telescope time. Additionally, the flexibility and reduced cost of our method open new
opportunities for equation-of-state studies. Finally, we demonstrate that our method
scales to extremely long signals, up to an hour in length, thus serving as a blueprint for
data analysis for next-generation ground- and space-based detectors.
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5.1 Introduction

Fast and accurate inference of binary neutron stars (BNSs) from gravitational-wave (GW) data is a
critical challenge facing multi-messenger astronomy. For a BNS, the GW signal is visible by the
LIGO-Virgo-KAGRA (LVK) [1, 33, 42] observatories minutes before any electromagnetic coun-
terpart, and encodes information on source characterization, distance, sky location, and orientation
necessary for pointing and prioritizing optical telescopes. However, the length of BNS signals makes
conventional Bayesian inference techniques [224, 41] too slow to be useful in low-latency applications.
Instead, once a GW signal is identified by detection pipelines [100, 166, 58, 34, 66, 196, 167, 140],
approximate algorithms are used for providing initial alerts (e.g., Bayestar [203], which uses the
signal-to-noise [SNR] time series rather than the complete strain data and gives localization in sec-
onds). Other methods focus on accelerating likelihood evaluations without incurring loss of precision
(e.g., using reduced-order quadratures), with the state-of-the-art delivering localization in six minutes,
and full inference in two hours [162].

Simulation-based machine learning offers a powerful alternative for GW inference (see Sec. D.1.6
for related work). With simulation-based inference (SBI) [78], neural networks are trained to encode
probabilistic estimates of astrophysical source parameters conditional on data. Trained networks then
enable extremely fast analysis for new data sets, amortizing upfront training costs across observations.
In past work, we developed the DINGO framework for binary black holes (BBHs) [111, 110, 82, 84],
which performs accurate inference in seconds, including strong accuracy guarantees when coupled
with importance sampling. However, when applied to BNS, machine learning approaches such as
DINGO are beset by the same challenges facing traditional methods due to long signal durations.
Indeed, DINGO becomes unreliable even for low-mass BBHs (chirp masses < 15 M), with signals
longer than roughly 16 s. A BNS lasts for hundreds of seconds for the LVK and will reach hours
for next-generation detectors (XG, e.g., Cosmic Explorer [192] and Einstein Telescope [187]). From
the neural network perspective, this corresponds to time or frequency series input with up to tens of
millions of dimensions, a thousand-fold increase over BBH.

In this study, we overcome these challenges by leveraging perturbative BNS physics information to
simplify and compress the data. However, this simplification requires approximate knowledge of the
source itself and is hence valid only over a small portion of the parameter space. We solve this problem
using a new algorithm called “prior-conditioning,” which enables us to construct networks that can be
adapted at inference time to subsets of the prior volume. Our new framework, called DINGO-BNS,
makes no (practically relevant) approximation, and takes just one second for accurate inference
of all 17 BNS parameters (Fig 5.1). DINGO-BNS can also infer all of these parameters minutes
before the merger based on partial inspiral-only information, estimates which can be continuously
updated as more data become available (Fig. 5.2a). Near-real-time or pre-merger alerts can then be
provided to astronomers, facilitating potential discoveries of precursor and prompt electromagnetic
counterparts [63, 211, 164].

Our results are faster and more complete than any existing low latency algorithm, with the accuracy of
offline parameter estimation codes. Compared to Bayestar, we achieve median reductions in the size
of the 90% credible sky region of 30% (Fig. 5.2b). Finally, DINGO-BNS exhibits excellent scaling to
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Fig. 5.1 Real-time GW inference for BNS is enabled by several innovations. (a) DINGO-BNS
estimates all BNS parameters in just one second (orange), reproducing LVK results [13] (black) three
orders of magnitude faster than existing methods [162, 232]. DINGO-BNS can also analyze partial
data before the merger occurs (teal). Fast analysis results are crucial for directing electromagnetic
searches for prompt or even precursor signals. Note that GW 170817 overlapped with a loud glitch,
which could explain why the true sky position lies in the tail of the pre-merger distribution. (b) For
a given event, the chirp mass posterior (black) is tightly constrained compared to the prior (blue),
so a restricted chirp mass prior (orange) is sufficient, and moreover simplifies analysis. With our
prior-conditioning technique, we train a single neural network that can be instantly tuned to an
event-specific prior lying anywhere within the full volume. (c) We compress data by a factor of ~ 100
by first factoring out (“heterodyning”) the predominant phase evolution of the signal (blue), based
on a chirp mass estimate M associated to the event-specific prior. The resulting simplified signal
(orange) is down-sampled in resolution, reducing data dimensionality (coarser resolution at high
frequencies; bands indicated by dotted red lines). (d) To enable pre-merger inference, we mask out
the strain frequency series according to the cut-off time. (e) All of these components are integrated
into a single neural network that can be trained end-to-end and produce 10° weighted samples per
second, with typical sampling efficiencies of 50%.
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Fig. 5.2 Pre-merger inference with DINGO-BNS. (a) Evolution of pre-merger estimates for
GW170817 (black) and GW170817-like simulations injected into different noise levels (colors).
We display the 90% credible sky area, the standard deviation of the chirp mass, the accumulated
signal-to-noise and the log Bayes factor comparing the signal and noise models. All of these quantities
are inferred with a latency of ~ 1 second. Dotted lines represent 10th/90th percentiles. (b) Sky localiza-
tion area at 90% credible level for various premerger times, comparing against Bayestar. The boxplots
display the median (red line), quartiles (colored box) and 10th/90th percentiles (whiskers). DINGO-
BNS localization is consistently more precise. (c) Premerger sky localization for a GW170817-like
event injected into Cosmic Explorer noise, using a minimum frequency of 6 Hz. The black marker
indicates the injection coordinates, and gray outline the 90% credible area.



58 Real-Time Inference for Binary Neutron Star Mergers using Machine Learning

longer signals (see Sec. D.1.3), and we demonstrate XG pre-merger inference for signals up to an
hour in length (Fig. 5.2¢).

5.2 DINGO-BNS

For given GW data d, we characterize the source in terms of the posterior probability distribution
p(0|d) over BNS parameters 6. Parameters include component masses (2), spins (6), orientation,
sky position (2), luminosity distance, polarization, time and phase of coalescence, and (in contrast
to black holes) tidal deformabilities (2). Following [82], we use simulated GW datasets to train a
density estimation neural network ¢(6|d) (a normalizing flow) to approximate p(#|d). Once trained,
inference for new d simply requires sampling 6 ~ ¢(0|d). We obtain asymptotically exact results by
augmenting samples with importance weights using the GW likelihood function [18]. This framework,
called DINGO-IS [84], has been successfully applied to black hole mergers, however the length of
BNS signals renders the naive transfer of machine learning methods impossible.

DINGO-BNS makes several innovations to tackle this challenge (Fig. 5.1e), including using knowledge
of specific BNS signal morphology to compress data in a non-lossy way; conditioning the network
on the compressor using prior-conditioning; frequency masking based on the pre-merger time and
chirp mass; and conditioning on parameter subsets for incorporating multi-messenger information
or expectations from nuclear models. The philosophy underlying our approach is that the full BNS
problem is too hard for existing neural architectures, so we divide the parameter and data spaces into
manageable portions based on known physical information. We then combine all of these variable
design choices into a single network that we can instantly tune to the context at hand.

5.2.1 Data compression and prior conditioning

We adapt two GW analysis techniques to the SBI context, heterodyning [69, 70, 235] to simplify the
data, and multibanding [225, 161] to reduce the data dimension without loss of information. During
the long inspiral period, a BNS signal exhibits a “chirp,” with phase evolution (to leading order in the
post-Newtonian expansion [48]),

’ (WGMf>_5/3 5.1)

Qa(faM):@ 3

where M = (m1m2)3/% /(m1 + ms)'/? is the chirp mass of the system, with m, ms the component

masses. Given an approximation M to the chirp mass, we heterodyne the (frequency-domain) data
by multiplying by e“?(/iM)_ reducing the number of oscillations in the signal by several orders of
magnitude (Fig. 5.1¢). Given heterodyned data, we apply multibanding by partitioning the domain
into (empirically-determined) frequency bands, and coarsening the resolution in higher bands such

that the (heterodyned) signal is preserved.

Since the compression described requires M to approximate the chirp mass, it cannot be done across
the entire BNS prior volume using a single M value. DINGO-BNS therefore uses prior-conditioning
to restrict to an event-specific prior over which data is compressed. The restricted volume additionally
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Fig. 5.3 Prior conditioning enables event-specific compression. We train an SBI model simultane-
ously across a range of priors, each parametrized by a reference chirp mass M. For each (narrow)
prior p /ﬁ(./\/l) we apply heterodyning and multibanding compression. This compression simplifies
the data distribution that the model must learn and reduces its dimensionality. For simplicity in this
presentation, we omit parameters other than the chirp mass.

simplifies the density estimation task. By conditioning on the choice of restriction, prior-conditioning
trains a network that is tunable to this choice but otherwise applicable over the whole volume (Fig. 5.3).
Inference requires an estimate M of the chirp mass M, which can be determined quickly by sweeping
across the prior (see Sec. D.1.2).

5.2.2 Frequency masking

In contrast to past work, DINGO-BNS also allows for strain frequency series with varying fii, and
fmax. For a given analysis, fmi, is chosen based on Mv and the segment duration, as the minimum
frequency present in the signal in a given GW detector network. This masking is necessary for
consistency with frequency-domain waveform models, which assume infinite duration. Choosing
fmax, by contrast, determines the end time of the data stream analyzed to enable pre-merger inference
(see Sec. D.1.4).

5.2.3 Conditioning on parameter subsets

The DINGO-BNS framework (and SBI in general) allows for considerable flexibility in terms of
quickly marginalizing over and conditioning on parameters. Conditioning on a parameter allows
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us to set it to a fixed value, e.g., to incorporate knowledge of that parameter from other sources.
In our study, we trained DINGO-BNS networks conditioned on the sky position, i.e., we learned
p(0\ {a,0}|d, o, 0), where o, § denote the right ascension and declination, respectively. Such a
network allows us to incorporate precise multi-messenger localization to obtain tighter constraints
on the remaining parameters, potentially enabling real-time feedback on whether optical candidates
should be prioritized for detailed spectroscopy [16]. In this way, DINGO-BNS can enable new modes
of interaction between GW and electromagnetic observers, potentially transforming how we prioritize
and respond to multi-messenger events. We have also explored parameter-conditioning to accelerate
offline nuclear equation-of-state analyses (see Sec. D.1.5).

5.3 Experiments

We generate training data using simulated BNS waveforms (including spin-precession and tidal
contributions, but without higher angular multipoles [89]) with additive stationary Gaussian detector
noise. When relevant, networks are also trained with power spectral density (PSD)-conditioning to
enable instant tuning to noise levels at the time of an event. At inference time, we validate and correct
results using importance sampling, thus guaranteeing their accuracy provided a sufficient effective
sample size is obtained [84]. We accelerate the importance sampling step using JAX waveform and
likelihood implementations [96, 232, 234].

We performed four studies using DINGO-BNS: (a) pre-merger analysis of the first BNS detected,
GW170817, as well as equivalent injections (simulated data sets) at varying noise levels; (b) pre-
merger analysis of a range of injections in LVK design sensitivity noise; (c) after-merger analysis
of the two detected BNS events, GW170817 and GW 190425, reproducing published LVK results;
and (d) pre-merger analysis of injections in Cosmic Explorer noise (with a minimum frequency of 6
Hz, corresponding to an hour long signal). We use the importance sampling efficiency as a primary
performance metric, finding average values of 45.8%, 48.5%, 31.0%, and 35.6% in experiments
(a), (b), (c), (d), respectively. With these high efficiencies, inference for 10* effective samples takes
roughly one second on an H100 GPU (see Sec. D.2.2). Efficiencies are generally higher for pre-merger,
likely because the waveform morphology is simplest in the early inspiral.

5.4 Discussion

Prior conditioning works well for BNS inference, and it could be extended to address further challenges
in GW astronomy (e.g., isolation of events from overlapping backgound signals in XG) and other
scientific domains. In the future we would like to explore our prior-conditioning approach to data
compression for black hole-neutron star systems and low-mass BBHs. This is nontrivial because such
systems can emit GWs in higher angular radiation multipoles (i.e., beyond the (I, m) = (2, 2) mode
that we assume here), which evolve according to integer multiples of (5.1), and so would require an
improved heterodyning algorithm to factor out the chirp. Higher modes are not present in BNS signals
since the stars are very nearly equal mass.
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Another exciting prospect for SBI is a more realistic treatment of detector noise. Indeed, since BNS
inspirals have long duration, noise non-stationarities and non-Gaussianities are more likely to manifest.
DINGO-BNS currently assumes stationary Gaussian noise and is supplied with an off-source estimate
of the PSD. However, by training on realistic detector noise, our approach can in principle learn to fully
characterize the noise jointly with the signal, including any deviations from stationarity and Gaussian-
ity. This approach is akin to on-source PSD and glitch modeling [73], but allows for more general noise
and automatically marginalizes over uncertainties. Initial steps in this direction have already been taken
for intermediate-mass binary black holes [191]. Improved noise treatments such as those afforded by
SBI will become crucial for reducing systematic error as detectors become more sensitive [81].

Finally, although DINGO-BNS is intended to be used for parameter estimation following a trigger by
dedicated search pipelines, its speed opens the possibility to run continuously on all data as they are
taken. Either the signal-to-noise ratio or Bayesian evidence time series generated by DINGO-BNS
could then be used as a detection statistic, forming an end-to-end detection and parameter estimation
pipeline. To implement this would require calibrating these statistics to determine false alarm rates, as
well as careful comparisons against existing algorithms to establish efficacy.
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Chapter 6

Conclusion

The GW perspective

This thesis introduces DINGO, a probabilistic machine learning approach to characterize astrophysical
GW sources (mergers of black holes or neutron stars) based on corresponding GW measurements.
DINGO achieves comparable accuracy to conventional inference methods while being multiple orders
of magnitude faster. This efficiency prepares GW data analysis for increasing detection rates and
further enables routine use of complex waveform models and large-scale studies. For example, an
analysis with DINGO found the strongest evidence for eccentric black hole orbits to date [113],
which could reveal important information about the formation of binary black holes. For binary
neutron stars, DINGO-BNS performs full inference in less than one second, providing real-time
source localization. This could help revolutionize searches for electromagnetic counterparts to GW
signals, one of the most promising fields in GW astronomy. DINGO is reviewed for production use by
the LIGO-Virgo-KAGRA collaboration, where it is currently operating in parallel with traditional
codes on GW events in the fourth observing run.

Going forward, there are various possible extensions to this work. At present, it is still challenging to
apply DINGO to sources with low chirp masses M < 15 Mg (Figure 6.1), because these emit very
long signals. For binary neutron stars (the source type with the lowest chirp mass range), DINGO-BNS
solves this problem with a specialized compression technique. However, other low-mass sources, such
as neutron star-black hole systems and low-mass binary black holes, emit in higher angular radiation
multipoles. This makes the DINGO-BNS compression technique less effective and further innovations
are likely required to handle such sources. Extension to these systems would close the final gap in the
parameter space, making DINGO applicable to all LIGO-Virgo-KAGRA detections.

Continued efforts to further improve DINGO’s reliability and efficiency will be crucial to further
establish it in the GW community. A present limitation is that changes to the inference configuration
often require training new DINGO models from scratch. This could be addressed by building a
foundation model that can adjust such settings at inference time. Another practical issue is that the
symmetry-enhanced GNPE framework (Chapters 2,3) leads to substantially slower inference when
combined with importance sampling (Chapter 4; see Sec. C.3.1 for the technical reason). Replacing
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Fig. 6.1 Out of the 90 confident GW detections in the first three LIGO-Virgo observing runs, 63 events
(blue) have been analyzed with DINGO in this thesis or in Ref. [113]. At present, DINGO is applicable
to binary neutron stars with M < 2.2 Mg, or to binary black holes with M > 15 M. Most events
that have not yet been analyzed with DINGO (red) fall within this mass gap. Analysis of such events
is challenging, as low masses lead to long GW signals and thus high dimensional data.

this with an alternative method to integrate the corresponding symmetries (e.g., via an improved
neural network architecture) could thus further reduce inference times.

Our research also opens up more exploratory directions. For example, one could make full use of the
simulation-based paradigm by injecting GW signals into real detector noise during DINGO training,
resulting in noise model-free inference. Our framework could further be modified to directly infer
black hole population parameters from multiple GW events [27, 144], instead of analyzing each one in-
dividually. While the focus of this thesis is on parameter estimation, pretrained DINGO networks could
also be finetuned for GW search, as they encode GW waveforms and detector noise properties.

Finally, next-generation detectors will revolutionize GW astronomy in the coming decades with vast
opportunities for scientific discoveries. These detectors will be able to resolve new astrophysical
sources, such as massive black-hole binaries and extreme mass ratio inspirals as well as thousands of
simultaneous galactic binaries. At the same time, GW data analysis will be faced with new challenges.
These include further increased detection rates (e.g., 10° — 10° black hole mergers per year detected
by Einstein Telescope [186, 156, 53] and Cosmic Explorer [192]) as well as measurements of louder,
longer, more complex, and potentially overlapping GW signals. In the space-based Laser Interfer-
ometer Space Antenna [38], GW signals will be so abundant and strongly overlapping that inference
will have to be performed simultaneously for all signals in terms of a global fit [72, 150]. While so
far we have only briefly explored DINGO in the context of next-generation detectors (Chapter 5), we
believe that it has great potential to address some of the open problems in this new era.

The machine learning perspective

This thesis builds on Bayesian simulation-based inference [78], specifically neural posterior estimation
(NPE) [175, 152, 112] with normalizing flows [178, 93], and crucially on early applications of these
techniques to GW inference by some of my close collaborators [111, 110]. This thesis further intro-
duces a range of new methods, some of which are applicable beyond GW science. Group-equivariant
NPE (GNPE, Chapter 3) describes a general way to integrate domain knowledge, such as physical
symmetries, into conditional density estimation. Importance-sampled NPE (NPE-IS, Chapter 4) estab-



65

lishes an inference framework that verifies and potentially corrects its own results. It further provides a
precise estimate of the Bayesian evidence, which is often hard to compute otherwise. In his talk at the
0972024 PHY STAT workshop, Gilles Louppe dubbed this a “cheat code for asymptotically exact infer-
ence.” Indeed, NPE-IS addresses important problems in the field of simulation-based inference, where
it is often difficult to assess the validity of inference results. NPE-IS is applicable whenever the likeli-
hood can be simulated and evaluated, and has already been adopted in other fields including exoplanet
astronomy [104] and material science [212]. With prior conditioning (Chapter 5), a single NPE net-
work supports a range of priors and also prior-adaptive data transformations and compression. These
techniques were developed to address challenges in GW inference (involving noisy high-dimensional
data and complicated GW models) and the extraordinarily high accuracy requirements, but are nev-
ertheless broadly applicable. This underscores the potential of application-driven machine learning
research to contribute general methods that are useful beyond the specific scientific domain.

Reflecting on the techniques developed in this thesis, careful decomposition of the inference problem
stands out as a central concept. Rather than estimating the target distribution (the posterior) directly, it
is often more effective to break it into components aligned with the underlying physical structure, and
to estimate these individually. This approach simplifies distributional properties and thereby facilitates
the density estimation task. For example, GNPE and prior conditioning both leverage this idea to
integrate symmetries or information from perturbative physics. We found that such decompositions
often have a greater effect on the performance for fixed computational budget than other design
choices, such as neural architecture or hyperparameters.

In recent years, progress in deep learning has been driven by an ever-increasing scale of computation
and data, resulting in extremely large models [169, 216, 92]. This trend aligns with Richard Sutton’s
famous blogpost “The Bitter Lesson” from 2019 [214], which states that “general methods that
leverage computation are ultimately the most effective, and by a large margin.” For the research
in this thesis, computational scale is indeed an important factor. Our neural networks have been
trained with billions of samples, for days to weeks on state-of-the-art GPUs, fully utilizing the
computational resources available to us. On the other hand, we also needed to develop new domain-
inspired techniques to obtain sufficiently accurate results. Extensively leveraging both, computation
and domain knowledge, is thus crucial for our framework, and we could not have accomplished
comparable results if we neglected one of the two. In general, augmentation of scalable computation-
driven techniques with knowledge-based components is an exciting research direction to enhance the
efficiency and applicability of machine learning, in particular in the context of scientific applications.
We hope that the ideas presented in this thesis inspire further adoption of such hybrid approaches in
GW science, in other scientific domains, and in related machine learning fields.


https://indico.cern.ch/event/1407421/contributions/6055439/attachments/2926497/5152255/gilles_louppe_highlights.mp4
https://indico.cern.ch/event/1407421/contributions/6055439/attachments/2926497/5152255/gilles_louppe_highlights.mp4
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Appendix A

Real-Time Gravitational Wave Science
with Neural Posterior Estimation

A.1 Training data

We perform inference over the full 15D parameter space for quasicircular binary black holes, which
includes detector-frame component masses my, me, time of coalescence at geocenter t., reference
phase ¢, sky position (right ascension « and declination ¢), luminosity distance dy,, inclination angle
0 yn, spin magnitudes a1, as, tilt angles 61, 62, other spin angles ¢12, ¢ 1, [98], and polarization angle
1. Priors are taken to be the same as in Ref. [110]: standard over all angles, and uniform in all other
parameters, with m; > mg, my, mo € [10,80] Mg, a1, a2 € [0,0.88], and t. € [—0.1,0.1] s. We
found that it was difficult to train a neural network for accurate inference over the entire relevant
range of luminosity distance, so we partition the prior as shown in Tab. A.1. To perturb the signal
coalescence times ¢; for GNPE ,we use a uniform kernel x(d¢7) in the range [—1, 1] ms.

Training data consist of labeled strain data sets (0, d) and associated noise power spectral densities
Sh. To construct the data sets, we first draw samples from the prior, 8 ~ p(6). This is done in two
stages as in Ref. [110]: first, intrinsic parameters are sampled ahead of training, and waveforms are
generated and saved based on these; second, extrinsic parameters are sampled during training and
applied to the waveforms, since this involves simple transformations. For our purposes, intrinsic

Observing run  Detectors  Distance range [Mpc]

() HL [100, 2000]
[100, 2000]

02 HL [100, 6000]
HLV [100, 1000]

Table A.1 Neural networks are trained based on noise from a particular observing run, number of
detectors, and distance range.
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Observing run  Detector Number of PSDs

H 2444
ol L 2414

H 4670
02 L 3873

v 864

Table A.2 Number of PSDs estimated for each observing run and detector.

parameters consist of Giyyinsic = (M1, ma, ¢, 0N, a1, az, 01,02, P12, ¢51) and extrinsic parameters
are Hextrinsic = (tca «, 57 dLa 'QZ})

Each strain data set i consists of a waveform with additive stationary Gaussian noise, d() = h(6()) +
n®. This is represented in frequency domain, with fyin = 20 Hz, fha.x = 1024 Hz, and Af =
0.125 Hz, corresponding to a duration of 8 s. Waveforms are generated using the IMRPhenomPv2
frequency-domain model [115, 134, 50], which is fast (so that comparisons against standard samplers
are feasible) and also includes spin-precession effects. We save intrinsic waveforms to disk in an
SVD representation, which is accurate to a mismatch of 2 - 10~ for the 99.9th percentile of the
data. Noise realizations are generated during training, after first sampling an associated PSD, i.e.,
St ~ p(Sh), n() ~ p(S,(li)). We construct training sets based on 5 x 10° sets of intrinsic parameters,
but by sampling extrinsic parameters and noise realizations during training, the effective size of the
training set is infinite in these dimensions.

To construct the empirical PSD distributions p(.S,), we estimate PSDs using noise data from each
observing run. Using BURST_CAT2 data from GWOSC [20], we identify stretches of at least 1024 s
in duration that do not overlap with events. Each PSD is estimated by taking a 1024 s stretch of data,
dividing this into non-overlapping 8 s subintervals, and using the Welch “median-average” method to
average PSDs estimated on each of these [224]. We use a Tukey window with a roll-off of 0.4 s. For
inference, we use the same construction to estimate the PSD from detector data just prior to an event.
The number of PSDs obtained for each observing run is given in Tab. A.2.

A.2 Neural network

There are two main components to our conditional density-estimation neural network, the embedding
network for compressing data to a sufficiently small number of features, and the normalizing flow,
which produces the Bayesian posterior from these features.

A.2.1 Embedding network

For each of the two or three detectors, the embedding network takes as input the real and imaginary
parts of the whitened frequency-domain strain data, as well as the inverse amplitude spectral density
(ASD). This results in 24,096 inputs per detector. We provide the inverse ASD rather than the PSD
because of the more numerically stable behavior of spectral lines. We scale the ASD with a constant

factor of 1023,
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The first embedding layer is a linear mapping that serves to drastically reduce the number of dimen-
sions. This is initialized based on a singular value decomposition (SVD) to provide an inductive
bias to facilitate training. The strain data are initially projected onto the first ngyp = 200 (complex)
singular vectors, defined based on a set of 50,000 signal waveforms drawn from the prior. The
inverse ASDs are likewise mapped to nsyp complex numbers, which are added to the projected
strain; this projection is initialized to 0. After this initial layer, the data has therefore been projected
onto 2ngetectorssvp (real) features (i.e., either 800 or 1200 components, depending on the number of
detectors). There is no nonlinear activation following this layer.

Following the SVD layer is a fully-connected residual network. This consists of a sequence of
two-layer residual blocks; prior to each linear mapping are batch normalization layers and ELU
activation functions. We take six blocks each of 1024, 512, 256, and 128 hidden dimensions, resulting
in a total of 48 hidden layers in the residual network.

A.2.2 Normalizing flow

Our normalizing flow is very similar to that of [110]. This consists of a sequence of coupling
transforms, each of which transforms half of the components of a sample element-wise based on the
context information and the values of the untransformed components. We use a rational-quadratic
spline coupling transform [93], with the same parameters as in [110], except for the number of residual
blocks, which is reduced from 10 to 5. Between the coupling transforms, the ordering of the sample
components is randomized to ensure all components are sufficiently transformed by the sequence of
transforms. We also increase the total number of coupling transforms to 30 from 15 in [110]. The
flow therefore consists of 300 hidden layers. In total, the embedding network and the flow combined
have 1.31 - 108 learnable parameters for Ngetectors = 2 and 1.42 - 108 for Ngetectors = 3-

The context information for the flow consists of the 128 features output from the embedding network,
as well as the two or three perturbed detector coalescence times 7;.

We also train a neural network to provide an initial estimate for 7, which is used as a starting point
for the iterative GNPE algorithm. This does not require 77 as context, but otherwise has the same
form as the main network.

A.2.3 Training

Training consists of two stages, an initial pretraining stage and a fine-tuning stage. During the
pretraining stage, the SVD layer is frozen, and all noise realizations are drawn from an average
PSD for the observing run and detector. This is designed to simplify early-stage training. During
the fine-tuning stage, the SVD layer is unfrozen, and PSDs are randomly drawn from the empirical
distribution, and noise realizations are drawn from these.

Our networks are trained for 300 epochs of pretraining and 150 epochs of fine tuning with a batch
size of 4096. We use the Adam optimizer [135]. We begin training with learning rates of 3 - 10~*
and 3 - 1077 in the pretraining and finetuning stages, respectively, and decrease the learning rate
by a factor of 2 when the validation loss has not improved in the previous 10 epochs. For three
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Fig. A.1 Loss as a function of training epoch for the O1 neural network. The vertical line denotes the
beginning of the fine-tuning period.

detectors, we reduce the batch size to 2048 and the initial learning rates to 2 - 104 and 2 - 10~ due
to memory limitations. As shown in Fig. A.1, the loss jumps at the beginning of the fine-tuning stage.
This occurs because the distribution of training data becomes much broader with the inclusion of
varying noise PSDs. The final loss at the end of fine tuning is just above the pretraining loss, which
indicates that the network has learned to process the varying PSDs to the same performance level of
the fixed pretraining PSD. During training, we reserve 2% of the training set for validation to check
for overfitting. Since the training and validation loss are in close agreement in Fig. A.1 we conclude
that overfitting is minimal. Training 450 epochs with a batch size of 4096 takes roughly 10 days on a
single NVIDIA A100 GPU.!

A.3 Effect of PSD

To give a sense of the size of the effect of the PSD on the posterior, we perform inference on
GW150914, where we whiten the strain data with the correct PSD, but provide instead the PSD for
GW151012 as context to the neural network. This gives a mean JSD across all parameters of 0.005 nat
and a maximum JSD of 0.030 nat when compared against the DINGO result using the correct PSD.
Both of these numbers significantly exceed the JSDs between DINGO and LALInference runs for all
events [largest mean JSD: 0.001 nat (GW170729); largest maximum JSD: 0.006 nat (GW170104,
m1)]. This demonstrates that conditioning the neural network on the PSD is required at the level of
accuracy we achieve in this study.

The worst performing parameters with the incorrect PSD are ¢, dy,, «, and 6, which have a mean JSD
of 0.020 nat (see Fig. A.2). These results are consistent with the expectation that the main effect due
to using the wrong PSD is to cause a change in the inferred amplitude of the signal in each detector:

'With an NVIDIA V100 GPU (16GB) training takes 16-18 days, and inference roughly a minute per event (rather than
20 seconds).
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Fig. A.2 Comparison between DINGO evaluated on GW 150914 using correct PSD as context, and
using GW151012 PSD. These four parameters have a mean JSD of 0.020 nat.

dr, becomes biased due to the overall amplitude being off, whereas sky position and ¢. become biased
from relative incorrect amplitudes in the two detectors.

A.4 Comparisons against standard samplers

We compare our results against LALInference [224] with MCMC and nested sampling algorithms,
and with Bilby [41, 195] with the dynesty [210] nested sampling algorithm. To compare as closely
as possible with DINGO, we use the same data conditioning for strain data and PSDs. However,
we sample in chirp mass M = (m1msg)®/°/(my + ma)/® and mass ratio ¢ = ma/m; instead of
component masses, since this simplifies the form of the posterior and improves convergence. We also
sample sky position in the detector-based azimuth/zenith reference frame rather than the («, §) sky
frame for Bilby. This also simplifies the form of the posterior to improve sampling [195].

With standard samplers it is possible to analytically marginalize over some parameters to reduce the
dimensionality of the space. This improves sampling performance, with the marginalized parameters
reconstructed in post-processing. For LALInference, we marginalize over time of coalescence, and
with Bilby we marginalize over time, distance, and phase. Phase marginalization is only valid
in the absence of precession, but we had difficulty obtaining converged results without it. For
IMRPhenomPv2 waveforms, this should not lead to a significant difference, but it should be kept in
mind. For Bilby, we use n1ive=4000 and nact=50.
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Fig. A.3 JSDs between (a) DINGO and Bilby with time-distance-phase marginalization, and (b)
DINGO and LALInference nested sampling with time marginalization. (Note that LALInference does
not provide time posteriors when marginalization is used.) JSDs are calculated from 10,000 samples
of each distribution, using Gaussian kernel density estimation. The mean values over 100 different
sample realizations are reported. The mean JSDs over all events and parameters are 0.0015 nat and
0.0010 nat for (a) and (b), respectively. As mentioned in the main text, the average JSD between
LALInference runs with identical settings but different random seeds is 0.0007 nat, which sets a
practical lower bound to the achievable values. Moreover, the DINGO framework allows us to obtain
an arbitrary number of independent samples from the same distribution. This enables us to compute
the JSDs between two sets of samples, that are, by construction, sampled from the same distribution.
This value, 0.0002 nat, provides a fundamental lower bound for perfectly optimized samplers.
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Table A.3 Comparison between DINGO (first line) and LALInference MCMC (second line) credible
intervals. Median values and 90% credible intervals are quoted.

We find closest agreement with LALInference MCMC, which is what we report in the main text,
and is displayed on all posterior plots. For completeness we include in Fig. A.3 comparisons against
LALInference nested sampling and Bilby with phase marginalization. In general, when using phase
marginalization, spin and sky position are less well recovered, as were some events. To give a sense
of how JSD values translate into parameter estimates, we provide 90% credible intervals in Tab. A.3,
which are all in extremely close agreement.

Deviations between posteriors obtained from DINGO and standard samplers are associated with
multiple sources of error. Firstly, imperfect training of DINGO can lead to inaccurate results. Indeed,
training the neural networks is challenging due to the high dimensionality of the input data to this
inference problem, which inspired us to adopt the GNPE method [83] to improve convergence. While
the P-P plot in Fig. 2 of the main text suggests that our networks are well converged, small deviations
between posteriors for real events could arise due to the networks not being fully converged. Secondly,
even the well-established standard samplers do not produce perfect posterior samples. The mean JSD
between LALInference runs with identical settings but different random seeds is a factor 3.5 higher
than that expected for samples from identical distributions (see Fig. A.3 for details). Thirdly, perfect
agreement between (ideal implementations of) DINGO and standard samplers is only expected for
data consistent with the training distribution. In reality, however, where the noise is neither perfectly
stationary nor Gaussian, the measured data is slightly out-of-distribution. In those cases, there is
no theoretical guarantee that DINGO extrapolates to this data in the same way as standard samplers.
However, as stated in the conclusion, DINGO is not limited to stationary Gaussian noise, and we plan
to lift this assumption in future work.
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In the remainder of this section, we include 1D and 2D marginalized posteriors for all nontrivial
parameters for all events. All DINGO posteriors are produced with 50,000 samples, except for the
skymaps, which use 10,000. LALInference posteriors use all samples produced with the given sampler
settings, typically of order 30,000-50,000.
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Appendix B

Group Equivariant Neural Posterior
Estimation

B.1 Derivations

B.1.1 Equivariance relations

Consider a system with an exact equivariance under a joint transformation of parameters ¢ and
observations x,

60— 0 = g0, (B.1)
r—x = Tyx. (B.2)

An invariant prior fulfills the relation
p(0) = p(0') |det J,|, (B.3)

where the Jacobian J, arises from the change of variables rule for probability distributions. A similar
relation holds for an equivariant likelihood,

p(x|0) = p(2'|0") |det Jr| . (B.4)

An invariant prior and an equivariant likelihood further imply for the evidence p(z)

(@) = / p(]0)p(0)d0 = / p(&/)0') |det Jr| p(@) |det J,| dB = p(a’) |det Jr|.  (B.5)
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Combining an invariant prior with an equivariant likelihood thus leads to the equivariance rela-
tion
p(0]z) = p(x|0)p(8) _ p(a’|0") |det Jr| p(¢') |det J|
p(x) p(a’) |det Jr| B6)
= p(#'|2") |det J,|

for the posterior, where we used Bayes’ theorem and equations (B.3), (B.4), and (B.5).

B.1.2 Equivariance of p(0|z, )

Here we derive that an equivariant posterior p(f|z) remains equivariant if the distribution is also
conditioned on the proxy g, as used in equation (3.7). With the definition p(§|6) = & ((¢°)~'§) from
section 3.3.3, p(g|0) is equivariant under joint application of & € G to § and 0,

p(310) = % ((9)7'9) = w ((6")'h 7 hg) = ((hg")'hg) = p(hglhd).  (B.D)

where for the last equality we used ¢"? = hg?. This implies, that p(j|z) is equivariant under joint
application of h and T},

p(3l) = [ p(6.2)p(612) o P [ p(hglh)p(6lTh) et 7| do

= p(hg|Thx).

(B.8)

in the second step we used p(g|60, ) = p(g|0). From these relations, the equivariance relation used in
equation (3.7) follows,

R 0, gl G910, x)p(0|z) B.7),3.4),B.8 p(hg|hl)p(h0|Thz
p(a\x,g):p( glz) _ p(310, 2)pOlz) @648 phg|h0)p(h| T ),detjh,

p(glx) p(g|x) p(hg|Thx) (B.9)
= p(hO|Thx, hg) |det Jp| .

B.1.3 Exact equivariance of inferred posterior

Consider a posterior that is exactly equivariant under G,
p(0|z) = p(gf|Tyx)| det J,), Vg € G. (B.10)

We here show that the posterior estimated using GNPE is equivariant under G by construction. This
holds regardless of whether ¢(6’|x") has fully converged to p(6’|z").

With GNPE, the equivariant posterior p(f|x,) for an observation z, is inferred by alternately sam-
pling

g

g(%)

g ~ p(§leo, 0) = §V=¢""c e~nlo), (B.12)
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see also equation (3.9). Now consider a different observation &, = T}, x, that is obtained by altering
the pose of z, with T},, where h is an arbitrary element of the equivariance group GG. Applying the
joint transformation

g — hg, (B.13)
To — Thx,, (B.14)

in (B.11) leaves ¢’ invariant,
Q0| Ty -1 Thwo) = q(0/ | Ty-1(T3) "' Thao) = q(0'|Ty-12,). (B.15)

We thus find that 6 in (B.11) transforms equivariantly under joint application of (B.13) and (B.14),

0= g0 — (hg)d' = h(g0) = ho. (B.16)
Conversely, applying
0 — ho (B.17)
in (B.12) transforms g by
=9 = ¢"e=ng’ = hg. (B.18)

The 6 samples (obtained by marginalizing over §) thus transform 8 — h6 under x, — Tpx(, which is
consistent with the desired equivariance (B.10).

Another intuitive way to see this is to consider running an implementation of the Gibbs sampling
steps (B.11) and (B.12) with fixed random seed for two observations z, (initialized with g<0> = Gx,)
and Tjz, (initialized with §°) = hg,_). The Gibbs sampler will yield parameters samples (6;)_,
for x,, and the exact same samples (h@i)f\il for T}, x,, up to the global transformation by h. The
reason is that the density estimator ¢(6’|2”) is queried with the same 2’ for both observations z, and
T, in each iteration 4. Since the truncated, thinned samples are asymptotically independent of the
initialization, this shows that (B.10) is fulfilled by construction.

B.1.4 Iterative inference and convergence

GNPE leverages a neural density estimator of the form ¢(6|z’, §) to obtain samples from the joint
distribution p(6, g|z). This is done by iterative sampling as described in section 3.3. Here we derive
equation (3.11), which states how a distribution @ (6|x) is updated by a single GNPE iteration.

Given a distribution Q?(G\x) of # samples in iteration j, we infer samples for the pose proxy ¢ for
the next iteration by (i) extracting the pose g% from 6 (this essentially involves marginalizing over
all non pose related parameters) and (ii) blurring the pose ¢? with the kernel &, corresponding to a
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group convolution.! We denote this combination of marginalization and group convolution with the

otk

*” symbol,
@3l = [ a8 Q)El0)x((s")'9) = (@f1a) 7) @) (B.19
For a given proxy sample g, a (perfectly trained) neural density estimator infers ¢ with
K((9”)'9)
(P? () %K) (9)’

where we used p(§|0) = x((g?)~'§). Combining (B.19) and (B.20), the updated distribution over 6
samples reads

_ p(0,9lz) _ p(glz,0)p(6]z)

P00 ="Gm) — T sl

= p(0]x) (B.20)

Qﬁmm:/@mwwmﬁwm

J2)% k) (3) ®.2D
) g

Here, (7 denotes the reflected kernel, k() (g) = x(g~") Vg. Since we choose a symmetric kernel
in practice, we use kK = x(=) in (3.11).

In this notation, the initialization of the pose ¢’ in iteration 0 with gy, simply means setting

Qo(-|z) * & = qinit(|x) * £.

B.2 GNPE for simple Gaussian likelihood and prior
Consider a simple forward model 7 — z with a given prior

p(r) = N(=5,1)[7] (B.22)
and a likelihood

p(x|T) = N(7,1)[z], (B.23)

where the normal distribution is defined by

—(z—p)?
CXP | —g552
N(M,JQ)[:E}ZE/%G ) (B.24)

'We define a group convolution as (A x B)(§) = [ dg A(g)B(g~"'§), which is the natural extension of a standard
convolution.
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The evidence can be computed from the prior (B.22) and likelihood (B.23), and reads

p(z) = /dTp(T)p(x!T) = /dTN(—EJ, DTN (7, Dz] = N(=5,2)[x]. (B.25)
The posterior is then given via Bayes’ theorem and reads

_ pl|r)p(r) _ N(m, DN (=5, D[] _ (25
P ="y T N5, V)] _N< >

1 /2> 7. (B.26)

B.2.1 Equivariances

The likelihood (B.23) is equivariant under G, i.e., the joint transformation

T — g7 =T+ AT,
. (B.27)
r— Tyr =z + AT

This follows directly from (B.23) and (B.24). If the prior was invariant, then this equivariance
would be inherited by the posterior, see App. B.1.1. However, the prior is not invariant. It turns out
that the posterior is still equivariant, but  transforms under a different representation than it does
for the equivariance of the likelihood. Specifically, the posterior (B.26) is equivariant under joint
transformation

T =97 =T+ AT,

(B.28)
r— Tz =1x+2 A,

which again directly follows from (B.26) and (B.24). Importantly, 75 # T!, i.e., the representation
under which x transforms is different for the equivariance of the likelihood and the posterior. For
GNPE, the relevant equivariance is that of the posterior, i.e. the set of transformations (B.28), see also
equation (3.4). The equivariance relation of the posterior thus reads

p(7lz) = p(g7|Tyz)| det Jgl, Vg € G. (B.29)

B.2.2 GNPE

We choose 7 as the pose, which we aim to standardize with GNPE. We define the corresponding
proxy as

F=T4e en~nle)=N(0,1)e. (B.30)

We can use GNPE to incorporate the exact equivariance of the posterior by construction. To that end
we define

(B.31)
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p(r|z) forx =3
—— ground truth posterior
/\ GNPE samples
0.4 - / \

0.2 / \

0.1 4 / \

004 — -—

Fig. B.1 Posterior p(7|z = 3) (blue) and the corresponding inferred GNPE samples (orange).

We then train a neural density estimator to estimate p(7’|x’). This distribution is of the same form as
p(7|x) and simply given by

p(r'|a’) L2 (” 5 o1 /2) [ (B.32)

due to the equivariance (B.29). We here assume a neural density estimator that estimates (B.32)
perfectly. For GNPE, we

1. Initialize 7 = 0;

2. Sample 7)) by 7V = 7(1) 4 ¢ ¢ ~ N(0,1)[e], and compute 7’ and =’ via (B.31);

3. Sample 7 by 7 = /@) 4 7 with '@ ~ p(7'|2') = N (”5,2_5, 1/2) [7'];
and repeat (2) and (3) multiple times. This constructs a Markov chain. To obtain (approximately
independent) posterior samples 7 ~ p(7|z), we truncate to account for burn-in, thin the chain and
marginalize over 7. We find that the chain indeed converges to the correct posterior (B.26), see

Fig. B.1.
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B.3 Toy Example

B.3.1 Forward model

The toy model in section 3.4 describes the motion of a damped harmonic oscillator that is initially at
rest and excited at time 7 with an infinitely short pulse. The time evolution of that system is governed
by the differential equation

2

%x(t) + 2Bw0%x(t) +wiz(t) =6t — 1), (B.33)

where wy denotes the undamped angular frequency and 5 the damping ratio. The solution for the
time series z(t) is given by the Green’s function for the corresponding differential operator and

reads
0, t<T
t) = in(~/1—B2wo (t—+ B.34
x< ) e—Bwol(t—T) S ( 1—p2uwo(t ))’ t> T ( )
\/1—52400

This equation describes a deterministic, injective mapping between parameters § = (wy, 3, 7) and a
time series observation x,

z = f(6). (B.35)

This implies a likelihood p(x|6) = d(x — f(#)), and thus a point-like posterior. To showcase (G)NPE
on this toy problem we introduce stochasticity by setting

z = f(0+80) (B.36)

instead. We sample 46 from an uncorrelated Gaussian distribution

030 0 O
50 ~ N(0,%), Y= 0 ag 0o |, (B.37)
0 0 o?

with o, = 0.3 Hz, 03 = 0.03 and o, = 0.3 s. Due to the injectivity of f, the posterior p(6|x)
reduces to the probability p(660 = f~!(x) — 6). With a uniform prior, and neglecting boundary
effects, this implies an uncorrelated Gaussian posterior p(#|z) centered around f~!(x) with standard
deviations as specified above. We choose this approach over, e.g., adding noise straight to observations
to keep the problem as simple as possible, such that the focus remains on the comparison of GNPE
and NPE. In particular, knowing that the ground truth posteriors are Gaussian, we can use a simple
Gaussian density estimator.

We choose uniform priors

p(wo) =U[3,10|Hz,  p(B) =U[0.2,0.5],  p(r) =U[-5,0]s. (B.38)



106 Group Equivariant Neural Posterior Estimation

The observational data x is the discretized time series in the interval [—5, +5] s with 2000 evenly
sampled bins. When applying time shifts with GNPE, we impose cyclic boundary conditions.

B.3.2 Implementation

We use a Gaussian density estimator for all methods (since we know that the true posterior is
Gaussian). For NPE, we use a feedforward neural network with [128, 32, 16] hidden units and
with ReL.U activation functions as an embedding network. For NPE-CNN, we use a three-layer
convolutional embedding network with kernel sizes [5,5,5], stride 1, [6,12,12] channels, average
pooling with kernel size 7 and stride 7, and ReL.U activation functions. For GNPE, we use the same
architecture as for NPE for both, ¢(#'|2’) and ginic(7|2). For further hyperparameters, we use the
defaults of the sbi package [217].

B.3.3 Results

For all methods, we compute the average classifier two-sample test score (c2st) based on 10,000
samples from the estimated and the ground truth posterior for five different simulations. We then
average the accuracy across 10 different seeds.

B.4 Gravitational wave parameter inference

B.4.1 Forward model and amortization

The forward model mapping binary black hole parameters 6 (Tab. B.1) to simulated measurements x
in the detectors consists of two stages. Firstly, the waveform polarizations h(#) for given parameters
0 are computed with the waveform model IMRPhenomPv2 [115, 134, 50]. Secondly, the signals are
projected onto the detectors, and noise is added to obtain a realistic signal z. To a good approximation,
we assume the noise to be Gaussian and stationary over the duration of a single GW signal. However,
the noise spectrum, determined by the power spectral density (PSD) .Sy, drifts over the duration of
an observing run. To fully amortize the computational cost, we use a variety of different PSDs .S,
in training, and additionally condition the inference network on S;. At inference time, this enables
instant tuning of the inference network to the PSD estimated at the time of the event, see Dax et al.
[82] for details. Since this conditioning on S, has no effect on the GNPE algorithm outlined in this
work, we keep it implicit in all equations.

B.4.2 Network architecture and training

The inference network consists of an embedding network, that reduces the high dimensional input
data to a 128 dimensional feature vector, and the normalizing flow, that takes this feature vector as
input. For each detector, the input to the embedding network consists of the complex-valued frequency
domain strain in the range [20 Hz, 1024 Hz| with a resolution of 0.125 Hz, and PSD information
(10%6 . S,)~1/2 with the same binning. This results to a total of (3 - 8,033) =24,099 real input bins
per detector. The first module of the embedding network consists of a linear layer per detector, that
maps this 24,096 dimensional input to 400 components. We initialize this compression layer with
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Table B.1 Priors for the astrophysical binary black hole parameters used to train the inference network.
Priors are uniform over the specified range unless indicated otherwise. We train networks with different
distance ranges for the two observing runs O1 and O2 due to the different detector sensitivities. At
inference time, a cosmological distance prior is imposed by reweighting samples according to their
distance.

Description Parameter Prior

component masses  mj, Mo [10,80] Mg, m1 > mo

spin magnitudes ai, as [0,0.88]

spin angles 01, 02, ¢12, ¢j1,  standard as in Farr et al. [98]
time of coalescence . [—0.1,0.1] s

luminosity distance  dj, Ol, 2 detectors: [100,2000] Mpc

02, 2 detectors: [100, 2000] Mpc and [100, 6000] Mpc
02, 3 detectors: [100, 1000] Mpc

reference phase be [0, 27]

inclination 0N [0, 7] uniform in sine
polarization (0 [0, 7]

sky position a, f uniform over sky

PCA components of raw waveforms. This provides a strong inductive bias to the network to filter out
GW signals from extremely noisy data. Note that this important step is only possible since GNPE
is architecture independent—it is for instance not compatible with a convolutional neural network.
Following this compression layer, we use a series of 24 fully-connected residual blocks with two
layers each to compress the output to the desired 128 dimensional feature vector. We use batch
normalization and ELU activation functions. Importantly, the conditioning of the flow on the proxy
Jrel. 18 done after the embedding network, by concatenating gre). to the embedded feature vector.

Following this, we use a neural spline flow [93] with rational-quadratic spline coupling transforms as
density estimator. We use 30 such transforms, each of which is associated with 5 two-layer residual
blocks with hidden dimension 512. In total, the inference network has 348 hidden layers and 1.31 - 108
(for two detectors) or 1.42 - 10® (for three detectors) learnable parameters.

We train the inference network with a data set of 5 - 105 waveforms with parameters 6 sampled from
the priors specified in table B.1, and reserve 2% of the data for validation. We pretrain the network
with learning rate of 3 - 10~ for 300 epochs with fixed PSD, and finetune for another 150 epochs
with learning rate of 3 - 10~° with varying PSDs. With batch size 4,096, training takes 16-18 days on
a NVIDIA Tesla V100 GPU.

B.4.3 Results

The c2st scores between inferred posterior and the MCMC reference shown in Fig. 3.4 are computed
using the code and default hyperparameters of Lueckmann et al. [154]. For each event, we compute
the c2st score of 10,000 samples for inferred and target posterior. Fig. 3.4 displays the mean of the
score across 5 different sample realizations, Fig. B.2 additionally shows the corresponding standard
deviation. For technical reasons we use only 12 of the 15 inferred parameters; specifically we omit



108

Group Equivariant Neural Posterior Estimation

o704 ¢ GW150914 GW170809
GW151012 ' GW170814
GW170104 GW170818
0.65 4 N GW170729 GW170823
g
© 0.60 1
| }
0.55 1 * f
t
+ ot
0.50 T T T T
NPE NPE GNPE GNPE
(chained) (wide k) (narrow k)

Fig. B.2 c2st scores quantifying the deviation between the inferred posteriors and the MCMC reference.

This is an extended version of Fig. 3.4.

the geocentric time of coalescence t. (since the reference posteriors generated with LALInference do

not contain that variable) and the sky position parameters « and ¢ (since the NPE baseline with chain

rule decomposition infers these in another basis).
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Fig. B.3 Comparison of estimated
posteriors against LALINFERENCE
MCMC for eight GW events, as
quantified by the mean squared er-
ror (MSE) of the sample means. Be-
fore computing the means, we nor-
malize each dimension such that the
prior has a standard deviation of 1.
@ indicates the average across all
eight events. GNPE with a narrow
kernel consistently outperforms the
baselines, which is in accordance
with Fig. 3.4.
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Fig. B.4 MSE between inferred posteriors and MCMC reference. Extended version of Fig. B.3.
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Fig. B.5 Corner plots for the GW events GW 170809 (left) and GW170814 (right), plotting 1D
marginals on the diagonal and 90% credible regions for the 2D correlations. We display the two
black hole masses m; and mo and two spin parameters #; and 6> (note that the full posterior is
15-dimensional). This extends Fig. 3.5 by also displaying the results from chained NPE and GNPE
with wide k.
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Fig. B.6 Corner plot for the GW event GW 170814 plotting 1D marginals on the diagonal and 90%
credible regions for the 2D correlations. We display the two black hole masses m1 and mg and two
spin parameters 0, and 65 that are also shown in Fig. 3.5. We additionally display one of the pose
parameters ¢z and the corresponding proxy #; from the last GNPE iteration. In training, the neural
density estimator learned that the true pose ¢ differs by at most 1 ms from the proxy #y that it is
conditioned on (since we chose a kernel fparrow = U[—1 ms, 1 ms]™, see section 3.5.2). This explains
the strong correlation between ¢z and t 17 we observe. For the same reason, the observed correlations
between the ¢ and the non-pose parameters (mj, ma, 01, 62) are similar to those between the true

pose ty and (mq,mg, 01, 62).
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Fig. B.7 Corner plot for GW 170814 with the four parameters (m1, ma, 01, 02) that are also displayed
in Fig. 3.5, as well as the pose (tz,t1). We compare chained NPE as described in section 3.5.3 to
an oracle version: for the earlier the pose is inferred using standard NPE (green) while for the latter
we take an oracle pose provided by a (slow) nested sampling algorithm (teal). We observe, that the
result using the oracle pose matches the MCMC reference posterior well, while the other one shows
clear deviations. Both versions use the same density estimator for the non-pose parameters ¢ C 6.
This demonstrates that inaccuracies of the chained NPE baselines can be almost entirely attributed

to inaccurate inital estimates of the pose. Poor pose estimates can occur since the density estimator
trained to extract the pose operates on non pose-standardized data.

Note: The MCMC reference algorithm LALInference does not provide full pose information since it

automatically marginalizes over ¢.. For the oracle pose we thus employ the nested sampling algorithm
bilby [41].
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Fig. B.8 Left: Pose parameters ¢z and ¢, for the GW event GW170814, estimated with the neural
density estimator ginir wWith standard NPE (green), as well as the “true” pose inferred with bilby (teal).
Right: Pose proxies 7 and ¢, for the wide kernel Kyige = U [—3 ms, 3 ms|™ . These are obtained
from the pose estimates in the left panel via a convolution with kyiq.. We observe that the deviation
between the oracle and the NPE estimate is substantially smaller for the pose proxy than for the pose
itself due to the blurring operation. This leads to a better performance of fast-mode GNPE (with kyide
and only one iteration) compared to chained NPE in section 3.5.3.



Appendix C

Neural Importance Sampling for Rapid
and Reliable Gravitational-Wave
Inference

C.1 Importance-sampled Bayesian evidence

The Bayesian evidence is given by

o) = [ aontaioyp(o) = | de’wqwd), o

which can be estimated using n samples ; ~ ¢(6|d) in the Monte Carlo approximation as p(d) = fi,,

with (dl6:)p
Zp |9|d Zwl (C2)

where w; = p(d|0;)p(0;)/q(0;|d) are the weights used for importance sampling. The variance for this
Monte Carlo estimate is given by

2 _ Var p(dlé’)pw) Nl wi — fi)2
O‘w—V [q(&d) ]N ;( 1 ,Uw)

=i 1P ( >t ) ©3)

_,\2‘ N — MNeff _,\2. 1_6
_:U‘w ( Neff ) luw < € >7

where we denote normalized weights with w; = w; /i, and the sample efficiency with € = neg/n.
Since we use n samples to estimate p(d) = [i,, the standard deviation of the evidence is given
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In practice, we are interested in the log evidence, for which the uncertainty is

Ip(d) l—e
7osr® = ) =V nee (€5)

(C.4)

C.1.1 Bias

Since p(#) and ¢(0|d) are normalized, Eq. (C.1) provides an unbiased estimate for p(d) [171],
1
LS
5

The logarithm of the evidence however has a bias. Defining Y = /i, — p(d), we find

E = Elj] = p(d). (C.6)

Bllog ] = & log () + () 22 2D

p(d)
=logp(d) + E [log <1 + pz/d) }
LY (C.7)
=logp(d) +E p(d) 2 (p(d)>
0'2 — €
= logp(d) = 5 i = logp(d) - 12ne

where we used E[Y] = 0 and Var[Y] = 02 /n and neglected terms of order O((Y/p(d))?). The bias
of the log evidence thus depends on the sample efficiency € = nes/n and scales with 1/n. Given that
the uncertainty of log /i,, scales with 1/4/n, this bias is completely negligible in practice.

C.2 Analytic estimate of the phase parameter

The parameter ¢. describes the phase of the gravitational wave at a fixed reference frequency. It
provides no physical insight, but it is necessary to define a complete likelihood [223]. While the
marginal p(¢¢|d) usually has a simple structure, the conditional distribution p(¢c|d, 0), where 0
denotes the 14 remaining parameters, is typically very tightly constrained. Furthermore, ¢, is strongly
correlated with 6. We observed that DINGO has difficulties learning the phase parameter, and often
infers the prior instead, q(¢¢|d, 0) = p(¢.). While we did not find this to have a negative impact on
the remaining parameters, it leads to a substantially reduced sample efficiency.

Inspired by phase marginalization [223, 219], a technique commonly used to increase the efficiency
of stochastic samplers, we analytically estimate ¢.. The approach outlined below differs in two
ways from typical phase marginalization—(1) we retrieve ¢, instead of marginalizing over it, and
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(2) this technique is exact even in the presence of higher modes, where phase marginalization is an
approximation.

We decompose our posterior estimate into

q(0]d) = p(oc|d,0)q(f]d), (C.8)

where ¢(0|d) is estimated with DINGO. For each DINGO sample  ~ ¢(0|d), we then synthetically
sample ¢ using the analytic likelihood. This is done by evaluating p(¢c|d, é) on a uniform grid over
¢ with 5001 points in the range [0, 27| and interpolating in between.

Each likelihood evaluation requires a waveform simulation, which accounts for the bulk of the
computational cost. As we outline below, by caching suitable combinations of the waveform modes,
we can cheaply evaluate waveform polarizations for arbitrary ¢.. Hence sampling the synthetic ¢, is
barely more expensive than a single likelihood evaluation.

C.2.1 Phase transformations

We work in the L frame, which aligns the z axis with the orbital angular momentum of the binary
at the reference frequency, and takes ¢, as the azimuthal angle of the observer relative to the axis
connecting the two bodies. In these coordinates, the observer is located at (6, ¢) = (¢, w/2—¢.), where
¢ is the inclination of the binary. This is convenient for caching the modes, since ¢, enters the waveform
entirely via the spin-weighted spherical harmonics (as opposed to the modes themselves).

Waveform modes hy,,, combine into polarizations h y as

hy —ihx =h=>_ hpm —2Yem(0,9), (C.9)
lm
In frequency domain,
() = 5 [P +R D) (C.10)
he(f) = 5 [RH-H(=5)]. (.11

Considering just the plus polarization and substituting for the mode expansion,

() = 5 () 2¥im(6.0)
lm

R (—f) 2V (0, 9)| - (C.12)

Now we use the fact that the ¢-dependence enters the spin-weighted spherical harmonics as _2Y7,,, (6, ¢) =
—2Ym (0, O)eim¢’. Since h4 is real, we only need to consider f > 0. In the L frame, we can then
write

hi(f>0) = hym(fle ™, (C.13)
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where we have grouped the terms according to their m-dependence,

o) = 53 () oY (1)
l

B (=) oY, (L, g)] . (C.14)

Notice that we combined the positive frequency parts of modes with azimuthal number m together
with negative frequency modes of azimuthal number —m. With this decomposition, we only need to
cache the h, ,,. Likewise for the cross polarization, we have

hoo(f > 0) =) hoe(f)e™ ™, (C.15)

where

i) = 23 [em(F) 2Yom (1)
¢

() 2Yi o (15)] (C.16)
One additional complication arises because waveform models are usually given in terms of Cartesian
spin components, and ¢. also enters into their definition in terms of the spin parameters used for
parameter estimation. Consequently the modes retain a dependence on ¢.. We overcome this by
fixing the phase parameter used in effecting this transformation. This results in a slightly different
definition of the spin parameters 6 ;y and ¢ ;r,, which we undo in post-processing. Since the standard
priors are invariant under this transformation, other parameters are not affected.

This approach enables likelihood evaluations on a ¢. grid at the computational cost of a single
likelihood evaluation, plus a small additional cost for the inner products.! The implementation is fully
contained in the DINGO package, which uses low-level LALSimulation [145] functions to compute
frequency domain modes in the Lg frame, and combines them into the ﬁ+ /x,m- For SEOBNRvV4PHM,
this requires Fourier transforming the time domain modes provided by LALSIMULATION in L frame.
For IMRPhenomXPHM it requires transforming from J to Ly frame, such that the ¢. dependence
enters via the spherical harmonics, not via the modes themselves.

C.3 Density recovery

IS requires access to the density of the inferred samples. While for NPE, this density is tractable, this
is not necessarily the case for other inference methods. Below, we describe how we use neural density
estimation to recover the density in these cases.

'"For IMRPhenomXPHM, computing the individual modes with the LALSIMULATION function
SimInspiralChooseFDModes is substantially more expensive than computing the combined polarizations
with SimInspiralFD. This is because SimInspiralFD caches information when internally computing the modes,
whereas SimInspiralChooseFDModes does not.
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2 dimensions

14 dimensions

flow steps 5 20
hidden dimension 256 256
transform blocks 4 4
bins 8 8
training samples 4-10° 106
batch size 4096 8192
epochs 20 60
optimizer adam [135] adam [135]
learning rate 0.002 0.001
training time on A100 GPU 7 minutes 1 hour

Table C.1 Settings for the neural spline flow [93] architecture (upper part) and training (lower) used for
density recovery. For DINGO-IS with GNPE, we need to estimate a two dimensional distribution over
the proxy parameters, which requires a smaller network than the distribution over the 14 dimensional
parameter space used for BILBY-IS.

C.3.1 Group equivariant neural posterior estimation

DINGO uses an iterative algorithm called group equivariant NPE (GNPE) [82, 83] to integrate physical
symmetries and thereby improve the accuracy of inference. With GNPE, we train a density estimation
network ¢(6|d, £7(6)) that is also conditional on a set of GNPE proxy parameters t1. These parameters
are defined as blurred versions of the coalescence times ¢; in the individual interferometers (which
can be computed as a function of ) as

tr=tr+er, e ~nkle), (C.17)

with k = U[—1 ms, 1ms]. With GNPE, we iteratively infer the posterior p(f,%;|d) in the joint
parameter space with Gibbs sampling, and obtain the posterior over by marginalizing over ;. We
use a paralllelized Gibbs sampler that typically converges after 30 iterations, but some events require
up to 500 iterations. Each iteration corresponds to a forward pass through the density estimator
q(0|d,£7(0)). 500 GNPE iterations for a batch of 5 - 10* samples take about 6 minutes on an A100
GPU.

In contrast to NPE, GNPE does not have a tractable density. To recover the density, we first generate
4 - 10° GNPE samples (48 minutes on one GPU or 6 minutes on eight GPUs for 500 iterations). We
then train an unconditional normalizing flow ¢(;) to estimate the distribution over the inferred proxy
parameters with a maximum likelihood objective. We use a neural spline flow with rational-quadratic
spline coupling transforms [93] with the hyperparameters from Tab. C.1. Once trained, we can sample
without the need for additional GNPE iterations via

0 ~ q(0|d, 1), tr ~ q(tr). (C.18)
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The proposal density is now tractable,
log q(0,17]d) = log q(6]d, 1) + log q(i). (C.19)
We then perform IS in the joint parameter space (,7), where the target density is given by

log p(0,tr|d) = —log p(d) + log p(d|0) + log p(6)

+ Z log k(i —t1). (C.20)
I

The last term accounts for p(#7|6). As described in the main part, we omit log p(d) and estimate this
from the normalization of the weights.

Alternatively, we could also train an unconditional density estimator for the converged 6 samples, but
this is less sample efficient and more costly to train.

C.3.2 Stochastic samplers

We apply IS to BILBY-DYNESTY [41, 195, 210], which is based on nested sampling. To recover
the density, we first generate ~ 10° posterior samples with 50 BILBY runs with identical settings.
With n1ive=1000 and nact=5, this takes about one day per run on 10 CPUs, when using the
IMRPhenomXPHM model. One typically uses larger nact for production results, but this sub-
stantially increases the computational cost. For reference, the runs for GW150914 and GW151012
reported in the main paper with n1ive=4000 and nact=50 took about a week. We then estimate
the distribution over the BILBY samples by training an unconditional normalizing flow ¢(0), see
Tab. C.1. To ensure a fair comparison with DINGO, we also use the analytic estimate for the phase
parameter, such that we only need to estimate the distribution over the remaining 14 parameters. Due
to the higher dimensional parameter space compared to DINGO (for which we only need to recover
the two dimensional density over #7), we need more samples and a larger normalizing flow for the
density estimate.

For GW151012, BILBY-IS achieves a sample efficiency ¢ = 8.3%, compared to ¢ = 12.5% for
DINGO-IS, and estimates an evidence of log p(d) = —16412.89 &+ 0.01. Since BILBY-IS is computa-
tionally very expensive, we do not expect it to be routinely used, but rather view it as an insightful
diagnostic.

C.4 Importance sampling convergence

Due to the probability mass covering training objective, DINGO inaccuracies tend to show up as
overly broad posteriors (Fig. C.1). When the tails of the posterior are overestimated by DINGO,
a low sample efficiency may be encountered due to many low-weight samples. These cases are
straightforward to handle with DINGO-IS. The sample efficiency is approximately constant, and
the statistical uncertainty of the evidence fully captures the error, even for low n.g. To get smooth
marginals one simply needs to generate more samples, which is cheap with DINGO.
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Fig. C.1 DINGO samples 6 ~ ¢(6|d) for GW 150914, comparing the inferred density ¢(6|d) to the
unnormalized posterior p(d|0)p(#). The density ratios correspond to the importance weights, the
Bayesian evidence p(d) is estimated via their normalization. Samples of a perfect DINGO model
would lie on the black line with offset log p(d) = —15831.87. Deviations between DINGO and the
true posterior are primarily found below that line, but rarely above. This is a manifestation of the
probability-mass covering behavior, making DINGO particularly well-suited for importance sampling.
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Fig. C.2 Evidence log p(d) as a function of the number of importance samples n. For constant sample
efficiency e, the statistical uncertainty scales with 1/4/n, leading to precise estimates when DINGO-IS
works well (left). When the DINGO posterior is too light tailed (right), samples from the tails of
the distribution are assigned very large IS weights, leading to bumps in the evidence whenever a
high-weight sample is encountered.
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Fig. C.3 Left: Strain data (real part) in the LIGO Hanford detector. The upper row shows the measured
data for GW150914, the lower row shows an adversarial example that is synthetically generated to
mislead the inference network. Right: The inference network infers almost identical posteriors for
both strain datasets.

In contrast, DINGO posteriors should rarely be light tailed. For real data, however, parts of the
parameter space are occasionally strongly undersampled, which is problematic for IS. Indeed, for
small n, the light tails may not be sampled at all, resulting in an underestimate of the evidence and
the magnitude of its statistical error. Moreover, when a sample from the tail is encountered it has
very large importance weight, which greatly decreases the sample efficiency. In order to assess the
validity of IS results with low sample efficiency it is therefore useful to check whether log p(d) has
converged as a function of n (Fig. C.2). If DINGO is not truly mass covering, the IS weights are not
upper-bounded, and the sample efficiency approaches zero with increasing n. This happens for the
OOD event GW200129_065458.

Fortunately non-convergence is rare, and for the majority of events, DINGO posteriors are indeed
mass covering and heavy tailed. Even when this is not the case and the sample efficiency is very low,
the DINGO marginals are often still accurate. This is because the light tailed parts of the parameter
space are often negligibly small and randomly distributed throughout the parameter space. In such
cases one can apply batched self-normalized IS: instead of normalizing the weights of all n samples
simultaneously, one normalizes batches of size k£ < n. This regularizes IS by decreasing the largest
possible weight from n to k. This should be done with caution, as it introduces a bias which is
only small if the undersampled regions carry an overall low probability mass, or are distributed
unsystematically throughout the parameter space.
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C.5 Robustness to adversarial examples

An adversarial example [215, 109] refers to data d,qy. that is specifically designed to mislead a
neural network. Such examples can be generated by following gradients of the network output (or
some function thereof) starting from some real data d,. and sequentially adding small perturbations
to maximally change the output. Although the resulting adversarial example d,qy. is often barely
distinguishable from dy, the neural network output can change dramatically.

In the context of posterior estimation, the output is a high-dimensional distribution which one can
alter in multiple ways. We tried to shift or truncate the predicted DINGO distribution ¢(60|d,qy.) by
applying only minimal modifications to the data. We found that DINGO is remarkably robust to such
attacks, its output could barely be changed without significantly changing the input data d. This
unusual robustness is attributed to two factors. First, the training data itself is very noisy, which
regularizes DINGO models. Second, the first layer of DINGO networks is seeded with principal
components of clean GW signals [82], so adversarial perturbations are projected onto the manifold of
GW signals.

We thus explore a slightly different notion of adversarial attacks. Starting from strain data d initialized
with random Gaussian noise, we aim to modify d such that DINGO estimates identical posteriors
for d,qy. and the real strain data dy, for GW150914. Specifically, we minimize the KL divergence

DKL((](9|dtrue) ’ |Q(0|dadv.)) via

daay, = arg CIlnax Egq(0]due) 108 ¢(0]d). (C.21)

In contrast to the technique mentioned above, we here do not constrain the difference between d,qy,
and dyye to be small. To optimize (C.21) we need to take gradients of the DINGO density with
respect to d, which is intractable with the iterative GNPE [82, 83] method. Instead, we use a DINGO
network trained with standard NPE. We use the adam [135] optimizer with a learning rate of 0.03
to optimize Eq. (C.21) with 400 gradient steps (batch size 1024). The resulting strain d,qgy is visibly
different from the true GW 150914 strain dye, but the estimated DINGO posteriors are almost identical
(Fig. C.3).

With DINGO-IS, we find a sample efficiency of € = 1.48% for the real GW150914 strain dye. This
is substantially smaller than the sample efficiency achieved with GNPE (e = 28.8%), since standard
NPE does not use the physical symmetries and is hence less accurate. However, the DINGO-IS
posterior is still accurate and the evidence estimate (logp(d) = —15831.88 + 0.03) is in good
agreement with the result reported in the main paper. For d,qy. on the other hand, DINGO-IS achieves
a sample efficiency of € = 0.006%, clearly identifying the adversarial example as a DINGO failure
case.
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C.6 Additional Results

Fig. C.4 shows one-dimensional marginal posteriors for a subset of GW events analyzed in the main
paper, comparing the two waveform models IMRPhenomXPHM and SEOBNRv4PHM. We see that
the models give results that appear to be in good agreement.

Fig. C.5 shows posterior marginals for several GW events from O3. A large sample efficiency often
corresponds to good agreement of the DINGO and DINGO-IS marginals. The sample efficiency is
sensitive to deviations in the full 15 dimensional parameter space, so small sample efficiencies do not
necessarily imply inaccurate marginal distributions.
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Fig. C.4 Posterior distributions for component masses and effective spin parameters. We show all
events from the main paper with ¢ > 2% for both waveform models to ensure smooth posteriors. We
observe good agreement between the two waveform models. In a future publication we will include a
more complete catalog, which incorporates Virgo data, and includes a more careful treatment of noise
artifacts and data conditioning.
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and two- dimensional posterior distributions for selected O3 events,

comparing DINGO (solid lines) and DINGO-IS (dashed) inference results with waveform models
IMRPhenomXPHM and SEOBNRv4PHM. Contours represent 90% credible regions. For events
with high (upper row) or medium (middle row) sample efficiency, the initial DINGO results are often
accurate and only deviate slightly from DINGO-IS results. For events with low effective sample size
(lower row), the DINGO-IS contours are often not smooth. Yet, the initial DINGO results may capture

the marginals well, see GW191109_010717.



Appendix D

Real-Time Gravitational-Wave Inference
for Binary Neutron Stars using Machine
Learning

D.1 Machine learning framework

The Bayesian posterior p(6|d) = p(d|0)p(0)/p(d) is defined in terms of a prior p(#) and a likelihood
p(d|0). For GW inference, the likelihood is constructed by combining models for waveforms and
detector noise. The Bayesian evidence p(d) corresponds to the normalization of the posterior, and it
can be used for model comparison.

Our framework is based on neural posterior estimation (NPE) [175, 152, 112], which trains a density
estimation neural network ¢(0|d) to estimate p(6|d). We parameterize ¢(f|d) with a conditional
normalizing flow [193, 93]. Training minimizes the loss L = — log q(#|d) across a dataset (6;, d;) of
parameters 0; ~ p(0) paired with corresponding likelihood simulations d; ~ p(d|6;). After training,
q(0]d) serves as a surrogate for p(6|d), and inference for any observed data d, can be performed by
sampling 0 ~ ¢(6|d,). DINGO [82, 84] uses a group-equivariant formulation of NPE (GNPE [83, 82]),
which simplifies GW data by aligning coalescence times in the different detectors. However, this
comes at the cost of longer inference times, so we do not use GNPE for DINGO-BNS.

At inference, we correct for potential inaccuracies of ¢(f|d) with importance sampling [84], by
assigning weight w; = p(d|0;)p(0;)/q(6;]d) to each sample 6; ~ q(6;|d). A set of n weighted
samples (w;, 0;) corresponds to nerr = (D, w;)? / (3=, w?) effective samples from the posterior
p(0|d). This reweighting enables asymptotically exact results, and the sample efficiency € = neg/n
serves as a performance metric. The normalization of the weights further provides an unbiased
estimate of the Bayesian evidence p(d) = (D, w;) /n.

Below, we describe in more detail the technical innovations of DINGO-BNS that enable scaling of
this framework to BNS signals.
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D.1.1 Prior conditioning

An NPE model ¢(0|d) estimates the posterior p(f|d) for a fixed prior p(#). Choosing a broad prior
enhances the general applicability of the NPE model, but it also implies worse tuning to specific
events (for which smaller priors may be sufficient). This is a general trade-off in NPE, but it is
particularly dramatic for BNS inference, where typical events constrain the chirp mass to ~ 1073
of the prior volume. Thus, for an individual BNS event, a tight chirp mass prior would have been
sufficient (Fig. D.1b) and moreover would have enabled effective heterodyning [69, 70, 235]; but in
order to cover generic BNS events, we need to train the NPE network with a large prior (see Tab. D.1).
We resolve this trade-off with a new technique called prior conditioning. The key idea is to train an
NPE model with multiple different (restricted) priors simultaneously. On each of these priors, we are
allowed to apply an independent transformation to the data, which we use to heterodyne the GW strain
with respect to the approximate chirp mass. Training a prior-conditioned model requires hierarchical
sampling

0~ py(0), p~plp), (D.1)

where p,(6) is a prior family parameterized by p and p(p) is a corresponding hyperprior. We
additionally condition the NPE model ¢(6|d, p) on p. This model can then perform inference for any
desired prior p, (), by simply providing the corresponding p. This effectively amortizes the training
cost over different choices of the prior.

We apply prior conditioning for the chirp mass M, using a set of priors p M(M) = Unmy,ms (ﬂ -
AM, M +AM). Here, Uy, 1my (Mmin, Mmax ) denotes a distribution over M with support [Mmin, Mmax],
within which component masses m1, mo are uniformly distributed. We use fixed AM = 0.005 Mg

and choose a hyperprior ﬁ(ﬂ/lv ) covering the expected range of M for LVK detections of BNS (see

Tab. D.1). As AM is small, Misa good approximation for any M within the restricted prior
pii(M) and we can thus use M for heterodyning. The resulting model ¢(6|d i Mv) can then
perform inference with event-optimized heterodyning and prior (via choice of appropriate M ), but is
nevertheless applicable to the entire range of the hyperprior.

Inference results are independent of M as long as the posterior p(M|d) is fully covered by [ﬂ/lv —
AM, M + AM)]. For BNS, p(M]|d) is typically tightly constrained and we can use a coarse
estimate of M for M. This can either be taken from a GW search pipeline or rapidly computed
from q(6|d i M ) itself by sweeping the hyperprior (see below). Note that for shorter GW signals
from black hole mergers, p(M|d) is generally less well constrained. Transfer of prior conditioning
would thus require larger (and potentially flexible) values of AM. Alternatively, the prior range
can be extended at inference time by iterative Gibbs sampling of M and M , similar to the GNPE

algorithm [82, 83].

Prior conditioning is a general SBI technique that enables choice of prior at inference time. This can
also be achieved with sequential NPE [175, 152, 112, 85]. However, in contrast to prior condditioning,
these techniges require simulations and retraining for each observation, resulting in more expensive
and slower inference. We here use prior conditioning with priors of fixed width for the chirp mass,
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Fig. D.1 (a) Log likelihoods generated from a scan over different values of ./K/li/with a DINGO-
BNS network. The final M is chosen as the maximum likelihood M (red line; M = 1.1975 Mg
for GW170817, M = 1.4868 M, for GW190425). (b) Posterior marginal p(M|d). The prior
(dashed lines) determined by the scan from (a) fully covers the marginal. (c) A combined scan
over M and t. successfully identifies GW170817 (with . = 1187008882.43) and GW 190425 (with
te = 1240215503.04).

and optional additional conditioning on fixed values for other parameters (corresponding to Dirac
delta priors). Extension to more complicated priors and hyperpriors is straightforward.

D.1.2 Independent estimation of chirp mass and merger times

Running DINGO-BNS requires an initial estimate of the chirp mass M (to determine M for the
network) and the merger time ¢, (to trigger the analysis). Matched filter searches can identify the
presence of a compact binary signal signal and its chirp mass and merger time in low-latency [100, 166,
58, 34, 66]. Specialized “early warning” searches designed to produce output before the coalescence
can further provide a rough indication of sky position and distance [196, 167, 140]. When available,
output of such pipelines can be used to trigger a DINGO analysis and provide estimates for M and
tc.

We here describe an alternative independent approach of obtaining these parameters, using only
the trained DINGO-BNS model. We compute M by sweeping the entire hyperprior p(M) =
Unmi mas (Mmin, Mmax). Specifically, we run DINGO-BNS with a set of prior centers

M; = Mupin +i - AM, i € [0, (Mmax — Mumin)/AM]. (D.2)

The inference models in this study are trained with hyperprior ranges of up to [1.0,2.2] M. For
AM = 0.005 Mg, we can thus cover the entire global chirp mass range using 241 (overlapping)
local priors. We run DINGO-BNS for all local priors Mvz in parallel, with 10 samples per ./K/lvZ This
requires DINGO-BNS inference of only a few thousand samples, which takes less than one second.
We use the chirp mass M of the maximum likelihood sample as the prior center M for the analysis
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Fig. D.2 Frequency multibanding. (a) The period of (heterodyned) GW signals decreases with
increasing frequency. The native frequency resolution (blue) thus oversamples the signal at high
frequencies. Frequency multibanding (band boundaries indicated by dotted red lines) adapts to the
signal variation, decreasing the resolution at higher frequencies (orange). (b) The multibanded domain
therefore requires fewer frequency bins, and the signal variation is more homogeneous across bins.
(c) Multibanded frequency domain partitions for LVK (fin = 19.4 Hz, compression factor ~ 60)
and CE (fnin = 5 Hz, compression factor ~ 650) experiments. We use a smaller chirp mass prior
for the CE experiments (Tab. D.1), which allows a slightly coarser resolution compared to LVK
(corresponding to lower fi). The first two bands for CE are skipped entirely, which is a consequence
of the reduced signal variation with heterodyning.

(Fig. D.1a). Note that the exact choice of M does not matter, as long as the inferred posterior is fully
covered by [M — AM, M + AM] (Fig. D.1b).

The merger time ¢, can be inferred by continuously running this M scan on the input data stream,
sliding the ¢, prior in real time over the incoming data. With inference times of one second, continuous
analysis could be achieved on just a few parallel computational nodes, constantly running on the input
data stream. Event candidates can then be identified by analyzing the SNR, triggering upon exceeding
some defined threshold (Fig. D.1c¢). This scan could be performed at an arbitrary (but fixed) time prior
to the merger.

This scan successfully estimates M and ¢, for both real BNS events (Fig D.1). However, we have not
tested this at a large scale on detector noise to compute false alarm rates, as DINGO-BNS is primarily
intended for parameter estimation. Existing search and early warning pipelines are likely more robust
for event identification, in particular in the presence of non-stationary detector noise.
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D.1.3 Frequency multibanding

Although the native resolution of a frequency series is determined by the duration 7" of the corre-
sponding time series (Af = 1/T), we can average adjacent frequency bins wherever the signal
is roughly constant. This enables data compression with only negligible loss of information. We
here employ frequency multibanding, which divides the frequency range [ fmin, fmax] into N bands
of decreasing resolution. Frequency band i covers the range | fi, le) with Af; = 2°Afy, where
fo = fiin, f '~ = fmax and A fy is the native resolution of the frequency series. Within a band 4,
the multibanded domain thus compresses the data by a factor of 2! (Fig. D.2), which is achieved by
averaging 2 sequential bins from the original frequency series (‘“‘decimation”). To achieve optimal
compression, we empirically choose the smallest possible nodes fz for which GW signals are still fully
resolved. Specifically, we simulate a set of 103 heterodyned GW signals and demand that every period
of these signals is covered by at least 32 bins in the resulting multibanded frequency domain. This is
done before generating the training dataset, and the multibanded domain then remains fixed during
dataset generation and training. The optimized resolution achieves compression factors between 60
and 650 (Fig. D.2c). Care needs to be taken that our approximations are valid in the presence of
detector noise. We now investigate how multibanding affects data simulation (for training) and the
likelihood (for importance sampling).

Data simulation

GW data is simulated as the sum of a signal and detector noise, d = h(6) + n. The detector noise in

n; ~ N(0,0VS;), azdﬁéﬁ (D.3)

where S denotes the detector noise PSD and o takes into account the frequency resolution and the

frequency bin j is given by

Tukey window factor w. Note that n is a complex frequency series, which we ignore in our notation,
as the considerations here hold for real and imaginary part individually. It is conventional to work
with whitened data hi(6)
@:W@+@=J—§% (D.4)
Vi
in which case n¥ ~ N (0,0).
We convert to multibanded frequency domain by averaging sets of N; = 27 bins,

1 mJ+N171
ayzﬁf > (b +ny)=hY +n7, (D.5)
7

k=m;

where j denotes the bin in the multibanded domain, m; denotes the starting index of the decimation

window for j in the native domain, and 7 indexes the frequency band associated with j. Since W

is an average of IV; Gaussian random variables with standard deviation o, it follows that W is also
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Gaussian with standard deviation

w w
aiza/\/ﬁiz\/MfNi:\/mﬂ. (D.6)

We can thus simulate the detector noise directly in the multibanded domain, by updating o — o,

corresponding to A f — A f;. For the whitened signal we find

1 m]-—i-Nl—l h mj—O—NZ—l 1
= “k ~hy —, D.7
= kZ 5~ kZ o (D.7)
=mj =my;

assuming an approximately constant signal / within the decimation window, hj ~ hi,Vk € [mj,mj+
N; — 1]. For frequency-domain waveform models, We can thus directly compute the signal Ej in the
multibanded domain by simply evaluating the model at frequencies f;. For whitening, we replace

1/vV/S —1/V/S.

In summary, we can directly generate BNS data in the multibanded frequency domain, by (1) updating

the noise standard deviation according to the multibanded resolution, (2) appropriately decimating
noise PSDs and (3) computating signals and noise realizations in the compressed domain. These
operations are carefully designed to be consistent with data processing of real BNS observations,
which for DINGO-BNS are first whitened in the native domain and then decimated to the multibanded
domain. This process relies on the assumption that signals are constant within decimation windows,
and we ensure that this is (approximately) fulfilled when determining the multibanded resolution.
Indeed, for signals generated directly in the multibanded domain we find mismatches of at most
~ 10~7 when comparing to signals that are properly decimated from the native domain.

Likelihood evaluations

We also use frequency multibanding to evaluate the likelihood for importance sampling. The standard
Whittle likelihood used in GW astronomy [18] reads

1§ ldy = hy(0))
log p(d|6) = — Zk: R (D.8)
up to a normaliztion constant. The sum extends over all bins k in the native frequency domain.
Assuming a constant signal (as above) and PSD within each decimation window, we can directly
compute the likelihood in the multibanded domain

1 |4} — BY(0)
log p(d|f)) ~ — > % (D.9)
j i(4)

The assumptions are not exactly fulfilled in practice; for additional corrections see [161]. For
importance sampling, we can always evaluate the exact likelihood in the native frequency domain
instead. In this case, the result is no longer subject to any approximations, even if the DINGO-BNS
proposal is generated with a network using multibanded data. With the full likelihood for GW170817,
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Fig. D.3 Time-domain truncation of BNS signals at time ¢« (red dashed line) before the merger can
be approximated by truncation at a corresponding maximum frequency (red solid line) in frequency
domain. Below frequency fmax (t, M), the truncated signal (blue in center panel) matches the original
signal (gray). Above fimax(t, M), the amplitude of the truncated signal quickly approaches zero. We
determine fiax (t, M) empirically, by allowing mismatches between truncated and original signals
of at most 1072 (lower panel). Analogously, truncation for ¢ < ¢, can be achieved by imposing a
minimum frequency cutoff fn (¢, M).

we find a sample efficiency of 11.0% with an inference time of 13 seconds for 50,000 samples. The
deviation from the result obtained with the multibanded likelihood is negligible (Jensen-Shannon
divergence less than 5 - 10~* nat for all parameters). This demonstrates that use of the multibanded
resolution has no practically relevant impact on the results.

D.1.4 Frequency masking

Since the GW likelihood (and our framework) use frequency domain, but data are taken in time
domain, it is necessary to convert data by windowing and Fourier transforming. However, frequency
domain waveform models assume infinite time duration, leading to inconsistencies with finite time
segments [tmin, tmax]- As the frequency evolution of the inspiral is tightly constrained by the chirp
mass M, we can compute boundaries fiin(tmin, M) and fiax (tmax, M), such that signals are not
corrupted by finite-duration effects within [ fimin, fmax), and are negligibly small outside of that range
(Fig. D.3).
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Fig. D.4 Neutron-star EOS imply a functional relation \; = \;(m;) between tidal parameters \; and
component masses m;. The likelihood p(d|€) for an EOS £ given the GW data d requires integrating
the posterior p(6|d) along the corresponding hyperplane. No posterior samples (gray) will be exactly
on the corresponding hyperplane (exemplary coloured lines), hence the standard Bayesian inference
techniques are not directly applicable [121]. DINGO-BNS provides various possibilities to directly
compute this quantity, enabling comparison of different EOS in terms of the Bayes factors 5.

We approximate the lower bound fiin(min, M) using the leading order in the post-Newtonian
relationship between time and frequency,

1 [(—t\ 73 ram 8
Jorn(t, M) = — <5) < 3 > . (D.10)

For a network designed for fixed data duration T, we set fuin(T, M) = fopn(—T, M) + foufter (We
use fouffer = 1 Hz for LVK and fuurer = 0.5 Hz for XG setups).

For the upper bound, we found that fopn(t, M) is not sufficiently accurate. Instead, we determine
fmax (t, M) empirically by simulating a set of signals (with parameters 6 ~ p(€)), and computing
mismatches between signals with and without truncation at ¢ > #,,x. For a given set of simulations,
we choose fmax(t, M) as the highest frequency for which all mismatches are at most 10~3. To avoid
additional computation at inference time, we cache the results in a lookup table for fiax (£, M).

Both bounds depend on the chirp mass M, and the upper bound additionally depends on the pre-
merger time. To enable inference for arbitrary configurations, we train a single network with variable
frequency bounds. During training, we compute fiin (7, M ) with the center M of the local chirp
mass prior. The upper frequency bound fin.x is sampled randomly (uniform in frequency bins of the
multibanded frequency domain) to allow for arbitrary pre-merger times. Data outside of | fmin, fmax]
is zero-masked.

D.1.5 Equation-of-state likelihood

A nuclear equation of state (EOS) implies a functional relationship between neutron star masses m; and
tidal deformabilities \;. The likelihood p(d|&) for a given EOS £ and data d can be computed by inte-
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grating the GW likelihood along the hyperplane defined by the EOS constraint \; = )\ig (m;),

p(dIE) = / P(dB)p(O)5(A; — AE(my)) db
(D.11)

_ / p(dlm, ma, X (m1), X (m2)) dmydma.

Here, p(d|m1, ma, A1, A2) is the Bayesian evidence of d conditional on (my, ma, A1, A2). To calculate
(D.11) using Monte Carlo integration, it is necessary to repeatedly evaluate the integrand, which is
extremely expensive using traditional methods (e.g., nested sampling).

With DINGO-BNS, there are two fast ways to evaluate the integrand, using either a conditional or
a marginal network: (1) a marginal network ¢(m1,ma, A1, A2|d) directly provides an unnormalized
estimate of the conditional evidence p(d|m1,ma, A1, A2) (sufficient for model comparison, but not
subject to our usual accuracy guarantees); or (2) a conditional network p(6|d; m1, ma, A1, A2) provides
the normalized conditional evidence via importance sampling (including accuracy guarantees). Option
(1) allows for 10° evaluations per second, whereas option (2) only allows for 10% assuming 102
weighted samples per evaluation. By combining (1) and (2), we can achieve speed and accuracy, by
using the marginal network (1) to define a histogram proposal for Monte Carlo integration with the
integrand from (2). We test this on GW170817 data with two polynomial EOS constraints A = A& (mn)
(Fig. D.4), finding good sample efficiencies of ~ 50%, small uncertainties o},q p(dg) ~ 0.01 and
computation times of 1 — 3 s for the integral (D.11). Alternatively, the proposal could also be generated
with a network ¢(m1, mz|d), which additionally marginalizes over \;. Finally, for a parametric EOS,
a DINGO-BNS network could be conditioned on EOS parameters, allowing for direct EOS inference.
This variety of approaches emphasizes the flexibility of SBI for EOS inference.

D.1.6 Related work

Machine learning for GW astronomy is an active area of research [80]. Several studies explore
machine learning inference for black hole mergers [103, 111, 86, 111, 110, 82, 231, 84, 37, 79,
46, 229, 138]. There have also been applications specifically to BNS inference, notably the GW-
SkyLocator algorithm [60], which estimates the sky position using the SNR time series (similar to
Bayestar), and JIM [232, 234], which uses hardware acceleration and machine learning to speed
up conventional samplers and achieve full inference in 25 minutes. The ASTREOS framework
uses machine learning for BNS equation-of-state inference [157]. Pre-merger localization with
conventional techniques has also been explored in [125].

D.2 Experimental details

For our experiments, we train DINGO-BNS networks using the hyperparameters and neural architec-
ture [118, 93] from Ref. [82], with a slightly larger embedding network. For the LVK experiments,
we use a dataset with 3 - 107 training samples and train for 200 epochs, for CE we use 6 - 107 training
samples and train for 100 epochs. We use three detectors for LVK (LIGO-Hanford, LIGO-Livingston,
and Virgo) and two detectors for CE (primary detector at location of LIGO-Hanford, secondary
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LVK CE
M [Mg)] [1.0,2.2] [1.15,1.25]
mi [1.0,3.2] [0.95, 2.4]
mo [1.0, 2.0] [0.95, 2.4]
a1 [0, 0.05] [0, 0.05]
A [0, 5000] [0, 5000]
A2 [0, 10000] [0, 10000]
dy [Mpc] [10,100]  [20, 501/ [1000, 2000]
te [s] [-0.1,0.11/[-0.03,0.03]  [-1,11/[-0.03,0.03]

Table D.1 Training priors for chirp mass M, component masses m1 2, spin magnitudes a; 2, tidal
deformabilities A1 2, luminosity distance di and merger time t.. All priors are uniform, except for
chirp mass, which is sampled uniform in component masses. At inference, dy, can be reweighted to the
standard prior (uniform in comoving volume). For ¢, we use a broader prior for pre-merger inference
than for full inference (separated by “/” symbol) to account for higher uncertainties. LVK priors are
chosen to cover expected LVK BNS detections. CE priors for M and di. are reduced compared to
LVK to decrease the computational cost of training. Priors for parameters not displayed here are
standard.

detector at location of LIGO-Livingston). The networks are trained with the priors displayed in
Tab. D.1.

In the first experiment, we evaluate DINGO-BNS models on 200 simulated GW datasets, generated
using a fixed GW signal with GW170817-like parameters and simulated LVK detector noise. We
use noise PSDs from the second (O2) and third (O3) LVK observing runs as well as LVK design
sensitivity. For each noise level, we train one pre-merger network (f € [23,200] Hz) and one network
for inference with the full signal, including the merger (f € [23,1024]). The latter network is
only used for after-merger inference, as we found that separation into two networks improves the
performance. The pre-merger network is trained with frequency masking with the masking bound
fmax sampled in range [28, 200] Hz, enabling inference up to 60 seconds before the merger.

In the second experiment, we analyze 1000 simulated GW datasets, with GW signal parameters
randomly sampled from the prior (Tab. D.1; M prior reduced to range [1.0,1.5] Mg and dL.
prior reweighted to a uniform distribution in comoving volume) and with design sensitivity noise
PSDs. We again train one pre-merger network (f € [19.4,200] Hz) and one after-merger network
(f € [19.4,1024] Hz). The pre-merger network is trained with frequency masking with the masking
bound fax sampled in range [25,200] Hz, enabling inference up to 60 seconds before the merger
for M < 1.5 Mg. Both networks are additionally trained with lower frequency masking, with
fi min(J\A/l/ ) determined as explained above, ensuring an optimal frequency range for any chirp mass.
For each DINGO-BNS result, we generate a skymap using a kernel density estimator implemented by
ligo.skymap [202]. For the sky localization comparison between DINGO-BNS and Bayestar, we
run Bayestar based on the GW signal template generated with the maximum likelihood parameters
from the DINGO-BNS analysis. We note that Bayestar is designed as a low-latency pipeline and typi-

cally run with (coarser) parameter estimates from search templates. Therefore, the reported Bayestar
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Fig. D.5 Localization comparison between Bayestar and DINGO-BNS, in terms of the 90% credible
area and the searched area. The comparisons according to SNR are based only on results after the
merger.

runs may deviate slightly from the realistic LVK setup. However, our results are consistent with
Ref. [162], which also found a ~ 30% precision improvement over Bayestar localization (using LVK
search triggers). Both, DINGO-BNS and Ref. [162], perform full Bayesian BNS inference and should
therefore have identical localization improvements over Bayestar (assuming ideal accuracy, which
for DINGO-BNS is validated with consistently high importance sampling efficiency). Differences to
the localization comparison in Ref. [162] are thus primarily attributed to different configurations for
Bayestar and slightly different injection priors. Additional results for the localization comparison are
shown in Fig. D.5.

In the third experiment, we reproduce the public LVK results for GW170817 [11, 13] and GW 190425 [5]
with DINGO-BNS. We use the same priors and data settings as the LVK, but we do not marginalize
over calibration uncertainty. We find good sample efficiencies for both events (10.8% for GW170817
and 51.3% for GW190425) and good agreement with the LVK results (Fig. D.6). The LVK results use
detector noise PSDs generated with BayesWave [73], which are not available prior to the merger. For
our pre-merger analysis of GW170817 in the main part we thus use a PSD generated with the Welch
method. The GW170817 signal overlapped with a loud glitch in the LIGO-Livingston detector [11],
and we use the glitch subtracted data provided by the LVK in our analyses. Since such data would not
be available prior to the merger, pre-merger inference of BNS events overlapping with glitches would
in practice also require fast glitch mitigation methods.

In the fourth experiment, we analyze simulated CE data using the anticipated noise PSDs for the
primary and secondary detectors. We train a DINGO-BNS network for pre-merger inference with
f € [6,11] Hz, with the upper frequency masking bound fn.x sampled in range [7,11] Hz. This
supports a signal length of 4096 seconds, with pre-merger inference between 45 and 15 minutes prior
to the merger. We inject signals with GW170817-like parameters for distance, masses and inclination,
to investigate how well GW170817-like event can be localized in the CE detector. We also train a
network on the full frequency range [6, 1024] Hz for after-merger inference, with a reduced distance
prior to control the SNR (Tab. D.1).
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Fig. D.6 Inference results for GW 190425, displaying the 50% and 90% credible regions for the 2D
marginals. DINGO-BNS shows good agreement with the public LVK result.

D.2.1 Sample efficiencies

We report sample efficiencies for all injections studies in Fig. D.7. Importance-sampled DINGO-BNS
results are accurate even with low efficiency, provided that a sufficient absolute number of effective
samples can be generated. The efficiency nevertheless is a valuable diagnostic to asses the performance

of the trained inference networks.

In LVK experiments, we find consistently high efficiencies, comparable to or higher than those reported
for binary black holes [84]. As a general trend, we observe that higher noise levels (Fig. D.7a) and
earlier pre-merger times (Fig. D.7b lead to higher efficiencies. This is because low SNR events
generally have broader posteriors, which are simpler to model for DINGO-BNS density estimators.
Furthermore, the GW signal morphology is most complicated around the merger, making pre-merger
inference a much simpler than inference based on the full signal.

For CE injections with GW170817-like parameters (Fig. D.7c), DINGO-BNS achieves extremely
high efficiency for early pre-merger analyses but the performance decreases substantially for later
analysis times. This effect can again be attributed to the increase in SNR, which is of O(10?) 15
minutes before the merger. Improving DINGO-BNS for such high SNR events will likely require
improved density estimators [229] that can better deal with tighter posteriors. When limiting the SNR
by increasing the distance prior (Tab. D.1), we find good sample efficiencies for an after-merger CE
analysis that uses the full 4096 second long signal (Fig. D.7c).
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Fig. D.7 Sample efficiencies for the injection studies. (a) GW170817-like injections using different
detector noise levels. (b) Injections using LVK design sensitivity PSDs. (c) Injections using CE PSDs.

D.2.2 Inference times

The computational cost of inference with DINGO-BNS is dominated by (1) neural network forward
passes to sample from the approximate posterior 6 ~ ¢(6|d i M ) and by (2) likelihood evaluations
p(0|d) used for importance sampling. For 50,000 samples on an H100 GPU, (1) takes ~ 0.370 seconds
and (2) takes ~ 0.190 seconds, resulting in an inference time of less than 0.6 seconds. The speed of
the likelihood evaluations is enabled by using JAX waveform and likelihood implementations [96, 232,
234], combined with the heterodyning and multibanding step that we also use to compress the data
for the DINGO-BNS network. We extend the open source implementations [96, 234] by combining
NRTidalv1 [88, 89] with IMRPhenomPv2 [115, 134, 50] as well as re-implementing the DINGO
likelihood functions in JAX. We can jit the likelihood ahead of time since we evaluate a fixed number
of waveforms at a fixed number of frequency bins. Thus we leave the jitting time (18 seconds) out of
the timing estimate for importance sampling. This is in contrast to previous JAX-based GW works
[232, 234] which use a fiducial waveform (determined at inference time via likelihood maximization)
to perform heterodyning. Likelihood evaluations can also be done without JAX, which takes less than
10 seconds on a single node with 64 CPUs for 50,000 samples. For the vast majority of DINGO-BNS
analyses in this study, the sample efficiency is sufficiently high such that 50,000 samples correspond to
several thousands of effective samples after importance sampling, enabling full importance sampling
inference in less than a second. Note that these numbers refer to inference times, assuming data have
already been provided to DINGO-BNS. Accelerating other aspects of LVK low-latency pipelines is
critical for minimizing alert times [63].

D.2.3 PSD tuning

Although most of the networks used in this study are trained with only a single PSD per detector, in
practice we would generally train DINGO-BNS with an entire distribution of PSDs to enable instant
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tuning to drifting detector noise [82]. (This is not relevant to tests involving, e.g., design sensitivity
noise.) Conditioning on the PSD makes the inference task more complicated, and therefore leads to
slightly reduced performance. For example, when repeating the first injection experiment (Fig. D.7a)
with a DINGO-BNS network trained with a distribution covering the entire second LVK observing
run (O2), the mean efficiency is reduced from 57% to 25%. Such networks can in principle also be
trained before the start of an observing run, by training with a synthetic dataset designed to reflect the
expected noise PSDs [230].
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