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INTRODUCTION

This dissertation is devoted to the study of quasismooth, rational, projective surfaces
with K*-action, where K is an algebraically closed field of characteristic zero. Inside this
class we exhibit and explore two infinite series. Firstly, the surfaces of Picard number one
and integral degree. Secondly, the full intrinsic quadric surfaces, that is, those whose Cox
ring is defined by a single quadratic equation. Let us present our results more in detail.

We begin with the quasismooth, rational, projective surfaces of Picard number one
and integral degree K? that admit a non-trivial, effective action of an algebraic torus T.
We provide an explicit description which involves the solutions of the squared Markov
type equation, that means the triples u = (ug, u1,uz2) of positive integers satisfying

(up +ug + U2)2 = auguius,

where a is a positive integer. The solution set S(a) C Z3,, of these equations is non-empty

only for a = 1,2,3,4,5,6,8,9 and the solutions u € S(a) admit an explicit stepwise
construction; see Section 2.1 for an elementary treatment.

If the torus T is of dimension two, then we are concerned with a projective toric
surface Z of Picard number one, also called a fake weighted projective plane. Any such Z
has divisor class group Z @ Z/uZ and we can encode Z in terms of its degree matriz Q,
listing the classes of the three coordinate divisors as columns:

(7 u u _
Q = [q,q1,q] = l oo ] ) qi = (ui, 1) € ZD L) .
Mo T 72

If the degree a = K2 of Z is an integer, then we obtain u € S(ua) for the first row of Q.
That means in particular that, up to reordering, the triple u is of the shape

(1,1), pa=9,
1,2), pa =28,
u = (23, &7, 6a3), xo, 11,22 € Z, (&1,62) = (L2), p
(2,3), pa =6,
(1,5), pa=>5.
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Our first result explicitly describes all fake weighted projective planes of integral degree 2
by means of 24 infinite series of degree matrices; note that all members of a series with
ID (a-p-n) have the degree K? = a and the order u of the torsion part of their divisor
class group in common.

Theorem 1. Let Z be a fake weighted projective plane of integral degree. Then Z = Z(Q)
for a degree matrixz @ from the following data table:

(9-1-0) s 5 o (8-1-0) s 5 o (6-1-0) 9 9 o
K2_o I:zo z7 x5 } 5(9) K2 _g [zo z7 2x5 ] S(8) K2 _¢ I:zo 2z7 3z5 ] 5(6)
(100 1 5 2 0] g (4-2-1) [a 27 2031 S(®) (3-5-2) [af «f 23] S(9)
2 _ Lo Ty 9Ty 2 _ 5 07 7 2 _ 5 1 5
K2 =5 K2=4 [0 1 1 7./27 K?=3 |0 1 2| Z/3Z
(3-2-1) [ a2 222 3227 S(6) (2-4-1) [ a2 22 2237 S(8) (2-4-3) [ a2 2% 2227 S(8)
K2 =3 0o 1 1 7./27 K2 =2 0 1 1 7,/AZ K2 =2 0 1 3 7./ AT
(2-3-1) 1(2) 2I% 315 5(6) (2-3-2) zg 213 3z§ S(6) (1-9-2) zg z% zg 5(9)
K2 =2 0 1 1 Z./3Z K2=2 0o 1 2 7./37 K2=1 0 1 2| z/9z
(1-9-5) 22 22 227 S(9) (1-9-8) 22 «? 227 S(9) (1-8-1) 22 22 2237 S(8)
K2=1 0 1 5 7./97 K2=1 0 1 8 7./97. K2=1 0 1 1 7./87
(1-8-3) x2 «? 2237 S(8) (1-8-5) 22 22 2237 S(8) (1-8-7) z2 x? 2237 S(8)
K2 =1 0 1 3 Z/81Z K?2=1 [0 1 5 Z/8L K2 =1 01 7 Z/8Z
(1-6-1) [ 2 2223 3237 S(6) (1-6-5) [ af 223 3237 S(6) (1-5-1) [ af 22 5237 S(5)
K2=1 0 1 1 7./67 K2 =1 0o 1 5 7.6 K2 =1 01 1 7./5Z
(1-5-2) [a2 22 5237 S(5) (1-5-3) [ a2 22 5237 S(5) (1-5-4) [ a2 22 5227 S(5)
K2 =1 01 2 Z./5Z K2=1 0 1 3 Z./5Z K2 =1 01 4 Z./5Z

Moreover, each of the listed degree matrices defines a fake weighted projective plane of the
degree given in its data package. Finally, any two distinct degree matrices from the table
define non-isomorphic fake weighted projective planes, except they stem from (1-9-x) or
(1-8-x) and are both taken from one of the sets:
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The proof of Theorem 1 is provided in Section 2.3 and is split according to the
possible degrees K?; see Proposition 2.3.2, 2.3.4, 2.3.5, 2.3.7 and 2.3.10. The arguments
essentially use the unique encoding of fake weighted projective planes via adjusted degree
matrices as provided by Proposition 2.2.12 and, as well, the various divisibility properties
of the entries of the solution triples of the squared Markov type equations observed in
Section 2.1 and 2.3.

In Section 2.4, we take a closer look at the possible singularities of our fake weighted
projective planes; by normality, these are at most the three toric fixed points. Recall that
a (cyclic) T-singularity is a quotient singularity K?/C(dk?) by the subgroup C(dk?) C K*
of the dk2-th roots of unity, acting via

¢ (21,22) = (Cz1, ¢ 2y),

where p and k are coprime. Proposition 2.4.5 to 2.4.9 provide the constellations of
non-trivial local Gorenstein indices and possible T-singularities for all fake weighted
projective planes of integral degree. As an immediate consequence, one obtains the
following,.

Theorem 2. Let Z be a fake weighted projective plane of integral degree. If Z is
isomorphic to a member of one of the series

(2-8-1), (1-8-1), (1-8-5), (1-6-1), (1-5-1), (1-5-2), (1-5-8),

then Z has three singularities and precisely one of them is a T-singularity. Otherwise,
the surface Z has at most T-singularities.

The class of the fake weighted projective planes of integral degree contains in particular
all fake weighted projective planes having at most T-singularities; see for instance [15,
Prop. 2.6]. Thus, the classification results of Section 2.4 complement the classification [15,
Thm. 4.1] of T-singular projective toric surfaces of Picard number one in the sense that
we add three more series, namely (1-9-2), (1-9-5) and (1-8-3), to Table 2 given there; see
also Example 2.6.5 and 2.6.7.

We turn to the non-toric K*-surfaces of Picard number one. Any quasismooth,
rational, projective K*-surface of Picard number one can be realized as a surface in
fake weighted projective space, that means a toric threefold of Picard number one in the
following way. Consider an integral matrix P € Mat(3,4;7Z) of the form

-1 -1 4 0 0<d1<li<l2, ged(li,di)=1,
“Lob 0 by, do+B4+%2 <0< Byl
0 dyp dy do 0T T iy 7l

Then there is a unique projective fan having the columns vy, vo, v3, v4 of P as its primitive
ray generators and the associated toric variety Z is a fake weighted projective space; the

3
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matrix P is also called a generator matrix of Z. Moreover, inside Z, we define a surface
by

X ={teT 1+2+2=0} C Z

where T3 C Z is the acting torus of Z. It turns out that X is a projective, rational,
quasismooth, del Pezzo K*-surface of Picard number one acted on effectively by K* via

t-z = (z1,29,tz3).

Conversely, every quasismooth, rational, projective K*-surface of Picard number one
arises in this way. The toric divisors of Z corresponding to the last two columns wvs, vq of P
cut out two invariant divisors on X, each containing a K*-orbit B, By with a non-trivial
finite isotropy group of order Iy,ls. Moreover, these B; C X are the only orbits with
non-trivial finite isotropy groups and the latter ones are the groups C(l;) C K* of [;-th
roots of unit. As a consequence of more specific considerations, see Corollary 1.5.11, we
observe:

Corollary 1. Let X be a quasismooth, rational, projective K*-surface of Picard number
one. Then X/C(l1) and X/C(l2) are fake weighed projective planes.

The K*-surfaces of integral degree naturally correspond to certain pairs of fake
weighted projective planes from Theorem 1. Every quasismooth, rational, projective
K*-surface X of Picard number one arising from a matrix P as above admits a toric
degeneration Z1«X~~Zo, where Z1 and Zy are the fake weighted projective planes given
by the generator matrices

[ Iy Iy —l P o la lo —h
v di dy+ldy do |’ 2 dy do+lady dy

It turns out that Z; and Z, are of the same degree as X; see Construction 2.5.1 and
Proposition 2.5.6. We will call two fake weighted projective planes adjacent if they arise
as such degenerations from a common K*-surface. Theorem 2.5.13 ensures that every
fake weighted projective plane Z; of integral degree admits an adjacent partner Zs. A
more concise formulation of adjacency in terms of degree matrices and supporting notions
are given in Definition 2.5.12 and 2.5.14. This allows us to assign to any pair (Q1, Q2) of
adjacent degree matrices a K*-surface X (Q1,@Q2) and leads to the following.

Theorem 3. Let X be a non-toric, quasismooth, rational, projective K*-surface of Picard
number one with Ing € Z. Then X = X(Q1,Q2) with a non-toric, ordered pair of
adjacent degree matrices. Moreover, distinct ordered pairs (Q1,Q2) of adjacent degree
matrices yield non-isomorphic K*-surfaces.

We turn to our second series, the full intrinsic quadrics. The name refers to the
property that the Cox ring of X is defined by a single homogeneous quadratic relation of

4



full rank; see [4]. Intrinsic quadrics exist as well in higher dimensions and form an explicit
example class closely beneath the toric varieties which are characterized by having a
polynomial ring as Cox ring; see [6,12,30] for sample work.

As we will see in Theorem 3.1.3, every full intrinsic quadric surface X is projective,
normal, Q-factorial, rational and allows a non-trivial action of the multiplicative group K*.
This allows us to realize X as a surface in a specific toric threefold Z. More precisely,
consider integral 3 x n matrices P of the form

-1 -1 2 0 -1 -1 1 1 0 -1 -1 1 1 0 0
-1 -1 0 2|, -1 -1 0 0 2 |, -1 -1 0 0 1 1 |.
a b 1 1 a b 0 ¢ 1 a b 0 ¢ 0 d

Given such P, fix a complete fan ¥ in Z3 having the columns of P as its primitive ray
generators, let Z be the associated toric threefold and set

X = {tET?’; 1+21+22:O} C Z,

where T? C Z is the standard 3-torus with the coordinates z1, 2, z3. Then X is a full
intrinsic quadric surface. The Picard number of X is p(X) =n — 3 and X comes with
the effective K*-action given on X NT? by

t-z = (z1,29,t23).

Our main results are Theorem 3.2.5, 3.3.5 and 3.4.5, provide an explicit and redundance
free presentation of all full intrinsic quadric surfaces via their defining matrices P in
terms of local Gorenstein indices and local class group orders of the possibly singular
points: for each of the possible Picard numbers p(X) = 1,2, 3, we find four infinite series,
each depending on two local Gorenstein indices, t*, t~ and on p(X) — 1 local class group
orders, bounded by ¢ T, ™.

All full intrinsic quadric surfaces X turn out to be log del Pezzo surfaces; see
Proposition 3.5.1. We use our main results to study their geometry. For instance,
Theorem 3.5.3, 3.5.23 and 3.5.27 deliver upper and lower bounds on the degree ICg(, the
log canonicity ex and the Picard index px, all in terms of the Gorenstein index ¢tx; in
particular, we obtain

2 2 9 9 2 3 32 2.3 | 49

i = ’Cxﬁ§+m, o S ex = NI < px < 5 (2ex - )T + 5
Another outcome of Theorem 3.2.5, 3.3.5 and 3.4.5 is the following explicit (infinite)

list of all full intrinsic quadric complex surfaces admitting a Kéhler-Einstein metric; see
Theorem 3.5.32 for the precise formulation and more background.

Theorem 4. The full intrinsic quadric complex surfaces admitting a Kdhler-FEinstein
metric are precisely those constructed from a matriz P of the shape
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p=1 24¢: p=3, 2f, —1+1<c< =2
max(c,—2t —2¢) <d< —1—1—c:
-1 -1 2 0 -1 -1 1 1 0 O
1 -1 0 2], 1 1 001 1],
t—1 —¢—1 1 1 ¢t —t—c—d 0 ¢ 0 d
p=1,4]¢: p=3, -2+1<c< =2,
max(c,—4t —2¢) <d< -21—1—c:
—1 -1 2 0 -1 -1 1 1 0 O
-1 -1 0 21, -1 -1 0 0 1 1
£—-1 —£t—-1 1 1 20 —2t—c—d 0 ¢ 0 d

Here, p = 1,3 is the Picard number and v € Z>1 the Gorenstein index of the resulting
full intrinsic quadric complex surface X arising from the matriz P.

Finally, our description yields a filtration of the whole infinite class of full intrinsic
quadric surfaces into finite subclasses by bounding the Gorenstein index. This allows, for
instance, counting results as the following.

Theorem 5. Up to isomorphy, there are precisely 15538339 full intrinsic quadric
surfaces of Gorenstein index at most 200.

(i) In Picard number one, we find in total 883 full intrinsic quadric surfaces of
Gorenstein index at most 200, filtered as follows:

900

800 -
700 -~

\

600
500 |- Py a
400 | - a
300 - e .
200 |- - a

100 / B
O Il Il Il Il

| | | | |
0 20 40 60 80 100 120 140 160 180 200

Gorenstein index 1

\

# figs of Gorenstein index <t

Ezactly 150 full intrinsic quadric complex surfaces of Picard number one and
Gorenstein index at most 200 admit a Kdhler-FEinstein metric.

(ii) In Picard number two, we find in total 71198 full intrinsic quadric surfaces of
Gorenstein index at most 200, filtered as follows:
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In Picard number two, there are no full intrinsic quadric complex surfaces at all
admitting a Kdhler-FEinstein metric.

(iii) In Picard number three, we find in total 15466 258 full intrinsic quadric surfaces
of Gorenstein index at most 200, filtered as follows:

-107

1.6
1.4 S
1.2 S

1+ N
0.8+ ~ i

0.6 | -~ .

0.4} / -

"l / B
0 . | | |

1 1 1
0 20 40 60 80 10 120 140 160 180 200

Gorenstein index 1

# figs of Gorenstein index <
,

Ezactly 1006633 full intrinsic quadric complex surfaces of Picard number three
and Gorenstein index at most 200 admit a Kdhler-Finstein metric.

Finally, we consider anticanonical embeddings of Kéhler-Einstein full intrinsic quadric
surfaces. Our main result settles the case of Picard number one and odd Gorenstein
index; observe that assertion (i) of the following theorem reproduces the item number
two in the list of [33, Thm. §].

Theorem 6. Let X be a full intrinsic quadric surface of Picard number one and of
Gorenstein index v admitting a Kdhler-Finstein metric.

(i) If « = 1, then X is anticanonically embedded as a surface into P(1,1,1,2) with
defining equation g of the degree 4 given in homogeneous coordinates as

g = —UhUsUy + Us +2U3U4 + U3,
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(ii) If « > 3 is odd, then X is anticanonically embedded as a complete intersection
into P (1,2,2,1,1) with two defining equations, g of degree 4 and h degree 2u, given
in homogeneous coordinates as

g = Ul —UUs,

—1

h::@ﬁ+@ﬂ@g§@m%wlk

=2
—(Uy = U3)* > A (G Usus 2" — UuUs.
k=0



CHAPTER
ONE

K*-SURFACES OF PICARD NUMBER ONE AND
BACKGROUND

We gather the necessary (known) background from toric geometry and torus actions of
complexity one. Section 1.4 and 1.5 contain also new results, parts of which have been
made public in Section 3 of the joint article [27] with Milena Wrobel and Jiirgen Hausen.

1.1 Toric geometry

Throughout the whole thesis K denotes an algebraically closed field of characteristic
zero. In this section we briefly gather the necessary background from toric geometry,
in particular the Cox ring and Cox’s quotient construction for toric varieties. We refer
to [3,10,11,13] as introductory texts.

The standard n-torus is the direct product T" = (K*)". By a homomorphism of
tori T — T™ we mean a group homomorphism, which is also a morphism of varieties.
For instance, the characters x* on T™ and the one-parameter groups A, of T™ are precisely
the homomorphisms

X4 T — K5, (t1,...,tn) = t)t e tln, u=(uy,...,uy) € Z",
Ap: K — T™, ¢ = (Ut v=(v,..,0,) €2

A toric variety is an irreducible variety Z together with an algebraic action T" x Z — Z
and a base point zg € Z such that the orbit map T — Z, ¢t — t- 29 is an open embedding.
Unless otherwise stated, we assume a toric variety to be normal. A toric morphism of
toric varieties Z and Z' is a pair (¢, @), where ¢ : Z — Z’ is a morphism with ¢(zp) = 2,
and ¢: T™ — T™ is a homomorphism of tori such that ¢(t - z) = @(t) - p(2) holds for
allt € T" and z € Z.



1.1. Toric geometry

By a cone in Z™ we mean a convex polyhedral cone o C Q" (also o C R™). We denote
the dual cone of o C Q" by ¢ C Q". With the additive monoid ¢¥ N Z" C Z" one
associates the K-algebra

O Y
uEoVNZL™

A fan in Z" is a finite collection X of pointed, convex, polyhedral cones in Z" such
that for all ¢ € ¥ and all faces 7 < o, we have 7 € ¥ and for any two 0,0’ € %, the
intersection o N ¢’ is a face of both o and ¢’. A map of fans ¥ in Z" and ¥’ in Z™ is a
homomorphism F': Z" — Z™ such that for every o € ¥ there is a o’/ € ¥/ with F (o) C o’.
We denote by ¥X™#* the set of all maximal cones of 3.

Note that we have natural identifications K[Z"] = O(T") and thus T" = Spec K[Z"].
For a cone o in Z", the associated affine toric variety is Z, := Spec K[oVNZ"] with the base
point zg € Z, determined by x“(z9) =1 for all u € ¢¥. The T"-action pu: T" X Z, — Z,
is given by its comorphism

KoV NZ" — Klo¥ NZ" @ K[Z"], XY = x"ex".

For a fan ¥ in Z™, the associated toric variety Z arises from gluing the affine Z,, o € 3,
along the open toric subvarieties Z,n,» C Z,, Z,s. This process respects the T"-action
and the base points. The construction is functorial in the sense that every morphism of
fans defines a toric morphism between the associated toric varieties.

We call a matrix P € Mat(n,r;Z) a (projective) generator matriz if its columns are
pairwise different, primitive and span Q" as a vector space (as a convex cone). For a
toric variety Z associated with a fan ¥ in Z™ with primitive ray generators vy,..., v, the
following statements are equivalent:

(i) P =[v1,...,v,] is a generator matrix.
(ii) The fan ¥ is non-degenerate.
(iii) We have O(Z2)* = K*.
(iv) The variety Z has no torus factor.
Here, a fan ¥ in Z™ (and its associated toric variety Z) is called non-degenerate if its

cones are not contained in a proper vector subspace of Q™. If one of the statements hold
in the above situation, then we say that 3 or that Z has P as a generator matrix.

Let Z be the toric variety arising from a fan ¥ in Z"™. With every cone o € X, one

associates the (well-defined) limit point

2y = }in%)\v(t) 29 € X, where v € 0°NZ".
_>

The dimension of T™ - z, equals n — dim(o). In particular, z, is a fixed point of the T"-
action for every full dimensional cone o. The rays o1,...,0, of X, that means the
one-dimensional cones, correspond to the T" -invariant prime divisors via D; == T™ - z,,.

K3

10



Recall that the divisor class group of a normal, irreducible variety X is the factor
group of all Weil divisors modulo all principal divisors:

Cl(X) = WDiv(X) / PDiv(X).

Proposition 1.1.1 (See [3, Sec. 2.1.3], [10, Sec. 5]). Let Z be a toric variety with
generator matriz P € Mat(n,r;Z). Moreover, consider the projection

Q:7" — K, K = 7" /im(P"),

where P* is the transpose of P and e; € 7" are the i-th canonical basis vector. Then the
divisor class group of Z and the classes of the T"-invariant divisors D; are

We briefly recall the construction of the Cox ring of a normal irreducible variety X
with only constant invertible global functions and finitely generated divisor class group.
We refer to [4,19] and [3, Sec. 1.4, Sec. 2.1.3] for more background. For a Weil divisor D
on X, denote by O(D) the associated sheaf of sections. Then the Coz sheaf R and the
Coz ring R(X) of X are defined as

R = & 0D, R(X) = & F(X O(D)).
[D]eCI(X) [DleCi(X
Proposition 1.1.2 (See [9], also [3, Sec. 2.1.3], [10, Sec. 5]). Let Z be a toric variety
arising from a fan ¥ with generator matrix P € Mat(n,r;Z). Further, let D1, ..., D, be
the T™-invariant prime divisors of Z. Then the Coz ring of Z and its Cl(Z)-grading are
given as

R(Z) = @ Ki,....Tp = K[T,....T,], deg(T;) = [D;] € Cl(Z).
[D]eCl(Z)

Consider again a normal irreducible variety X with only constant invertible global
functions and finitely generated divisor class group. If the Cox ring R(X) is finitely
generated then we obtain a diagram

SpecxR = X < X = SpecR(X)
p|/Hx
X

Here X is the total coordinate space and Hx = SpecK[CI(X)] is the characteristic
quasitorus of X; recall that a quasitorus is an algebraic group isomorphic to a direct
product T" x G with G finite abelian. The Cl(X)-grading of R(X) defines an action
of Hx on X. The relative spectrum X is an invariant open subvariety of the spectrum X
and the canonical morphism p: X5 X , called the characteristic space over X, is a good
quotient for this action. We refer to [3, Sec. 1.6] for more background.

11



1.1. Toric geometry

Proposition 1.1.3 (See [9], also [3, Sec. 2.1.3], [10, Sec. 5]). Let Z be a toric variety
arising from a fan ¥ with generator matriz P = (p;j) € Mat(n,r;Z). Then P defines a
homomorphism

p: T" — T7, toes (P e,

With the fan % = {8y < Q%y; P(do) C o for some o € X}, its associated toric variety Z
and the toric morphism p: Z — Z defined by the map P: Z" — Z™ of the fans S and X,
we arrive at the diagram

c zZz = K"

Z c
pl//HZ
Z

where Z is the total coordinate space of Z, we have Hy = ker(p) C T for the characteristic
quasitorus of Z and p: Z — Z 1is the characteristic space over Z.

Remark 1.1.4 (See [9], also [3, Prop. 2.1.3.4], [10, Sec. 5]). Let Z be a toric variety
with quotient presentation p: Z — Z as in Proposition 1.1.3. Then every p-fiber contains
a unique closed Hz-orbit. The presentation in Cox coordinates of a point z € Z is

x = |21,y 2], where z = (z1,...,2,) € p_'(z) with Hz - 2 C Z closed.

Thus, [z] and [2'] represent the same point z € Z if and only if z and 2’ lie in the same
closed Hz-orbit of Z. For instance, the limit points z, € Z, where o € X, are given in
Cox coordinates as

0, P(e;) € o,
2o = [e1,-.- 6], g =
1, P(ez) €0'.

Let X again be a normal irreducible variety. The local class group Cl(X,z) of a
point x of X is the group of Weil divisors modulo the subgroup of divisors that are
principal on some open neighbourhood of . We denote by cl(z) the order of Cl(X,x).
A Cartier divisor is a Weil divisor that is locally principal. Moreover, the Picard group
of X is the group of Cartier divisors modulo the subgroup of principal divisors:

Pic(X) = CDiv(X) / PDiv(X).

Proposition 1.1.5 (See [3, Prop. 2.4.2.3, Cor. 2.4.2.4]). Let Z be a toric variety arising
from a fan ¥ with generator matriz P € Mat(n,r;Z). Further, set

K = 7" /im(P*), Ko = (Q(ei); Plei) € o)

and denote by Q: Z" — K the canonical projection. Then the local class groups of the
limit points z, € Z and the Picard group of Z are given by

Cl(Z,2z,) = K/K,, Pic(Z) = () K, € Cl(2).
ceX
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We say that a cone ¢ in Z" is simplicial if it is generated by a linearly independent
family v1,...,v, € Z"™. Moreover, a cone o in Z" is called regular if it is generated by a
family vy, ...,v, € Z™ that can be completed to a basis of Z".

Recall that a point « € X of a normal, irreducible variety X is Q-factorial if every
Weil divisor admits a non-zero multiple that is principal near x. Moreover, X is called
Q-factorial if each of its points is Q-factorial.

Proposition 1.1.6 (See [10, Thm. 3.1.19]). Let Z be a toric variety arising from a
non-degenerate fan 2, having P € Mat(n,r;7Z) as generator matriz and consider the limit
points z, € Z, where o € 3. Then the following holds.

(i) The point z, € Z is Q-factorial if and only if o is simplicial.
(ii) The point z, € Z is smooth if and only if o is regular.

Construction 1.1.7 (Fake weighted projective spaces). Consider a projective generator
matrix P = [v,...,v;] € Mat(r,r + 1;Z). Further, let ¥ be the fan in Z" with maximal
cones o; := cone(v;; j # ). Then we call the associated toric variety Z = Z(P) a fake
weighted projective space.

Remark 1.1.8 (See also [27, Rem. 2.3]). Consider P = [vy,...,v,] as in Construc-
tion 1.1.7 and the associated fake weighted projective space Z. The fake weight vector
associated with P is

w = w(P) = (wo,...,w,) € ZH, w; = |det(v;; 7=0,...,7, j #1)|.

For the divisor class group and the local class groups of the toric fixed points z(i) = z,,,
having i-th homogeneous coordinate one and all others zero, we obtain

Cl(Z) = Z'/im(P")=ZeaT, IT| = ged(wo, ..., w,), cl(z(i)) = wy;

see [3, Prop. 2.1.4.1]. Moreover, with the homomorphism p: T"*! — T” from Proposi-
tion 1.1.3, the characteristic quasitorus of Z is

Hy = ker(p) 2 K*®G,

where the splitting Hz = K* & GG on the right hand side is induced by the splitting
Cl(Z) = Z & T of character groups. Moreover, the Cox coordinates for the toric fixed
points in Z(P) are as given in Remark 1.1.4, i.e.

z(0) == [1,0,...,0], =z(1) :== [0,1,0,...,0], ..., =z(n) = [0,...,0,1].

Remark 1.1.9. Consider projective generator matrices P, P’ and the associated fake
weighted projective spaces Z, Z’'. Then one has Z = Z' if and only if P’ =S - P - T holds
with a unimodular matrix S and a permutation matrix 7T'.

Remark 1.1.10 (See also [27, Rem. 2.4]). Let Z arise from Construction 1.1.7 and
w = w(P) be as in Remark 1.1.8. Then CI(Z) is torsion free if and only if w € Z"*! is
primitive. In the latter case, Z equals the weighted projective space P(wo, ..., w,).

13



1.1. Toric geometry

Remark 1.1.11. According to Proposition 1.1.5 and Proposition 1.1.6 the fake weighted
projective spaces are precisely the Q-factorial projective toric varieties of Picard number
one.

Definition 1.1.12. Consider a finitely generated abelian group K = Z™ @ I', whith T’
finite. A degree matriz in K is a matrix

wip ... Wy
= , w; €™, el
Q [m m] i ni

such that any r — 1 of the pairs (w;, ;) € Z™ @ T generate K = Z™ @ T" as an abelian
group.

Remark 1.1.13. Consider a generator matrix P € Mat(n,r;Z), the factor group
K := 7" /im(P*), the projection Q: Z" — K and let K = Z™ @& T be a splitting with T
finite. Then each w; = Q(e;) defines a pair (w;,n;) in Z™ & I' and we can regard @ as a

degree matrix in K
. w1 ... Wy
o= o]

Example 1.1.14. We discuss the three dimensional fake weighted projective space given
by the following 3 x 4 generator matrix

-1 -1 2 0
P = [v1,v9,v3,v4] = -1 -1 0 4
o -1 11

We associate with P the complete fan ¥ in Z3 having the four maximal cones
o; = cone(vj; j #1), i = 1,2,3,4.

Then the corresponding toric variety Z has P as its generator matrix. By Proposition 1.1.1
the divisor class group and the degree matrix Q: Z* — CI(Z) are given by

QZ) = 26222, Q = [whwpwsw] = |+ 5 2 L]
1 110
Proposition 1.1.2 delivers the Cox ring
R(Z) = K[Th,Ts,T5,Ty], deg(T;) = w;.

Further, the homomorphism of tori defined by the matrix P is given by

T s T3, (ttatats) o (fh, G il
b: ) 1,02,03,04 tita’ tita’ ta .

The total coordinate space is Z = K%, the map p extends to a morphism p: Z =
K*\{0} — Z and the characteristic quasitorus is given by Hz = K* @ {+1}.
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1.2 Torus actions of complexity one

We recall the necessary background on torus actions of complexity one. The complexity of
an effective algebraic torus action T x X — X on a variety X is the difference dim(X)—m.
We refer to [20, 28] for the treatment of normal rational complete varieties with a torus
action of complexity one; see also [3, Sec. 3.4]. Here, we follow the approach from
[29, Constr. 1.6, Type 2] which also covers semiprojective varieties. We adapt the
construction to our setting where the Cox ring admits only one trinomial relation and
has no free variables.

Construction 1.2.1 (See [29, Constr. 1.6, Type 2, Thm. 1.7]). Fix ng,n1,ny € Z>; and
0 < s<n-—2, where n :=ng+ ni; + no. Consider a generator matrix of the form

—lp L 0 li = Ly ling)s bij € Z>1,
P=1-l, 0 Iy |,
do di do di = (di1,....din,), dij € Z°,

We denote by v;; € Z2%$ the columns of P. Further, let Z be a toric variety with
generator matrix P. We define

X = Vps(h) C Z, h =145 +95 € O(T2+S)a

where S, S5 are the first two coordinate functions on T?**. Since h doesn’t depend on
the last s coordinates, the variety X admits a T*-action on X N T?** given by

t-x = (1,1,t1,...,ts)-$.

Moreover, the variety X is rational, normal, the T*-action is effective and is of complexity
one. If X is projective, then the v;; must generate Q2% as a cone.

Remark 1.2.2 (See [22, Prop. 7.8]). Let X C Z be as in Construction 1.2.1. Assume
that Z arises from a fan ¥ in Z2T¢. Then, we have T?*% . 2, N X # () for a cone o € ¥ if
and only if one of the following holds:

(i) We have wgj,, v1j,, v2j, € o for some 1 < j; < n;.
(ii) We have o C cone(v;1, ..., vipn,) for exactly one ¢ € {0, 1, 2}.

The union over all affine toric charts Z, C Z, where ¢ € ¥ is a maximal cone such that
T2+5 . 2, N X # 0, is called the minimal toric ambient variety of X; it is the minimal
open toric subvariety of Z such that X as a closed subvariety.

Definition 1.2.3. Let P and h be as in Construction 1.2.1 and p: T" — T?T* the
homomorphism of tori given by P as in Proposition 1.1.3. The P-homogenization of h is
the polynomial

1 i linv
g = T(l)op*h = TéO+T1l1+T2lQ, where Tl.l’ = Tililu.T i

mn;
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1.2. Torus actions of complexity one

Proposition 1.2.4 (See [3, Constr. 3.2.5.3, Prop. 3.2.5.4]). Let X C Z and P be as in
Construction 1.2.1 and let K = Z"/im(P*). Then there are natural identifications

ClIX) = K = ClZ).

Fach invariant prime divisor Dg in Z defines a prime divisor D;-)]{ =XnN DZ-Z]- mn X.
With the projection Q: Z" — K and w;; = Q(e;j), the class of D;)J{ is given by

(D] = wy = [DF].

Moreover, with the polynomial ring K[T;;] = K[T};; ¢ = 0,1,2, j = 1,...,n;] and the
P-homogenization g == Téo + Tll1 + TQl"’ of h, the Coz ring of X is given by

R(X) = K[Ty;]/(g), deg(Ti;) = [D;].

In particular, R(X) = R(Z)/{g). Moreover with X := V(g) in Z = K" we obtain a
commutative diagram involving the total coordinate spaces and the characteristic spaces

— KTL

=

S
I
<
N
\N]
|

X—=7Z
JHx | P p|/Hz
X—7
where the characteristic quasitorus Hx and the the characteristic quasitorus Hy both are
equal to Spec K[K].
We call X quasismooth if X is Q-factorial and if X is smooth.

Example 1.2.5. Let ng =ni1 =n9 =2, n =06 and let s = 1. We discuss the complexity
one variety given by the following 3 x 6 generator matrix

-1 -1 1 1 0 O
P=|-1 -10 0 1 1
1 -3 0 -4 0 -1

We associate with P the fan ¥ in Z? having the five maximal cones
o135 = cone (vo1,v11,21) o246 = cone (vp2,v12,V22)
T12 = cone (vp1, Vp2) , T34 = cone (v11,v12), Ts6 = cone (va1,v22) .

Then the corresponding toric variety Z has P as its generator matrix and we obtain a
rational, normal, projective variety X given by

X = V(14 51+ 52).
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The five maximal cones ¢ € ¥ from above fulfill T?*% . 2z, N X # (). Hence Z is the
minimal toric ambient variety of X. According to Proposition 1.2.4, we obtain the divisor
class group as

Cl(X) = CI(Z) = Z5/im(P*) = 73

and the projection Q: Z5 — Z? yields a degree matrix

1 -1 -1 1.0 0
Q = [wo1, w02, w11, w12, w21, we] = |1 0 1.0 0 1
2 0 11 4 -2
The homomorphism of tori defined by the matrix P is given by
. 6 3 titiz  tort ¢
p: T — T7, (to1, toz, t11, t12, to1,ta2) + (téité} ot thtE{);tzz)'

Then the P-homogenization of 1+ 51 + .52 is g := Tp1T02 + 111112 + 121155 Furthermore,
the Cox ring has a representation

R(X) = K[To1, To2, Th1, Th2, 121, T22]/{g), deg(Tyj) = wij.

Lastly, with H = ker(p) = T3, we are provided with the commutative diagram

V(TorToz + TiiTia +TouToe) = X ¢ Z = KS
Ul Ul Ul Ul
X\ {0} = X—=27 =K\ {o}.
//Hip p|JH
X—2Z

Remark 1.2.6. Due to Proposition 1.2.4, we have Cox coordinates on any X C Z arising
from Construction 1.2.1.

Proposition 1.2.7 (See [3, Prop. 2.4.2.3, Cor. 2.4.2.4]). Let X C Z, where Z arises from
a fan X in Z*T5, be as in Construction 1.2.1. Consider x € X NT?*5 . z,, where o € 2.

(i) The local class group of x is given by Cl(X,z) = Cl(Z, z5).
(ii) The point x € X is Q-factorial if and only if z, € Z is Q-factorial.

Moreover, if Z is the minimal toric ambient variety, then the Picard group of X is given
as Pic(X) = Pic(Z2).

Construction 1.2.8 (See [3, Sec. 4.4], [22, Prop. 3.16]). Let X C Z be as in Construc-
tion 1.2.1 and assume that Z arises from a fan 3 in Z?>**. We denote by X the fan
consisting only of the rays of X, that is

Yo = {0i;1=0,1,2,5=1,...,n;} U{{0}}.
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1.2. Torus actions of complexity one

and denote by Zj the associated toric variety. Further, we set Xg := ZypNX. Then Zy C Z
is invariant under the torus T?** and Xy C X is invariant under T°. Denote by Yp, the
fan of the projective space Pa. We define a map F of fans X in Z*** and Xp, in Z2
given by

F:7°T — 72 z > (21, 22).

This map defines a toric morphism between the associated toric varieties wy: Zg — Py
given on the tori by ¢ — (t1,t2). Moreover, we obtain a commutative diagram

Xo Z
/Tslﬂx WZl/TS
VP2(U0 + U + Ug) =P ——= Py,

where mx = 7z|x and 7wz are categorical quotients with respect to the actions of T*
on X and Z respectively. For ¢y = [1,0],¢; = [0,1] and ¢y = [—1, —1] we obtain

n; g
' (¢) = U D} CX, 7' (C;) = |JDICz
j=1 Jj=1

with the toric T?-invariant divisors Cp, C1,Ca C Py. The points cg, ¢1,ca € Py are the
critical values of the quotient map wx. The map wx is the mazimal orbit quotient of X
from [22].

Theorem 1.2.9 (See [20,28]). Let X be a normal, semiprojective, rational variety with a
torus action of complexity one and with O(X)* = K*. Further, let mx: Xo --» Py be its
mazimal orbit quotient. If mx admits exactly three critical values then X is equivariantly
isomorphic to a variety arising from Construction 1.2.1.

Remark 1.2.10 (See [3, Prop. 3.3.3.2, Prop. 3.4.4.1]). Let X C Z be as in Construc-
tion 1.2.1 and consider its Cox ring as provided by Proposition 1.2.4. Then for k =0, 1,2
the anticanonical divisor class of X is given as

ng
wy = Y deg(Ty;) — Y Iy deg(Ty;) € CUX).
,J 7j=1

Proposition 1.2.11 (See [18, Prop. 2.17]). Let X C Z be as in Construction 1.2.1 and
let Z be projective. Moreover, consider ample divisors D% on Z and DX on X given by

z Z X X
2 .3
Then the associated affine cones X C Z over X C Z arise via Construction 1.2.1 from a

generator matriz P with s’ == s+ 1, i.e. the (2+ ') x n stack matriz

P

«

P =

‘|, a = (aij) e 7"
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Moreover, the fan S is given as the fan of faces of the cone & C Q2% generated by the
columns of P. Using the projection F': 72— 72t onto the first 2 4+ s coordinates, we
obtain the representation

Y = {F(60); 60 <7}
and the cone projection Z \ {Z} — Z restricts to the cone projection X \ {Z} — X,
where & = % is the common apez of the affine cones X C Z.

1.3 Toric degenerations

We gather the necessary concepts and tools on toric degenerations of semiprojective
rational varieties with a torus action of complexity one from [18]. The semiprojective
case includes in particular affine varieties.

Construction 1.3.1 (See [18, Constr. 4.1, Rem. 4.2]). Consider a fan ¥ with generator
matrix P € Mat(2+ s,n;Z) as in Construction 1.2.1. Given integers k = 0,1,2 and ¢ > 1,
we associate the generator matrices P, with P by adding a row and a column to P as
follows

—lo =l 1, 0 —lplh £ 0 —lply 00

=l =L 0 Iy =l 001y =l 0yt
Py = do 0 dy dy |’ Po= do di 0ds |’ Py = do di dy 0
0 1 00 0 010 0 001

We denote the new column by v, 11 € Z35. We assign to each P, € Mat(3+s,n+1;Z)
a fan ¥, in Z3+5. It is determined by its maximal cones

(O’ X 0) + QZO “Ukn.+1, O € ymax,

We denote by Z the toric variety arising from ¥, by Z, the toric variety arising from ¥
and by X, C Z, the variety of complexity one arising from the generator matrix P, as in

Construction 1.2.1. Furthermore, let F; be the linear isomorphisms given by

FO:Z3+S — Z3+S7 e; Hr € 7ifi:17"'?2+87
(¢,£,0,1) , else,

F11Z3+S _)234-57 €; —> € ’ifi:]‘7"'72+87
(—£,0,0,1) , else,

Fo: I3 — 73, e s 10 =124,
(0,—¢,0,1) , else.

Then we have a commutative diagram, where both downwards arrows represent the
projection onto the (3 + s)-th coordinate:

Z3+s Fy ZS+5

N

R

Z
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1.3. Toric degenerations

The map F}; is an isomorphism of fans from ¥, in Z3** to the fan product of ¥ in Z***
and the fan of faces of Q¢ in Z. This yields a commutative diagram of the associated

toric morphisms
©

7, . ZxK
K

where ¥, is given in Cox coordinates by [zw] — Zkn.+1. Restricting ¥,: Z, — K
gives a family of morphisms v¢,: X, — K. Further, for ( € K we denote the fibers
by Xec = v:1(C).

Remark 1.3.2 (See [18, Rem. 4.3]). Let X C Z be as in Construction 1.2.1 and consider
the variety X, C Z, given by Construction 1.3.1. Then we have
ClX:) = 2" /im(P;) = CUX),  R(X) = KT}/ {gn),

where the new variable T}, 41 is of Cl(X;)-degree zero and all other variables T;; have the
same Cl(X)-degree in R(X,) as they have in R(X). Moreover, the defining relation g,
arises from ¢ by replacing T with TffT,an Y1

Example 1.3.3. Let X C Z arise from the generator matrix P as in Example 1.2.5.
The corresponding generator matrices P,; are given by

-1 -1-21 1 0 0 —1-111 20 0 -1 -11 1 0 0 0

Py — | -t-1-too 11 P — | -t-1oo0 o011 P — | -t-10o0 11 ¢
0 — 1 =3 0 0 —-40 —1]> 1 — 1 —30—-400 —1 |7 2 — 1 =30 —-40-10
0 0 1 0000 0 000 10 0 0 000 10 1

Further, we assign a fan 3 to each k = 0, 1,2, which is determined by the following five
maximal cones

cone (Vo1, V11, V21, Unne+1),  cone (Vo2, V12, 22, Unn,+1) 5
cone (Vo1, V02, Vkny+1) 5 cone (V11, V12, Ukn,+1) 5 cone (v21, V22, Ukn,. +1) -

The respective Cox rings are given as
R(Xo) = K[To1, Toa, Tos, Ti1, Thz, Tor, Taa) / (Tor ToaTe + ThiTha + Tor Tha),
R(X1) = K[To1, Toz, Ti1, Tiz, Tiz, Tor, Too) / (Ton Tog + Ti1 Tia Ty + Tor Tao),
R(Xy) = K[To1, Toa, Ti1, Tiz, Tor, Too, Tos)/(Ton Toa + TiiTia + Tor TaoTas).

The fiber X, o is a possibly non-normal toric variety. We recall how to construct the
associated fan and characterize, when the fiber is normal. We adapt [18, Constr. 4.5] to
our setting; namely to the two cases of generator matrix P € Mat(2 + s,n;Z) with s =1
and s = 2.

Construction 1.3.4 (See [18, Constr. 4.5]). Consider a fan ¥ with generator matrix P €
Mat(3,n;Z) as in Construction 1.2.1. Here ey, ez, e3 € Q3 are the canonical basis vectors
and we set eg := —e; — €. We define leaves

7o = cone(ep) + lin(es), 71 = cone(ep) + lin(es), Ty = cone(ez) + lin(es).
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Then we define the tropical variety to be
tI‘Op(X) = 7170 U 71T U M.

For k = 0, 1,2, the antitropical coordinates of a vector v € Z® Nlin (1) are n_ t(v) € Z2,
where

01 0 -1 0 0
nn=1(01|, m=]0 0 , m=1]0 -1
10 1 0 1 0

Moreover, for k = 0,1,2, the fans A, in Z3 and A" in Z? are given by
A, = {oNlin(r,); o € ¥}, A = {p-t(onlin(r); o€ X}

Example 1.3.5. We continue the example from Example 1.3.3. First, we intersect the
maximal cones with the respective linear subspace and exemplarily treat the case x = 0.

o135 N lin(eg,e3) = cone (vp1,(1,1,0)),
) = cone (voz, (1,1, -5)),
712 N lin(eg, e3) = cone (vor, vo2) ,
(e0,e3) = {0},

(eo,e3) = {0}.

Then the cones are given in antitropical coordinates by

o246 N lin(eo,eg

T34 N lin(eg, e3

56 M lin(eg, e3

tio* (0135 Nlin(eg, e3)) = cone ((1,—1),(0,1)),
1o+ (0246 N1lin(eg, e3)) = cone ((—3,—1),(=5,1)),
pio* (12 Nlin(eg, e3)) = cone ((1,—1), (=3, —1)).

Similar computations for the other two cases give us the generator matrices P, o of the
fans A2t

1 -3 0 -5 0 —4 1 —4 0 -1 1 -7
Poo=1 1 11 1 } PLO_[—1 } PQvO_[—1 -1 1 1

Construction 1.3.6 (See [18, Constr. 4.5]). Consider a fan ¥ such that its generator
matrix P € Mat(4,n;Z) is as in Construction 1.2.1. Here ey, e2, e3,e4 € Q* are the
canonical basis vectors and we set eg := —e; — eg. We define leaves

7o = cone(ep)+lin(es,eq), 71 = cone(e;)+lin(es,eq), T2 = cone(ez)+lin(es,eq).
Then we define the tropical variety to be
trop(X) = 10 U 71 U 7o.
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1.3. Toric degenerations

For k = 0, 1,2, the antitropical coordinates of v € Z* Nlin (7,) are given by 1! (v) € Z*,
where

00 1 00 —1 00 0
00 1 00 0 00 -1
M=t 1 00 " {10 0] PT]10 o0
010 01 0 01 0

Furthermore, the fans A, in Z* and A% in Z3 are given by
A, = {oNlin(7.); o € ¥}, A = {n-l(oNnlin(r); o€ X}

Proposition 1.3.7 (See [18, Prop. 4.6]). Let X C Z and X, C Z,, be as provided
by Construction 1.3.1. Then the following statements hold.

(i) The variety X, is irreducible and normal and ¥y : X, — K is a flat family. More-
over, 1, is proper (projective) if Z is complete (projective).
(ii) For ¢ #0, we have X, ¢ = X and the fiber X; o is an irreducible toric variety.
(iii) As a toric variety, the fiber X, ¢ is isomorphic to the closure of T, C T2+s C Z

given by
3] :t27 K':O?
TR = tg = 1, R = 1,
t1 = 1, K= 2.

Moreover, X, o has the fan A, in 725 as its convergency fan and the associated
toric variety as its normalization.

(iv) For J = (ji; 1 =0,1,2, i # k), set o(J) := cone(vyj;; i =0,1,2, i # k). Then the
fiber X o is normal if and only if for every cone o(J) € X, we have l;;, > 1 for at
most one i = 0, 1,2 distinct from k.

(v) The fiber Xy is affine (semiprojective, projective, complete) if Z is affine (semipro-
jective, projective, complete).

Definition 1.3.8. We call a toric degeneration v, resp. « special if the corresponding
fiber X} o is a normal variety.

Lemma 1.3.9 (See [18, Lem. 4.7]). Let X C Z and X, C Z, be as provided by
Construction 1.5.1. Then we have X, = ¥;1(0) C ¥, -1(0) = Z. Moreover, with
suitable b; € K* the vanishing ideal I,. o of Xy o is the K-prime binomial ideal

Too = (T +boT3),  Tip = (I° +bT),  Tno = (T + hiT}).

Example 1.3.10. We continue the example from Example 1.3.5. Then the fibers X} o
are given in Cox coordinates as follows:

Xoo =V (TiuTi2 + Ta1T2), Xio=V(TnToz+TiiTi2), Xoo=V(To1To2 + To1T22).

Moreover, we have [;; = 1 for all 7,j = 0,1, 2. Thus, the fibers X, ¢ are all normal.
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The following construction provides us with the necessary data for checking the
existence of Kahler-Einstein metrics and Sasaki-Einstein metrics later on.

Construction 1.3.11 (See [18, Constr. 5.5]). Let X C Z arise from a generator
matrix P € Mat(2 + s,n;Z) as in Construction 1.2.1 and let Z be projective. Fix a;;
such that we obtain an anticanonical class for X

wx = Zaijwij c K = CI(X) = CI(Z).

Then the generator matrix P € Mat(3 + s,n;Z) for an anticanonical cone X over X is
given as in Proposition 1.2.11 by

P:[P]a a = (o)

Q

and the associated fan 3 contains all faces of the cone & C R3S over the columns of P.
For k =10,1,2 set

7o = nnt(6) C RS @p = (Fe)Y C RS

where n,: Z?T$ — 735 are the antitropical coordinates. Set ¢: R1T5 — R2T5 ¢ —
(u1,...,us,1,u14+5) and denote by conv(w,) the convex hull of the primitive generators
of W,. Then, we obtain for each k a polytope

Co = 1 '(conv(@,))) C RS

If k is special, then there is a unique interior lattice point u, € C,. The moment polytope
is given by
B {C,i — Uy, K special,
S Ces k not special.

For the case of special « the following proposition provides the relationship between
the fan A2' and the cone 7.

Proposition 1.3.12 (See [18, Prop. 5.6 (v)]). Let X C Z and 7, be as in Construc-
tion 1.3.11 and let k be special. Furthermore, let U1,...,0, be the primitive generators
of 7. and let v, € Z*** arise from ¥; € Z*** by replacing the 1 + s-th coordinate with 1.
Then

/ ~ .
v; = G-y, i=1,...,k,

with a unique unimodular matriz G,, € GL(2 + s,Z). Denote by T/, the cone that has
the primitive generators vy,...,v). Let pr: 725 — 7S denote the projection erasing
the 1+ s-th coordinate. Fix an integer s =1,2. Then

v; = pr(v;), i=1,...,k,
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1.4. Rational projective K*-surfaces of Picard number one

are the primitive generators of the fan A2 from Construction 1.3.4 and Construction 1.5.6.
In particular, the generator matriz P, o of X o is given by

Pio=[vi,..., v

and the convex hull of the column vectors yields the Fano polytope of X o. Furthermore,
the moment polytope is given by the dual polytope

B, = conv(vy,...,vx)".

Example 1.3.13. We continue the example from Example 1.3.10. The generator matrix
for an anticanonical cone X is given by

-1 -1 1 1 0 O
~ -1 -1 0 0 1 1
P 1 -3 0 —4 0 -1
0 0 1 1 1 1

For the cones 7., we obtain

7o = cone((0,2,1),(1,0,—-1),(-3,0,—1),(-5,2,1)),

71 = cone((1,1,1),(—4,1,1),(0,1,—-1),(—4,1,-1)),

7o = cone((1,1,1),(-7,1,1),(0,1,—-1),(—1,1,—-1)).
The generator matrices Py o are given by Example 1.3.5. Since the fibers X}, o are normal
for all k =0, 1,2, we can apply Proposition 1.3.12. We obtain the Fano polytopes of X o

as the convex hull of the column vectors of P, and by dualizing the Fano polytopes,
the moment polytopes are given as follows

By = conv ((0,1),(0,-1),(~2,1), (

=
N———
N———

B, = conv ((0, 1), (0, —1), (=2, 1),

L L N LN
[an}
~—
N—

/N N
FNI)
N———
N———

By = conv ((0,1),(0,-1),(~2,1),

1.4 Rational projective K*-surfaces of Picard number one

A K*-surface is an irreducible, normal surface X together with an effective algebraic
action K* x X — X of the multiplicative group K*. We begin with general observations
about K*-actions, such as those found in the work of Orlik and Wagreich [36]; see
also [3, Sect. 5.4].

Whenever K* acts on a normal projective variety X, each point x € X gives rise to a
morphism p,: P; — X, extending the orbit map K* — X, s — s-x. For every x € X
we obtain two corresponding points by x° := p,(0) and z*° := . (00) which are fixed
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points of the K*-action. The properties normality and projectivity ensure that 2%, 2>
are necessarily distinct. Moreover, there is precisely one source F* C X and precisely
one sink FF~ C X. These are irreducible components of the fixed point set such that

Xt = {reX; x0€F+}, X ={reX; 2 ecF}

are open subsets of X. Now assume that X is a surface. Then there are exactly three
types of fixed points. We call x € X

e eclliptic, if x lies in the closure of infinitely many non-trivial K*-orbits,
e hyperbolic, if x lies in the closure of precisely two non-trivial K*-orbits,

e parabolic, if x lies in the closure of precisely one non-trivial K*-orbit.

Elliptic and hyperbolic fixed points are isolated and the parabolic fixed points belong
to a curve in X. The source and sink each consist of either a single elliptic fixed point
or they form a smooth irreducible curve of parabolic fixed points. In the first case we
denote by zT resp. = the unique points forming F* resp. F'~. Moreover, every fixed
point outside the source or the sink is hyperbolic.

Now we adapt the machinery presented in Section 1.2 to the case of quasismooth
K*-surfaces of Picard number one. The considerations of this section are taken up in the
common article [27, Sec. 3].

Construction 1.4.1. Fix d;,l; € 7Z and consider a generator matrix P € Mat(3,4;7Z)
of the following shape:

-1 -1 L0 1<d1<l1<l2, ged(liyd;)=1,

P = [v1,v9,v3,04] = | =1 =1 0 Iy |, v 4
do+7+4+72 <0 < 4732

0 do di do RN RS

Let Z be the fake weighted projective space with generator matrix P and let X C Z arise
from Construction 1.2.1. Then X inherits the K*-action from Z given on T? C Z by

t-s = At)s = (s1,52,ts3),

with the one-parameter subgroup A: K* — T3¢ + (1,1,¢). Define ¥’ C ¥ to be the
subfan with the maximal cones

ot := cone(vy, v3, v4), o~ = cone(ve, v3, Vy), 7o := cone(vy, v2).

Then the open toric subvariety Z’ C Z given by ¥’ C ¥ is the minimal ambient toric
variety of X.

In the following we index the prime divisors with an index matching the numbering
of the columns, namely Dl-X =T3. zp, N X fori=1,2,3,4.

Remark 1.4.2 (See [36]). Let X C Z arise from Construction 1.4.1. Then the D;¥
intersect as follows
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1.4. Rational projective K*-surfaces of Picard number one

rt

The source and sink each consist of a single elliptic fixed point 7, z~. The points =T
and x~ together with the unique intersection point xg € Df( N Dg( form the fixed point
set of the K*-surface X.

Recall that a del Pezzo surface is a normal projective surface X admitting an ample
anticanonical divisor —Kx.

Proposition 1.4.3 (See also [27, Prop. 3.2]). Let X C Z arise from a generator
matriz P as in Construction 1.4.1. Then, in homogeneous coordinates on Z, we have the
representation

X = V(T + T} +T2) C Z

The K*-surface X is projective, rational, quasismooth, del Pezzo and of Picard number
one. With any l1-th root ¢ of —1, the K*-fized points of X are

o = [0707471]7 .’E+ = [071’0’0]5 T = [1707050]

The fized point xq is hyperbolic and x™,z~ are the elliptic fived points. There are exactly
two non-trivial orbits K* - z1 and K* - zo with non-trivial isotropy groups:

21 = [717 1707 1]5 |KZ| = lla 22 = [715 ]-a 170]? ‘K22| = l?-

The fake weight vector w(P) = (w1, wa, w3, ws) of the ambient fake weighted projective
space Z is given explicitly in terms of P as

w(P) = (—l1l2d0 — lgdl — lldg, lgdl + lldQ, —lgdo, —lldo) S Zio

Moreover, for the local class group orders and local Gorenstein indices of the three K*-fixed

points xg,xT, 2~ € X, we obtain
cl(zg) = —do,  zo) = 1,
c(xt) = we, Wz®) = gcd(dlqug?ll+l2,w2)’
c(z™) = wy, Wz™) = gcd(dolz—d1lf|—1d2,l1+l27w1)'

Proof of Construction 1.4.1 and Proposition 1.4.3. The assumptions on [;, d; made in
Construction 1.4.1 ensure that P fits into the setting of Construction 1.2.1. According to
Construction 1.2.1 the output X is a normal, rational K*-surface and X is projective
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since Z is projective. The statements on the fixed points and the isotropy groups are
covered by [16, Prop. 4.8]. Quasismoothness follows from [16, Prop. 4.15] and p(X) =1
is a consequence of [16, Prop. 5.1].

The fake weight vector and the local class group orders of the fixed points are given
by Moreover, consider the following linear forms

wt = |[d2=di di=d Ltl wo = |=detdi=dols da—di—doly =lLi=l
wy w7 w2 ’ w1 ) w1 ’ w1

and the linear forms ™, v~ evaluate on the columns v1, vo, v3,v4 of P as follows:

<u+,v1> =0, (u+,v3> =1, <u+,v4> =1, (u™,v2) =0, (u ,v3) =1, (u ,vyq) = 1.

+ — . o . .
We conclude that gcd(drdfflﬁl%m) u™ and gcd(dolz7d1w+1d2’l1+12’w1) u~ are primitive integral
vectors. This yields ¢(z") and ¢(z7). According to [17, Prop. 8.8 (iii)] the local Gorenstein
index of the hyperbolic fixed point is given by ¢(z9) = 1. This leads to the desired

assertions regarding the Gorenstein indices. O

Proposition 1.4.4 (See also [27, Prop. 3.2]). Let X C Z be as in Construction 1.4.1
and let w(P) = (w1, ws, w3, wy) be the corresponding fake weight vector. Then the self
intersection number of the canonical divisor Kx on X can be expressed as follows:

2 _ 1 1 l l _ 1(z) 2
Kk = (+5)2+2+8) = o3850+ b2

Proof. Using the general formula [17, Prop. 7.9] for rational projective K*-surfaces, we
directly compute

a@r T cl(glr)> (2 + %>’

where cl(zg), cl (zF) are the local class group orders of the fixed points determined by
Proposition 1.4.3. The assertion then follows from cl(z) + cl(z™) = l1lacl(zp). O

Remark 1.4.5. Let X C Z be as in Construction 1.4.1. Then according to Remark 1.2.10
the anticanonical divisor class wx on X is given by

wyx = deg(13) + deg(Ty).
Proposition 1.4.6. Let X be a non-toric, quasismooth, rational, projective K*-surface

of Picard number one. Then X arises from as a surface from a generator matriz P as in
Construction 1.4.1.

Proof. This is a special case of Theorem 1.2.9. 0
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1.5. Coverings onto fake weighted projective planes

Example 1.4.7. We continue Example 1.1.14. Consider the generator matrix

and note that it fits into the framework of Construction 1.4.1. The K*-surface X C Z,
arising from the generator matrix P, is given in homogeneous coordinates on Z as follows

X = V(nh+Ti+1f) € Z

Further, the corresponding fake weight vector of the ambient fake weighted projective
space Z is given by w(P) = (2,6,4,2). The local class group orders and local Gorenstein
indices of the fixed points of X are

cl(zg) = 1, c(zt) = 6, cz™) = 2,
t(zg) = 1, zt) = 1, v(z7)= 1.

Moreover, the self intersection number of the canonical divisor Kx on X is given
by K% = 3.

1.5 Coverings onto fake weighted projective planes

For every quasismooth, rational, projective K*-surfaces X of Picard number one, we
provide finite coverings X — Z; and X — Zs onto fake weighted projective planes; see
Construction 1.5.1. We take a closer look the geometry of the coverings and finally can
show that Z1, Zo are the quotients of X by the two non-trivial finite K*-isotropy groups
of X; see Corollary 1.5.11.

Construction 1.5.1. Let X C Z arise from a generator matrix P as in Construction 1.4.1,
that means

-1 -1 b0 1<d1<hi<la, ged(lidi)=1,

P = [vi,v9,v3,04] == | =1 =1 0 s |,
do+B4%2 <0< Byd
0 do di do PR 'y’

Further, let ¥ denote the unique projectice fan of Z in Z3. Define ¥’ C ¥ to be the
subfan with the maximal cones

ot = cone(v,vs,vs), o~ = cone(ve,vs,v4), 79 = cone(vy,v2).

Then the open toric subvariety Z' C Z given by the subfan ¥’ C ¥ satisifies X C Z’.
Set ¢ := ged(ly,l2) and ¢; :=1;/¢. Consider

p - | L 1 l p,o— | 1 -1 0
L= 0 doly fody + b1ds |’ 2= 0 doly fody + l1dy |-
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These are generator matrices for fake weighted projective planes Z; and Zs. In terms of
the fake weight vector w(P) = (w1, w2, w3, ws) of Z, we have

w(Pl) = (E_lwl, K_lwg, ’LU3), w(PQ) = (E_lwl, €_1w2, w4)

for the respective fake weight vectors. Let 1;: Z' — Z; be the toric morphisms defined
by the homomorphisms F;: Z3 — Z? with the representing matrices

0O 1 0 1 0 0
FI._[—GH dq 11]’ F2'_[d2 —d3 lzl'

Restricting to X C Z’ gives a finite covering ¢1: X — Z; of degree [; and a finite
covering ws: X — Zy of degree ls.

Proof. Everything is basic toric geometry except the statement on ¢;: X — Z;. On the
acting tori T3 C Z’ and T? C Z;, the map vo: Z' — Z is given by

802(31a 52, 83) = (Slﬂ S;d2sé)2)'

We derive X NT? = V(1 + S; + S3) from Construction 1.2.1. Thus, the points of X N T3
are of the form & = (&1, —1 — &1, &) with &, & € C* such that £ # —1. For the image
and the fibers, we obtain

Pp2AXNTY) = {neT? m # -1}, ¢y (v2(8) = {(&1, —1 = &.¢&); (B =1}

Consequently, @9 is dominant, hence surjective and its general fiber contains precisely lo
points. With the coordinate divisors C1, Csy, Cs C Zs, we have

ZQ\(pg(XﬂT?’) = C1UCUC3U Oy, Cy = {UETZ; 771:—1} C Zs.

Let D C X be the prime divisors obtained by cutting down the coordinate divisors
of Z; see Proposition 1.2.4. Using surjectivity of po, we see

Zy\ @2 X NT?) = @ X\ T?) = (D) U...Uga(Dy).

Thus, po: X — Z3 must have finite fibers, proving everything we need. The map
p1: X — Z7 can be treated in an analogous manner. O

Definition 1.5.2. We write C(1) for the groups of I-th roots of units of the ground field
K. Moreover, we define one-parameter subgroups A\: K* — Z3, ¢t — (1,1,t) as well as

AM: K — T3, s~ (sll,l,sdl) , Aot K — T3, s+ (1,sl2,sd2> )

Proposition 1.5.3. The morphisms ;: Z' — Z; from Construction 1.5.1 are good
quotients for the K*-actions on Z' given by the \;: K* — T3 from Definition 1.5.2.

Lemma 1.5.4. Consider P and X' as in Construction 1.5.1. Then for 6 = o*,07, 1
we have (o~ +lin(vg)) N6 Co™.
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Proof. The inclusion (6~ +lin(vg)) N0~ C o~ is clear. Let v € (¢~ +lin(vg)) N o ™.
Then we have the two presentations

v = avy+ Bug+yvg = 2V + YU3 + 204
with «a, 5, z,y,2z > 0 and v € Q. Assume v < 0. Then v — yv4 is represented by the
following two positive combinations

avg + fug = zv1 +yvs+ (2 —y)vs € cone(vg,v3) No™ = cone(vs).

The latter equality holds because the involved cones belong to ¥'. As a consequence, we
obtain

a =z =0, B =y, v =z

where v = z contradicts z > 0 and the assumption 7 < 0. Consequently, we have v > 0
andv €o Not, ie.

(0~ +lin(vg))No™ C o™

Now let v € (¢~ + lin(vs)) N 7. Then v can be represented as
v = avg + fug+yvg = U1 + Yvs
with «a, 5, z,y > 0 and v € Q. We assume v < 0 and get
avy + fus = xv] +yvy — vy € cone(vy, v3) Ncone(vy, vy, vg) = cone(vy),

where we work in the larger fan ¥ having P as generator matrix to observe the last
identity. This yields
a=y B=1=z=0

and this is a contradiction to v < 0. We conclude v > 0 and v € 6~ N 7. Altogether,
one obtains
(7 +lin(vg)) N9 C 0.

d

Lemma 1.5.5. Consider P and X' as in Construction 1.5.1. Then for 6 =o%,07, 7
we have (ot +lin(vg)) N6 Co™.

Proof. For the inclusion (¢ +lin(vs)) Not C o there is nothing to show. Consider
v € (¢ +lin(vs)) No~. Then v has the two representations

v = av; + Pus+yvg = V9 + Yyvs + 2v4
with «a, 8, z,y,2 > 0 and v € Q. We assume v < 0. This implies
avy + fus = xva +yvs + (2 —y)vy € cone(vi,vz) No~ = cone(vs),
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where the identity regarding the cones holds because they belong to /. This implies
a =z = 0, B8 =y, v = z.

This is a contradiction to z > 0 and v < 0. As a consequence, we obtain v > 0
and v € o7 No~. That means

(a+ + lin(v4)) No~ C o™.
Next, let v € (0 4 lin(vs)) N 79. Then v can be represented as
v = av + Pug +yvy = xv1 + Yo
with «a, 5, z,y > 0 and v € Q. We assume v < 0. This yields

avy + fuy = xv; +yvy — vy € cone(vy,vs) Ncone(vy, vy, vg) = cone(vy),

where the latter equality follows by working in the larger fan . Thus, we get

This contradicts v < 0. Consequently, we have v € ¢~ N1y and
(0’+ + 1111(1)4)) Nty C o
O

Lemma 1.5.6. Consider P and X' as in Construction 1.5.1. Then for 6 = o*,07, 1
we have (1o +lin(vg)) N6 C 79.

Proof. The inclusion (19 + lin(vg)) N 79 C 79 is obvious. Let v € (19 + lin(vy)) Not. In
other words, v can be represented by two linear combinations

v = avy + Pug +yvy = xv1 + Yvs + 2vy

with o, 8, 2,y,2 > 0 and v € Q. First, assume « < 0. Then we obtain a positive linear
combination

avy + Bue = av1 +yvs+ (2 —Y)vy € 9Nt = cone(vy).
The equality regarding the cones applies because they belong to X’'. We conclude
a =, 6 =y =0, v = z.
This is a contradiction to z > 0 and v < 0. Hence, we get v >0 and v € o No™, i.e.
(10 +lin(vg)) Nt C 7.
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Now consider v € (19 + lin(vs)) No ™, i.e.
v = aui + Bue +yv4 = xv9 + yus + 204
with «a, 5, z,y,2z > 0 and v € Q, First, we treat the case v < 0. Then we get
avy + Pvy = zvg+yvs+ (2 —y)vg € T9No = cone(ve).
The latter equation holds since the cones belong to ¥'. Consequently, we obtain
a = 0, 6 = =, v = z.
This contradicts v < 0 and implies v > 0 and v € ¢~ N 79. Thus, we get
<a+ + lin(v4)) Nt C ot.

O]

Proof of Proposition 1.5.3. We exemplarily treat the case i = 2. First, we observe
ker(Fy) = lin(v4) and compute

FQ'P:l_l -1 I o]

0 dole dila+d2ly O
By the latter, the maximal cones of the fan with generator matrix P» are given as
61 = F(o7), &2 = F(oh), &3 = Fy(mn).
According to [3, Prop. 2.3.1.6], characterising good toric quotients, it suffices to verify
Ey Y (Fy(8)) N Supp(Y) = 4, § = o0, 1.

Recall that Supp (X') = o7 Uo~™ UTy. Because of ker(F») = lin(vs), the inverse im-
ages Fy '(Fy(9)) are given by

F2_1(0~'1) = o —+ lin(v4), F2_1(5'2) = ot + lin(v4), F2_1(5'3) = 70+ 111’1(’()4).
Finally, Lemma 1.5.4, 1.5.5 and 1.5.6 directly show that Fj, '(Fy(d)) intersect with the
support of the fan ¥’ as needed. ]

Recall that, given an algebraic action of an algebraic group G on a variety X, the
stabilizer of a closed subvariety Y C X is the subgroup Gy ={g € G; g-Y =Y} of G.
An element g € G belongs to Gy assoonasg-Y CY.

Proposition 1.5.7. Let X C Z' be as in Construction 1.5.1. Then the stabilizer C;
of X with respect to the K*-actions s -z = \(s) -z on Z' from Proposition 1.5.3 is

C; = Cl) = {Ceky (=1} € ME)NAKY,

with X\ is as in Definition 1.5.2. Moreover, the restriction v;: X — Z; of ;2 Z' — Z; is
the quotient for the action of C; on X. In particular, Z; = X/C;.
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Lemma 1.5.8. Consider Z' from Construction 1.5.1. Then the K*-actions on Z' induced
by the \i: K* — T3 from Proposition 1.5.3 are given in Cox coordinates by

Ai(8) - [21, 22, 23,24 = [21, 22,823, 24], (1.5.8.1)

Xo(8) - 21,22, 23, 24] = |21, 22, 23, S24]. (1.5.8.2)

Proof. Let p: X — X be the characteristic space from Proposition 1.2.4. Then p is given
on the acting tori T* C K* and T3 C 7’ as

- T4 T3 tl31 t? do 4dy 4da
p: — T, t—> iy 3"ty | .

t1te? t1ta?

In particular, we observe p(1,1,s,1) = Ai(s) and p(1,1,1,s) = Aa(s). This yields the
assertion. O

Lemma 1.5.9. Consider the toric morphism 1: Z' — Z1 from Construction 1.5.1.
Then the following statements hold:

(i) The fibers of 11 over the toric fixed points of Zy are given by

¢ ([1,0,0]) = {[1,0,0,0]} U{[1,0,¢,0; t € K*},
wl_l ([07170]) = {[O,l,0,0]}U{[O,l,t,O];tEK*},
Yt ([0,0,1]) = {[0,0,t,1]; t € K*}.

(ii) Apart from the toric fized points, the fibers of 11 over Dgl,Dlzl, DQZ1 are

"b;I ([172?0]) = {[1,2,0,0]}U{[1,Z,t,0]; tEK*},
7/};1 ([LOaZ]) = {[1,0,0,z]}u{[1,0,t,z]; tEK*},
Pt ([0,1,2]) = {[0,1,0,2]} U{[0,1,¢t,2]; t € K*}.

(iii) Over the acting torus T2 C Zy the fibers of 11 look as follows

wl_l ([17z27z3]) = {[17Z2707 Z3]} U {[1732>t, 753]? te K*}

Proof. The generator matrix P; = [0, 01, U2] gives rise to the rays g; = cone(?;) and the
cones G = cone(¥;; ¢ # j) forming the fan of Z;. We directly compute

Fi(oc™)°, Fy(cone(vy,v4))° C 679,
Fi(o7)°, Fi(cone(ve,v4))° C &g,
Fi(m9)° c a3,
Fy(cone(vy,v3))°, Fi(o01)° C 0p,
Fi(cone(vg,v3))°, Fi(02)° c o1,
Fy(cone(vs,v4))°, Fi(04)° c 03,
F1({0}), Fi(o3)° c {0}
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As a consequence, we can figure out the toric limit points of Z’ mapped by ; to the
toric limit points of Zy:

&1: [0,1,0,0], [0,1,1,0] € +;'([0,1,0]),
Go: [1,0,0,0], [1,0,1,0] € +;'([1,0,0]),
Gy : [0,0,1,1] e 71 ([0,0,1]),
go: [0,1,0,1], [0,1,1,1] € +71([0,1,1]),
o1: [1,0,0,1], [1,0,1,1] € ;' ([1,0,1]),
g2: [1,1,0,0], [1,1,1,0] <€ ;' ([1,1,0]),
{0}y: [1,1,1,1], [1,1,0,1] € ;' ([1,1,1])

To obtain the whole 1-fibers over the toric limit points of Z; we multiply the 1.h.s. limit
points by A;(K*), using Lemma 1.5.8. Adjusting with the characteristic quasitorus, we
arrive at the assertion. O

Lemma 1.5.10. Consider the toric morphism o: Z' — Zy from Construction 1.5.1.
Then the following statements hold:

(i) The fibers of 1o over the toric fixed points of Zo are given by

¥y ' ([1,0,0) = {[1,0,0,0]} U{[L,0,0,]; t € K"},
¥y ' (10,1,0) = {[0,1,0,0]} U{[0,1,0,¢]; ¢ € K"},
vz (0,0,1]) = {[0,0,1,4]; t € K"}
(ii) Apart from the toric fized points, the fibers of o over Dg2, D1Z27 D2Z2 without the
fized points are given by
Yot ([1,2,00) = {[1,2,0,0]} U{[1,2,0,t]; t € K*},
¥y ([1,0,2]) = {[1,0,2,0]} U{[1,0,z2t]; t € K*},
1/}2_1 ([07 ]-7 Z]) = {[07 ]-7 270]} U {[0, 1, Z,t]; te K*} .
(iii) Over the acting torus T2 C Zo the fibers of 1o look as follows
¢2_1 ([1,22,23]) = {[1,,22,2’3,0]} U {[1,22,23,t]; t e K*} .

Proof. Consider the generator matrix Py = [0y, U1, 02]. Then the fan of Zs consists of {0},
the rays g; = cone(?;) and the cones ; := cone(¥;; i # j). We check

F2(0'+)O, FQ(CODQ(’Ul,Ug))O - 5’?,
Fy(o7)°, F>(cone(ve,v3))° C &g,
F»(79)° c a3,
Fg(cone(vl,v4)) , Fa(01)° C do,
Fy(cone(va,v4))°, Fs(02)° c oy,
Fy(cone(vs,v4))°, Fs(03)° c 05,
F»({0}), Fy(04)° c {0}
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Consequently, the corresponding limit points in Zs and in their fibers are

G1: [0,1,0,0], [0,1,0,1] € o571 ([0,1,0]),
Go: [1,0,0,0], [1,0,0,1] € 5 ([1,0,0]),
Gy:  [0,0,1,1] c 3" (]0,0,1]),
oo: [0,1,1,0], [0,1,1,1] € ¢51 ([0,1,1]),
o1: [1,0,1,0], [1,0,1,1] € 5t ([1,0,1]),
02: [1717070]7 [171707 1] S 1/}2_1 ([17170])7
{0}: [1,1,1,1], [1,1,1,0] € 5y ([1,1,1])

By multiplying the Lh.s. limit points by A2(K*) as given in Lemma 1.5.8, we obtain the
entire o-fibers over the toric limit points of Z3. By adjusting with the characteristic
quasitorus, the claim follows. ]

Proof of Proposition 1.5.7. We exemplarily treat the case i = 2. We show Cy C C(l3).
So, consider s € K* with X = s-X. Then XNT? = s-(XNT3). Thus, for any x € X NT3
we have s -z € X NT3. By Construction 1.2.1 that means

1+a1 48229 = 0 = 1421 + 9.

Choosing 21 = —2, 22 = 1 we end up with s> = 1. Conversely, we see that any s € C(I2)
stabilizes X N T3, using again the above equation. We conclude that s € C(l5) stabilizes
also X.

We prove that ¢o: X — Zs is the quotient for the action of Cy = C(l2) on X. To this
end, we show that every fiber of 9 is a Cy-orbit. For every [z1, z2, 3, 24] € X we have

z1ze + 2 + 2 = 0. (1.5.10.1)
Hence, for all ¢ € K* we obtain
[1,0,0,¢], [0,1,0,¢], [1,¢0,0], [1,0,¢0], [0,1,¢,0] ¢ X. (1.5.10.2)

By combining this with Lemma 1.5.10 and using Lemma 1.5.8 we get the fibers over the
toric fixed points 2(0), 2(1) € Zs:

@y ' ([1,0,0]) = 5" ([1,0,0)NX = {[1,0,0,0]} = C5-[1,0,0,0],
‘102_1 ([07170]) = ¢2_1 ([07170])ﬂX = {[0717070]} = CQ'[()?LO’O]'

Now we look at z(2) € Zs. Using Lemma 1.5.8, we see that T - z;, N X consists of the
hyperbolic fixed point zo = [0,0,1,{(—1)] from Proposition 1.4.3. By Lemma 1.5.10
and (1.5.10.1) we obtain

03" ([0,0,1]) = ¥3'([0,0,1)nX = {[0,0,1,¢]; te K*}nX = {[0,0,1, ¥/—1]}.
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1.5. Coverings onto fake weighted projective planes

Similarily, we infer from Lemma 1.5.10, (1.5.10.1) and (1.5.10.2) that the fibers on the
divisors Dg2,D1227 DQZ2 apart from the fixed points are given by

‘pgl ([17270}) = {[172307t]; te K*}ﬂX = Cy- [1’2307 l%/ _Z]a
cp2_1 ([1,0,2]) = {[1,0,z,t; te K*}NnX = Cy-[1,0,z, l%/—zll],
cp2_1 ([0,1,2]) = {[0,1,zt;te K*}NnX = Cy-[0,1,z2, l%/—zll].

Now, let 29, z3 € K* be fixed. Because of (1.5.10.1) and Lemma 1.5.10 we have either
w3 ([1,22,23]) = {[1,22,23,0} = Ca-[1, 29,230

or

4,02_1 ([1, 22, 23]) = {[1, 22,23, t]; t e K} N X = C - { [1,z2,23, lﬁ/ —2y — zél} } .

O]

Corollary 1.5.11. Consider X C Z' as in Construction 1.5.1, the stabilizers C1,Cy
of X C Z' from Proposition 1.5.3 and the isotropy groups Gs, G4y C K* of the nontrival
K*-orbits in Dg(, Df C X. Then we have

Ch = Gg C Aut(X), Cy = G4 C Aut(X).
In particular, X' = X% and X2 = X% Moreover, C; = C(l1) has general isotropy

group C(gcd(ly,12)) along DY and Co = C(I2) has general isotropy group C(ged(ly,ls))
along DY

Proof. The involved K*-actions, i.e., those from Definition 1.5.2 arise from one-parameter
subgroups A, A1, A2 of the acting torus T® C Z’. Moreover, Proposition 1.5.3 yields
C; = C(l;). We directly check

MK NA(KT) = MC)), MEK) N A(K) = AMC(ged(l,12))

on the torus T3, using that the entries [1,d; from the third column of P as well as lo, do
from the fourth one are pairwise coprime. Thus, the displayed identities of the assertion
hold in T3 C Aut(Z’) and hence in K* C Aut(X). O
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CHAPTER
TWO

K*-SURFACES OF PICARD NUMBER ONE AND INTEGRAL
DEGREE

This chapter provides an explicit description of all quasismooth, rational, projective
surfaces of Picard number one that admit a non-trivial torus action and have an integral
canonical self intersection number. The Construction 2.5.1 of toric degenerations appears
in the joint article [27] with Milena Wrobel and Jirgen Hausen and the results of
Section 2.1 to 2.6 have been made public in the joint article [26] with Jiirgen Hausen.

2.1 Squared Markov type equations

Given any number a € Z~q, the associated squared Markov type equation in the vari-
ables wg, w1, wy is
(wo + w1 + w2)2 = qwowiws.

By a solution we mean a triple u = (ug, u1, uz) € Z?;O satisfying this equation. We denote
by S(a) C Z3, the set of all solutions.

The set S(a) is in bijection with the solution set of the corresponding usual Markov
type equation, studied exhaustively by Hurwitz [32]; see Remark 2.1.10. We expect
everything of this section to be known; see e.g. [14, Thm. 11] for the case a = 9. However,
we couldn’t find appropriate references and hence allow ourselves to provide an elementary
self-contained treatment according to our needs.

Lemma 2.1.1. Let a € Z~o. Then we obtain an involution on the set S(a) of solutions
of the squared Markov type equation by

A: S(a) = S(a), u — (uo,ul,W) = (up,u1,aupu; — 2ug — 2u; — ug).
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2.1. Squared Markov type equations

Proof. Let u € S(a). We show that the two representations of A\(u) coincide. This merely
means to compare the third components:

(uo+u1+usz)?
uz

(uo+u)?

—2u0—2u1—uQ: U2

augul — 2ug — 2u] — Uo =

In particular, A maps solutions to positive integer tuples. We prove that v’ := A(u) is a
solution. With @ := ug + u1, we obtain

9\ 2
2 o 2 (ﬂ"rL) / / 1\2
o= (wotuituz)® _ (4tug)? _ ug _ (ugtui+uy)
UOUT U2 UOUT UL uoulﬁ uhuful
ug

O

A one-step mutation of a triple u € S(a) is a permutation of its entries followed by
the operation A. A mutation of u is a composition of one-step mutations.

Theorem 2.1.2. Fiz a € Z~q such that the equation (wo + w1 +w2)? = awowiws admits
a solution. Then we have
a € {1,2,3,4,5,6,8,9).

For these a, the solutions of the above equation are precisely the mutations of the following
triples

(2.2.9), a=1309, (5,559), a=1,245,

a’a’a a’a’ a
6 12 18 _ 5 20 25 _
(a?zag)v a’_la2a3a6a <6577;>, (1—1,5.

By the norm of a triple u € Z3 ), we mean the number v(u) := ug+uj +uz. Obviously
the norm is invariant under coordinate permutations. We call a triple u € S(a) nitial
if ug <uyp <wg and us < ug + ug.

Lemma 2.1.3. Consider a solution u € S(a). Set u' := X\(u). Then we have the following
equivalences:

v(u) =v(') = uy=uh = uy =y +u,

v(u) <v(u) = ug <uh = uy <wug+u.

In particular, an ascendingly ordered u € S(a) is initial if and only if v(u) < v(a) for
any one-step mutation 4 of u.

Proof. By the definition of A, the vectors u and v’ differ only in the last coordinate.
This gives the first equivalence in each row. The remaining two equivalences follow
from uguly = (ug + u1)?. O
Lemma 2.1.4. Consider a solution u € S(a).

: 1,1
(i) We have -+ - < §.

uy —
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(ii) If u is initial, then § < u% + %
Proof. For (i), write the squared Markov type equation as f(ws) = 0 with a polyno-
mial f € Klwg,wi][ws]. Then f is of degree two in wy with discriminant

22 92 2 2 2 2(a_ 1 1
A(f) = a*wiw] — dawjw; — dawow; = dawjw (Z—w—o—w—l).

Since u € S(a) has positive integer entries, A(f) evaluates non-negatively at u. The
assertion follows. We turn to (ii). The definition of an initial triple gives

ug <wup+uy, up+ur +ug <2(up+ur), wu < up < ug.

We conclude

_ 1 (u0+u1+u2)2 (uo+u1)2 __ _up 2 Ul 3 1
= = < = = —L_ L —+ =.
4 wupuiuz —  upuiug U U2 ug uUpU2 — U uo

AN

Proof of Theorem 2.1.2. By Lemma 2.1.3 every solution is a mutation of an initial one.
So, it suffices to classify the initial solutions. For a > 5, any initial triple u € S(a)
satisfies the inequality

use Lemma 2.1.4 (ii) and 1/ug < 1. This effectively bounds the largest entry wus of the
initial triples u € S(a) for a > 5. Concretely, we arrive at

a |
UQ‘

0| 8 | 7] 6|5 |
2] <3| <4[<5[<6]

INIV

In each case, we check the (finitely many) ascendingly ordered u € Zio satisfying the
respective bound on wug for initial triples. For a > 10 and a = 7, there are no initial
triples and in each of the other cases, there is exactly one:

al 9 | 8 | 6 | 5 |
wl (L,L,1) [ (1,1,2) | (1,2,3) [ (1,4,5) |

Case a = 4. Here, Lemma 2.1.4 (i) rules out the case ug = 1. Thus, uy > 2 and we
obtain uy < 6, because otherwise Lemma 2.1.4 (ii) would give

<o+ <

u2 uQ

1=

~Jlw

+

S
N[ =

Going through the ascendingly ordered u € Zio with ug > 2 and us < 6, we end up
with (2,2,4) as the only initial triple in S(6).
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2.1. Squared Markov type equations

Case a = 3. Again Lemma 2.1.4 (i) rules out the case ug = 1. Thus, ug > 2, forc-
ing ug < 12, because otherwise Lemma 2.1.4 (ii) would give

3 _ a3 41 3,1
1_4§u2+u0§13+2'

The search over all ascendingly ordered u € Zio with ug > 2 and us < 12 produces
exactly two initial triples in S(3), namely (2,4,6) and (3,3, 3).

Case a = 2. Here, Lemma 2.1.4 (i) rules out ug = 1 and ug = 2. Thus, ug > 3 and ug < 18,
because otherwise Lemma 2.1.4 (ii) would imply

1 _ a3 1
5_4Su2+uo<

Inside the set of all ascendingly ordered u € Zg>0 with ug > 3 and ug < 18, we find (4,4, 8)
and (3,6,9) as the only two initial triples belonging to S(2).

3
ig +

ol

Case a = 1. Using Lemma 2.1.4 (i), we can exclude ug = 1,2,3,4. Thus, up > 5 and we
derive ug < 60, as otherwise Lemma 2.1.4 (ii) would claim

l_ac3 .13 1
1_4§ug u0§61+5'

The search in the ascendingly ordered u € Zio with 5 < ug and uy < 60 yields exactly
four initial triples in S(1), namely (9,9,9), (8,8,16), (6,12,18) and (5,20, 25). O

Remark 2.1.5. Given a, let T'(a) C S(a) denote the subset of all ascendingly ordered
solution triples. For a € {9,8,6,5}, we can regard T'(a) as the vertex set of a tree, where
we join two triples u,u € T'(a) by an edge if they are distinct and arise from each other
by a one-step mutation.

(1,169,1156)
~
(1,25,169)
~
/ (25,169,37636)
T(9) (1,1,1) — (1,1,4) - (1,4,25)
\ (25,841,187489)
~
(4,25,841)
~
(4,841,28561)
(1,50,289)
/
(1,9,50)
—

/ (9,50,3481)

(1,2,9)

\ (2,121,1681)
/

(2,9,121)

T(8) (1,1,2)

(9,121,8450)
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(25,392,57963)

(3,25,392)
_— (3,392,6241)
(2,3,25)
25,243,35912
— - ( )
(2,25,243)
(2,243,2401)
T(6) (1,2,3)
(8,121,5547)
(3,8,121) —
\
_— (3,121,1922)
(1,3,8)
— (8,27,1225)
(1,8,27) —
(1,27,98)
i (1,20,49)
(19,200 7
_— (9,20,841)
(1,5,9)
— (5,196,4489)
i
(5,9,196)
/ T (9,196,8405)
T(5) (1,4,5)
(4,1445,25921)
(4,81,1445) —
—
_—— (81,1445,582169)
(4,5,81)
T (5,1849,42436)
(5,81,1849) —

(81,1849,744980)

Proposition 2.1.6. Take a € 1,2,3,4,5,6,8,9, let a = ba’ a factorization into positive
integers and consider the set of scaled triples

bS(a) := {(bug, buy, bug); u € S(a)}.

Then we have bS(a) C S(a’). Moreover, we can express S(a’) for a’ =4,3,2,1 in terms
of the S(a) for a =9,8,6,5 as

S(4) =25(8),  S(3)=3S(9)U2S(6),  S(2) = 45(8) U3S(6),

S(1) = 95(9) USS(8) U 6S(6) U5S(5).

In particular, T'(4) is a tree, each of T(3) and T(2) is a union of two disjoint trees
and T'(1) is a union of four disjoint trees.

Lemma 2.1.7. Consider a solution u € S(a) of the squared Markov type equation and a

mutation @ of w. Then ged(ug,u1,u2) = ged (o, U1, Ug).

Proof. Tt suffices to treat the case of an ascendingly ordered v and @ = A(u). Then 4; = u;
for : = 0,1 and 49 = augu; — 2ug — 2u; — uo. The assertion directly follows. ]
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2.1. Squared Markov type equations

Proof of Proposition 2.1.6. In order to check bS(a) C S(a’), let uw € S(a). Then the
scaled solution bu satisifies

(bug+bus+bug)® _ 1 (uotuitus)?

1 !
bugbuibus b UQUL U

— a __
=7=da.

Thus, bu € S(a’). This verifies in particular all inclusions "2" of the displayed equations in
the proposition. We show exemplarily S(4) = 25(8). Let v’ € S(4). Then Theorem 2.1.2
tells us that « is a mutation of (2,2,4). Thus, Lemma 2.1.7 ensures v/ = 2u with u € Z3,
and the above calculation shows u € S(8). O

Theorem 2.1.8. Let a € {1,2,3,4,5,6,8,9} and u € S(a). Then there exist inte-
gers xg, x1,Ts € Z~qo such that, up to permuting the entries, u is of the form

9 (.2 .2 2 _ 8 (.2 .2 o,2 _
5(550’931’952)7 a=1,3,9, (xo,x1,2x2), a=1,2,4,8,

a
a a

6 ($3,2$%,3x%) , a=1,2,3,6, 5 (x%,:c%,’éaz%) , a=1,5.

Moreover, for a = 5,6,8,9 the entries of u are pairwise coprime and for any a the above
numbers xg, x1,Trs satisfy the equation

999 _

(aaaaa ,a=139,
9 9 2 (27%7%)7 CL:1,2,4,8,

Soxg + &127 + L3 = Vadobibazoriza, (&0, &1,&) =

(8,12,1%), a=1,2,36

a’a’a ) 5 4y 9y Uy

5 5 25

(a,a,;), a:1,5.

Lemma 2.1.9. Let a € Z~o and u € S(a). Then ged(ug, u1) = ged(ug, w1, uz) holds.

Proof. First recall that u € S(a) means (ug + u; + u2)? = auguius. We rewrite this
equation as

u3 + (2ug + 2u1 — auguy )ug + (ug +u1)? = 0.
Now, set g := ged(ug,u1). The task is to show that ¢ divides ug. Dividing the above
equation by ¢? yields

(5)" + (2 — ) 22 o (2mp)” = 0

Since ¢ divides ug + u; and wugui, this is an equation of integral dependence for the
fraction u2/q. As a factorial ring Z is normal and we can conclude u2/q € Z. O

Proof of Theorem 2.1.8. Consider any solution u € S(a) of the squared Markov type
equation, where a = 9,8,6,5. Theorem 2.1.2 and Lemma 2.1.9 tell us ged(ug, u1, ug) = 1.
Let &; be the minimal divisors of u; such that a§p&1&2 is a square number and set z; := u; /&;.
Then we can write

(up +u1 +u2)? = auguiuz = a&o&réarozTs,
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where we may assume &y < & < &. By Lemma 2.1.7, the u; are pairwise coprime. Thus,
the x; are pairwise coprime as well and, consequently, must be square numbers. We claim
that, according to the value of a, the vector & = (&, &1,&2) is given as follows:

al 9 | 8 | 6 | 5 |
¢ (LL1) | (1,1,2) | (1,2,3) | (1,1,5) |

This is obvious for a = 9,8,5. For a = 6, Lemma 2.1.9 and Lemma 2.1.7 yield that
precisely one of the entries of u is divisible by 2 and precisely one by 3. For the initial
triple (1,2, 3), no entry is divisible by 6. Applying stepwise Lemma 2.1.9 and Lemma 2.1.7,
we see that the latter holds for any mutation of (1,2, 3). This excludes £ = (1,1,6).

Thus, the assertion is verified for a = 9,8,6,5. For a = 4,3,2,1, we stress again
Theorem 2.1.2 and Lemma 2.1.7 and see that in this case the solutions all are obtained
by scaling solutions of the cases a = 9,8,6,5 with suitable integers. The assertion
follows. O

Remark 2.1.10. Theorem 2.1.8 shows in particular that the solutions of the squared
Markov type equations can be obtained from the solutions of the usual Markov type
equations considered in [32], see also [34, Sec. 3].

2.2 More about fake weighted projective spaces

First introductory background on fake weighted projective planes has been given in
Section 1.1. Here we gather the more specific topics needed in the subsequent sections of
this chapter.

Proposition 2.2.1. Consider a fake weighted projective space Z = Z(P) as in Con-
struction 1.1.7, its fake weight vector w and a splitting K == Z" /im(P*) =Z & T as in
Remark 1.1.13. Then the divisor class group and any degree matriz of Z satisfy

m .- Mn wi=p"t - w.

= ged ceeyWn),
az) = K, Q= l“O “n] = ged(wo, -y wn)

The torsion part I' of C1(Z) is of order p. The local class groups of the toric fized points
and their orders are given by

CUZ,2(1)) = K/Z-q;,  l(Z,2(i) = [K:Z-q] = w;,

where q; = (u;,m;) are the columns of the degree matriz Q. Finally, the Cox ring of Z
together with its C1(Z)-grading is given by

R(Z) = K[Ty,..., T, deg(T;) = q¢i € K.
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2.2. More about fake weighted projective spaces

Proof. For the shape of @), note that P annihilates the fake weight vector w and thus u
generates the kernel of P. For the remaining statements, see Proposition 1.1.2, Proposi-
tion 1.1.5 and Remark 1.1.8. 0

Corollary 2.2.2. For any n-dimensional fake weighted projective space, the torsion part
of CI(Z) is generated by at most n — 1 elements.

Remark 2.2.3. Consider a fake weighted projetive plane Z = Z(P). If the associated
fake weight vector w is primitive, then Q = [wy,...,w,] and Z = P(wy,...,w,) is an
ordinary weighted projective space.

Proposition 2.2.4 (Cf. [27, Prop. 2.5]). Consider a fake weighted projective plane
Z = Z(P). An anticanonical divisor on Z is given by

—Kz = Do+ D1+ Do, D; = V(E) c Z.

Moreover, the canonical self intersection number can be expressed in terms of the fake
weight vector w = (wp, w1, wz) as

’C2 _ (wotwitws)?
- wWowiw :

Proof. The first statement is standard toric geometry; see for example [10, Thm. 8.2.3].
For the second one, we may assume that the generator matrix P of Z is of the form

RS . .
P = [do i dz]’ L, 0, i=0,1,2.

For the claim on the intersection number we recall the following from [10, Prop. 6.3.8].
For any two distinct columns v;, v; of P in positive orientation, the intersection number
of the associated divisors D;, D; is given as

Di 'Dj = det(vi,vj)fl.

Moreover, we can compute the self intersection number of a divisor D;. Taking all three
columns v;, v;, v of P in positive orientation, we have

D2 . det(v;,vi)
J det(vi,vj)det(vj,vk)'

Together with the representation of the w; from Remark 1.1.8, this yields the claim. [

The following construction shows how to gain fake weighted projective planes Z
directly from degree matrices and it allows us to switch between the presentations of a
given Z in terms of a degree matrix or a corresponding degree matrix.
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Construction 2.2.5. Let K = Z @ I' with I" finite abelian and let @ = [qo, ..., qn]
with ¢; € Z>o @ T' a degree matrix in K. The quasitorus H = SpecK[K] has K as its
character group and acts on K**! via

Bz = (E0(h)z0, . X" (h)2n).

The orbit space Z(Q) := K"+ \ {0} is a fake weighted projective space. More precisely,
starting with @), we can produce the pair of mutually dual exact sequences

P

0 Y/ YARE AL

n+1 n
0 K 3 Z e Z 0,
by choosing the columns of P* as the members of a Z-basis for the kernel of (), regarded
as the map Z"*t! — K, e; — ¢;. Then the transpose P is a projective n x (n+ 1) generator
matrix with ) as corresponding degree matrix and we have

Z(Q) = Z(P).

Example 2.2.6. Consider a 2 x 3 degree matrix () in K. Then, thanks to Corollary 2.2.2,
we have K = Z & Z/uZ, that means

Uy Ul U _

Q=1_ _ | ug, U1, u2 € Lo, 1o, M, M2 € L/
Mo M 72

Moreover, the quasitorus H = SpecK[K] is explicitly given as H = K* x C(u),

where C(u) C K* is the group of pu-th roots of unity and H acts on K? via

(ta C) ' (ZOa 21, 22) = (tuOCnOZm tU1Cnlzla tUQan'ZQ)'

Proposition 2.2.7. Let Q,Q’ be degree matrices in K = Z ® T and Z,Z' the associated
weighted projective spaces. Then the following statements are equivalent:

(i) We have an isomorphism of the varieties Z = Z'.
(ii) We have an isomorphism of graded algebras R(Z) = R(Z').
(i) @ =[¢(q0),--.,1(qn)] - B with v € Aut(K) and a permutation matricz B.

Proof. The equivalence of the first two statements holds more generally for any Q-factorial
Mori dream space of Picard number one; see [3, Rem. 3.3.4.2]. The equivalence of the
second and the third and statement is clear by Proposition 2.2.1 and the definition of an
isomorphism of graded algebras. O

Proposition 2.2.7 becomes an efficient classification tool in the case of a cyclic torsion
part when we combine it with the following.
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2.2. More about fake weighted projective spaces

Lemma 2.2.8. Consider the abelian group G :=7Z & Z/uZ. Then any choice of € = %1,
a € Z/uZ and ¢ € (Z/pZ)* defines an automorphism

Yeac: G — G, (k,m) — (ek, ak + cm).

Conversely, every automorphism ¢: G — G is of this form. In particular, Aut(G) is of
order 2u® (1), where ® denotes Fuler’s totient function.

Proof. One directly checks that ¢, 5z is an automorphism of G. Let ¢: G — G be any
automorphism. We claim

©(1,0) = (e,a), e==1, a€Z/uZ ©0(0,1) = (0,¢), ce(Z/uZ)".

Indeed, (0, 1) generates the torsion part Z/uZ, which in turn is fixed by ¢, hence generated
by ¢(0,1). This gives the second identity. So far, we have

ZOZLInZ = 7Z-p(1,0)®Z-0(0,1) = Z-(e,a) DZ-(0,¢)

with some € € Z and a € Z/pZ. This forces e = +1, verifying the claim. Now, comparing
the values on (1,0) and (0,1) shows ¢ = @ezz. O

Remark 2.2.9. Consider K = Z & Z/uZ and a degree matrix Q = [qo,...,qn] in K,
where ¢; = (uj, ;). Only the automorphims of the form ¢; 5z from Lemma 2.2.8 respect
positivity in the first line of (). Moreover, observe

[ Pracla) - wracla) | = [1 OHUO “]

a c M ... Mn

That means that we can realize in practice the application of an automorphism ¢1 5z by
matrix multiplication or, equivalently, by stepwise adding multiples of the upper to the
lower row and scaling the lower row by units.

Remark 2.2.10. Let @Q = [qo, . - ., qn] be a degree matrix in K =Z @ I'. Then the fake
weight vector of Z(Q) can be written as

w = w(Q) = (wo,...,wy), w; = [K:7Z-q.

We say that @Q is associated with w = w(Q). Note that w(Q) = w(Q’) may happen even
if Z(Q) and Z(Q') are not isomorphic to each other.

Definition 2.2.11. Let a € {1,2,3,4,5,6,8,9}, w € S(a), u := ged(wg, wr,wy) and
w:=p"'w. We call w adjusted if one of the following holds

e a=9and wy < w; < wsy,

o a=28, wy < w and 2 | we,

e a=06,2]|w and 3 | we,

e a=>5,wy <w; and 5 | we,
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e a <4 and u is adjusted.

Moreover, we call a degree matrix ) associated with w € S(a) adjusted if w is adjusted
and for a < 4, the matrix @ is of the form

2, a=1, uv=(1,1,1),

ug Ul U2 _ — —
Q = l(-] i ] L<n<p, n=425 a=1 u=(1,1,4),
K 1,3,5, a=2, u=(1,1,2).

Proposition 2.2.12. Let a € {1,2,3,4,5,6,8,9}, w € S(a) adjusted and Q, Q" adjusted
degree matrices associated with w. Then we have

ZQ)=2Z(Q) = Q=qQ.
Proof. The assertion follows from Proposition 2.2.7. O
Example 2.2.13. For a =1,2,3,4,5,6,8,9, we list divisor class group, corresponding

generator and adjusted degree matrices for the fake weighted projective planes having an
initial triple as fake weight vector:

8 Z

o~ |

N
|
[

P

—
-

-

o

-

— R

or |
|

w o
|

N =

| I

—

-

¥

w

-

a3 el |

— R
or |
|
ot

|
N
[
—
.
W~
o
-
— °
o~ |
|
&

|
N =
—_
—
Ol =
[ap—
=N
—_
— f
o~ |
|
R

|

w =
| S
L—
Ol =
[Ny
D=
| I
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2.3. Fake weighted projective planes of integral degree

2.3 Fake weighted projective planes of integral degree

We classify the fake weighted projective planes Z of integral degree IC%. Proposition 2.2.4
shows that the potential fake weight vectors of such Z are the solution triples of the
squared Markov type equations. It turns out that in fact every solution triple occurs as
a fake weight vector. We determine and verify all associated adjusted degree matrices
and list them in a redundance free manner.

Proposition 2.3.1. Let Z be a projective toric surface of Picard number one of degree
a=K% €Z. Thena€ {1,2,3,4,5,6,8,9}.

Proof. We may assume Z = Z(P). Then Proposition 2.2.4 yields that the fake weight
vector of Z is a solution triple of a squared Markov type equation. Thus, Theorem 2.1.2
yields the assertion. O

Proposition 2.3.2. Let Z be a projective toric surface of Picard number one of degree
a € {5,6,8,9}. Then Z is isomorphic to a weighted projective space P(wg,wi,ws) for
exactly one adjusted w € S(a).

Proof. We may assume Z = Z(P). By Proposition 2.2.4, the fake weight vector w of Z
satisfies w € S(a). By Theorem 2.1.8, the entries wy, w1, ws of w are pairwise coprime.
Thus, Z = P(wp, w1, ws) is an ordinary weighted projective plane; see Remark 2.2.3.
Taking adjusted solution triples, makes the presentation redundance free. O

For the fake weighted projective planes Z of degree a € {1,2, 3,4}, we will encounter
torsion in the divisor class group. We will list the resulting Z in terms of adjusted degree
matrices in the sense of Definition 2.2.11. Whereas the procedure of finding and verifying
those follows a common pattern for all ¢ = 1,2, 3,4, the detailed arguing relies on the
specific divisibility properties of the solution triples from S(a) in each case.

Lemma 2.3.3. Let Q = [qo,q1,q2] be a degree matrix in Z & Z/uZ, write q; = (u;,1;)
and assume ged(ug, ) = 1. Then we find an automorphism of 7 ® 7/ uZ which, applied
to columns, turns @Q into

e-[37%] oeamr

We have Z(Q) = Z(Q') and Q,Q’ share the same corresponding generator matrices.
Moreover, the local class group of z(i) € Z(Q) is cyclic of order pu; and the fake weight
vector is given by w(Q) = p - (up, ui, uz).

Proof. Proposition 2.2.7 and Lemma 2.2.8 tell us that suffices to apply suitable operations
from Remark 2.2.9. Thanks to ged(ug, ) = 1, we have ug € (Z/uZ)*. Hence 19 = aug for

some a € Z. Subtracting a- (i, u1, u2) from the second row, we achieve 7jp = 0. As each of
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the pairs qo, g1 and qo, g2 generates Z®Z/uZ as a group, we can conclude 71,72 € (Z/uZ)*.
Scaling the second row of @) with the multiplicative inverse on 7; finally turns @ into Q.

By Construction 2.2.5 and Proposition 2.2.1, the local class groups K; := Cl(Z, z;) are
given as K; = K/7Z-q;, where K = Z®Z/uZ and ¢, is the i-th column of Q'. Clearly K; is
generated by the classes of (1,0) and (0,1). We treat Ky. Let , x € Z with {u+ rug = 1.
Then we observe

(170) = CN'(171)+’{'(UO76)7 (O> 1) = (171)_(170)7

and conclude that the class of (1,1) generates Ky. Moreover, due to the coprimeness
of ug and p, the class (1,1) in Ky of;order uug. Now consider K; for ¢ =1,2. Set iy =1
and 7o = 7. Choosing ¢; € Z with (;ij; = —1 in Z/uZ. Then

(0,1) = Cug- (1,0) = ¢ - (ui, mi),

and thus the class of (1,0) generates K;, where i = 1,2. Consequently, each of the local
class groups Cl(Z, z(1)) = K is cyclic of order uu;. The statement on the fake weight
vector is clear by Proposition 2.2.1. O

Proposition 2.3.4. Let Z be a fake weighted projective plane of degree 4. Then Z = Z(Q)
with w = w(Q) adjusted and there are xgy,x1,xo € Z~q such that

($3,$%,2$%) € 5(8)7 w :2( (2),1'%,2;17%)
Moreover, the divisor class group is CI(Z) =7 & Z/27 and the degree matriz Q can be

choosen as
[x% x? 2x%1

Qw) =

0 1 1

Any such matriz is a degree matriz of a fake weighted projective plane of degree 4 and
distinct matrices represent non-isomorphic fake weighted projective planes.

Proof. We may assume Z = Z(P) with a generator matrix P. Let @ be a corresponding
degree matrix. Suitably renumbering the columns of both, we achieve that w = w(P) is
adjusted. By Proposition 2.2.4, we have w € S(4). Proposition 2.1.6 says w = 2 - u with
u € S(8). From Theorem 2.1.8 we infer u = (23, 2%, 223) and pairwise coprimeness of the
entries of u. Proposition 2.2.1 shows Cl(Z) = Z @ Z/2Z and establishes the first row of
Q. Since zq is coprime to 223, it must be odd. Thus, Lemma 2.3.3 allows us to assume
Q = Q(w) as claimed.

Now consider any Q(w) as in the assertion, that means a matrix with first row
u = (23, 2%,222) from S(8) and second row (0,1, 1) with entries in Z/2Z. We verify that
Q(w) is a degree matrix of a fake weighted projective plane with the claimed properties.
Given two columns g;, g; of  we have to show that these generate K =Z ® Z /27 as a
group. Since u;, u; are coprime, we find (1,0) or (1,1) in the span of ¢;, ¢;. In the first
case, we are done. In the second case, observe that we find also an element (b,0) with b

49



2.3. Fake weighted projective planes of integral degree

odd in the span of ¢;, g;. Subtracting the (b—1)-fold of (1,1) gives (1,0) and we are done
as well. Thus, Q(w) is a degree matrix in K. Set Z = Z(Q(w)). Lemma 2.3.3 ensures
that Z has fake weight vector 2 - u € S(4) and we can apply Proposition 2.2.4 to see that
Z is of degree 4. Finally, Proposition 2.2.12 ensures that distinct matrices Q(w) define
non-isomorphic fake weighted projective planes. O

Proposition 2.3.5. Let Z be a fake weighted projective plane of degree 3. Then Z = Z(Q)
with w = w(Q) adjusted and there are xg,x1,x2 € Lo such that we are in one of the
following situations:

(i) we have (z3,23,23) € S(9), w =3 - (23,23, 23), the divisor class group is Cl(Z) =

7 ® Z/3Z, and the degree matriz QQ can be chosen as

(ii) we have (z3,22%,323) € S(6), w = 2 - (23,22%,323), the divisor class group is
ClZ) =Z®ZJ2Z and the degree matriz Q) can be chosen as

[a:g 222 Bx%]

w) = _ _
Qw) 001 1
Any matriz as above is a degree matriz of a fake weighted projective plane of degree 3
and distinct matrices represent non-isomorphic fake weighted projective planes.

Lemma 2.3.6. Let u € S(9). Then @; = 1 € Z/3Z holds for i = 0,1,2. In particular,
3tu; fori=0,1,2.

Proof. Clearly the assertion holds for v = (1,1,1). By Theorem 2.1.2, we only have to
show that, if u € S(9) satisfies the assertion, then ' = A(u) does so. Recall

u'o = ug, u'l = uy, u'2 = uour — 2ug — 2u] — us

from the construction of A given in Lemma 2.1.1. For u( and v} is nothing to show and,
passing to the classes in Z/3Z, we directly see @), = —5 = 1. O

Proof of Proposition 2.3.5. We may assume Z = Z(P) and w = w(P) being adjusted.
By Proposition 2.2.4, we have w € S(3). According to Proposition 2.1.6, we either have
w=3-u with u € S(9) or w = 2-u with u € S(6). We go through each of these two
cases and establish the claimed shape for a corresponding degree matrix Q).

Case (i): w = 3 -u with u € S(9). Theorem 2.1.8 provides us with u = (23, 2%, x3)
and Proposition 2.2.1 yields that the torsion part of C1(Z) is of order three. Moreover,
Lemma 2.3.6 says in particular ged(z2,3) = 1 and thus Lemma 2.3.3 shows that @ can
be choosen to be of the shape

2 2 2
Q = | 0T T (z/3n)n.
0 1 n
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We show 77 # 1. Otherwise, due to Lemma 2.3.6, adding 2 - (Z3, %, 73) turns the second
row of @ into (2,0, 0), which contradicts to Remark 2.2.9, guaranteeing that this operation
respects the properties of a degree matrix.

We check that each of the matrices Q(w) from Case (i) is a degree matrix in K :=
Z ® 7,/37 defining a fake weighted projective plane Z as claimed. Given two columns
i, q; of Q(w), we use Lemma 2.3.6 to observe

where g, = (ug, 7). Since u; and u; are coprime, (1, ¢) lies in the span of ¢;, q; for some
¢ € Z/3Z. We conclude that ¢;, g; generate K as a group. Lemma 2.3.3 ensures that Z
has fake weight vector 3 - (z3, 2%, 23) € S(3). Thus, Proposition 2.2.4 yields that Z is of
degree 3.

Case (ii): w = 2 -u with u € S(6). By Theorem 2.1.8 we know u = (x3,223,323) and
that u has pairwise coprime entries. In particular, 3 is odd. Proposition 2.2.1 gives
Cl(Z) =Z ® Z/2Z and by Lemma 2.3.3, the degree matrix can be choosen as

Q - 3 22?7 323
10 1 1|

We check that each of the matrices Q(w) from Case (ii) is a degree matrix in K :=
Z ® 7,/2Z defining a fake weighted projective plane Z as claimed. As u = (23,222, 323)
has pairwise coprime entries, g and x2 are odd. Thus, for any two columns g¢;, g; of
Q(w), we obtain
ujg; —uiq; = (0,1).
Moreover, since u; and u; are coprime, (1, ¢) lies in the span of ¢;, q; for ( € Z/27Z. We

conclude that ¢;, g; generate K as a group. Lemma 2.3.3 ensures that Z has fake weight
vector 2 - u € S(3) and Proposition 2.2.4 guarantees that Z is of degree 3.

Finally, in each of the Cases (i) and (ii), Proposition 2.2.12 tells us that distinct
matrices @Q(w) define non-isomorphic fake weighted projective planes. O

Proposition 2.3.7. Let Z be a fake weighted projective plane of degree 2. Then Z = Z(Q)
with w = w(Q) adjusted and there are xo,x1,x2 € Lo such that we are in one of the
following situations:
(i) we have (23,22, 23) € S(8), w = 4 - (v3,2%,223%), the divisor class group is Cl(Z) =
Z @ Z/AZ and the degree matriz Q can be chosen as
- lx% x? 236%] - [x% x? 236%]

QD) = | T T 7 Qu.3) = | 7 T

(ii) we have (x3,223%,323) € S(6), w = 3 - (23,22%,323), the divisor class group is
ClZ)=Z@®Z/3Z and the degree matriz Q) can be chosen as
2 2 2 2 2 2
_ .’1:0 2.’E1 3.’1:2 — xo 2561 3.1:2
9 1 = P I I Y ?2 = ~ I a *
Q(w. 1) [ o ] Qw,2) [ oo
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2.3. Fake weighted projective planes of integral degree

Any matriz as above is a degree matrixz of a fake weighted projective plane of degree 2
and distinct matrices represent non-isomorphic fake weighted projective planes.

Lemma 2.3.8. Let u € S(8) be adjusted. Then (i, 1, us) = (1,1,2) holds in Z/AZ.

Proof. The claim holds for v = (1,1,2). By Theorem 2.1.2 it suffices to show that if
u € S(8) fulfills the claim after adjusting, then u' := A(u) does so. Lemma 2.1.1 says

u6 = g, u’1 = uyp, u’2 = 8ugui — 2ug — 2u1 — U2.
If 43 = 2 holds, then @p = 1; = 1 and we compute ) = —us = 2. If iy = 1 holds, then
one of 1, 4y equals 1 and the other equals 2. We obtain @), = —3 = 1. ]

Lemma 2.3.9. Let u € S(6) be adjusted. Then (i, 1, s) = (1,2,0) holds in Z/37.

Proof. The assertion is true for u = (1,2,3). By Theorem 2.1.2, we only have to show
that, if u € S(6) fulfills the claim after adjusting, then v’ = A(u) does so. According to
Lemma 2.1.1, we have

u6 = wup, U/1 = Uy, u’2 = 6uguy — 2ug — 2u1 — uo.

If 5y = 0, then we may assume %g = 1 and @3 = 2 and compute @) = 0. If 43 = 1, then
we may assume g = 0 and %; = 2 and compute iy = —5 = 1. If iy = 2, then we may
assume %y = 0 and @ = 1 and compute @) = —4 = 2. O

Proof of Proposition 2.3.7. We may assume Z = Z(P) and that w = w(P) is adjusted.
Let @ be a degree matrix corresponding to P. Proposition 2.2.4 yields w € S(2).
According to Proposition 2.1.6, we either have w = 4 -« with u € S(8) or w =3 - u
with u € S(6).

Case (i): w = 4-u with u € S(8). Then u = (23, 2?,223) and u has pairwise coprime
entries; see Theorem 2.1.8. Moreover, from Proposition 2.2.1 and Corollary 2.2.2 we infer
that the toriosn part of C1(Z) is cyclic of order four. Coprimeness of 22 and 2z3 forces
23 to be odd and thus Lemma 2.3.3 allows us to assume
2 .2 2
0 = l o 11 2% ] . fe(z/az)* ={1,3).
0 1 q

We verify that each of the matrices Q(w,n) from Case (i) is a degree matrix in
K :=7 @® 7Z/AZ, defining a fake weighted projective plane Z as claimed. Lemma 2.3.8
delivers (i, u1,u2) = (1,1,2) for u = (23,2%,2x3). Thus, given two columns g;, g; of
Q(w,n), we can compute

Ujq; — Uiq; € {(071)7(07§)}
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Moreover, since u; and u; are coprime, (1,() lies in the span of g;, ¢; for some ¢ € Z/4Z.
We conclude that g;, ¢; generate K as a group. Lemma 2.3.3 establishes the fake weight
vector w =4 -u € S(2) and Proposition 2.2.4 says that Z is of degree 2.

Case (ii): w = 3 - u with u € S(6). Then u = (23, 2x%, 323) and u has pairwise coprime
entries as provided by Theorem 2.1.8. Proposition 2.2.1 shows that Cl(Z) has torsion
part of order three. Moreover, ged(x3,3) = 1 brings Lemma 2.3.3 into the game and we
can assume

©=15 1

x2 222 32
lo BT Ge(z)3n)t.

We check that each of the matrices Q(w,n) from Case (ii) is a degree matrix in
K := 7Z @ Z/37Z and defines a fake weighted projective plane Z as claimed. From
Lemma 2.3.9 we know

(j(%véi'%gfg) = (LQ,()) S Z/3Z.

Thus, given two columns ¢;, ¢; of @, we see that ujg; — u;q; equals either (0,1) or (0,2),
where u = (23, 2x%,323). Since u; and u; are coprime, we find additionally (1,¢) in the
span of ¢;, ¢; for some ¢ € Z/3Z. Thus, ¢;, ¢; generate K as a group. Lemma 2.3.3 tells
us that the fake weight vector of Z is w = 3 - u € S(2). Thus, Proposition 2.2.4 ensures
that Z is of degree 2.

As in the preceding proofs, Proposition 2.2.12 guarantees that in all the cases just
treated, distinct matrices define non-isomorphic varieties. O

Proposition 2.3.10. Let Z be a fake weighted projective plane of degree 1. Then
Z = 7Z(Q) with w = w(Q) adjusted and there are xg,x1,x2 € Lo such that we are in
one of the following situations:

i) we have (x¢,2%,23) € S(9), w = 9 - (22,2%,23), the divisor class group is given
0> L1, T3 0> %1, T2
by Cl(Z) =Z & Z/9IZ and the degree matriz () can be chosen as

.Z‘Q .1‘2 .%'2 _ o _
Quw,i) = |2 2|, §=258.
0 1 n

(ii) we have (z3,7%,223) € S(8), w = 8 - (x3,2%,223), the divisor class group is
Cl(Z)=Z@®Z/8Z and the degree matriz Q) can be chosen as

2 .2 2

_ Ty x] 273

’U)7 = _ _ _ s
Q(w,7) lo I ]

(iii) we have (x3,222,323) € S(6), w = 6 - (x3,223,323), the divisor class group is
Cl(Z) =Z®Z/6Z and the degree matriz Q) can be chosen as

Bl
Il
\‘?—‘\
o

2 22 32
Qw,7) = [ff R
n
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2.3. Fake weighted projective planes of integral degree

(iv) we have (x3,2%,523) € S(5), w = 5 - (23,22,523), the divisor class group is
ClZ) =Z ®Z/5Z and the degree matriz Q) can be chosen as
23 z? 53

- [4 5 7

], n=1,234.

Any Q(w,n) as above is a degree matriz of a fake weighted projective plane of degree 1.
Two distinct Q(w,n) define non-isomorphic fake weighted projective planes, except they
stem from (1-9-x) or (1-8-x) and are both taken from one of the sets

oral Ll Lonsly ALl Ly il ]y

In these cases, for any pair of degree matrices stemming from a common set, the associated
fake weighted projective planes are in fact isomorphic to each other.

Lemma 2.3.11. Let u € S(8) be adjusted. Then (ug,u1,u2) = (1,1,2) in Z/87.

[o TR
(=TI

Proof. The claim holds for u = (1,1,2). By Theorem 2.1.2 it suffices to show that if
u € S(8) fulfills the claim after adjusting, then u' := A(u) does so. Lemma 2.1.1 says

u6 = g, u'1 = uy, u'2 = 8ugui — 2ug — 2u; — U2.

If @y = 2 holds, then @y = @1 = 1 and we compute ) = —6 = 2. If 4z = 1 holds, then
one of g, 1 equals 1 and the other equals 2. We obtain uh = —7 =1 0

Proof. The assertion is valid for u = (1,2,3). By Theorem 2.1.2, we only have to show
that, if u € S(6) fulfills the claim after adjusting, then u’ = A(u) does as well. According
to Lemma 2.1.1, we have

u6 = wup, U/1 = Uy, u’2 = 6uguy — 2ug — 2u1 — us.
If 4 = 3, then we may assume o = 1 and @; = 2 and compute uh = —9 = 3. If iy = 1,
then we may assume g = 2 and %1 = 3 and compute @, = —11 = 1. If 4y = 2, then we
may assume g = 1 and 41 = 3 and compute 5 = —10 = 2. O

Lemma 2.3.13. Let u € S(5) be adjusted. Then (g, u1,us) = (1,4,0), (4,1,0), in Z/5Z.

Proof. The assertion is true for u = (1,4,5). Due to Theorem 2.1.2, it is enough to
show that, if u € S(5) fulfills the claim after adjusting, then v’ = A(u) does so. By
Lemma 2.1.1, we have

u6 = wup, U/1 = Uy, u’2 = duguy — 2ug — 2u1 — us.
If s = 0, then up to switching iy = 1 and 41 = 4 and we obtain 4 = —10 = 0. If
iy = 1, then up to switching iy = 0 and 4 = 4 and we obtain @) = —9 = 1. If Gy = 4,
then up to switching g = 0 and 41 = 1 and we obtain ) = —6 = 4. O
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Proof of Proposition 2.3.10. We may assume Z = Z(P) and that w = w(P) is an ad-
justed fake weight vector. Let ) be a degree matrix corresponding to P. Proposition 2.2.4
yields w € S(1). By Proposition 2.1.6, one of the following holds

w=9u,ueS09), w=8uuecS®B), w=6-uuecS6), w=>5 u uecS0H).
Case (i): w = 9-u with u € S(9). Theorem 2.1.8 provides us with u = (22, 2%, ¥3), having

pairwise coprime entries. Due to Proposition 2.2.1 and Corollary 2.2.2, the torsion part
of Cl(Z) is cyclic of order nine. Lemma 2.3.3 and Lemma 2.3.6 allow us to assume

.1'2 1‘2 $2 ,,,,,,
Q = l (_)0 il 2, fe(z/9z)" ={1,2,4,5,7,8}.
U]

We exclude 17 = 1,4, 7. Otherwise, Q would be a degree matrix for one of these values.
Then (0,1) must lie in the span of the last two columns of Q. Since x1,x2 are coprime,

this means 73 = 727 + 1 in Z/97Z. Inserting the values of 7 gives

o= 2t 1,  z3 = 4x+1, 15 = Trt 41,
as identities in Z/9Z. Moreover, Lemma 2.3.6 says that 7%, 73 are taken from {1,4,7} as
well. A direct computation shows that none of the above identities can be satisfied this
way. Thus, 7 must be one of 2,5, 8.

We show that Q(w,7) for 7 = 2,5,8 is a degree matrix in K := Z & Z/9Z. Since
u = (23,23, 23) has are pairwise coprime entries, we find an element of the form (1, ¢)
with ¢ € Z/9Z in the span of any two columns of Q. Moreover, (0, ki;) lies the span of
the columns g¢;, ¢; of Q(w,7) for

— =2 _9_
Kij = T3 — TiTj;

where we write ¢, = (x%, 7). Recall that due to Lemma 2.3.6 the classes :EZZ, iJQ belong
to {1,4,7}. Thus, for i =0 and j = 1,2 we see due to 7o = 0 that &;; = Z37); is a unit in
Z/9Z. Moreover,

Ria = T3 — Ta7s € (Z/9Z)*

is checked via directly by inserting all possible values 1,4, 7 for the #; and 2, 5,8 for .
Lemma 2.3.3 shows that the fake weight vector of the fake weighted projective plane Z
associated with Q(w,7) is w = 9-u € S(1) for u = (23, 22, 23). Thus, Proposition 2.2.4
yields that Z is of degree 1.

Case (ii): w = 8 -u with u € S(8). Then u = (22, 2?,223) and u has pairwise coprime
entries; see Theorem 2.1.8. Proposition 2.2.1 and Corollary 2.2.2 ensure that Cl(Z) has
cyclic torsion part of order eight. As xg is odd by coprimeness of xg, 2x5, Lemma 2.3.3
allows us to assume

2 x?2 212 _ o
Q= |t 7 0,1,7 € 7/8% ={1,3,5,7}.
Mo M1 N2
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2.3. Fake weighted projective planes of integral degree

Let us see why each Q(w,7) is a degree matrix in K := Z @ 7Z/8Z, defining a fake
weighted projective plane Z as claimed. Lemma 2.3.11 delivers (@, u1,u2) = (1,1,2)
for u = (23,2%,223). Using this, we derive for any two columns ¢;, ¢; of Q(w,7) the
following;:

ujqi — uig; € {(0,¢); ¢ € (Z/8Z)"}.

Indeed, for qo, g; this obvious and for ¢, g2, we arrive at ¢ = 2 — 7, which is a unit for
n =1,3,5,7. Moreover, since u; and uj are coprime, (1, E) belongs to the span of ¢;, g;.
We conclude that ¢;,q; generate K as a group. Lemma 2.3.3 delivers the fake weight
vector w = 8 - u € S(1) with u = (23, 2%,223). So, Proposition 2.2.4 yields K2 = 1.

Case (iii): w = 6 - u with u € S(6). Then u = (23, 22?, 3x3) and u has pairwise coprime
entries by Theorem 2.1.8. Proposition 2.2.1 yields that the torsion part of Cl(Z) is Z/6Z.
Moreover, x3 is coprime to 6 and thus Lemma 2.3.3 says that we may assume

Q =

3 x? 223
0 1 7

] , € (2/6Z) = {1,5}.

Let us see that each of the matrices Q(w,7) is a degree matrix in K := Z @ Z/67Z and
defines the desired fake weighted projective plane Z. For u = (23, 222, 373), Lemma 2.3.12
delivers (73,27%,323) = (1,2,3). Using this, we obtain that any two columns g;, g; of
Q(w,n), satisfy

Ujq; — Uiq; € {(O’ 1)’ (07 5)}

For qo,q; this is obvious. Moreover, one computes u2q1 — u1g2 = (0,3 — Qr_]). By
coprimeness of u; and u;, the span of ¢;, ¢; contains (1, ¢) for some ¢ € Z/6Z. Hence, ¢, q;
generate K as a group. Lemma 2.3.3 provides us with the fake weight vector w =6-u €
S(1). Using Proposition 2.2.4, we get K2 = 1.

Case (iv): w=5-u with u € S(5). Then u = (23, 2%, 523) and u has pairwise coprime
entries by Theorem 2.1.8. According to Proposition 2.2.1, the torsion part of C1(Z) is
cyclic of order five and by Lemma 2.3.3, we can choose

Q =

w3 ¥ 53
0 1 =7

- ] , n € (Z/5Z)".

We check that each of the Q(w,7) is a degree matrix in K := Z @® Z/5Z, defining
a fake weighted projective plane Z as claimed. We know (73, 7%,573) = (1,4,0) from
Lemma 2.3.13. Set u = (2, 2%,52%). Then, given two columns g;, g; of Q(w,72), we
observe

ujgi —uiq; € {(0,0); ¢ € (Z/5Z)*}.

This is obvious for qo, g; and uag1 — u1q2 evaluates to (0, —47). Moreover, since u; and
uj are coprime, some (1, () lies in the span of ¢;, ¢;. Lemma 2.3.3 gives the fake weight
vector w =5 -u € S(1). Proposition 2.2.4 yields that Z is of degree 1.
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Once more, Proposition 2.2.12 guarantees that in all the cases, apart from the
exceptions listed in the assertion, distinct matrices define non-isomorphic varieties. See
Example 2.6.3, 2.6.4 and 2.6.6 for the verifications of the isomorphies in the exceptional
cases. O

2.4 Local Gorenstein indices and T-singularities

We investigate the singularities of the fake weighted projective planes of integral degree,
classified in the preceding section. Recall that the only possible singular points of a
fake weighted projective plane Z = Z(P) are the toric fixed points z(k) € Z. Moreover,
z(k) € Z is singular, unless the entries of the fake weight vector w = w(P) are coprime
and we have wy = 1; in this case, Z must be an ordinary weighted projective plane.

Let us recall the notion of a T-singularity; see also [15, Sections 2, 4]. Let k,p be
coprime positive integers, denote by C(dk?) C K* the group of dk2-th roots of unity and
consider the action

C(dk?) xK? — K2, (C-z = (Cz1, C¥PF12y).

Then U := K2?/C(dk?) is an affine toric surface and the image u € U of 0 € K? is singular
as soon as k > 1. A (cyclic) T-singularity, also called a singularity of type

(1, dpk — 1),

is a surface singularity isomorphic to u € U as above. The local Gorenstein index (z) of
a point z in a normal variety Z is the order of the canonical divisor class in the local
class group Cl(Z, z).

Remark 2.4.1 (See [10, Thm. 4.2.8]; also [17, Rem. 3.7]). Let v = (a,c) and v = (b, d)
be primitive vectors in Z? generating a two-dimensional cone in Q? and let Z be the
associated affine toric variety. Then, the local Gorenstein index of the toric fixed point
z € Z is given by

_ |ad—bc|
U2) = ged(e=d,b=a)-

Lemma 2.4.2 (See also [27, Lem. 2.10]). Let U be an affine toric surface with fizved
point uw € U. Then the following statements are equivalent:

(i) uwe U is of type 5z (1,dpk — 1).
(ii) t(u)? divides cl(u).

If these statements hold, then d = cl(u)/u(u)? and k = 1(u) and there exists b € 7 such
that U has generator matriz

o7



2.4. Local Gorenstein indices and T-singularities

Proof. Let u € U be of type ﬁ(l,dpk —1). Choose a,b € Z such that ak — bp = 1.
Consider the affine toric surface U’ given by the generator matrix

P:

k k
dk+b b |’

Proposition 1.1.3 provides us with the homomorphism T? — T2, ¢ s (thth, t9%+048)
associated with the matrix P, extending to a toric morphism 7: K?> — U’. Moreover, we
obtain an injective morphism

v: C(dk*) — ker(m), ¢ — (¢,
Thus, |[im(v)| = dk* and |ker(n)] = det(P) = dk? implies the surjectivity. We

conclude U’ = K2/C(dk?) with C(dk?) acting as needed for type d—iQ(l,dpk —1).
Thus, U’ = U and using Remark 2.4.1, we obtain

cl(u) = |det(P)| = dk?, t(u) = k.

For the other implication, assume that there exists a d € Z such that cl(u) = du(u)?.
The affine toric surface U is given by a generator matrix P. With k := ¢(u), a suitable
unimodular transformation turns P into

P = l ]Z IZ ] , ged(e, k) = ged(b, k) = 1.

By assumption cl(u) = | det(P)| equals di(u)? = dk?. Thus, we may assume ¢ = dk + b.
Take a,p € Z with ak — bp =1 and p > 1. Then we have an action
Cdk?) xK? — K2, (C-z = (Cz1, C¥PF1zy).

With similar arguments as above, we verify that U is the quotient K?/C(dk?) for this
action and thus see that u € U is of type #(1, dpk — 1). O

Example 2.4.3. Take integers c, cg, ! with ¢ < 0 and [ > 0 such that [ and ¢ are coprime
and consider the affine toric surface U with the generator matrix

P [ I
c c+lc
The toric fixed point u € U has local class group order cl(u) = —cyl? and local Gorenstein

index «(u) = [; see Remark 2.4.1. Thus, U is at most 7T-singular.

The aim of the section is to determine the local Gorenstein indices and the 7-
singularities for all fake weighted projective planes of integral degree. We begin with the
following auxiliary observations.
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Lemma 2.4.4. Let w € S(a), set u = ged(wo, w1, w2) and consider a degree matriz in
Z ® 7/ uZ associated with w of the following shape (last row omitted for a > 5):

xf &2t G _ .
Q = [q07q1aQQ] = l (—)0 Il 7_72 ) (”EZ/NZ)>

where (23, €122, &23) € S(pa) is as in Theorem 2.1.8. Then the anticanonical divisor
class of the (fake) weighted projective plane associated with @ is

Wy = (\/Maflfgl'owlxg, i—i—ﬁ) S CI(Z) = Z@Z/MZ.

Moreover, the local Gorenstein index vy, of the toric fized point z(k) € Z(Q) equals the
minimal positive multiple vxy, such that vrrwy € Z - qp.

Proof. Proposition 2.2.4 says that Do + D; + D- is an anticanonical divisor on Z
for Dy, = V(T}). Moreover, the divisor class of Dy equals the column ¢;. Thus, the
anticanonical divisor class is given by

wy = @+q+q@ = (@5 +&27 + &l 1+7) = (Vpa&iazorize, 1+17),

where we use Theorem 2.1.8 for the last equality. The local Gorenstein index ¢y is the
order of wy in the local class group of z(k), which according to Proposition 2.2.1 is given
as

Cl(Z,2(k)) = (ZOZL/PL)/L - g

Hence, the local Gorenstein index of z(k) is the minimal positive integer ¢ satisfy-
ing trwyz € Z - qi. By the above description of wz, the latter implies

Vwa&i&rorizany, € Epail.

According to Theorem 2.1.8 we distinguish the following cases.

Case 1: Jua&1&s = 3. Then & = & = 1 and 3xgxi22t) is a multiple of @w%. Moreover,
3,0, x1, T2 are pairwise coprime by Lemma 2.3.6. We conclude zy, | .

Case 2: \Jpa&1&a = 4. Then & =1, & = 2 and 4xgxix2ty is a multiple of @;3}%. Pairwise
coprimeness of xg,x1, 2z, yields xg,x1 | tp. Further, x9 is odd due to Lemma 2.3.11.
Thus, x2 | to.

Case 3: /pa&1&a = 5. Then & =1, & = 5 and bxgxix2ty is a multiple of 5;@%. Pairwise
coprimeness of g, x1, bxe directly gives xy | 1.

Case 4: v/Jau&1&2 = 6. Then & = 2, & = 3 and 6zgz1z2tk is a multiple of §kx%. Again,
pairwise coprimeness of xg, 2x1, 3xy leads to zy | t. O
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2.4. Local Gorenstein indices and T-singularities

Proposition 2.4.5. The following table lists the divisor class group, the adjusted de-
gree matrix QQ, the anticanonical class wyz, the constellation of local Gorenstein in-
dices 1 = 1(z(k)) and the constellation of T-singularities for the fake weighted projective
planes Z = Z(Q) of degrees 9,8,6,5:

ID Cl(Z) Q wz (LOal’hL?) (iai7i)
22 22 22
9-1-0 | Z [ @b it o ] [ Bzozzy | | (w0, x1,m2) | (4,4, +)
(¢§.23,23) € S(9)
2 2 2
[ g T 275 ]
8-1-0 Z dxpxix To, X1, T +, 4+, +
hatap e sw | LAmomre ]| @oanaa) )
2 2 2
[ gy 2z 3x) ]
6-1-0 Z 6xox12 o, T1,T +,+,+
wractand) e s | | 00Tz || @ownen) )
2 2 2
[ Ty T 5T ]
5-1-0 Z dTOT1T2 (w0, 1,22) (+,+,+)
(z3,27,523) € S(5) [ ]

Proof. This is classically known, compare [15]. In our setting, one can proceed as follows.
Observe that xpwyz € Zwy, holds in all cases. Thus, Lemma 2.4.4 establishes the claim
on the local Gorenstein indices. Obviously, 27 | wy, holds in all cases. Thus, Lemma 2.4.2
shows that the z(k) are at most T-singular. O

Proposition 2.4.6. The following table lists the divisor class group, the adjusted de-
gree matrix QQ, the anticanonical class wyz, the constellation of local Gorenstein in-
dices 1y = 1(z(k)) and the constellation of T-singularities for the fake weighted projective
planes Z = Z(Q) of degree 4:

D Cl(Z) Q wy (to,t1,t2) | (F,4, %)

3 2 223
4-2-1 | ZSZ/)2Z 0 1 1

41’0$1$2
[ = ‘| (xﬂaxlaxQ) (+a+a+)
(23,23,223) € S(8)

Proof. The ID, the divisor class group and the degree matrix are taken from Proposi-
tion 2.3.4. We enter Lemma 2.4.4 with
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As a direct outcome, we obtain the desired representation of the anticanonical divisor
class wz € Z @ Z/2Z. This in turn gives us

ToWy = 41‘@2(1‘%,()), TIWy = 43:0x2'(x%,0), ToWy = 2x0x1'(2x5,6).

Consequently, zpwy € Z - q for k = 0,1,2. Using Lemma 2.4.4 again we see 1 = Tj.
Lemma 2.3.3 provides us with the local class group orders of the fixed points:

cl(z(0)) = 223, c(z(1)) = 222, cl(z(2)) = 4a3.

Altogether, we conclude 7 | cl(z(k)). Now, Lemma 2.4.2 shows that each of the toric
fixed points z(k) is a T-singularity. O

Proposition 2.4.7. The following table lists the divisor class group, the adjusted de-
gree matrix @, the anticanonical class wyz, the constellation of local Gorenstein in-
dices 1 = 1(z(k)) and the constellation of T-singularities for all fake weighted projective
planes Z = Z(Q) of degree 3:

ID C1(2) Q wz (to,t1,t2) | (£,£,%)
2 2 .2 _ _
x,o x,l {2 31’0$1$2
3-3-2 | Z&®Z/3Z 0 1 2 5 (zo,71,22) | (4,4, +)
(z§,2%,23) € S(9) - -
2 2 2 _ -
x,o 2331 3%'2 61’0$1£B2
3-2-1 Z@Z/QZ O 1 1 () ($0,2I’1,l’2) (+a+7+)
(z2,223,323) € S(6) - -

Proof. The first three columns of the table stem from Proposition 2.3.4. We treat the
ID 3-3-2. As before, Lemma 2.4.4 delivers the description of the anticanonical class
wy € Z @ Z/3Z. Next, observe

Towy = 3x1T9 - (w%,(_)), T1Wwyz = 3x0T9 - (x%, 1), xowyz = 3xpzy - (x%,Q).

This means zpw, € Z - q; and thus Lemma 2.4.4 ensures ¢, = xz; for £ = 0,1,2.
Lemma 2.3.3 yields the local class group orders cl(z(k)) = 322 for k = 0,1,2. By
Lemma 2.4.2, all z(k) are T-singular.

We turn to the ID 3-2-1. Again, the anticanonical class w, € Z @ Z /27 is provided
by Lemma 2.4.4. Moreover, we have

Towyz = 6x129 - (x%, (_)), Towy = 2x0T9 - (33:%, 1),
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2.4. Local Gorenstein indices and T-singularities

Hence, xpw, € Z - q, and 1 = x for £ = 0,2. For the case k = 1, recall from
Theorem 2.1.8 that xg, 221, 3x9 are pairwise coprime. This implies

Tz = (61;01‘%%2’6) g Z(Ql'%,i),

as otherwise x1w, = k- (222, 1), where xk = 3x9z2 must be even, which contradicts to the
above coprimeness condition. However,

2r1wy = (12z02322,0) = 6xoz2 - (227, 1).

Thus, 2x1w, € Z-q; and, using Lemma 2.4.4, one obtains ¢; = 2z for the local Gorenstein
index. Moreover, Lemma 2.3.3 tells us

cl(z(0)) = 223, c(z(1)) = 4a3, c(2(2)) = 6a3.

Consequently, ¢ | cl(z(k)) for k = 0,1,2. Lemma 2.4.2 yields that each of the toric fixed
points z(k) is a T-singularity. O

Proposition 2.4.8. The following table lists the divisor class group, the adjusted degree
matriz Q, the anticanonical class wy, the possible constellations of local Gorenstein
indices v, = t(z(k)) and the constellation of T-singularities for all fake weighted projective
planes Z = Z(Q) of degree 2:

ID Cl(Z) Q wy (v05 01, 12) (£ +,%)
[ .2 2 2 ] _ _
x_o I_l 2%:2 4.1501‘11’2
2-4-1 | Z& 7JAZ 0 1 1 5 (220,221, 22) | (+,+,+)
(a3,03.223) € S(8) L -
[ .2 2 2 ] _ -
To 1 2?2 4rox1T2
2-4-3 | 7 LJAZ 0 1 3 5 (w0, w1, 212) (+,+,+)
-(13)7“3)25”%) € 5(8)- - -
[ ,.2 2 2 ]
x5 2z 3x5 r T
_ _ _ 6.%'0331372 (31}0, 3:1?1, 3372)
251 ZOZBL| | 0 1 1 | 5 (310, 31, 1) (= —+)
(22,222 322) € 5(6) L . Y
M ,.2 2 2 ] _ _
x,o 2%1 3%.2 6550(E11’2
2-3-2 | 7.® Z/3L o 1 32 5 (z0,w1,3w2) (4 +,+)
(22,22 302) € 5(6) L .

Proof. The ID, the divisor class group and the degree matrix are taken from Proposi-
tion 2.3.7. For the ID 2-4-1, we have
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Lemma 2.4.4 gives the desired representation of wy € Z @ Z/4Z. From Lemma 2.3.8 we
infer 7, = 1 or 7, = 3 for k = 0,1, 2. Using this, we obtain

ToWy = (4.%'%.1‘11‘2, 270) € 7 - (a:%, 0), TIWy = (4.1‘01’%%’2, 271) € 7 - (w%, 1).

To see the last statement, assume ziwyz = & - (l‘%, 1) with x € Z. Then, as x7 is odd due

to Theorem 2.1.8, 4 divides x and thus zjwz = (kx?,0); a contradiction. Moreover,

2rowy = 8x129 - (22,0), 2xi1wz = Sxozs - (22,1), 20wz = 22071 - (223, 1).

Thus, Lemma 2.4.4 yields 1, = 2z, for £k = 0,1 and 13 = 2x2. Lemma 2.3.3 provides us
with the local class group orders

cl(2(0)) = 4a?, c(z(1)) = 4a3, cl(2(2)) = 8a3.
Altogether, we conclude ¢f | cl(z(k)). Now, Lemma 2.4.2 shows that each of the toric
fixed points z(k) is a T-singularity.

Next we treat ID 2-4-3. The infer the shape of wy; € Z @ Z/4Z is again provided
Lemma 2.4.4. We observe

Towyz = 4x122 - (xg, 0), 1wy = dxozy - (23, 1),

Moreover, Lemma 2.3.8 yields Z;, = 1 or Z;, = 3 for k = 0,1,2. Thus, arguing as in
preceding cases, one obtains

ToWy = (4m0x1m§, 3T2) ¢ 7 - (230%, 3), 2r1wy = dxpr] - (Qx%, 3).

Lemma 2.4.4 yields the local Gorenstein indics g, x2, 229 and Lemma 2.3.3 local class
group orders 4z, 427,823, Thus all 2(k) are T-singular.

Let us take a closer look at the ID 2-3-1, where we expect bad singularities and a
new effect for the local Gorenstein indices. We enter Lemma 2.4.4 with

po=3 a =2 &1 = 2, 52:3

Again, the desired representation of wy € Z @ Z/37Z is a direct consequence. From
Lemma 2.3.9 we infer Z;, = 1 or Z3, = 2 for k = 0, 1. Using this, we obtain

ToWwy = (Gx%xlwg, 2%0) € 7 - (x%, 0), 2rowy = (12$8x1x2,21§c0) &7 - (x%, 0).

Clearly, 3zowy = 18z122 - (22,0) holds and thus Lemma 2.4.4 shows (g = 3x¢. In the
case k = 1, we have

riwy = (6xozire,27) € Z - (23, 1), 2rywy = (12232120, 471) € Z - (23, 1),

as otherwise mywy = k- (23,1) or 21wy = k- (23,1), hence 3 | &, forcing 2z; = 0

or 471 = 0. Again 3z1wyz = 18x22 - (22,0) and thus ¢; = 3x;. Consider

TowWy = (6300351963, 279), 2Towyz = (123303311}%,213_32), 3rowy = (18x0x1$§, 622).
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2.4. Local Gorenstein indices and T-singularities

For o = 1,2, we see Tows, 20wy € Z - (3z3,1) and 13 = 3z as before. For 7o = 0, we
have zowy = 2x9z1 - (323,0) and thus 1o = x9. Moreover,

c(z(0)) = 323, c(z(1)) = 623, c(z(2)) = 923,

according to Lemma 2.3.3. We arrive at 2 { cl(z(k)) for k = 0,1 and (3 | cl(2(2)).
Lemma 2.4.2 ensures that the constellation of T-singularities is as claimed.

Next, we show the statements for the ID 2-3-2. The anticanonical class w, € Z®Z/27Z
is provided by Lemma 2.4.4. Moreover, note

Towy = 6x122 - (m%, 0), T1Wy = 3TT2 - (2x%, 1).

Thus, ¢y = x for K = 0,1. According to Theorem 2.1.8, the numbers g, 2x1, 3z2 are
pairwise coprime. This implies

riwy = (6zoriz2,0) ¢ Z-(3232,2), 2z1wy = (12x02229,0) & Z-(322,2),

as otherwise row, = K - (323,2), thus k = 0 in Z/3Z, which contradicts to the above
coprimeness condition. Instead, we have

3rowyz = (18z02329,0) = 6xoz1 - (373,2).

With the aid of Lemma 2.4.4, we arrive at the local Gorenstein index 1o = 3x5. Moreover,
Lemma 2.3.3 tells us

c(z(0)) = 32, c(z(1)) = 623, c(z(2)) = 9a3.

Consequently, ¢ { cl(z(k)) for k = 0,1 and i3 | cl(2(2)). By Lemma 2.4.2, the point z(2)
is a T-singularity, whereas z(0), z(1) are not. O

Proposition 2.4.9. The following table lists the divisor class group, the adjusted de-
gree matriz Q, anticanonical class wyz, the possible constellations of local Gorenstein
indices 1, = t(z(k)) and the constellation of T-singularities for all fake weighted projective
planes Z = Z(Q) of degree 1:
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ID Cl(2) Q wz (tost1,t2) (£, £, +)
[ .2 2 2 ]
Lo T3 T3 3
o 0T1T2 (3o, x1,322)
1-9-2 |\ ZSZMPZ | | 0 1 2 | 5 (30, 31, 29) (+,+,+)
(«3.23.23) € S(9) Y
[ .2 2 2 ]
Lo Ty T3
_ 3Tox1T2 (3o, 1, 322)
1-9-5 | Z@®Z/IZ I 0O 1 5 ] 6 (320, 321, 72) (+,+,+)
(a3,23.03) € S(9) oo
] 2 2 ]
Lo 21 I3
3ror1T
1-9-8 | Zo2)9Z 0 1 8 0()1 ? (20, 321,322) | (+,+,+)
(a3.23.23) € S(9)
[ .2 2 2 ]
o 11 29_62 4xoT1T2 (4o, 41, 72)
181 | ZOZ/8Z | | 0 1 1 | 5 (4o, Ay, 220) (=—+)
(22,22 222) € S(8) 0
[ .2 2 2 ]
To 1 2332 4rox1T2
1-8-3 | Z®Z/8Z 0 1 3 i (220, 1,472) | (4+,+,+)
(23,07 .203) € S(8)
[ .2 2 2 ]
g T 275 Ar
oo 0T1T2 (4xo, 421, 72)
1-8-5 | ZOL/SL| | 0 1 5 | 6 (4, 41, 202) (= —+)
(wg,zf,ng) € S(8) ’ ’
[,.2 2 2
5 7 275
droriT
1-8-7 | Z®7/8% 0 1 7 061 ? (20,21, 422) | (+,+,+)
-(zg,:rf,lrg) S S(S)-
M ,.2 2 2 ]
o 2?1 3:52 6xox122 (3o, 621, 72)
161 | Z®Z/6Z | | 0 1 1 | 5 (310, 611, 312) (= —+)
(22,222 322) € 5(6) 0
[ ,.2 2 2 ]
1;0 2%1 3232 65801'11’2
1-6-5 | Z& 7./67 0 1 5 d (z0,221,372) | (4+,+,+)
_(wS,szﬁmg) S S(G)_
[ .2 2 2 ]
Ty T OTh
- _ SToT1T2 (5o, 51, 2)
1-5-1 | Z® Z/57 011 5 (510, 511, 5102) (= —+)
(22,02 ,522) € S(5) Y
[ .2 2 2
5 T OTh
2 S5ToT1T2 (5z0, b1, T2)
1-5-2 | Z®Z/57Z - - =+
/ Lo 2 3 (50, 51, 512) | )
(zg,zf,f):z:g) € S(5)
2 .2 2
153 | Zo 752 Yo 5%2 dTOT1T2 (5o, 51, T2) ( 4+
e L 0 1 3 E Z.L (5%0,51’1,5$2) T
(xg,z%,ﬁ')mg) e S(5) 65
[ .2 2 2 ]
l‘,O 1;1 5%‘2 5£L‘0$1£L’2
1-5-4 | Z® L[5 0 1 4 5 (w0, 21,522) (+,+,+)

(z3,22,522) € S(5)




2.4. Local Gorenstein indices and T-singularities

Proof. In all cases, ID, the divisor class group and the degree matrix are as in Propo-
sition 2.3.4 and Lemma 2.4.4 delivers the description of the anticanonical class. The
silently used tool for determining the local Gorenstein indices is Lemma 2.4.4. The
constellation of T-singularities is verified with the aid of Lemma 2.3.3 and Lemma 2.4.2.

IDs 1-9-x: First note that 3xxwz = (9ror1222K,0) € Z - ¢ holds for k = 0,1,2. Thus,
all the local Gorenstein indices are of the form

L = AT, 1 < (475 < 3.

By Lemma 2.3.6, the xj, can take only values from the group of multiplicative units (Z/9Z)*.
For the ID 1-9-2, look at

31(2)95112 62(2)3619:2 x%
xOIUZ:{ o }, 29001112:{ o }, QOZ[J,
3Zo 6Z0 0
3m0:c§a:2 Gmox%mg x%
Tiwz = | - |, 2mwz=| _ |, q1=|_]|,
31 6x1 1
31:():1:190% 6:1:0301963 x%
xngz{ 3z ]’ 2x2wzz{ 6z ]’ QQ:[Q]'
2 2

The respective conditions characterizing xywz, 2xrwz € Z - q, where k = 0, 1, 2, are the
following:

320 =0, 629 =0, 3z; =3xoT2, 621 = 6Z0T2, 3T2 = 6X0T1, 6T2 = 3ToT1.

Checking all triples (Zo, Z1,Z3), where xy € (Z/97)*, we arrive at the constellations of
the assertion. For the ID 1-9-5, look at

3227129 6227129 z2
_ 0 _ 0 _ 0
Sﬂowz—{ o }, 2560102—{ % }, QO—[(_]}
0 0
Sxox%mg 6mom%x2 m%
Tiwz = | 2riwyz = 3 =11 )
1 1

3:202:1:153 6rox1x§ x%
Towz = | o 7| 2rowy = 5 0 =
2 2

The respective conditions characterizing xrwz, 2xrwz € Z - q, where k = 0,1, 2, are the
following:

690 =0, 329 =0, 6z = 3ToT2, 371 = 6ToT2, 6T = 6ZoT1, 3T2 = 3ToZ1.

Checking all triples (zg, z1,T3), where x € (Z/97Z)*, we arrive at the constellations of
the assertion. For the ID 1-9-8, look at

3z(2):c1172

62:(2)11332 x%
xowZ:{ 5 }, 23?011)2:{ 5 }7 QO:[ },
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0 0 1
3x0x1x2 6x0x1x2 z2
Towy = { o 2}7 2rowy = { . 2}, @ = [;}-

The respective characterizing conditions for xirwz, 2x,wz € Z - q, where k = 0,1,2, are
the following:

0=0,0=0, 0=3%oZ2, 0=06z972, 0=6z971, 0= 3T0Z1.
We see 1y = x¢ and, using the fact that the zj are units in Z/9Z, we arrive at ¢; = 3z

and 19 = 3zo.

IDs 1-8-: First note that 4zywy = (16x9z1222K,0) € Z - @1 holds for k = 0,1, 2. Thus,
the local Gorenstein indices are of the form

= ckxE, 1< ¢ <4

Lemma 2.3.8 implies that Z can take the values 1,3,5,7 € Z/8Z. These are precisely
the units of Z/8Z and 47 = 4 holds for each of them. For the ID 1-8-1, look at

da2xi20 8x2r1x0 12z2 21 20 x2
0 0 0 0
Towyz = [ - }, 2rowyz = [ o }, 3rowz = [ - }, q0 = {7},
2T 4o 6x0 0
4zozf$2 8z0$?$2 12$0z%z2 z%
riwz = | _ 7|, 2mowz=| _ |, 3mwz=| __ o=
21, 471 671 1
dxoxi 3 S8xorix2 12z0x1 22 22
ToWyz = [ - 2}, 2rowy = [ - 2}, 3rowy = { _ 2}, = [ 72}7
2%9 4o 62 1

We list the respective conditions characterizing xrwyz, 2xrwz, 3xrwy € Z-qi. For k =0,1,
these are the following:

270 =0, 429 =0, 629 =0, 27, = 4ToZy, 471 =0, 621 = 4% T2,

Plugging in the possible values of the zj, we see 19 = 4xg and ¢t; = 4z, as claimed.
For k = 2, we have the conditions

2Ty = 2ToT1, 4T = 4ToZ1, 6T9 = 6T¢T1.

Depending on the concrete values of the = € Z/8Z, we have 1o = x5 or 1o = 2z, as
claimed. Note that both cases occur. For the ID 1-8-3, look at

4da2xi20 S8x2r1x0 12z2 21 29 x2

0 0 0 0
iUowZ:[ o }, 23601022[ _ }, 3$0wZ:[ - }, QO:{J,

) 0 4xo 0

4101%I2 Szgz?mg 12101%12 z%
xle:[ — }, 233071)2:[ _ }, 3331?1}2:[ — }, QI:{f}a

4:01 0 4561 1
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2.4. Local Gorenstein indices and T-singularities

4xox112 8101112 12x0x112 2x2
2}, 2£U2wZ:[ _ 2}, 3$2w22{ 2}, Q2=[_2},

ToWy = [ -
20z 0 422 3

Qfg
We list the respective conditions characterizing xrwz, 2z, wz, 3wy € Z-qy, for k= 0,1, 2,
where we stop as soon as the condition is fullfilled:

479 =0, 0 =0, 471 = 4z, 479 = 6971, 0 = 42071, 472 = 22071.

Thus, we and up with the local Gorenstein indices 1o = 2zq, t1 = 1 and 1y = 4x9, as
claimed. For the ID 1-8-5, look at

42273179 8z2x1T9 1222z x5 z2
_ 0 _ 0 _ 0 _ 0
Towz = [ - }, 2rowz = [ o }, 3rowz = [ - }, qo = [-},
69 4o 2x0 0
4wox%m2 8x0$§$2 12xoz%x2 z%
Twz = o 2rowy = ) 3riwy = e 0 B= )
1 1 1
4xomlz%

8$Qxlx§ 12w0xlm§ 2x%
:|7 2332?112:[ - }, 35132102:[ }, Q2:[ :|7

oWy = [ _ _
4xo 2o 5

65)2
We list the respective conditions characterizing xiwyz, 2xrwyz, 3rpwy € Z-q. For k =0,1,
these are the following:

620 =0, 429 =0, 220 =0, 631 = 4ToZ2, 471 =0, 271 = 47T,

Plugging in the possible values of the zj, we see 19 = 429 and ¢t; = 4z, as claimed.
For k = 2, we have the conditions

679 = 2ToT1, 4To = 4ToT1, 2T = 6ToT1.

Depending on the concrete values of the =, € Z/8Z, we have 19 = x5 or 19 = 2x9, as
claimed. Note that both cases occur. For the ID 1-8-7, look at

4x3x112 8x%x1x2 12x%x1x2 xg
xowz:[ 0 ]’ 2x°wzz[ 0 }’ 3:”0”’2:[ 0 }’ qo:{()}’

o 4xox%m2 9 o Sxox?$2 o 12xoxfx2 _ x%
Tiwyz = 5 |0 2mowz= 5 I 3riwyz = . =]

4xozlz% Smoxlxg 12w0xlz§ 2x§
xzwz:[ 0 }’ 2x2wz:[ 0 }’ 3x2wz:{ 0 }’ QQ:[?}'

We list the respective conditions characterizing xrwyz, 2x,wz, 3xrwy € Z-qy, for k =0, 1, 2,
where we stop as soon as the condition is fullfilled:

0=0, 0 = 492, 0 =0, 0 = 2%Zox1, 0 =4z9Z1, 0 = 6Z071.

Thus, we end up with the local Gorenstein indices (g = g, t1 = 2z1 and 1ty = 4x9, as
claimed.
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IDs 1-6-x: First note that we only have to check xrwyz,2xrwy € Z - qi for k = 0,2
and xiwyz,...,dr1wy € Z - q1 due to the identities

3rowz = 18x172 - qo, 61wy = 6xoT2 - q1, 3rawyz = 6x172 - qo.

According to Lemma 2.3.12 we have 7o = 1,5, 71 # 3 and Iy # 2,4 for the values
in Z/6Z. For the ID 1-6-1, look at

6x3x1x2 12x%x1x2 xg
Towz = - |, 2wowz = - s g = | |,
2T 4z 0
Gxox%xg 12x0x%12 ISzoxfxz
TIwz = - | 2nwz = _ , Brwz = _ )
271 411 0
24x0x%x2 30w0x%$2 Qx%
drywy = { 7_ }, dSriwyz = [ - }, Q1 = {7},
271 41 1
6mgx1x§ 12m0x1x§ 3x§
Towy = - | 2mwz = — o2 = |
2% 4o 1

The respective conditions characterizing zpwyz,2xrwyz € Z - q for k = 0,2 are the
following:
270 =0, 479 =0, 2T9 = 2ToT1, 4To = 4T0T1.
and the conditions characterizing 1wy, ...,br1wy € Z - q1 are
271 = 3ToTe, 41 =0, 0=3%9Ty, 271 =0, 4z, = 3ZoTs.

The possible values of the xj allow only (g = 3xq, t1 = 61 and 1o = 2 is excluded by
equivalence of the conditions for £ = 2. For the ID 1-6-5, look at

6xgxlx2 12xgx1x2 xg
Towz = { _ }, 2rowyz = { _ }, qQ = {_],
0 0
6xox%x2 12x0x%12 ISzomfxz
nwz = [ 0 }’ 2nwz = [ 0 }’ driwz = [ 0 }’
24x0x%x2 30x0x%x2 Qx%
433le = |: ~ :|7 5551102 = [ = i|7 q1 = |: . :|7
0 0 1
6xgx1x% 1210x1x% 3x§
Towy = { 5 ], 2rowy = [ 5 }, 2 = {5 }

The respective conditions characterizing zpwyz,2xrwyz € Z - q for k = 0,2 are the
following:

0=0, 0=0, 0 = 2z9z1, 0 =427
and the conditions characterizing 1wy, ...,br1wy € Z - q1 are
():gfofz, (_):(_), ngiofg, (_):(_), 0 = 3ZoZa.
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2.5. K*-surfaces of Picard number one and integral degree

Thus, we obtain (g = xg, t1 = 2x1 and 1o = 3z for the local Gorenstein indices, as
claimed.

IDs 1-5-x: First note that we only have to check cxpwyz € Z - g for k = 0,1,2 and
c=1,2,3,4 due to the identities

51‘ka = 25% Gk, k= 07 1, 2.

Consider the IDs 1-5-1, 1-5-2, 1-5-3. For the cases k = 0, 1, the corresponding multiples
of the anticanonical class and the two involved columns are

Z,

}, c=1,2,3,4, s=1,2,3, qoz[ﬁ}, qlz[?]

on

Ty — [5cmox1$2xk
FPZ 7 a1
The condition characterizing crpwy € Z - qx is 2¢(1 + 5) = 0, fulfilled for none of

the ¢, = 1,2,3,4 and s = 1,2,3. Thus, tg = 5xg and ¢; = 5x1. Moreover, look at

. 50:):0:(:11% o 59:% - _
CToWyz = [ a(its) ], q2 = [ . } c=1,2,3,4, s=1,2,3.
Then cxowy € Z - qo happens if and only if 1 + 5 = 520Z1. Thus 1o = 29 and 1o = 5xo
can (and will) occur. For the ID 1-5-4, look at

2

Scror1T2TK zg x% 5:(3%
C.IkU]Z:[ 0 :|7 QO:{G]a q1:|: :|7 q2:|:—:|-

We directly see zpwy € Z - q for kK = 0,1. Hence (yp = x¢ and ¢; = x1. Moreover,
cxrwy € 7 - qp is characterized by 4¢zoz, = 0. Thus, 12 = Hxo. O

2.5 K*-surfaces of Picard number one and integral degree

We explicitly describe all quasismooth projective rational K*-surfaces of Picard number
one and integral degree; see Theorem 2.5.13 and 2.5.15. An important step on the way
is Proposition 2.5.8, showing, roughly speaking, that a fake weighted projective plane
is an equivariant limit of a quasismooth K*-surface of the same Picard number and
degree provided that at least one of its toric fixed points is a T-singularity. The second
main ingredient is the study of the singularities of the fake weighted projective planes
performed in the previous section.

Construction 2.5.1. Let X C Z arise from a generator matrix P as in Construction 1.4.1,
that means

L - b0 1<d1<li<lz, ged(l;,di)=1,

P = [v1,v9,v3,04] = -1 -1 0 I |, 0 0
do+P+32 <0< P4+R.

0 dy di do R hh 'l
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Further, set
X, = V(I'Ty + ST +T2) C Z xK,
Xy = V(T\Ty+ T + ST2) C Z xK,

where the T; are the homogeneous coordinates on Z and S is the coordinate on K.
Then X; and X, are invariant under the respective K*-actions on Z x K given by

19'([21722323324]75) — ([21522529_123524]7795)5

9 - ([21, 22, 23, 21],8) = ([21, 22, 23,9 " 24], U5).

Restricting the projection Z x K — K yields flat families ¢, : X, — K being compatible
with the above K*-actions and the scalar multiplication on K. Set

[ Iy Iy —l P o la la —ly
te di di+hdy do |’ 2 dy do+1lady dy

and let Z;, Z, denote the associated fake weighted projective planes. Then the central
fiber X, 0 =1, 1(0) equals Z, and any other fiber 1~ (s) is isomorphic to X.

Proposition 2.5.2. Let X C Z, where the fake weighted projective space Z arises
from the fan ¥ in Z3, and let the generator matrices P, be as in Construction 2.5.1.
For k = 1,2 consider the fan

A = {ngl(amin(em%); oeX}

from Construction 1.3.4, where the maps n, are given by

0 —1 0 O
m= 0 0 ) N2 = 0 —1
1 0 1 0

Then P, is the generator matriz of the fan A" The mazimal cones are given in terms
of the columns v; of P, = [0y, U1, V2] as follows

oj = cone(?;; i # j), j=0,1,2.

Lemma 2.5.3. Let P be a generator matriz as in Construction 2.5.1. Then the following
statements hold:

N lin
N lin
N lin
N lin

€(vs, (_l2’ 07 d2))

(i) We have cone(v1, v3, v4 cone(
co e(v3 ( l2,0, dpls —i—dg)).
cone(
cone(

(ii) We have cone(va, vs, vy
(iii) We have cone(vy, vz, v3
(iv) We have cone(vy, va, v4

e1,e3) =
e1,€3) = :
€1, € 3) ne Ug)

) ( lg,o,dg), (—ZQ,O,d()lQ +d2)).

€1,€3

~— — — —
N N N N
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2.5. K*-surfaces of Picard number one and integral degree

Proof. We begin by proving (i). The solution set of the system

-1 0 -1 0
[vl,v4,—61,—63]-xT = | =115, 0o o0 |-2" =0
0 do 0 -1

is given by {t(l2, 1, —l2,d2); t € K}. Hence, the intersection of the two planes lin(v;, v4)
and lin(eq, e3) is given by {t(l2 - v1 + 1 - v4); t € K}. Since lo > 0, we obtain a positive
linear combination lavy 4+ v4 = (—l2,0,d2) € cone(vy,vy). Together with vz € lin(ey, e3),
the claim follows.

We proceed with (ii). The solutions 2 € K* of the system

-1 0 -1 0
[1)2,1)4,—61,—63] ‘a;T = -1 l2 0 0 -.IIT =0
dy do 0 -1

are given by x € {t(l2, 1, —l2, dola + d2); t € K}. This implies that the two planes spanned
by lin(vg, v4) and lin(eq, e3) intersect in {t(l3 - ve + 1 -v4); t € K}. Because of s > 0 we
conclude love + v4 = (—l2,0,dpla + d2) € cone(va, v4). By using vs € lin(eq, e3), we get
the assertion.

The statement (iii) is clear. For (iv) we note that (i) and (ii) provide us with

cone(vy,vq4) Nlin(eq, e3) = cone((—lz,0,d2)),
cone(vy, v4) Nlin(eq, e3) = cone((—l2, 0, dols + da2)).

d

Lemma 2.5.4. Let P be a generator matriz as in Construction 2.5.1. Then the following
statements hold:

Nlin(eg, e3) = cone(vy, (0, —I1,d1)).
one(v4 ( ,—l1,doly + dl))
(
e(

(i) We have cone(v1, vs, v4
(ii) We have cone(va,vs, vy
(iii) We have cone(vy, va,vq
(iv) We have cone(vy, ve, v3

— — — —
D
—_
D]
=
NN N
D
[\
D
w
N e N
QO O 0
o
=}
@

v
(0, =11, doly + dy), (0,—11,dq)).

Proof. First, we show (i). The solution set of the following system

1154 0 0
[v1,v5,—€2,—e3] -2 = | =1 0 -1 0 |-2" =0
0 d 0 -1

is given by {t(l1,1,—l1,d1); t € Z}. Thus, the intersection line of lin(vy, v3) and lin(ez, e3)
is {t(l1-v1 +1-v3);t € K}. Due to l; > 0 we obtain a positive linear combination
livy + v3 = (0,—l1,d1) € cone(vy,v3). Further, we have vy € lin(es,e3). Then the
assertion follows.
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We proceed with (ii). The solutions 2 € Z* of the system

-1 13 0 0
[va, v3, —€2, —e3] 2l = =1 0 -1 0 |-2"=0
doy di 0 -1

are given by = € {t(l1,1,—11,dply + dy); t € Z}. Hence, v € cone(vy,v3) Nlin(eq, e3) is
equivalent to v being an integer multiple of lyvg + 1 - v3 = (0, —l1, dol1 + d1).
Further, (iii) is clear. We derive the statement (iv) from (i) and (ii). That means

cone(vy, v3) Nlin(eg, e3) = cone((0, =11, d1)),
cone(vz, v3) Nlin(eg, e3) = cone((0, —I1, doly + dy)).

O
Proof of Proposition 2.5.2. For all maximal cones ¢ € 3, Lemma 2.5.3 provides us with

the generators of the cones o Nlin(ey, e3). We compute the preimages of o N lin(eq, e3)
as follows

771_1(00116(”3, (_l2, O, d2)) = cone((dl, _ll)7 (d27 12)) = 09,
ny ' (cone(vs, (—l2,0,doly + da)) = cone((dy, —11), (dola + do,12)) = oy,
ny H(cone((—lz,0,dz), (—l2,0,dols + d3)) = cone((da,la), (doly + do,l2)) = o3.

This yields the maximal cones and the generator matrix P; of the fan A3t

For the maximal cones o € X, we derive o Nlin(es, e3) from Lemma 2.5.4. Then the
preimages of o Nlin(eq, e3) are given by

1y * (cone(vy, (0,~11,d1)) = cone((da, —l2), (d1,11)) = 09,
1y * (cone(vy, (0, —l1,doly + d1)) = cone((da, —l2), (dol1 + d1,l1)) = o1,
772_1(00118((0, -1y, dl), (0, =1y, doly + dl)) = COHG((dl, ll), (doll +dq, ll)) = 03.

This provides us with the maximal cones and the generator matrix P of the fan A3t [

Proof of Construction 2.5.1. The families 9, : X; — K are those delivered by Construc-
tion 1.3.1 for k = 1,2. From Proposition 1.3.7 and Proposition 2.5.2 we derive that
the P, are the generator matrices of the central fibers. Thus, ¥;1(0) = Z,. O

Remark 2.5.5 (|27, Rem. 3.7]). The flat families ;: X; — K from Construction 2.5.1
are special equivariant test configurations in the sense of [18, Def. 5.2] for the del Pezzo
K*-surface X. Moreover, according to [18, Prop. 5.4], any other special equivariant test
configuration of X has limit 7y or Zs.
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2.5. K*-surfaces of Picard number one and integral degree

Proposition 2.5.6. Consider X = X(P) in Z = Z(P), the fake weight vector w(P) =
(w1, we, w3, wyq) and X; — K as in Construction 2.5.1. Then

w(P) = (w1, wa, —dol?), w(Py) = (wy, wa, —dol3)

holds for the fake weight vectors of the central fibers Zy and Zo. The canonical self
intersection numbers of X, Z1, Zy satisfy

2 2 2
ICX = ,CZI == ,C22

Furthermore, let Z* C Z be the affine toric subvariety containing x* € Z and define
X+ := X NZ*. Then we have isomorphisms of affine surfaces

Xt = Z\V(D) = Z,\V(TY), X~ = Z1\V(Ty) = Z,\V(Ty).

Finally, let Zy C Z be the affine toric subvariety given by cone(vi, v2) and set Xo := XNZy.
Then Xy is the index one cover of Z; \ V(T»), i = 1,2.

Lemma 2.5.7. Let (I;,d;), where i = 1,2 be two pairs of coprime integers, let dy € 7
and consider the affine generator matrices

1 7 O I I
B=1|-110 1|, B:= 1 2 ]
do di dy di+lidy  do

Then the associated affine toric varieties share the divisor class groups K and class group
order w and these are explicitly given by

w = det(B) = det(B) = —dglily — dily — doly,
K = 7}/im(B*) = Z?/im(B*) = Z/wZ.
Moreover, let C = [¢1,C2] be a degree matrix for B in K. Then C = [l1¢1,¢1,C0] is a

degree matrix for B in K.

Proof. The statement on the determinants is obvious. To proceed, we turn B by means
of unimodular row operations into the matrix

1 l1 0
0 di+doli do

Then K = Z3/im(B*) = Z3/im(By) = Z?/im(B*). As C is a degree matrix, K is
generated by c¢;. Finally, By and B share C as a degree matrix in K. 0
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Proof of Proposition 2.5.6. The statement on the fake weight vectors is obtained by
Remark 1.1.8 and Proposition 1.4.3. Also the identity of the canonical self intersections
can be directly verified, using Proposition 1.4.3, Proposition 1.4.4 and Proposition 2.2.4.
For the remaining statements, consider the following submatrices

-1 I; 0 -1 I; 0
Pt = | -1 0 Ih|, Pm = | -1 0 I
0 d1 dg do dl d2

The cones spanned by the columns of P* define open toric subvarieties Z* C Z. Cutting
down to X provides us with affine K*-invariant open neighbourhoods

et e XT = Xnzt =2 X(PY),

where the affine K*-surface X (P*) is constructed in an analogous manner to the pro-
ceeding in the projective case; see [29]:

X(P%) = X*/H*,  X; = V(L +T3 +TP) C Z.

Here, respective quasitori H* C K* are the subgroups of wa,1-th roots of unity and, due
to Lemma 2.5.7, the corresponding degree matrices are given by

Q" = [lb, by, &1, Q™ = [libg, by, &,

with degree matrices Qt = [by,¢] for Z; \ V(T1) and Q™ = [b, &) for Z; \ V(Tp). In
particular, we have H*-equivariant isomorphisms

+. w2 v l l
e Ke = X, z = (—2z' — 23, 21, 22).

Passing to the induced morphisms of the respective quotients by H* gives the desired
isomorphies of affine surfaces

Z0\V(T) =K*/Ht 2 XT/H" =X+, Z)\V(Ty)=K*/H =X /H =X".

Finally, we infer from [3, Prop. 3.4.4.6] that z¢p € X is isomorphic to the toric fixed point
in the affine toric surface Zy by the generator matrix

1 1
el

In terms of generator matrices, one directly checks that Zy naturally maps onto Z; \ V(73)
and Zy \ V(T») and that these maps are the index one covers:

l; l; o |uoo
Si-A = [di di+doli]’ Si = [di z]
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2.5. K*-surfaces of Picard number one and integral degree

Proposition 2.5.8. Let Z; be a fake weighted projective plane with fake weight vector
w = (wg, w1, w2) and degree matriz Q1 such that z(2) € Zy is T-singular. Then Q1
admits precisely one corresponding generator matrix Py of the form

l1:L(Z(2)), d0:7w2/l%, 0<d <1y,
5 Iy Iy ) lo=l1 (wo+w1)/wa,
Pl - )
di dy+doly do da=—(d1wo+diwi+doliwi) /w2,
dolilo+dila+l1de<0<dylo+11ds.

The entries of the matriz Py give rise to generator matrices P and Ps, defining a K*-
surface X (P) and a fake weighted projective plane Zs, namely

-1 -1 I3 O ! ! !
0 do di dy dy do+dola dy

The Z; are the central fibers of the flat families X; — K from Construction 2.5.1 applied
to X (P), their fake weight vectors satisfy

and the point 2(2) € Zy is at most T-singular. Moreover, the K*-surface X (P) is
non-toric if and only if l1 and ly(wo + w1)/we both differ from one.

Proof. Let P; be any generator matrix corresponding to Q1. Lemma 2.4.2 tells us that,
after multiplying P, from the left with a suitable unimodular matrix, the first two columns
look as those of P;. Observe that the requirements dg < 0 and 0 < d; < [; uniquely
determine d;. The third column of P; is determined by the fact that P, annihilates the
fake weight vector w(Q1). Observe that the conditions on the entries of P; ensure the P
and P, are indeed projective generator matrices. The remaining statements are clear by
Construction 2.5.1, Proposition 2.5.6 and Lemma 2.4.2. ]

Corollary 2.5.9. Let Z be a fake weighted projective plane with fake weight vector
w = (wp, w1, w2). Then the following two statements are equivalent.

(i) Z is the central fiber of an equivariant test configuration of a non-toric, quasismooth,
rational, projective K*-surface X of Picard number one.
(ii) At least one of the three toric fized points of Z, say z(i), is T-singular and satisfies

W(z()) > 1, wo+w +wy > (L(zl(z)) + 1> w;.

Proof. Combine Construction 2.5.1 and Proposition 2.5.8 with [18, Prop. 5.4]. O
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Remark 2.5.10. Consider the families ¢;: &; — K from Construction 2.5.1. The
fiberwise K*-actions and the horizontal K*-action define an action of the two-torus T2 on
the X;. This allows us to track the three fixed points x, 21,29 in fibers 1; (1) = X (P)
in the degeneration process. By properness of v;, the horizontal K*-orbit through xj has
a limit point in 1/),;1(0) = Z;. The hyperbolic fixed point z( tends to the toric fixed point
2(2) and the two elliptic fixed points x1, z2 to toric fixed points z(0), z(1).

Definition 2.5.11. We call two generator matrices P, P» of fake weighted projective
planes Z1, Zos adjacent if Py, P, arise via Construction 2.5.1 from a common matrix P.
In this situation, we call any pair Z7, Z of fake weighted projective planes with 7] = Z;
and Z, = Z, as well adjacent.

Definition 2.5.12. Let ()1 and @2 be degree matrices of fake weighted projective planes
Z1 and Zs, respectively. We call @)1, Q2 adjacent if the following holds:

(i) there exist corresponding generator matrices Py for Q1 and Ps for Q2 such that P,
P, are adjacent,
(ii) we have wy < w; for the first two (common) components of the fake weight vectors
w(Q1) and w(Q2),
(iii) up to permuting the columns, each of the @i, Q2 is adjusted in the sense of
Definition 2.2.11.

Theorem 2.5.13. For every fake weighted projective plane Z1 of integral degree, there is
a pair (Q1,Q2) of adjacent degree matrices with Zy = Z(Q1).

Proof. Proposition 2.4.5 to 2.4.9 ensure that at least one of the toric fixed points of the
fake weighted projective plane Z; is at most T-singular. Thus Proposition 2.5.8 yields
the assertion. O

Definition 2.5.14. Let @1, Q2 be adjacent degree matrices. Set Z; = Z(Q;) and denote
by [; the local Gorenstein indices of z(2) € Z;. We call (Q1,Q2) ordered if [ < Iy and we
say that (Q1,Q2) is non-toric if Iy, lo > 2.

By the definition of adjacency, every non-toric, ordered pair (Q1,Q2) of adjacent
degree matrices gives rise to a K*-surface X, degenerating via Construction 2.5.1 to the
fake weighted projective planes associated with @1, Q2. Due to Proposition 2.5.8, the
surface X is non-toric and uniquely determined up to isomorphism by (Q1,Q2). We
write X = X(Ql, Q2).

Theorem 2.5.15. Let X be a non-toric, quasismooth, rational, projective K*-surface of
Picard number one with /C%( €7Z. Then X = X(Q1,Q2) with a non-toric, ordered pair of
adjacent degree matrices. Moreover, distinct ordered pairs (Q1,Q2) of adjacent degree
matrices yield non-isomorphic K*-surfaces.

7



2.6. Examples and observations

Proof. Let X be a quasismooth, rational, projective K*-surface of Picard number one and
integral degree. Then X = X (P) with a generator matrix P as introduced in Section 2.5;
see also [27, Constr. 3.1]. According to Construction 2.5.1, we have X (P) = X (Q1, Q2),
where @)1, Q2 are adjacent degree matrices corresponding to the generator matrices Py, P»
given there, and we may assume that (@1, Q2) is ordered. Moreover, Proposition 2.5.8 tells
us that (Q1, Q2) is non-toric. Finally, the definition of a non-toric, ordered pair of adjacent
degree matrices ensures that distinct pairs define non-isomorphic K*-surfaces. ]

2.6 Examples and observations

In a first example series, we check the isomorphies for members inside one of the series
(1-9-%) or (1-8-x) in the case of a small fake weight vector and we discuss the first fake
weight vector, where any two different values of the entry 7 in the adjusted degree matrix
lead to non-isomorphic fake weighted projective planes. We begin by presenting the
tacitly used tool box.

Lemma 2.6.1. Let p: Z O ZL/pZ — 7 & L/ pZ be a surjective group homomorphism.
Then ¢ is an isomorphism.

Proof. We first show that only torsion elements map to torsion elements. Consider
x,y € Z with p(z,y) € {0} @ Z/uZ. Then we have

p(pr,0) = pp(r,y) = (0,0).

Consequently, urZ & {0} C ker(y). The homomorphism theorem yields a commutative
diagram
©

YAV AN/ YAV

N

LlpuxZ & L/ pZ

As o is surjective, also ¢ is so. By group order reasons, z = 0. The claim is verified. As
a consequence, we obtain isomorphisms

{0} © 2/pz —= o7 ({0} & Z/uZ) —~ {0} © Z/ L.

In particular the kernel of ¢: Z ® Z/uZ — 7Z @® Z/uZ, being contained in the torsion
part, must be trivial. O

Remark 2.6.2. Consider a degree matrix @ in Z@®Z/uZ and a 2 x 3 projective generator
matrix P sharing the same fake weight vector. Then Lemma 2.6.1 says that Q and P
correspond to each other if and only if () annihilates the rows of P.
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Example 2.6.3. In the series (1-9-%), consider the degree matrices sharing the fake
weight vector (9,9,9):

1 1 1 1 1 1 1 1 1
01 32| 01 5| 01 8|

As corresponding generator matrices we obtain the following ones, all defining isomorphic
fake weighted projective planes:

3 3 -6 1 1 =2 3 3 —6

1 -2 1 ’ 0 -9 9 ’ 2 -1 -1 |°
For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T-singularity
identifier and numbers of exceptional curves of the minimal resolution are

(3,1,3), (3,3,1), (1,3,3),
(+,+,+), (+,+,+), (+,+,+),
(2,8,2), (2,2,8), (8,2,2).

Example 2.6.4. In the series (1-9-x), consider the degree matrices sharing the fake
weight vector (9,9, 36):

|

As corresponding generator matrices we obtain the following ones, where the last two
define isomorphic fake weighted projective planes:

2 2 -1 6 6 —3 6 6 -3

1 —17 4 |’ 1 -5 1 |’ 5 -1 -1 |
For the toric fixed points 2z(0), z(1), z(2), the local Gorenstein indices, T-singularity
identifier and numbers of exceptional curves of the minimal resolution are

Ol =
=] =
[SA{INN
Ol =
[
[0 ]I~

(3,3,2), (3,1,6), (1,3,6),
(+,+,+), (+,+,+), (+,+,+),
(2,2,9), (2,8,5), (8,2,5).

Example 2.6.5. In the series (1-9-%), consider the degree matrices sharing the fake
weight vector (9, 36, 225):

25

5 )

1 4 25
01 2|

=1

—
Sl
—
Ol =

=

[N}
I
| IS
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2.6. Examples and observations

As corresponding generator matrices we obtain the following ones, defining pairwise
non-isomorphic fake weighted projective planes:

15 15 -3 5 5 -1 15 15 -3
2 —-13 2 |’ 1 —44 7 |’ 7 -8 1 |

For the toric fixed points 2z(0), z(1), z(2), the local Gorenstein indices, T-singularity
identifier and numbers of exceptional curves of the minimal resolution are

(3,2,15), (3,6,5), (1,6, 15),
(+, 4+, +), (+,+,+), (+,++),
(2,9,8), (2,5,12), (8,5,8).

Example 2.6.6. In the series (1-8-%), consider the degree matrices @1, ..., @4, sharing

the fake weight vector (8,8, 16):
2 11 1 1 2
307 0 1 ’ 01 7|

1 1 2 11
01 1| 01

As corresponding generator matrices P, ..., Py, we obtain the following, showing in
particular Z(P2) = Z(Py):

1 1 -1 4 4 -4 2 2 =2 4 4 -4

0o -6 8 | |1 -3 1| |1 -7 3| |3 -1 —-1]|
For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T-singularity
identifier and numbers of exceptional curves of the minimal resolution are

[S2T0 ]

(4,4,1), (2,1,4), (4,4,2), (1,2,4),
(*v*aJr)’ (+7+’+)7 (*7*’+)a (+7+v+)a
(1,1,15), (2,7,3), (3,3,4), (7,2,3).

Example 2.6.7. In the series (1-8-%), consider the degree matrices @1, ..., Q4, sharing
the fake weight vector (8,16, 72):
1 9 2
’ 01 7]

o) lers) |

As corresponding generator matrices Py, ..., Py, we obtain the following, no two of them
defining isomorphic fake weighted projective planes:

2 2 -10 4 4 =2 1 1 =5 4 4 -2
1 -7 3 | |3 =1 3 | |0 =16 72| |1 -3 13 |’

= O

Ol =
[G2{ V]
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For the toric fixed points 2z(0), z(1), z(2), the local Gorenstein indices, T-singularity
identifier and numbers of exceptional curves of the minimal resolution are

(4,12,2), (2,3,4), (4,12,1), (1,6,4),
(_7_a+)’ (+7+a+)7 (_’_7+)a (+7+a+)a
(1,11,4), (2,9,3), (3,3,15), (7,6,3).

We take a closer look at the adjacency relation on the class of fake weighted projective
planes, as introduced in Definition 2.5.11. The aim is to indicate, how adjacency can be
read off from adjusted degree matrices. In the case of at most T-singular fake weighted
projective planes, the situation is completely described by the trees T'(a) of the Markov
type equations.

Construction 2.6.8. Let T'(a, u) denote the set of isomorphy classes of all at most
T-singular fake weighted projective planes of degree a € Z~o and multiplicity u. We join
two distinct classes Z1, Z9 € T'(a, ) by an edge, if there are representatives Z; € Z; such
that Z; and Zs are adjacent.

Proposition 2.6.9. For a = 9,8,6,5,4,3, each of the graphs T(a,u) is connected.
Moreover, we have canonical isomophisms of graphs:

T(9)=T(9,1)=T(3,3), T(8)=T(81)=T(4,2),
T(6) = T(6,1) = T(3,2) 2 T(2,3) = T(1,6), T(5) =T(51)=T(1,5),

where T'(a) denotes the tree of ascendingly ordered solution triples of the squared Markov
equation from Remark 2.1.5.

We discuss the remaining cases. For the subsequent examples, we explicitly computed
the data of Proposition 2.5.8 for the first adjusted degree matrices in the series provided by
our classification results. We omit the computation and just present the resulting graphs,
where the vertices, that means the isomorphy classes of fake weighted projective planes,
are specified by (ug,u1,ue;n) with the first row u = (ug, u1,u2) of the corresponding
adjusted degree matrix ) and the last entry 7 of the second row of Q.

Remark 2.6.10. The graph T'(2,4) has the series (2-4-1) and (2-4-3) as its connected
components, where each of them is isomorphic to S(8) as a graph.

Remark 2.6.11. The series (2-3-1) is not connected to T'(2,3) by adjacency. Inside
(2-3-1), we observe a simple pattern for the adjacencies:

(1,98,27;1)

1,8,27;1 _

(1,8,3;1) _— (1.8,27:1) (1225,8,27;1)
T (121,8,31) ——— (121,8,5547;1)
T (121,1922,3;1)

(1,2,3;1)
(25,2,243T) (25,35912,243;1)
sl — (2401,2,243;T)
,2,3;

o (25,392,57963;1)
(25,392,3;1) -
(6241,392,3;1)
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2.6. Examples and observations

Remark 2.6.12. We take a look at the connected graph 7'(1,9), where the vertices stem

1-9-8)

(

from the three series (1-9-2), (1-9-5) and

(1,1,152)

(1,4,25:2)

(1,4,25:5)

(1,4,25:8)

(1,25,16

(1,25,169;2)

(1,25,169;8)

(4,25,841;2)

(4,25,841;8)

(1,1156,7921;2)

_ (1,1156,7921;5)
(1,169,1156;2)

(1,1156,7921;8)

(1,169,1156;5)

(169,1156,1755625;2)

)

(1,169,1156;8)
(169,1156,175562

M

(169,1156,1755625;8)

(25,37636,8392609;2)

(25,37636,8392600;5)
(25,169,37636:2)

(25,37636
(25,169,37636:5)

(169,37636,57168721;2)

(25,169,37636:8)
(169,37636,57168721;

(169,37636,57168721;8)

(4,28561,970225;2)

_ (4,28561,970225;5)
(4,841,28561;2)

(1,7921,54289;2)
(1,7921,54289;5)
(1,7921,54289;8)
(1156,7921,82391929:2)
(1156,7921,823919:
(1156,7921,823919:

(169,1755625,2666792881;2)
(169,1755625,2666792881;5)
(169,1755625,26667928818)
(1156,1755625,18262008769;2)
(1156,1755625,18262008769;5)
(1156,1755625,18262008769;8)

(25,8392609,1871514121;2)
(25,8392609,1871514121;5)
(25,8392609,1871514121:8)
(37636,8392609,2842761230401;2)
(37636,8392609,2842761230401;5)
(37636,8392609,2842761230401;8)

(169,57168721,86839249225;2)
(169,57168721,86839249225;5)
(169,57168721,86839249225;8)
(37636,57168721,19364303439121;2)
(37636,57168721,19364303439121;5)
(37636,57168721,1936430343912

(4,28561,970225;8)
(4,841,28561;5)

(841,28561,216119401;2)

(4,841,28561:8) _
(841,28561,216119401;5)

A K

(841,28561,216119401;8)

(25,187489,41809156:2)

_ (25,187489,41809156;5)
(25,841,187489;2)
(25,187489,41809156:8)

(25,841,187489;5)

(841,187489,1418727556;2)

(25,841,187489;8) _
(841,187489,1418727556;5)

M

(841,187489,1418727556;8)

(4,970225,32959081:2)
(4,970225,32059081:5)
(4,970225 )
(28561,970225,249393368449;2)
(28561,970225, 5)

(28561,970225,249393368449;8)

(841,216119401,1635375477124;2)
(841,216119401,1635375477124;5)
(841,216119401,1635375477124;8)

(28561,216119401,55552843610884;2)
(28561,216119401,55552843610884;5)
(28561,216119401,55552843610884;8)

(25,41809156,9323254249;2)
(25,41809156,9323254249;5)
(25,41809156,9323254249;8)
(187489,41809156,70548727650241;2)
(187489,41809156,70548727650241;5)
(187489,41809156,70548727650241;8)

(841,1418727556,10735511227081;2)
(841,1418727556,10735511227081;5)
(841,1418727556,10735511227081;8)
(187489,1418727556,2393059458891025;2)
(187489,1418727556,2393059458891025;5)
(187489,1418727556,2393959458891025;8)
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Here, the blue edges indicate the jumps between the series (1-9-2), (1-9-5), (1-9-8) for
the first seven levels. We expect the pattern to continue.

Remark 2.6.13. The connected graph T'(1,8) takes its vertices from the two series
(1-8-3) and (1-8-7) and we have the following adjacencies:

(1,1,2;3)

(1,9,50;3)

(1,9,2;3)
(1,9,50;7)

(9,121,2;3
(1,9,2;,7)

(9,121,2;7)

(1,289,50;3)

(1,289,50;7)

(9,3481,50;3)

(9,3481,50;7)

)

(121,1681,2;3)

X
X

(121,1681,2;7)

(9,121,8450;3)
(9,121,8450;7)

(1,289,1682;3)
(1,289,1682;7)

(289,114921,50;3)
(289,114921,50;7)
(9,3481,243602;3)
(9,3481,243602;7)

(3481,1385329,50;3)
(3481,1385329,50;7)

(9,591361,8450;3)
(9,591361,8450;7)

(121,8162449,8450;3)
(121,8162449,8450;7)

(121,1681,1623602;3)
(121,1681,1623602;7)

(1681,23409,2;3)
(1681,23409,2;7)

Similarly as before, we indicate the jumps between the involved series by the blue edges.
We expect the pattern to continue.

Remark 2.6.14. The series (1-8-1) and (1-8-5) are neither connected to 7'(1,8) via
adjacencies nor to each other. We obtain the following pattern of adjacencies.

/ (1,9,50;1)
(1,1,2;1) (1,9,2;1)

(9,121,2;1

/ (1,9,50;5)
(1,1,2;5) (1,9,2;5)

(9,121,2;5

(1,289,50;1) —

(9,3481,50;1) —

(9,121,8450;1)
y
(121,1681,2;1) —

(1,289,50;5) —

(9,3481,50;5) —

(9,121,8450;5)
)

(121,1681,2;5) —

(1,289,1682;1)
(289,114921,50;1)
(9,3481,243602;1)
(3481,1385329,50;1)

(9,591361,8450;1)
(121,8162449,8450;1)
(121,1681,1623602;1)
(1681,23409,2;1)

(1,289,1682;5)
(289,114921,50;5)
(9,3481,243602;5)
(3481,1385329,50;5)

(9,591361,8450;5)
(121,8162449,8450;5)
(121,1681,1623602;5)
(1681,23409,2;5)
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2.6. Examples and observations

Remark 2.6.15. The series (1-6-1) is not connected to 7'(1,6) by adjacency. Inside
(1-6-1), the pattern of adjacencies equals that of (2,3,1):

(1,98,27;1)

1,8,27;1 _
_ / & ) (1225,8,27;1)
(1,8,3;1)

o (121,8,554T31)
(121,8,3;1) -
(121,1922,3;1)

(1,2,3;1)
(25,2,243:1) (25,35912,243;1)
(25,2,3;T) P (2401,2,243;1)

o (25,392,57963;1)
(25,392,3;1) i
(6241,392,3;1)

Remark 2.6.16. The series (1-5-1) is not connected to any other series (1-5-%) via
adjacencies. Inside (1-5-1), we have the following pattern of adjacencies:

(1,49,20;1)

(1,9,20;1) .
(1,9,5:1) _— (9,841,20;T)

o (9,196,8405;)
(9,196,5;1) -
(196,4489,5;1)

(1,4,5:1)
(4.81,1445:T) (4,25921,1445;1)
(4,81,5;T) e (81,582169,1445;1)

o (81,1849,744980;1)
(81,1849,5;1) ~
(1849,42436,5;1)

The series (1-5-2), (1-5-3) are not connected to 7'(1,5) by adjancency. Inside these series,
the adjacency pattern resembles the previous one, but only jumps occur:

B (1,49,20;2)

B (1,9,20;2) (1,49,20;3)
(1,9,5;2) _
(1,9,20:3) (9,841,20;g)
(9,841,20;3)

(1,4,5:3) B (9,196,8405;2)
14,5; (9,196,5;2) 74 (9,196,8405;3)
(1,9,5;3) B

(9,196,5;3) (196,4489,5;2)

(196,4489,5;3)

) (4,25921,1445;2)

(4,81,1445;2) (4,25921,1445;3)
(4,81,5;2) _
(4,81,1445;3) (81,582169,1445;3)
(81,582169,1445;3)

- (81,1849,744980;2)

) (81,1849,5;2) (81,1849,744980;3)
(4,81,5;3) _
(81,1849,5;3) (1849,42436,5;2)

(1849,42436,5;3)

(1,4,5;3)
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Remark 2.6.17. Note that Construction 2.6.8 does not take “self-adjacency” into
account, that means fake weighted projective planes Z of integral degree that are adjacent
to themselves. This happens precisely in the following 16 cases:
u=(1,1,2) : (8-1-0), (4-2-1), (2-4-1), (2-4-3), (1-8-1), (1-8-3), (1-8-5),
u=(1,2,3): (6-1-0), (3-2-1), (2-3-1), (2-3-2), (1-6-1), (1-6-5),
u=(1,4,5): (5-1-0), (1-5-1), (1-5-4),
where u denotes the first row of the degree matrix. Among these cases, we have Z«X~+Z7
with a non-toric X from Construction 2.5.1 in precisely 6 cases, namely

(2-4-3), (1-8-3), (1-8-5), (1-6-5), (1-5-1), (1-5-4).

2.7 A criterion for non-existence of Sasaki-Einstein metrics

The main result of this section, Theorem 2.7.1, shows the non-existence of Sasaki-Einstein
metrics for a certain subclass of quasismooth K*-surfaces of Picard number one.

Let f € C[T1,...,Ty+1] be a non-constant polynomial and let z € V(f) be a singular
point. We call the intersection of V(f) with a sphere of real dimension 2n + 1 of small
radius centered at = the link of the singular point x. By the anticanonical cone link Sx
of X we mean the link of the singularity that the anticanonical cone X over X has in its
apex. A Sasaki-FEinstein metric on the link S is the restriction of a Ricci-flat Kéahler
metric on the anticanonical cone.

Theorem 2.7.1. Let X be a non-toric, quasismooth, rational, projective C*-surface and
let 1 < Iy <5 denote the orders of its non-trivial finite C*-isotropy groups. If 211 <5,
then Sx admits no Sasaki-Einstein metric.

We recall the necessary background from Section 1.4 and from [18, Chapter 6].

Setting 2.7.2. Let X be a projective, rational, quasismooth C*-surface of Picard number
one arising from Construction 1.4.1, that means X = X (P) with

-L-lh 0 1<di<li<la, ged(ls,di)=1,

P = [vi,v9,v3,04] = | =1 =1 0 Iy |, v 4
do+ 7 +72 <0< F+32,

0 do di do g ERRR

where Z is the fake weighted projective space with generator matrix P and where
X = X(P):=V((h) C Z  h:=1+U+Uy €O(T?.

By Proposition 1.3.7, the anticanonical cone over X is the 3-dimensional affine variety X
with 2-torus action given by the defining matrix

-1 -1 1 0
~ o -1 -1 0 1
Poi= 01,0000 = g0 0 g d22
0 0 1 1
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

The columns @y, ¥a, U3, 04 of P are the primitive generators of a polyhedral cone & of full
dimension in Z* and we have

X =V(A+58 +8) C Z,

where Z is the affine toric 4-fold associated with 6. For k = 1,2 we associate to P the
cones

Tr = 77;1(6) - Rga

where the linear maps 7,: Z> — Z* are the antitropical coordinates, given by their

matrices
00 —1 00 0
oo o 00 —1
M=110 o> ™71 0 o0
01 0 01 0

Remark 2.7.3. Consider X C Z as in Setting 2.7.2. According to Proposition 1.3.7 (iv)
the fibers X o are normal for k = 1,2, and the fiber &p o is normal if and only if /; = 1.

Construction 2.7.4 (See [18, Constr. 6.11]). Let 7,; be as in Setting 2.7.2 and let k = 1, 2.
Let by, ..., b, be the primitive generators of 7. Then we define

b; = (Eil,l,i)ig), T//-c = cone( ,1, /Q,bé)

We set w/. := (1) and with any vector £ = (&,1,&) € (7)° we associate the polytope

B.(&) = {uew;ul) <1} C w, C R
Then, for each k = 1,2 we define a volume function as
vol,(z1,22) = vol(BL(z1,1,22)).

Theorem 2.7.5. Consider X C Z as in Setting 2.7.2 and let T,’_C and vol, be as in
Construction 2.7.4. Then the following statements hold:

(i) The function vol, is rational on 7/, N R x {1} x R.
(ii) There exists a unique xo such that ovols/oz (xo,1,0) = 0 and such that (x,1,0) € 7/,
for k =1,2.
(iii) If the anticanonical cone link Sx of X admits a Sasaki-Einstein metric, then we
obtain Ovolx/ay (xo,1,0) < 0 for k = 1,2.

Proof. This is a direct consequence of [18, Thm. 6.12 and Rem. 6.13] and Remark 2.7.3. [

Lemma 2.7.6. Consider the cone 11 as in Construction 2.7.4 Then 1 has the primitive
generators

vy = (do, 1,12), vg 1= (dpla + da, 1,13), vs = (dy,1,=1).
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Proof. By Proposition 2.5.2 the generator matrix of the toric degeneration &y of X is
given by

dy doly+do dy

P = [ui,us,u3] = Iy Iy A

According to Proposition 1.3.12 the generators of the cone 71 are given as ¢(uy), t(u2), ¢(u3),
where
t:R? — R3, (x,y) — (z,1,y).

This yields the desired claim. O
Lemma 2.7.7. Consider the cone 11 as in Construction 2.7.4. We set

p1 = ged (Iy + lo, —dolyle — dila — daly, —dpla + di — da) ,

us = ng (ll 4+ lg,dils + doly,dy — dg) .

Then the dual cone w) == 11" has the primitive generators

uyp = (07 l27 71) )

uy = ﬁ (I1 + l2, —dol1ly — dila — dal1, —dola + d1 — d2) ,

uz = i (—ll —lo,dyly + doly, —d1 + dz) .
Proof. We denote by P; the matrix which columns are the primitive generators of 77.
Due to Lemma 2.7.6 we have

dy dola+de dy
P = 1 1 1
lo lo -1

In order to see that the u; are ray generators of w) it suffices to show that each u; cuts
out a facet of 7| and evaluates positively on the complementary ray. We obtain

up-Pr o= (0,0,l1 +1)",
ug - P1 = i (0, —dolg(ll —+ lg),O)T ,
ug- Py = L (=dola(li +12),0,0)" .

According to Setting 2.7.2 we have dy < 0 and [y, [l > 0. Hence, the non-zero entries on
the right hand side are positive. O

Lemma 2.7.8. Let w C R3 be a three-dimensional cone with primitive generators uy, us, us3
and let £ € (wY)°. Then we obtain

{U € w; U(f) < 1} = conv ((O>070)7 <§i/«1>u1’ <§7LQ>U25 <£7h3>u3) .

Moreover, the volume of this convex set is given by

vol ({v € w; v(¢) <1}) = 3 ‘det (<£’}“>u1, <§722>U2, <§723>u3> ‘ :
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

Proof. The first statement is clear. For the second claim, we use that the cone is full
dimensional in R? and has three generators. Consequently, the volume of the parallel
epiped spanned by w1, us,us is equal to the absolute value of the determinant of the
matrix [ug, ug, ug]. This yields the claim. O

Lemma 2.7.9. Let p1,...,pr € R" and C := conv{py,...,pr} and g: R™ — R be an
affine-linear function. Then we have g > 0 on C if and only if g(p;) >0 fori=1,... k.

Proof. Since g: R™ — R is affine-linear there exists a vector a € R™ and a scalar b € R
such that g(z) = a -z + b. We obtain

k k k k k k
0320 BTN VARTES o RIS SR s XA TR wva)
=1 i=1 i=1 =1 i=1 =1

where we used Y°F_ | \; = 1 for the second equality. Then, the assertion follows from
Ai > 0. O

Proposition 2.7.10. Let 7{ and vol; be as in Construction 2.7.4 and let (z,1,y) € (17)°.
We set

fiily) = la—y,
foar(z,y) = (1 +12)x + (—dolay + di — d2)y — dol1le — dyla — daly,
fi(z,y) = (lh+l2)x+ (di — d2)y — dila — daly.

Then the volume function is given by

_ dola(11+12)?
voli(z,y) = 2f1,1(y) f2,1(z,y) f3,1(2,y)

and its derivatives are given by

—dola(l1+12)3
Ovoli/foa (2,1,y) = 2f1,1(y)f20,12(§c,1y—;_2j”;1(x,y)2 (foa(z,y) + f31(2,y)),

. 2
volifoy (x,1,y) = Qfm(y)zfe;)ff((if;)lz2}371(x,y)2 (—foa(z,y) fa(z,y)
+ fr1(y) f3.1(2, y) (—dolz + d1 — da) + f1.1(y) f21(2,y)(d1 — d2)).

Proof. We denote by P; the matrix which columns are the primitive generators of wj.
We infer from Lemma 2.7.7 that

0 (L + o) o (= 1)
P = [ui,ug,u3] = | la i (—=dolily — dily — daly) 1713 (dila + daly)
—1 i (—dolg +dp — dg) i (—dl + dg)

We derive dy < 0 and [y,l3 > 0 from Setting 2.7.2. Hence, we obtain

det (P1) = Lodola(l +12)* < 0,
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Moreover, we compute

<U1,(SL‘,1,y)> = Iz -y = fl,l(y),
(ug, (z,1,y)) = ﬁ (i + )z + (=doly + d1 — d2)y — dolila — dily — daly)

- 1
- H1f2,1($7y)7

(us, (2, 1,9)) = —5 (i + o)z + (di — do)y — dilo — dsh) = — - fz1(2,y).

We set E =R x {1} x R and let pr: E — R? (z,1,y) — (x,%) be the projection. Then
pr(r{ N E) is a convex set. Using l1,ls > 0 we see

fia(do,l2) =0,  fia(dola +da,l2) =0, fi1(di,—l1) =11+ 12> 0.

Hence, Lemma 2.7.9 yields that fi; is a positive function on pr(7{ N E). Again by
l1,lo > 0, we get

f21(d2,l2) = (Ii + l2)dy + (—dola + di — d2)la — dolila — dila — daly
= doly(ly + 1) > 0,
f2,1(dola + da,12) = (I1 4+ 12)(dola + d2) + (—dola + di — d2)la — dolila — dils — daly
= —dola(ly + 1) + (I + Iy)dols = 0,
foa(di, =) = (lh + l2)dy — (—dole + di — d2)li — dolila — dily — daly = 0.
Now Lemma 2.7.9 implies that fa; is a positive function on pr (r{ N E). Moreover, by
using dyp < 0 and Iy, Iz > 0, we have
f31(d2,l2) = (lh + l2)da + (d1 — da2)la — dily — doly =0,
fa1(dola + da,12) = (11 + l2)(dola + da) + (di — d2)l — dilz — daly = dola(l1 + 12) < 0,
faa(di,—l) = (lh +12)dy — (di — d2)lh — dily — daly = 0.

Therefore, we apply Lemma 2.7.9 to — f3 1. Consequently, we obtain that f3 is a negative
function on pr (71 N E). Hence, using Lemma 2.7.8, the volume function vol; is given by

— 1. 1 . 1 . 1 . _ —dol2(l1+12)?
voli(,9) = 3 [Enge Tetowl Tetdwl |t Pl = smem Gy mimn

since dg < 0. Lastly, the formulas of the derivatives follow from direct calculations. [

Lemma 2.7.11. Consider the cone 75 as in Setting 2.7.2. Then 15 has the primitive
generators

vy = (dl, 1,[1), Vg 1= (doll +d, 17l1)a U3 1= (d27 L, _l2)'

Proof. From Proposition 2.5.2 we obtain that the generator matrix of the toric degenera-
tion X of X is given by

dy doly +dy  do

Py = [ui,uz,u3] = I I 1
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

Proposition 1.3.12 tells us that the generators of the cone 74 are given by ¢(u1), t(u2), t(us),
where
RE— R (2,y) e (2, 1,)

and the claim is proven. O

Lemma 2.7.12. Consider the cone 75 as in Setting 2.7.2. We set

Lo = gcd (ll + l2, —dolllg — d1l2 - d2l17 _doll + d2 - dl) )
ps = ged (I + lg, dily + doly, dy — da) .

Then the dual cone wh := 74" has the primitive generators
uy = (07 ll, 71) )
uy = - (h + o, —dolily — dily — doly, —doly + dz — di),
uz = i (=l = la,dily + dal1,dy — da) .

Proof. We denote by P, the matrix which columns are the primitive generators of 7.
According Lemma 2.7.6 we obtain

dv doly +di  do
Po= | 1 1 1
l1 l1 -y

To see that the u; are ray generators of wh we have to check that that each of them cuts
out a facet of 74 and evaluates positively on the remaining ray. We obtain

U1'P2 = (070711+12)T7
ug - Py = (0, —doly (I +12),0) ",
us - Py = i (—doll(ll =+ lz), 0, O)T .

Setting 2.7.2 yields dg < 0 and [q,lo > 0. Thus, all non-zero entries on the right hand
side are positive. ]

Proposition 2.7.13. Let 7 and voly be as in Construction 2.7.4 and let (x,1,y) € (75)°.
We set

fio(y) =1l —y,
fapo(z,y) = (lh + 1)z + (d2 — di — dol1)y — dolily — daly — dyla,
f32(x,y) == (lh + l2)x + (d2 — d1)y — dila — daly.

Then, the volume function is given by

_ —doly (l1+12)?
vola(z,y) = 2f1,2(y) f2,2(z,y) f3,2(x,y)
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and its derivatives are given by

dol1(11+12)3
Molsfor (0,1,1) = g (faaley) + (o)

2
Bvolz/ay (J?, 17 y) = 2f1’2(y)g‘;}i;((l;j;l)%)fsg(:E’y)Q : (_f2,2(x7 y)f3,2($7 y)
+ fr2) f32(x,y)(do — di — doly) + f12(y) f2,2(x,y)(d2 — d1)).

Proof. Let P, be the matrix whose columns are the primitive generators of w). The
generators of wh are determined in Lemma 2.7.11 and we obtain

0 5 (L + 1) o (= 1)
Py = [ur,ug,us] = | b (=dolily — dily — daly) - (dila + dola)
—1 712 (—dol1 +dy — dl) /713 (d1 — dg)

Due to Setting 2.7.2, we get dy < 0 and l1,ls > 0. Therefore, its determinant is
det (Py) = L-doli(li +12)* <0,
Further, we have

<U1, (.’L‘, 17y)> =h—y= f1,2(y>7
(uz, (2,1,9)) = o5 (b + ) + (d2 — di — dolr)y — dolilz — doly — dil) = 5> fao(z,y),

(us, (,1,9)) = =5 (1 + o)z + (d2 — d1)y — dilo — dol) = — - f32(2, y).

Set F =R x {1} x R. Applying pr: E — R?, (x,1,y) — (x,y) we see that pr(75 N E) is
a convex set in R2. In order to see that the functions fi2 do not change signs on 75 we
treat them separately. Using l1,lo > 0 we see

fi2(di, 1) =0,  fia(doli +di,lhi) =0, fia(da, —l2) =11+ 12 > 0.

By Lemma 2.7.9 we obtain that f) 2 is a positive function on pr(ry N E). Moreover, since
l1,lo > 0 and dy < 0 we obtain

fa2(di, 1) =0,
fao(dols + di,l1) = (I1 + l2)doly <0,
fa,2(d2, =l2) = 0.

Applying Lemma 2.7.9 to — f2 2, we conclude that fa is a negative function on pr(mNE).
Because of [1,l> > 0 and dy < 0 we obtain

f32(d1, 1) = (lh + l2)dy + (do — di)ly — dila — doly =0,
f32(doly +di1, 1) = (lh + l2)doly <0,
f32(d2, —l2) = (I1 + l2)da — (do — d1)lo — dily — daly = 0.
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

Thus, Lemma 2.7.9 yields that f32 is a negative function on pr(r N E). Hence, according
to Lemma 2.7.8, the volume voly is given as

. 1 1 1 1 _ —dola(l1+12)?
vola(,9) = 5 ety Teiwml Teiow |9t Pl = s n s e mawy
Finally, the formulas of the derivatives follow from direct calculations. O

Proof of Theorem 2.7.1. We consider the point

. dolyly+2dy 1o +2dyl
xo = %l 2;(l1—1&—l22—)i- 201
and obtain

J1,1(20,0) = Io,
f2,1(20,0) = (3dolila + dila + daly) — dolylo — dily — daly = —3dolyls,
f3,1(20,0) = (5dolls + dily + daly) — dils — daly = 3dolils
f1,2(w0,0) = I1,
f22(20,0) = (3dolilo + dily + daly) — dolyly — doly — dyly = —3doluls,
f3,2(1'0,0) = (%dolllz +dily + dgll) —dily — dol] = %dolll}

It follows from Proposition 2.7.10 and Proposition 2.7.13 that
ovol1 gz (19,1,0) = 0 = 9vol2/ox (x9,1,0).
Further, for the other derivatives 9vols/ay(x,1,0) we obtain

l1+12)2 —1
ovols oy (wo, 1,0) = 2zt
I +9)2 (2l 1
dvolz/ay (x0,1,0) = 2 tle) (2L —lz) 1+;0)l¢13(l2§1 2),
Using 1 < [ < Iy and dy < 0 we obtain 9voli/gy (z9,1,0) < 0, and for kK = 2,
that dvola/ay (20,1,0) < 0 if and only if 2i; — Iy > 0. Altogether, Theorem 2.7.5 (iii)
provides us with the assertion. O
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CHAPTER
THREE

FULL INTRINSIC QUADRIC SURFACES

We study in detail full intrinsic quadric surfaces and their geometry in terms of local
Gorenstein indices. For instance, we present upper and lower bounds for the degree, the
log canonicity and the Picard index. Moreover, we determine all full intrinsic quadric
surfaces admitting a Kéhler-Einstein metric. The results of Section 3.1 to 3.5 have been
published in the joint article [25] with Jiirgen Hausen.

3.1 Full intrinsic quadric surfaces admit a K*-action

In this section we show that every full intrinsic quadric surface is rational, Q-factorial,
projective and admits a non-trivial K*-action. This will allow us to work with the
approach to K*-surfaces provided by [20,28]; see also [3, Sec. 5.4]. First let us give a
precise definition of a full intrinsic quadric; see also [4, Sec. 9].

Definition 3.1.1. A full intrinsic quadric is a normal complete variety X with finitely
generated divisor class group Cl(X) and Cox ring of the form

R(X) = P I'(X,0(D)) = K[T1,....T,]/{g)
CI(X)

with Cl(X)-homogeneous generators T7,...,7, € R(X) and a Cl(X)-homogeneous
quadric g € K[T1,...,T,] of full rank.

Remark 3.1.2. In the setting of Definition 3.1.1, the divisor class group is generated by
any n — 1 of the degrees w; = deg(T;) € Cl(X), see [3, Def. 3.2.1.1 and Cor. 3.2.1.11].
Moreover, if X is Q-factorial, then the Picard number p(X) equals the dimension of the
rational vector space Clg(X) = Q ®z CI(X) and as well the dimension of the convex
cone Mov(X) C Clg(X) generated by the movable divisor classes, see for instance |3,
Lemma 4.3.3.2].
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3.1. Full intrinsic quadric surfaces admit a K*-action

Theorem 3.1.3. Let X be a full intrinsic quadric surface. Then X is Q-factorial,
rational, projective and admits an effective K*-action. Moreover, the Picard number of
X satisfies p(X) < 3 and its Coz ring allows a C1(X)-graded presentation as

K[Tl,,T4]/<T1TQ—|—T32+TZ>, p(X)Zl,
R(X) = (K[Ty,..., T /(T + T3Ty+ T3),  p(X) =2,
K[Ty,...,Ts) /{1 Ty + T5Ty + T5Ts), p(X) = 3.

Proof. By definition, X is a normal complete surface with finitely generated Cox ring.
From [3, Thm. 4.3.3.5] we infer that X is Q-factorial and projective. Moreover, by [12,
Prop. 2.1], we have a Cl(X)-graded presentation

RX)2K[Ty, ..o, Togm)/(9)y g=T1To+ ...+ TnaTn + T2 + ...+ T2,

We use this to show p(X) < 3. Recall from [3, Cor. 1.6.2.7 and Constr. 1.6.3.1] that
X is the geometric quotient of an open subset of the total coordinate space

X = SpecR(X) = V(g) € K™

by the quasitorus H = Spec K[C1(X)], which, due to Q-factoriality of X, is of dimen-
sion p(X). Consequently, we have

2 = dim(X) = dim(X) —dim(H) = n+m—1— p(X).
The degrees wy, ..., Wntm of Th,. .., Thim generate C1(X). Moreover, the degree p =
deg(g) € CI(X) satisfies p = w; + wiyq for i = 1,3,...,n — 1 and p = 2w,; for
j=1,...,m. Thus, Cl(X) is generated by wi, ws, w3, ws, ..., w,—1 and we see

-2
n+m-—3 = p(X) < 2—|—n2 .

We conclude n/2 +m < 4 and thus n < 8. Assume n = 8. Then m =0 and p(X) =5
hold. Consequently, (w1, w2, ws, ws,wr) is a basis for the rational vector space Clg(X).
Let u be a linear form on Clg(X) such that

(u, wy) = (u, wa) = (u, w3) = (u, ws) =0, (u, w7y < 0.

Then u annihilates as well p = wy + we and thus also wy = p — w3 and wg = p — ws.
Moreover, u evaluates positively on wg = u — wy. Consequently, computing the cone of
movable divisor classes according to [3, Prop. 3.3.2.3], we obtain

8
Mov(X) = ﬂcone(wj; j#1i) C ker(u) C Clg(X).
i=1

This contradicts to Remark 3.1.2, telling us that Mov(X) is a cone of full dimension
in Clg(X). We conclude, n < 6.
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Next, we treat the case n = 6. Because of n/2 + m < 4, we conclude m = 0, 1. First,
we exclude n = 6, m = 1. There, we have o(X) =4 and (w;, w2, w3, ws) is a vector space
basis for Clg(X). As above, we choose a linear form u on Clg(X) such that

(u,wy) = (u, wa) = (u, ws) =0, (u, ws) < 0.

Since p = w; + wsy lies inside of ker(u), we obtain wy = p — ws € ker(u). Because
of u = 2wy, we conclude w7 € ker(u). Hence, by using [3, Prop. 3.3.2.3], we get

7
Mov(X) = ﬂcone(wj; j#1) C ker(u) € Clg(X).

i=1

Thus, the dimension of Mov(X) is at most dim(ker(u)) = 3, which is a contradiction to
the fact that Mov(X) is of full dimension in Clg(X).

Thus, we have p(X) < 3. If p(X) = 3, then n = 6 and m = 0, which leads to third
case in the assertion. For p(X) = 2, we are left with the choices n = 4 with m = 1 and
n = 0,2. The first one gives the second case of the assertion.

Next, we exclude the case o(X) = 2,n = 2. Here we get m = 3 and (wy,w2) is a
vector space basis for Clg(X). The relations

W= 2w3 = 2wy = 2ws

yield dim(lin(ws,ws,ws)) = 1. Moreover, we derive wy,wy ¢ lin(ws,wy,ws) from
w1 + we = 2w; for all i = 3,4,5, and the fact that (w;,ws) is a basis. So we may
choose a linear form u on Clg(X) such that

(u,ws) = (u, wq) = (u, ws) =0, (u,wy) < 0.
Using [3, Prop. 3.3.2.3] to compute the moving cone, we get
5
Mov(X) = ﬂ cone(wj; j #1i) C ker(u) C Clg(X).
i=1
This contradicts dim(ker(u)) = 1 and dim(Mov (X)) = 2.

Now, we show that the case o(X) = 2,n = 0 can’t occur. Here we get m = 5
and pu = 2w; for all ¢ = 1,...,5. Consequently, one obtains

dim(lin(wy,...,ws)) = 1.

This yields dim(Mov(X)) < 1, which is a contradiction to Mov(X) being of dimen-
sion o(X) = 2.

For p(X) = 1, we find the possibility n = m = 2, which is the first case of the
assertion. Also, n = 0,4 might happen. We first exclude the case n = 4. There, the
prospective total coordinate space X = Spec K[R(X)] is explicitly given as

X = V(' + T3Ty) € K.
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3.1. Full intrinsic quadric surfaces admit a K*-action

In this setting, we find a diagonal action of a three-dimensional torus T on K* turning X
into a toric variety. Thus, X as a GIT-quotient of X by a one-dimensional subgroup of T
is as well a toric variety and must have a polynomial ring as its Cox ring; a contradiction
to X being singular.

Finally, we treat the case p(X) =1 and n = 0. If any two of the degrees w; = deg(T;)
coincide, say w; = we then we may substitute 7] = Ty + [Ty and Ty = Ty — I'Ty with
I = \/—1, which brings us into the setting n > 0 just discussed. Thus, we are left with
discussing the situation

R(X) = KTy, To, Ts, Tu) /{TE + T5 + T5 + T5),  w; # w; for i # j.

Due to Q-factoriality of X, the divisor class group CI(X) is of rank one and hence of the
form Z ® I" with a finite abelian group I'. We claim that up to renumbering the variables
and an automorphism of ClI(X), we have

1111
CiX)=ZDZ/2Z ®Z)2Z, Q=[wy,...,uy)=0 1 1 0
0101

Since wq, ..., wy are non-torsion elements generating a pointed cone in Clg(X) = Q, we

may assume w; = (s;,1;) € Z ® T with s; > 0. By Cl(X)-homogeneity of the relation, all
s; coincide. Hence, as the s; generate Z, they are all equal to one. Write I' as a direct
product of finite cyclic groups. Then, subtracting suitable multiples of the first row of )
from the last ones, we can achieve

1 1 1 1

=lwy,...,wy] =
@ =lw 1 [07727737]4

‘| ) m2,M3,M4 € I.

Note that this adjusting process is realized by an automorphism of Cl(X). By Re-
mark 3.1.2, any two of 12,73, 14 generate I' as a group. Thus, I' is in fact either cyclic or
a sum of two cyclic groups. Moreover, we have 2n; = 0 for all ¢ = 2,3,4 by homogeneity
of the relation. Hence, any element of I' is of order two and we are left with the cases

I = 7/2Z, I = Z/267Z/2L.

The first case can’t occur as it will not allow a choice of pairwise different w1, ..., wy.
Thus, suitable renumbering of the variables and applying a suitable automorphism of
Z @ T to the w; leads to Cl(X) and @ as claimed.

The task is to show that the above Cl(X)-graded algebra R(X) can’t be a Cox ring.
Assume that R(X) is a Cox ring. Then, since the variables 77, ..., Ty define pairwisse
non-associated primes in R(X), we are in the setting of [24, Constr. 3.2.1.3] and can
apply the theory developed thereafter. In particular, as X is smooth apart from the
origin, X would be quasismooth [12, Prop. 2.8], hence log terminal. Moreover, we can
apply [3, Cor. 3.3.3.3] to see that X is a del Pezzo surface of Picard number one and
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Gorenstein index one; we used the software package [23] for the computation. The Cox
rings of all log del Pezzo surfaces of Picard number one and Gorenstein index one without
torus action have been computed in [24, Thm. 4.1] and for those with torus action the
Cox rings are listed in [3, 5.4.4.2]; none of these Cox rings is isomorphic to R(X) from
above.

We verified, that the Cox ring of any full intrinsic quadric surface X is as in the
assertion, in particular it is defined by trinomial relations. Consequently, the associated
total coordinate space X allows a diagonal torus action of complexity one. This action
induces a non-trivial K*-action on X. Since Cl(X) is finitely generated by assumption,
this forces X to be rational. O

3.2 Picard number one

The main result of this section, Theorem 3.2.5, provides the description of all full intrinsic
quadric surfaces of Picard number one in terms of the local Gorenstein indices of two of
their possibly singular points.

Construction 3.2.1 (Full intrinsic quadric surfaces X of Picard number one as
K*-surfaces). Consider an integral matrix of the form

-1 -1 2 0
P = [v1,v,v3,14] == | =1 =1 0 2 |, b<-2,0<a<-b-2.
a b 1 1
Let Z be the toric variety arising from the fan ¥ in Z3 with generator matriz P, i.e.
v1,...,04 are the primitive ray generators of 3, and the maximal cones
o 1= cone(vy, v3,v4), o~ = cone(ve, v3, v4), Tp := cone(vy, v2).

Denote by Uy, Us, Us the coordinate functions on the standard 3-torus T? C Z. Then we
obtain a normal, non-toric, rational, projective surface

X = X(P) :=V(h) C Z,  h:=14+U +Uy €O(T?.

Moreover, the K*-action on T? given by ¢ - x = (21, 72, tx3) extends to an action on Z, it
leaves V (k) C T? invariant and hence induces a K*-action on X.

Proposition 3.2.2. Consider P and X C Z as in Construction 3.2.1, let P* be the
transpose of P and set K := Z*/im(P*). For the divisor class group of X, we have

Ci(X) 2 Cl(Z2) 2 K 2 Z®Z/2gcd(2a+2,a—b)Z.

Moreover, denoting by Q: Z* — K the projection, we obtain the following description of
the Coz ring of X as a graded algebra:

R(X) = K[I,..., T /(T + T3 +T7),  deg(Ty) = Qler) = [D;'],

where D;-X C X is the prime divisor on X obtained by intersecting X with the toric prime
divisor of Z given by the ray through v; and [DiX] € C1(X) denotes its class.
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3.2. Picard number one

Proof of Construction 3.2.1 and Proposition 8.2.2. According to their definition, the columns
v1,...,04 of P are pairwise different primitive integral vectors. Moreover, they gener-
ate Q3 as a convex cone, as we have

2v; +v3+v4 =1[0,0,2a 4+ 2], a >0, 2vg + vz +vg =[0,0,2b+ 2], b < —2.

Thus, P is a defining matrix of a normal, rational, projective K*-surface X’ in the sense

of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. Both, X’ and X from Construction 3.2.1 share

the same ambient toric variety Z and are given in homogeneous coordinates of Z by
X' = VIML+T5+17) = X.

Now [3, Thm. 3.4.3.7] tells us that the divisor class group of X = X' is given as
Cl(X) = Cl(Z) = K, that the Cox ring R(X) of X is as claimed and that the generator
degrees satisfy deg(T;) = [D;]. Note that X is non-toric as its Cox ring is not a polynomial
ring. O

The local class group CI(X,z) of a point x € X is the group of Weil divisors of X
modulo those being principal near z, and by cl(X, z) the order of Cl(X, x).

Proposition 3.2.3. Let X = X (P) arise from Construction 3.2.1. The fized points of
the K*-action on X are given in Cox coordinates by

zt = [0,1,0,0], x~ = [1,0,0,0], ro = [0,0,1,1].

Moreover, for the orders of the local class groups of the fized points of the K*-action we
obtain

c(X,x") = 4a + 4, c(X,27) = —4b— 4, c(X,z0) =a—b.

Finally, the ordered pair (4a + 4, —4 — 4b) is an isomorphy invariant of the algebraic
surface X.

Proof. For the first statement, we refer to [17, Rem. 5.6]. For the second one, we use the

description [3, Prop. 3.3.1.5] of the local class groups and its Gale dual representation

provided by [3, Lemma 2.1.4.1]. Concretely, for the fixed points ™ and z~ this means
cd(X,2t) = |K/Q(ling(e2))] = [Z%/ling(vi,vs,v4)] = det[vr,vs, va],
c(X,z7) = |K/Q(ling(e1))| = |Z3/ling(vo,v3,v4)] = det[va,v3,v4].

Similarly, we obtain that the local class group order cl(xg) of the fixed point z is given
by

|K/Q(ling(es,eq))] = |ling(—e1 — ea,e3)/ling(vi,ve)] = det { _Cll _})} .

For the last statement recall from [3, Prop. 5.4.1.9] that 2%, = are the only K*-fixed
points lying in the closure of infinitely many orbits. Thus, {cl(X,2™),cl(X,27)} and
cl(X, zy) are invariants of the K*-surface X. Since on a non-toric, rational, projective

surface any two K*-actions are conjugate in the automorphism group, the assertion
follows. O
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Proposition 3.2.4. Every full intrinsic quadric surface X of Picard number one is
isomorphic to an X (P) for precisely one matriz P from Construction 3.2.1.

Proof. According to Theorem 3.1.3 and [22, Ex. 7.1], the defining matrix P is of the
format 3 x 4 and the first two rows are as in the assertion:

-1 -1 2 0
P = -1 -1 0 2
di do dz da

Note that d3 and d4 are odd by primitivity of the columns. Thus, subtracting the
(ds — 1)/2-fold of the first and the (dy — 1)/2-fold of the second row from the last one

turns our matrix into a defining matrix
-1 -1 2 0
P=1]1-1-10 2
a b 11

These are admissible operations in the sense of [17, Def. 6.3] which do not affect the
resulting K*-surface due to [17, Prop. 6.7]. Moreover, swapping the first two columns if
necessary, we achieve that P is slope-ordered, meaning

a > b.

Again this is an admissible operation. As for any defining matrix of a rational K*-surface
with two elliptic fixed points, slope orderedness implies

a+i+3=m">0, b+i+i=m <0,

see [17, Rem. 7.5]. Multiplying the last row by —1 is another admissible operation and
turns m® into mT. Doing so, if necessary, and re-arranging via the first two admissible
operation steps yields

a+1 < —-b—1.

If X(P)= X(P’) holds with P, P’ as in Construction 3.2.1, then we have P = P’, as due
to Proposition 3.2.3, the entries a,b of P and a’, b’ of P’ satisfy

(da +4, —4b—4) = (4d’ +4, -4V’ — 4).

O

Recall that the Gorenstein index of a Q-factorial variety X is the smallest positive
integer ¢x such that the tx-fold of a canonical divisor of X is Cartier. The local
Gorenstein index v, of a point x € X is the smallest positive integer such that the ¢,-fold
of a canonical divisor of X is Cartier near x.
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3.2. Picard number one

Theorem 3.2.5. For any ¢ € Z>1, consider the set M, of pairs n = (11,.7) € 2221 with
lem(c*,07) = . Define subsets

Si1(1,0) = {ne Myt odd, = odd, o+ <.},

S12(1,0) == {ne€ My ot odd, 1™ even, 4|17, 20T <17},
So1(1,0) == {ne€ My ot even, v~ odd, 4|17, T <27},
Soo(1,0) = {ne M, ot even, 1= even, 4|17, 4|17, T <17}

Then each set S;j(1,t) provides us with a series of defining matrices P, of full intrinsic
quadric surfaces:

n=("")€e Su,): n=0"%17) e Sa(l,1):
-1 -1 2 0 —1 —1 2 0
p=| -1 -1 02|, pP=| -1 -1 0 2,
-1 =T =111 -1 -5 -1 11
n=("07) € Sn(l,e): n=0%17) € Sxn(l,1):
1 1 20 1 1 20
p=| -1 -1 02|, p=| -1 -1 0
P _ o+ -
-1 —— =1 1 1 G5 =1 -1 11

Each surface X(P,) is of Picard number one, Gorenstein inder ¢ = lem(t*, 1) and +*
are the local Gorenstein indices of the points

zt = [0,1,0,0], r~ = [1,0,0,0].

Moreover, every full intrinsic quadric surface of Picard number one and Gorenstein
index v is isomorphic to X (P,) for precisely one P, from the above list.

Proof. Let X be a full intrinsic quadric surface of Picard number one. We first show X =
X (P,) with P, from the above list and check the local Gorenstein indices. Proposition 3.2.4
allows us to assume X = X (P) with a unique P of the form

-1 2 0
P = -1 -1 0 2|, b<-2,0<a<-b-—2.
a b 1 1

According to Remark 1.2.10, we have the anticanonical divisor —Kx = D + D on X

and [17, Prop. 8.9] tells us that the linear forms u* representing the (*-fold of —Kx near

xt are given by

u+ _ at at I u- = b” b— L
- 2a+2° 2a+2° a+17 | - 2b4+27 20427 b+1| "
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By the definition of the local Gorenstein index, these are primitive integral vectors.
Consequently, the local Gorenstein indices (¥ of 2% are

" a+1, aeven, _ —b—1, b even,
L =
2a 4+ 2, a odd, —2b—2, bodd.

In particular, ™, ¢~ is even (odd) if and only if a, b is odd (even), respectively. Moreover,
if 1* is even, then it is divisible by four. Thus, P is one of the matrices P, withn = (¢F,07)
listed in the assertion and ¢* is the local Gorenstein index of z*.

Conversely, all the matrices P, listed in the assertion fit into the shape of Construc-
tion 3.2.1 and thus deliver full intrinsic quadric surfaces X = X (P,). By [17, Prop. 8.8],
the point xg = [0,0, 1, I] € X has local Gorenstein index one, hence the resulting X is of
Gorenstein index ¢ = lem(eT, 7).

Finally, we ensure that the matrices P, listed in the assertion define pairwise non-
isomorphic X (P,). By Proposition 3.2.4, this means to show that any two matrices
arising from different S;;(1,¢) differ from each other. This is done by comparing the
parity vectors (@, b) in Z/27 @ Z/27 of the first two entries a, b of the third row of P, for
the n € Sl'j(l,L):

5L | S12(10) | Sa(L0) | Saal10)
@n| 0o | 0 | ®y | @

O]

Example 3.2.6. Consider the full intrinsic quadric surface X = X (P) of Picard number
one given by the defining matrix

-1 -1 2 0
P = -1 -1 0 2
0 -2 11
Then X stems from the series S11(1,¢) and we have t = ¢+ =+~ = 1. Theorem 3.2.5 also

says that X is the only Gorenstein full intrinsic quadric surface with p(X) = 1.

3.3 Picard number two

The main result of this section, Theorem 3.3.5, provides the description of all full intrinsic
quadric surfaces of Picard number two in terms of the local Gorenstein indices of two of
their possibly singular points and the local class group order of another possibly singular
point.
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3.3. Picard number two

Construction 3.3.1 (Full intrinsic quadric surfaces X of Picard number two as
K*-surfaces). Consider an integral matrix of the form

0 b<a, c<0, a>0,

21, b+c<—-1,a-b<—c

1 a<-b—c—1.

P = [1)17,027,03,1)4,'[)5] = —1 _

Let Z be the toric variety arising from the fan ¥ in Z3 with generator matrix P and the
maximal cones
ot := cone(vy,v3,v5), o~ := cone(vy, U4, Vs),

7o = cone(vy, v2), 71 := cone(vs, vy).

Denote by Uy, Us, Us the coordinate functions on the standard 3-torus T? C Z. Then we
obtain a normal, non-toric, rational, projective surface

X = X(P):=V(h) C Z  h:=1+U+Uy €O(T?.

Moreover, the K*-action on T? given by ¢ - x = (21, 9, tx3) extends to an action on Z, it
leaves V (k) C T? invariant and hence induces a K*-action on X.

Proposition 3.3.2. Consider P and X C Z as in Construction 3.3.1, let P* be the
transpose of P and set K := 75 /im(P*). For the divisor class group of X, we have

CiX) =2 K = ClI(Z) = Z°®7Z/ged(2a+ 1,a — b, —c)Z.

Moreover, denoting by Q: Z° — K the projection, we obtain the following description of
Cozx ring of X as graded algebra:

R(X) = K{Tl, ey T5]/<T1T2 + 15T, + T52>, deg(ﬂ) = Q(ez) = [Dl],

where DX C X is the prime divisor on X obtained by intersecting X with the toric prime
divisor of Z given by the ray through v; and [D;X] € C1(X) denotes its class.

Proof of Construction 3.5.1 and Proposition 3.3.2. According to their definition, the columns
v1,...,v5 of P are pairwise different primitive integral vectors. Moreover, they generate
Q? as a convex cone, as we have

2v1 + 2v3 +v5 = [0,0,2a + 1], a > 0,

209 + 2v4 +v5 =[0,0,26+2c+ 1], b+ ¢ < —1.

Consequently, P is a defining matrix of a rational projective K*-surface X’ in the sense
of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. One shows X’ = X exactly as for Picard number
one and infers the desired statements on the divisor class group and the Cox ring from
the same reference. O
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Proposition 3.3.3. Let X = X(P) arise from Construction 3.3.1. The fized points of
the K*-action on X are given in Cox coordinates by

zt = [0717071,0], T = [170317070]’

o = [0a071717[]7 Iy = [171’070’1]'

Moreover, the orders of the local class groups of the fixed points of the K*-action on X
are given by

cd(X,zt) =142a, c(X,z7) =-1-2b—2c,
cl(X,z9) =a—-0b, (X, x1) =—c

Finally, the ordered pairs (14 2a, —1 —2b—2c¢) and (a — b, —c) are isomorphy invariants
of the algebraic surface X.

Proof. The same references and arguing as in the proof of Proposition 3.2.3, give us the
fixed points and show that the local class group orders of T, 7, zg and x; compute as

det[vy, v3, vs], det[vg, v4, V5], det { _ClL _})} , —det {(1) i} )
As mentioned in the proof of Proposition 3.2.3, the fixed points z*, = are the only
ones lying in the closure of infinitely many orbits. Moreover, each of the remaining
two fixed points xg, x1 lies in the closure of precisely two non-trivial orbits. Thus,
{cl(X,21),cl(X,27)} as well as {cl(X, zg), cl(X,x1)} are invariants of the K*-surface X.
As before, the assertion follows from the fact that on a non-toric, rational, projective
surface any two K*-actions are conjugate in the automorphism group. O

Proposition 3.3.4. FEvery full intrinsic quadric surface X of Picard number two is
isomorphic to an X (P) for precisely one matriz P from Construction 3.3.1.

Proof. Using again Theorem 3.1.3 and [22, Ex. 7.1], we see that the defining matrix P is
of the format 3 x 5 and the first two rows look as in the assertion:

-1 -1 1 1 0
P = -1 -1 0 0 2
di do ds ds ds

As in the proof of Proposition 3.2.4, we achieve the desired shape of P via admissible
operations [17, Def. 6.3]. First, adding suitable multiples of the first two rows to the last
one yields
-1 -1 1 1 0
P=1]-1 -100 2
a b 0 ¢ 1
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3.3. Picard number two

Second, swapping the columns v; and vs as well as vs and vy if neccesary and re-arranging
via the first step, we achieve that P is slope-ordered, meaning

a > b, 0>c

Third, swapping the first two columns blocks, that means [v1,v2] and [vs, v4], if neccesary
and re-adjusting the entries, we can ensure

a—b< —c.

As for any defining matrix of a rational K*-surface with two elliptic fixed points, slope
orderedness implies

a+3=m" >0, b+c+3=m <0.

Multiplying the last row by —1 turns m¥ into mT. Doing so, if necessary, and re-arranging
via the first two steps yields
a < —b—c—1.

We show that X (P) = X (P') with matrices P and P’ as in Construction 3.3.1 implies
P = P’. Proposition 3.3.3 yields equality of the ordered tuples

(1+2a, —1—2b—2c) = (1+2d', -1 -2 —2¢), (a—b, —c)=(a =V, )

built from the entries of the third row of P and P’ respectively. From this we directly
derive P = P’. O

Theorem 3.3.5. For any . € Z>1, consider the set M, of triplesn = (17,07, c), where
LT 07 € Zsy with lem(vt,07) = ¢ and ¢ € Z<_4. Define subsets

S11(2,0) = {ne My 2fut0, 34,0, T <, 11— ﬁ% <c< —ﬁ%},
(2,0) == {neM; 247,07, 34T, L+§3L_,1—m%§c§—m%},

S91(2,0) = {ne My 21,0, 3407, 3T <™, 1— ?"Jr% <c< —w%},
(2,0) = {neM; 24,0, 1T <, 1— 73L+'53L_ <c< 773L+1'3L_ }.

Then each set S;j(2,t) provides us with a series of defining matrices P, of full intrinsic
quadric surfaces:

n=_0%1",¢) € 511(2,0): n=_%,1",c) € S12(2,1):

1 1 110 T 1 110
p=| -1 -1 002|, p=]| -1 1 00 2],

i /,+2—1 _f2+1 —c 0 ¢ 1 I L+2—1 _3f2+1 —c 0 ¢ 1
n=",17,¢) € S2(2,0): n=0",17,¢) € S22(2,1):

[ -1 -1 110 [ -1 -1 110
P, = -1 -1 00 2], P, = -1 -1 00 2

I 3&*2—1 _f2+1 —c 0 ¢ 1 i 3ﬁr2—1 _3f2+1 e 0 ¢ 1
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Each surface X (P,) is of Picard number two, Gorenstein index v = lem(ct,07) and T,
L~ resp. —c are the local Gorenstein indices resp. local class group order of

rm = 10,1,0,1,0], r~ = [1,0,1,0,0], r = [1,1,0,0,1].

Finally, every full intrinsic quadric surface of Picard number two and Gorenstein index ¢
is isomorphic to X (P,) for precisely one P, from the above list.

Proof. Let X be a full intrinsic quadric surface of Picard number two. Then Proposi-
tion 3.3.4 allows us to assume X = X (P) with

b<a, c<0, a>0,

b+c< -1, a—b< —c,
a<—-b—c—1.

1 —
P = -1 —
a b

—
S O =
o O =
_= N O

Consider the anticanonical divisor —Kx = D5 + Dy + DX on X (P); see Remark 1.2.10.
The linear forms u* representing the (*-fold of —Kx near z* are given by

S I e DA Vi - _ [@b—ct1)im  (bte—1)T 3~
- ' 142a 7 142a|’ - 2b4+2c+1 * 2b+2c+1 2b+2c+1 | °

By the definition of the local Gorenstein index, these are primitive integral vectors.
Together with the fact that :* divides cl(X,z¥), we obtain

3t =yt (1 + 2a), 1+2a=z2",

307 = —y (2b+2c+ 1), —(2b+2c+1)=2"1"

with positive integers y* and z*. We conclude yt2+ = 3 and y~ 2~ = 3. This leaves us
with the following four cases:

Case 1.1: y* =3, y~ = 3. Then we have 1™ = 1+ 2a and 1~ = —2b — 2c¢ — 1. Solving for
a in the first equation, for b in the second one and substituting gives
+

We conclude that ¢ as well as ¢~ is odd and none of them is divisible by three. Substituting
also in P and the conditions on its entries leads to setting S11(2,¢).

Case 1.2: y* =3, y~ = 1. Then we have 7 =1+ 2a and 3.~ = —2b — 2¢ — 1. Solving
for a in the first equation, for b in the second one and substituting gives

ut = {ﬁ', "+T_3,3}7 U = [L_—i—c, "72“'1,—1}.

We conclude that ¢ as well as ¢~ is odd and ¢ is not divisible by three. Substituting
also in P and the conditions on its entries leads to setting S12(2,¢).
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3.3. Picard number two

Case 2.1: y* =1, y~ = 3. Then we have 37 =1+ 2a and +~ = —2b — 2¢ — 1. Solving
for a in the first equation, for b in the second one and substituting gives

u+:[L+,ﬁ%l,}, u~ = |t + 3¢, Li;B,—S}.
We conclude that ¢ as well as ¢~ is odd and ¢~ is not divisible by three. Substituting
also in P and the conditions on its entries leads to setting So1(2,¢).

Case 2.2: y* =1, y~ = 1. Then we have 3t* =1+ 2a and 3t~ = —2b — 2¢ — 1. Solving
for a in the first equation, for b in the second one and substituting gives

ut = {ﬁ', ﬁT_l, 1}7 U = [L_—I—C, Li;l,—l}.

We conclude that t* as well as ¢~ is odd. Substituting also in P and the conditions on
its entries leads to setting S22(2,¢).

We showed that every full intrinsic quadric surface of Picard number two is isomorphic
to some X (F,) with P, as in the assertion. Moreover, xg and z; are of local Gorenstein
index one, see [17, Prop. 8.8 (iii)], we obtain that X (P,) has Gorenstein index ¢ =
lem(¢T, 7). Conversely, one directly checks that every matrix P from the assertion
defines a full intrinsic quadric surface of Picard number two and Gorenstein index
v =lem(tt, 7).

Finally, we want to see that the matrices P, listed in the assertion define pairwise
non-isomorphic X (F,). Due to Proposition 3.3.4, this means to show that the sets
Sij(2,1) are pairwise disjoint. With the aid of Proposition 3.3.3, we compare the local
Gorenstein indices 1= and the local class group orders cl(X, z%):

511(2, L) 512(2, L) 521(2, L) 522(2, L)
(Foel(X,zt)) | (™) |ty | (0, 3et) | (et 3eT)

yel(Xyz™) | () | (y3e) | () | (0,3

The listed pairs are invariants of the surface X (P,) up to switching 2% and z~. Thus,
we see that S11(2,¢) as well as S22(2,¢) has trivial intersection with any other S;;(2,¢).
For S12(2,¢) observe 7 < 3.7, as we have 31 ¢T. Similarly, 3™ <+~ holds for S21(3,¢).
Thus, in both cases, cl(X, zT) is the strictly smallest of cl(X, 2%). Consequently, S12(2,¢)
and S21(2,¢) intersect trivially. O

Example 3.3.6. Consider the full intrinsic quadric surfaces X and X’ of Picard number
two given by the defining matrices

-1 -1 1 10 -1 -1 1 10
P = -1 -1 0 0 2], P = -1 -1 0 0 2
0 -1 0 -1 1 1 00 -2 1
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Then X stems from the series Si2(2,¢) and X’ from S22(2,¢). Theorem 3.3.5 yields that
X and X’ are the only Gorenstein full intrinsic quadric surfaces with p(X) = 2.

We conclude the section by taking a look at the possible contractions of the two-
dimensional full intrinsic quadrics. Recall that a contraction of a prime divisor D on a
normal variety X is a proper birational morphism 7: X — X’ such that the image 7(D)
is of codimension at least two in X’ and X \ D maps isomorphically onto X'\ 7(D).

Proposition 3.3.7. Let X = X(P) arise from Construction 3.3.1. At most the prime
divisors Dy ,..., Dy C X are contractible and all possible contractions are projective
toric surfaces of Picard number one. More precisely,

D¥: b>0 DX: at+c < -1 DX: atc >0 Df: b< -1
-1 -1 2 -1 -1 2 -1 -1 2 -1 -1 2
b b+c 1 a atc 1 at+c b+c 1 a b 1

gives us for each D;X the characterizing property of contractibility in terms of the en-
tries a,b,c of P and, for the case that DX is contractible, also the generator matrix of
the contracted surface.

Proof. [17, Rem. 10.4 (i)] tells us that a contractible divisor must be K*-invariant and
[17, Prop. 10.8] tells us that the divisor is an orbit closure containing a hyperbolic fixed
point. Hence, the contractible prime divisors are among the DiX = V(T;) C X, where
i=1,...,5. The same references show that the divisor D?f is not contractible. Recall
that the matrix P is given as

b<a, c<0, a>0,

-1 -1 1 10
P = [v,v,v3,04,v5) = | =1 =1 0 0 2|, b+ec<-1, a—b<—c,
a b 0 ¢ 1 a<—b—c—1.
The task is to characterize contractibility for each of Di,..., Dy and to determine the

possible contraction in terms of the entries of P. We exemplarily perform this for the
divisor Di*. Consider the matrix

-1
Py = [vg,v3,04,05] = | —1
b

o O =

1 0
0 21,
c 1

obtained from P by removing the colmun v;, which corresponds the prime divisor
D C X. Then Dt is contractible if and only if Pj is a defining matrix of a K*-surface.
The latter in turn holds if and only if
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3.4. Picard number three

as P; inherits all the other properties from P. Thus, Di{* is contractible if and only
if b > 0 holds. If so, then contracing Di¥ gives the K*-surface X; defined by P;. Via
admissible operations, we can turn P; into the shape

-1 -1 1 0
P = -1 -1 0 2
b b+ec 0 1

Indeed, we swap the first two column blocks, re-arrange the shape and then subtract the
b-fold of the first row from the last one. The makes the third column erasable [17, Def. 6.2]
and we obtain a defining matrix

;| -1 -1 2
P = [ b b+c 1 ]
by erasing the third column [17, Def. 6.3, Prop. 6.7]. This process reflects removing

the redundant Cox ring generator T3 = 1115 — T42 in the first presentation of X;. We
conclude that X; is the toric surface defined by the generator matrix P;. O

Remark 3.3.8. Consider the two Gorenstein full intrinsic quadric surfaces X and X' of
Picard number two from Example 3.3.6.

(i) In the surface X, the contractible divisors are D5 and Dy. In each case, the
contracted surface is the projective plane P2.

(ii) In the surface X', the contractible divisors are Df(/ and Dg(/. In each case, the
contracted surface is the weighted projective plane P(1,2,3).

3.4 Picard number three

The main result of this section, Theorem 3.4.5, provides the description of all full intrinsic
quadric surfaces of Picard number three in terms of the local Gorenstein indices of two
of their possibly singular points and the local class group orders of two further possibly
singular points.

Construction 3.4.1 (Full intrinsic quadric surfaces X of Picard number three as
K*-surfaces). Consider an integral matrix of the form

a>b 0>c 0>d,
a—b>—c>—d,
b+c+d<0<a,
a<—-b—c—d.

-1 -1
P := [1}1,’1}2,’1]3,’[}4,1}5,1)6] = -1 -1

1
0
a b c

Q= O

1
0
0

O = O

Let Z be the toric variety arising from the fan ¥ in Z3 with generator matrix P and the
maximal cones

ot := cone(vy,v3,v5), o~ = cone(vy, v4, vg),
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7o := cone(v,v2), 71 := cone(vs,vy), To:= cone(vs,uvgs).

Denote by Uy, Us, Us the coordinate functions on the standard 3-torus T? C Z. Then we
obtain a normal, non-toric, rational, projective surface

X = X(P):=V((h) C Z  h:=1+U+Uy €O(T?.

Moreover, the K*-action on T? given by ¢ - x = (21, 2, tx3) extends to an action on Z, it
leaves V(h) C T? invariant and hence induces a K*-action on X.

Proposition 3.4.2. Consider P and X C Z as in Construction 3.4.1, let P* be the
transpose of P and set K := 75 /im(P*). For the divisor class group of X, we have Then
the divisor class group of X equals that of Z and is given by

ClX) = Cl(Z2) =% K = Z3®7Z/ged(a,b,c,d)Z.

Moreover, denoting by Q: 75 — K the projection, we obtain the following description of
the Cozx ring of X as a graded algebra:

R(X) = K{Tl, NN ,Tﬁ]/<T1T2 + T3T4 + T5T6>, deg(ﬂ) = Q(el) = [Dl],

where D;X C X is the prime divisor on X obtained by intersecting X with the toric prime
divisor of Z given by the ray through v; and [D;X] € CI(X) denotes its class.

Proof of Construction 3.2.1 and Proposition 3.2.2. According to their definition, the columns
v1,...,0g of P are pairwise different primitive integral vectors. Moreover, they generate
Q? as a convex cone, as we have

v1 +v3+v5 =[0,0,a], a >0, vy +vg+vs=1[0,0,b+c+d|, b+c+d<D0.

Consequently, P is a defining matrix of a rational projective K*-surface X’ in the sense
of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. Again, one shows X’ = X exactly as in the case
of Picard number one, and the same reference gives the desired statements on the divisor
class group and the Cox ring. O

Proposition 3.4.3. Let X = X(P) arise from Construction 3.4.1. The fized points of
the K*-action on X are given in Cox coordinates by

.TJ+ = [07170713071]7 T = [1’0’1’0’1’0]’

zo = [0,0,1,1,1,—1], a1 := [1,1,0,0,1,—-1], a9 := [1,1,1,-1,0,0].

Moreover, the orders of the local class groups of the fixed points of the K*-action are
given by
c(X,zT) = a, c(X,z7)=—-b—c—d,

c(X,z9) =a—-0b, c(X,z1)=—-c, cl(X,x2)=—d.
Finally, the ordered tuples (a, —b — ¢ —d) and (a — b, —c, —d) are isomorphy invariants

of the algebraic surface X.
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3.4. Picard number three

Proof. As in the previous section, the references from the proof of Proposition 3.2.3
deliver the description of the fixed points and show that the local class group orders of
xT, 27, xy, 1 and x5 are

det[vy, v3, vs], det|va, v4, V],

-1 -1 11 11
det{ a b:l, —det|:0 C}’ —det|:0 d:|

Simlarly as in the corresponding earlier proofs, ™, x~ are the only fixed points ly-
ing in the closure of infinitely many orbits and each of xg, x1, o lies in the clo-
sure of precisely two non-trivial orbits. Thus, the sets {cl(X,z7),cl(X,z7)} and
{cl(X,zg),cl(X,x1),cl(X,x2)} are invariants of the K*-surface X. Again, the asser-
tion follows from the fact that on a non-toric, rational, projective, surface any two
K*-actions are conjugate in the automorphism group. O

Proposition 3.4.4. FEvery full intrinsic quadric surface X of Picard number three is
isomorphic to an X (P) for precisely one matriz P from Construction 3.4.1.

Proof. Applying once more Theorem 3.1.3 and [22, Ex. 7.1] yields that the defining
matrix P is of the format 3 x 6 and the first two rows look as wanted:

-1 -1 1 1 0 O
P = -1 -1 0 0 1 1
d1 d2 d3 d4 d5 dG

Again, suitable admissible operations [17, Def. 6.3] bring us to the setting of Construc-
tion 3.4.1. First, adding suitable multiples of the first two rows to the last one, we
achieve

-1 -1 1 1 0 0
P = -1 -1 0 0 1 1
a b 0 ¢ 0 d

Second, swapping columns inside the pairs (v1,v2), (v3,v4) and (vs, v6) and re-arranging
via the first step, we achieve that P is slope-ordered, meaning

a>b, 0>c¢ 0>d.

Third, suitable swapping the columns blocks [v1,ve], [vs,v4] and [vs,ve] and re-adjusting
the entries, we can ensure
a—b>—c> —d.

As for any defining matrix of a rational K*-surface with two elliptic fixed points, slope
orderedness implies

a=:m" >0, b+c+d=:m" <O.
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Multiplying the last row by —1 turns m¥ into m¥. Doing so, if necessary, and re-arranging
via the first two steps yields
a < —b—c—d.

We show that X (P) = X (P’) with matrices P and P’ as in Construction 3.4.1 implies
P = P'. Proposition 3.4.3 yields equality of the ordered tuples

(a, =b—c—d) = (d, b - —d), (a—b, —c, —d) = (d' =V, -, =d)

built from the entries of the third row of P and P’ respectively. From this we directly
derive P = P’. O

Theorem 3.4.5. For any ¢ € Z>1, consider the set M, of 4-tuples n = (1*,07,¢,d),
where 17,17 € Z>1 with lem(¢7,07) = and ¢,d € Z<_1. Define subsets

S11(3,0) == {neMy; 2ttt <, =t =1 <2c+d, c<d< -1},
S12(3,1) == {neMy; 24T, <27, =T -2 <2c+d, c<d< -1},
So1(3,0) == {neMy; 2t , 2T <, =2t — 1 <2c+d, c<d< -1},
Soo(3,0) == {neMy; ot <1, —2t -2 <2c+d, c<d< 1},

Then each set S;j(3,t) provides us with a series of defining matrices P, of full intrinsic
quadric surfaces:

n=0%,1",¢d) € S11(3,0) n=_0%,1",¢d) € S12(3,1):
—1 -1 11 0 -1 -1 1100
Pn = -1 -1 001T1], }:’77 = -1 -1 0011}/,
- —c—d 0 ¢ d =200 —¢ec—=d 0 ¢c 0 d
n=0",1t",¢c,d) € S21(3,¢): n=_0",1",¢cd) € S2(3,1)
-1 -1 1100 -1 -1 1100
P77 = —1 -1 0011], Pfi = -1 -1 0011
2t ———c—d 0 ¢ 0 d 2t -2 —¢c—d 0 ¢c 0 d

Each X (P,) is of Picard number three, Gorenstein index 1 = lem(cT,07) and o™, o™, resp.
—c, —d are the local Gorenstein indices resp. local class group orders of

zt = 1[0,1,0,1,0,1], r~ = [1,0,1,0,1,0],

= [1,1,0,0,1,—1], @ = [1,1,1,—1,0,0].

Finally, every full intrinsic quadric surface of Picard number three and Gorenstein index ¢
is isomorphic to X (P,) for precisely one P, from the above list.
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3.4. Picard number three

Proof. Let X be a full intrinsic quadric surface of Picard number three. Then Construc-
tion 3.4.1 and Proposition 3.4.4 allow us to assume X = X (P) with

a>b, 0>c¢ 0>d,

1 11100 el b> e
P = -1 -1 0011, b+c+d<0<
a b 0 ¢ 0 d ¢ %

a<—-b—c—d.

According to Remark 1.2.10 the anticanonical divisor is —Kx = D5 + Dy + D& + D

on X (P). The linear forms u™ representing the *-fold of —Kx near = are given as
ut = [t 2t U = (b—ct+d)e™  (bte—=d)e™ 247
- ’ Yooa | - b+ct+d 7  btctd 7 btcetd |

By the definition of the local Gorenstein index, these are primitive integral vectors.

Together with the fact that «* divides cl(X,z¥), we obtain
2T =yta, a=z"",

207 = -y (b+c+4d), —(b+c+d)=2"1

with positive integers y* and z*. We conclude yt2T =2 and y~ 2~ = 2. The possible

constellations of (y*,y™) yield the following four cases:

Case 1.1: a =%, b= —1~ — ¢ — d. Inserting this, we see that P arises from S11(3,¢) and
its entries satisfy the required estimates. Moreover, u® become

ut = [ﬁ,ﬁ, 2], u- = [2c—|—f,2d—|—f,—2].

As these are integral primitive vectors, we see that ¢+ as well as 1~ are odd and that /*
are indeed the local Gorenstein indices of z*.

Case 1.2: a=1", b= —21" — ¢ — d. As in the previous subcase, inserting shows that P
stems from S12(3,¢). Note that this time we have

ut = [ﬁ, ﬁ,?], u- = [c+f,d+f,fl].

Thus, ¢+ is odd and we have no divisibility condition on . As before, we obtain that /*
are indeed the local Gorenstein indices of z*.

Case 2.1: a = 2", b= —1~ — ¢ — d. Inserting shows that P is given by So1(3,¢) and its
entries satisfy the required estimates. Moreover, we have

u+: [L+7L+7 1]7 u = [2C+L772d+2L++L7,72].

These must be integral primitive vectors. Consequently, :~ is odd and we obtain that ¢+
are indeed the local Gorenstein indices of z*.
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Case 2.2: a = 2.7, b = —21~ — ¢ — d. Inserting shows that the matrix P arises from
So2(3,1). Moreover, the linear forms u* are given by

u+:[L+7L+, 1], u_:[c—kb_,d—i—ﬁ—l—f,—l}.

Thus, there are no divisibility conditions on (* and we see that ¢+ are indeed the local
Gorenstein indices of 2*.

We showed that every full intrinsic quadric surface of Picard number three is isomorphic
to some X (P) with P as in the assertion. Moreover, as xq, z1,r2 € X (P) are all of local
Gorenstein index one, see [17, Prop. 8.9 (iii)], we obtain that X (P) has Gorenstein index
v =lem(t+, 7). Conversely, one directly checks that every matrix P from the assertion
defines a full intrinsic quadric surface of Picard number three and Gorenstein index
v =lem(et, 7).

Finally, we want to see that the matrices P listed in the assertion define pairwise
non-isomorphic X (P). According to Proposition 3.4.4, this amounts to showing that
the sets S;;(3,¢) are pairwise disjoint. We use Proposition 3.4.3 to compare the local
Gorenstein indices 1= and the local class group orders cl(X, z%):

S11(3,¢) | S12(3,0) | S21(3,¢) | S22(3,¢)

(Hel(X,zm) | (6 et) | (Tet) | (T 2e) | (et 20T

yel(Xyz™)) | () | (y2e) | () | (207

The listed pairs are invariants of the surface up to switching % and z~. Thus, we see
that S11(3,¢) as well as S92(3,¢) has trivial intersection with any other S;;(3,¢). For
S12(3,1) observe 1t < 2.7 as ¢ is odd. Similarly, for So1(3,¢), we have 2.7 < +~. Thus,
in both cases, cl(X,z7) is the strictly smallest of cl(X,zT). It follows that Si2(3,:) and
S21(3,¢) intersect trivially. O

Example 3.4.6. Consider the full intrinsic quadric surfaces X and X’ of Picard number
three given by the defining matrices

-1 -1 1 1 0 O -1 -1 1 1 0 O
P = -1 -1 0 01 1|, P = -1 -1 0 0 1 1
1 0 0 -1 0 -1 2 00 -1 0 -1

Then X stems from the series Si2(3,¢) and X’ from S22(3,¢). Theorem 3.4.5 yields that
X and X’ are the only Gorenstein full intrinsic quadric surfaces with p(X) = 3.

Proposition 3.4.7. Let X = X (P) arise from Construction 3.4.1. At most the prime
divisors Df, .. ,Dg( C X are contractible and all possible contractions are projective
toric surfaces of Picard number three. More precisely,

D¥: b>1 DX: atctd < -1 DX: atc > 1

-1 -1 1 1 -1 —1 1 1 —1 -1 1 1
b b+c 0 d a atc 0 d

atc b+c 0 d
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3.5. Geometry of full intrinsic quadric surfaces

DE: b+d < —1 DX: a+d > 1 DX: bte < -1
-1 -1 1 1 -1 -1 1 1
a b 0 d a b 0 c
gives us for each D;X the characterizing property of contractibility in terms of the entries

a,b,c,d of P and, for the case that DiX is contractible, also the generator matriz of the
contracted surface.

-1 -1 1 1
at+d b+d 0 c

Proof. One succeeds by the same arguments as in the proof of Proposition 3.3.7. O

A normal surface singularity is of type A, if the exceptional divisor of its minimal
resolution is a string of n smooth rational curves, each of self intersection —2.

Remark 3.4.8. Consider the two Gorenstein full intrinsic quadric surfaces X and X’ of
Picard number three from Example 3.4.6.

(i) On X, the contractible divisors are Dz, Dy and D . In each case, the contracted
surface is P! x P!,

(ii) On X', the contractible divisors are Dg(/, Df/, Dg(/ and Dg(/. In each case, the
contraction is the toric del Pezzo surface of Picard number 2 with two singularities,
both of type A;.

3.5 Geometry of full intrinsic quadric surfaces

We present direct applications of Theorem 3.2.5, 3.3.5 and 3.4.5, exploring the geometry
of full intrinsic quadric surfaces. In Theorem 3.5.16 we determine the weighted resolution
graphs for the canonical resolution of singularities. Moreover, Theorem 3.5.3, 3.5.23
and 3.5.29, 3.5.30, 3.5.31 give explicit upper and lower bounds on the degree, the log
canonicity and the Picard index in terms of the Gorenstein index. Finally, Theorem 3.5.32,
3.5.43, 3.5.48 characterize the existence of Kéhler-Einstein metrics in terms of the
Gorenstein index.

We recall that a del Pezzo surface is a normal projective surface X admitting an
ample anticanonical divisor —Kx. Moreover, a del Pezzo surface X is log terminal if
all the exceptional divisors of its minimal resolution of singularities have discrepancies
strictly bigger than —1; if so then one refers to X also as a log del Pezzo surface.

Proposition 3.5.1. Every full intrinsic quadric surface X is a log del Pezzo surface.

Proof. We may assume X = X(P). Then log terminality is a direct consequence
of [17, Cor. 8.12]. According to the possible values of the Picard number p = p(X), the

114



degree p € Cl(X) of the defining quadric of X is given as

w1 + wo = 2wz = 2wy, p=1,
po= qwi+wy = w3+ wy = 2ws, p =2,
wy + we = w3 + wyg = w5 +wg, p=3,

where w; = deg(7;) € ClI(X). Due to Remark 1.2.10 the anticanonical class of X
equals wy + ... 4+ wyq3 — p and thus is a positive multiple of x. From [3, Prop. 3.3.2.9]
we infer that the cone of movable divisor classes of X is given by

o+3
Mov(X) = ﬂn, 7; = cone(w;; j #1i) C Clg(X).
i=1

Observe that p is an interior point of each 7;. All involved cones are of full dimension;
see Remark 1.1.13. Hence we obtain that p is an interior point of Mov(X). Thus, |3,
Prop. 3.3.2.9, Thm. 4.3.3.5] show that u, and hence the anticanonical class of X, is
ample. O

Remark 3.5.2. The surfaces from Example 3.2.6, 3.3.6, 3.4.6 are the only Gorenstein
two-dimensional full intrinsic quadrics. By Proposition 3.5.1 they are all log del Pezzo
and thus we can recover them as well as the only full intrinsic quadrics in the classification
of all rational Gorenstein log del Pezzo K*-surfaces [3, Thms. 5.4.4.2 to 5.4.4.5].

3.5.1. The anticanonical degree ¢ Recall that the (anticanonical) degree of a del
Pezzo surface X is the self intersection number of an anticanonical divisor of X.

Let X be a K*-surface as in Construction 1.2.1. Then due to Proposition 1.2.7 X
inherits Q-factoriality from its ambient toric variety Z. Moreover, X has a complete

intersection complete intersection Cox ring, and we can compute intersection numbers
according to [3, Constr. 3.3.3.4]; see also [3, Sect. 5.4.2] and [17, Sum 7.7].

The results of this section are summarised in the following theorem relating the
degree to the local Gorenstein indices; see Proposition 3.5.6, Proposition 3.5.10 and
Proposition 3.5.14 for the proof.

Theorem 3.5.3. Consider a full intrinsic quadric surface X = X (P,)) with P, as in
Theorem 8.2.5, 3.8.5 or 8.4.5. Then the degree IC%( of X is given as

p=1: K3 :L%‘*_Li—a 776511(17b)> K%(:Li-&-"i'%a 776512(1,0,
Kx=2+2  neSall), Ki=2+2%  neSn(y),
p=2: K3 ZQL%—FQLL—? 776511(2>L)7 K’%(ZQL%_'_QLL—, 776512(27[')7
Kjg(:%-i-%, 776521(2,l,), K%Z%-F%, ’17€S22(2,/,>,
p:?): IC2 :%—"_Li—: 776511<37[')7 K»%(:%‘i‘%, 776512(37[’>7
K3 :%—}-%7 n € S21(3,¢), /C%(:L%—i-%, n € S22(3,¢).
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3.5. Geometry of full intrinsic quadric surfaces

Here, p is the Picard number, v the Gorenstein index of X and 1™ the local Gorenstein
index of x* € X. Moreover, we obtain the following upper and lower bounds:

_ . 2 2 4
=1: 2<K <1+,
_ 3 2 9 9
=2: 2<Kx<5+73,
_ 9. 4 2 4
—3: d<K% <4+

We treat the cases of Picard number one, two and three separately. The combination
of the respective lemmata and proposition then gives us Theorem 3.5.3.

Lemma 3.5.4. Let X = X (P) arise from Construction 3.2.1. Then the intersection
numbers of the curves DiX,i =1,2,3,4 are given as

Dyt Dy Dt Dy

DX 11 1 1 1

1 a+l  a—b a—b 2(a+1) 2(a+1)
DX 1 1 1 1 1

2 a—b b1 a—b 2(6+1) 2(6+1)
DX 1 _1 1i1 1 i1 1

3 2(a+1) 2(b+1) 4 \a+1 ~ b¥1 4 \ar1 ~ b¥1
DX 1 S 11 1 [ D S

4 2(a+1) 2(b+1) 4 \at+l b+l 4 \a+1l b+l

Proof. This is a result of the formulas given by [3, Prop. 5.4.2.1, Cor. 5.4.2.2], cf.
[17, Sum. 7.7], where we are simply plugging in the values

ln =1, lo =1, i =2, la =2
mor = a, mo2 = b, mi = 3, ma = 3,
mt = a+1, m- = b+ 1.

d

Proposition 3.5.5. Consider a full intrinsic quadric surface X = X(P,) of Picard
number one with Py, as in Theorem 3.2.5. Then the degree Ing of X 1is given by

K%{ = %,_—%—L%, n € 511(1,L), K%g = %—I—%, n € 512(1,1,),
Kx = 2+2L ne Suly, Kix =23+

Proof. According to Remark 1.2.10 we have the following anticanonical divisor
~Kx = D + Dy,

By using the self intersection numbers from Lemma 3.5.4, we get

1

K% = D -Df +2D5 - Df + D - DY = 5 — 5y
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compare Proposition 1.4.4. According to Theorem 3.2.5 we can express the variables a, b
of the generator matrix P from Construction 3.2.1 in terms of the local Gorenstein indices
of X(P)

(LJr—l -t —1) ,ifp e S11(1,e),

(1,¢)
(L+ ) , if ne 512(1, L),
(CL, b) = - 2 .
( 5 ) ,1f’l7€521(1,L),
(ﬁ%,*%) R ian SQQ(l,L).
This yields the desired presentation of the anticanonical self intersection. O

Proposition 3.5.6. Consider a full intrinsic quadric surface X = X(P,) of Picard
number one with P, as in Theorem 3.2.5. Then the degree K% of X is bounded by

K% <1
K% < 3

IN

n € 511(1,L), ng( <

+1 1
+%, n € 521(1,L), /Cg( < %

The bounds are attained precisely in the following cases

Jr

T =1 forn € Siu(1,4), 1T =1 forn € Sia(1,1),
T o= 4 forn € Sa(1,0), 1T o= 4 form € Sa(l,L).

Proof. First, we treat the case (¢7,07) € S11(1,¢). Then one has 1 <+ <™. Hence we
get 1w —1<:T(t= —1). We add ﬁ + 1 on both sides of the inequality to get
T <t L (3.5.6.1)

Further, we note ¢ = lem(:*, 7). This yields ¢ < /¢ and # < % Together with the
description of IC%( from Proposition 3.5.5 and the inequality (3.5.6.1), we obtain

2 _ 1 1 ot 41 1
’CX - L++L— Tt =< v < 1+

Equality in (3.5.6.1) holds if and only if :* + ¢~ = 1™+~ + 1. Equality in the second
estimate holds if and only if lem(¢*,.7) = 7+~ Then, both conditions hold if and only
if o7 =1.

Next we treat the case (¢17,07) € S12(1,¢). We obtain 1 <™ and 4 < .~. This yields
—2<.T(¢” —2). Adding 2/,+ + 2 to the inequality leads us to

Ut 4+ < 42

As above, we note # < % By using Proposition 3.5.5 and the above inequality, we
conclude

2 1, 2 2t 42 2
Kx ot + S = vt < 1+ P
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3.5. Geometry of full intrinsic quadric surfaces

The first inequality is an equality if and only if 2.7 + ¢~ = 7+~ + 2. This is equiv-
alent to 1= — 2 = T(+~ — 2). Equality in the second inequality holds if and only
if lem(¢*,07) = 7™, Both conditions hold if and only if t* = 1.

Next, we consider the case (:7,07) € S91(1,4). Then we get 4 < /7 and 3 < 1.
Consequently, one obtains 4(:= —2) < (1= —2). We add 2™ + 8 on both sides and
this yields

At 4+ 47 < T 48

By combining Proposition 3.5.5, the above inequality and ﬁlﬁ < %, we see

2 2 1 442t 48 1
]CX - L++L— - 2t < 20— < 2+

S

Equality holds if and only if 4(:™ — 2) = ¢* (4~ — 2) and lem(¢*,¢7) = 7+~ Then both
statements hold if and only if ;7 = 4.

Lastly, we treat the case (v7,17) € S9a(1,1). So one has 4 | t™ and 4 | .. We treat the
cases 8 <1 <17 and +T = 4 separately. First, let 8 <™ < (~. This implies 45:7_744 <8
and 8 < «*. Hence, we get 4.~ — 1) < 8(¢~ —4) and 4(t~ — 1) < (= —4). We
add 4™ + 4 on both sides of the last inequality to obtain

LT+ 4T < 44,

From this inequality, Proposition 3.5.5 and from - +1L, < 1 we infer that

)

2 2 2 _ 2ut42- ! 1
Kx = L++L* G = 2t~ < 3t

=N

The first inequality is attained if and only if 4(:™ — 1) = ¢* (.= — 4). The second if and
only if lem(:7,07) = ¢*¢~. Thus, we have equality for both inequalities if and if :™ = 4.
This would contradict to the assumption 8 < :* < ¢~. Now, let (+7,.7) € Sa2(1,¢)
and t* = 4. Then we have 1 =+~ and

2 2 2 1 2
Kx = 5+ =3+= =

_l’_

[N
=N

For convenience, we explicitly list a series of maximizers.

Example 3.5.7. Let ¢; be an odd and let ¢ be an even integer. Consider the generator
matrices

-1 -1 2 0 -1 -1 2 0
P11(L1) = -1 -1 0 2 s Plg(Lg) = —1 -1 0 2 5
0 -1 1 1| 0~z -1 1 1|
[ -1 -1 2 0] [ —1 -1 2 0]
P21(L1) = -1 -1 0 2 ) PQQ(LQ) = -1 -1 0 2
1 -1 1 1| 1 -2 -1 1 1|
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Then we have (1,41) € S;i(1,¢) and (4,12) € Si2(1,¢) and the generator matrices
corresponding to these tuples give us full intrinsic quadric surfaces X;;(¢;) == X (P (¢5))
of Picard number one. Further, the surface X;;(¢;) has Gorenstein index ¢ = ¢; and is of
the following degree

2 2
) ’CX12(L2) = 1+ R

2 _ 1 2
’ ,CX22(L2) - §+f'

Lemma 3.5.8. Let X = X (P) arise from Construction 3.3.1. Then the intersection

numbers of the curves DiX,i =1,...,5 are given by
X X X X X
Dy Dy Dy Dy Ds
X 2 1 1 2 1
Dl 2a+1 a—b a—b 2a+1 0 2a+1
DX 1 12 0 2 1
2 a—b b—a 14+2b+4-2¢ 14+2b+4-2¢ 1+2b+2¢
X 2 1 2 1 1
Dj 2a+1 0 :t 2a+1 c 2a+1
DX 0 2 _1 12 1
4 14+2b64+2¢ c c 14+2b4+2¢ 2b+2c+1
DX 1 1 1 1 11
5 2a+1 14+2b+2¢ 2a+1 2042c+1 4a+2 2+4b+4c

Proof. To obtain the intersection numbers we enter the formulas from [3, Prop. 5.4.2.1,
Cor. 5.4.2.2] or [17, Sum. 7.7] with

lor =1, loo =1, hi =1, hs =1, In =2
mo1 = a, moz = b, my1 = 0, mi2 = ¢ ma = %7
mT™ = a+1l, m~ = bt+c+l.

O]

Proposition 3.5.9. Consider a full intrinsic quadric surface X = X (P,) of Picard
number two with P, as in Theorem 3.3.5. Then the degree IC%( of X is given by

’C%{ = %-I—%, n € 511(2,L), ’C%{ = 2%4-%, n < 512(2,L)7
]C%( = 2514—%, n € S21(2,¢), ’C_%( = 2%—1-2%, n € S92(2,t)

Proof. Remark 1.2.10 yields the anticanonical divisor
—Kx = D3 + Dy + D",
Then, by using Lemma 3.5.8 we obtain

K% = Ds-D3+2D3-Dy+2D3-Ds+ Dy-Dy+ 2Dy - Ds+ Ds - Ds

- 9 __9
~ 4a+2 2+4b+4c”
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3.5. Geometry of full intrinsic quadric surfaces

Theorem 3.2.5 tells us that we can express the variables a, b, ¢ of the generator matrix P
from Construction 3.3.1 by the local Gorenstein indices of X (P)

(ﬁ2—1, —L;—l) ,if € 511(2,0),

(2,0)
(55 == Lifn e S(2,0),
(2,0)
(2,0)

(a,b+¢) = _
’ (3#{1,%71) ,if € S91(2,0),
(WT_l,#) ,ifT]ESQQ 2,1).
By inserting these values, we get the desired presentations. O

Proposition 3.5.10. Consider a full intrinsic quadric surface X = X (P,) of Picard
number two with Py, as in Theorem 3.3.5. Then the degree IC%( of X is bounded by

K% < $+5. meSuy, Kt < 3+3, e Su,
Ky < 342, n e Su2), K% < 3+2, ne 5n@2.).

The bounds are attained in each case if and only if 1™ = 1.

Proof. First, we treat the case (17,07, ¢) € S11(2,¢). Then we have 1 <™ <.~. Hence
we get 1~ —1 <t (t7 —1). We add ¢* + 1 on both sides of the inequality to get

G <+ (3.5.10.1)

We derive # < % from ¢ < (7. Together with the representation of K3 from
Proposition 3.5.9 we get

+

2 9 | 9 _ 9t49.” 9™ 49
’CX - 2t +2L* it < 2t~ <

[ ] [Ne)
Sl

Equality in the first estimate holds if and only if .= — 1 = T (= — 1). The second
inequality is an equality if and only if lem(:™,t~) = +7+~. Both conditions hold true if
and only if ;7 = 1.

Now we consider (17,.7,¢) € S12(2,1). So we get 1 < ¢+ < 3,7. This implies
1T —1< 307 (v —1). Adding 3.~ + 1, we obtain

3T <3t + 1.

We infer from Proposition 3.5.9, the above inequality and from L+1L_ < % that

2 _ 9 3 943t 9t +3 9 3
ICX 2t +2L_ 2t < 20t~ < 2+2L'

Equality holds if and only if «* — 1 = 3:7(+" — 1) and lem(c,07) = ¢Fo7. This is
equivalent to ™ = 1.
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Now, we consider (t1,17,¢) € S91(2,¢). Then we obtain 3 < 3t < (. Therefore
30T —=1) <t (4T —1). We add ¢~ + 3 and get

3T+ <t +3

By using Proposition 3.5.9, the above inequality and # < % we conclude

2 _ 3 9  _ 349t 3t 49 3,9
Kx = g5 ta= = 5r = “o7e S 2t
Equality holds if and only if 3(:7 — 1) = = (¢« — 1) and lem(:*,.7) = ¢Tv~. Hence

equality holds if and only if ;T = 1.

Lastly, we treat the case (t1,07,¢) € S92(2,1). So we have 1 < .T < /7. (3.5.10.1)
tells us 3¢~ + 3¢ < 3071~ + 3. Thus, together with Proposition 3.5.9 and # < % we
get

2 3 | 3 _ 343t 3uti—43 3, 3
’CX - 2t +2L* 2t < 2t~ < 2+2L

Equality for the first inequality holds if and only if .= — 1 =% (:~ — 1). Whence, both
equalities hold if and only if +T = 1. O
We conclude the case of Picard number two with a series of exlicit maximizers.

Example 3.5.11. Let ¢ be an odd integer. Consider the generator matrices

cn(i) = -5, (i) = =3,

-1 -11 1 0 -1 -11 1 0
Pll(i) = -1 -1 0 0 2 , Plg(l) = -1 -1 0 O 2 5

0 -1 0 -5t 1 0 -1 0 =341
enli) = cmli) =~

-1 -11 1 0 -1 -11 1 0
Pu(i) = | -1 =1 0 0 2|, Pp()=|-1-10 0 2

1 0 0 -1 1 0 0 —2H

Then we have triples corresponding to Pj;(i) such that (1,,¢;5(2)) € Si;(2,¢). Now
set Xj;(i) = X (P;;(4)) for the corresponding full intrinsic quadric surfaces of Picard
number two. The Gorenstein index of the surface Xj;;(7) is ¢ = i and the surfaces are of
the following degree

2 9, 9 2 _ 9,3
ICXll(Z) PR ICX12(Z) 2T 2

2 — 3.9 2 — 3. 3
ICle(l) - 2 + 20 ICXQQ(Z) 2 2"
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3.5. Geometry of full intrinsic quadric surfaces

Lemma 3.5.12. Let X = X (P) arise from Construction 3.4.1. Then the intersection

numbers of the curves D;-X,z' =1,...,6 are given by
X X X X X X
Dy Ds Dy Dy D Dy
X |1 1 1 1 1
Dif | s+ 5= a=b a 0 a 0
X 1 1 1 __1 __1
D2 a—b b—a b+ct+d 0 b+c+d 0 b+c+d
X 1 1,1 1 1
Ds a 0 ate c a 0
X 1 1 1 1 1
Dy 0 " btctd T c ¢ btctd 0 btctd
X 1 1 1,1 _1
D5 a 0 a 0 a + d d
X __1 __1 _1 i1
D6 0 b+c+d 0 btc+d d d btc+d

Proof. To obtain our statement, we insert /;; = 1, for all ¢ = 0,1,2,5 = 1,2, and the
following values into the formulas from [3, Prop. 5.4.2.1], cf. [17, Sum. 7.7]

mor = a, Mgz = b, m11 = 0,
mio = ¢, mo1 = 0, mo = d,
mt = a+1, m™ = b+c+d.

d

Proposition 3.5.13. Consider a full intrinsic quadric surface X = X (P,) of Picard
number three with P, as in Theorem 3.4.5. Then the anticanonical self intersection of X
s given by
K% =
K3 =

Ln e Su@B, Kx =2
Li,, n < 521(3,L), Kg( = %

L

Hro Y

+
T+
Proof. Remark 1.2.10 gives us the anticanonical divisor as

~Kx = D5 + Dy + D + D¢

We use the intersection numbers from Lemma 3.5.12 and this yields

2
K% = (Df +Df + DF + D) = 4 i

We derive a description of a, b, ¢,d in terms of the local Gorenstein indices of X (P) from
Theorem 3.4.5, i.e.

(t*, =) ,ifn e 511(3,0),
(a,b+c+d) = (W =27) L if g € 512(3,0),
(20, —7) L if € Sa1(3,0),
(207, —207) ,if n € Saa(3,0).
This yields the claim. -
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Proposition 3.5.14. Consider a full intrinsic quadric surface X = X (P,) of Picard
number three with P, as in Theorem 3.4.5. Then the anticanonical self intersection of X
s bounded by

IC_%( S 4"‘%, n S S11(37L)7 ,C_%(
K% <244 5 e SuB), Kk

IA A

The bounds are attained in each case if and only if 17 = 1.

Proof. We begin with treating the case (:7,:7, ¢,d) € S11(3,¢). Then we have 1 </t <™.
Therefore t= —1 <17 (t= —1). We add + + 1 to get

T4 <t L (3.5.14.1)

Together With the represenation of ICg( from Proposition 3.5.13 and with and the inequal-
ity L+L <1 , we get

2 _ 4 4 dt44 4t +4 4
ICX - F—I_F - vt =< T =< 4+I'

We obtain equality in the first inequality if and only if 1.~ — 1 = +7(:~ — 1). Equality
for the second inequality holds if and only if lem(¢*,¢t7) = +7¢~. Consequently both
inequalities are attained if and only if ¢+ = 1.

Next, we treat the case (17,07, ¢,d) € S12(3,:). We obtain 1 < T < 2,7. Hence
47 —2 <t (4™ —2). We add 20t + 2 to obtain 2.7 + 4/~ < 470”4+ 2. By combining
this with Proposition 3.5.13 and with and the inequality # < % we conclude

2 _ 4 2 42T Lt 42 2
Kx = F+F G = vt = 4+f

Equality in the first inequality holds if and only if 4.~ —2 = /(4™ —2). Further, equality
for the second inequality holds if and only if lem(:*,.7) = +T+~. Then both conditions
hold if and only if ¢+ = 1.

The case (¢7,07,¢,d) € S21(3,1) works analogously. We have 2 < 2,7 < = and
thus 407 — 1) < 2.7 (¢* — 1). Therefore 4t + 2.~ < 2071~ + 4. Again by using

Proposition 3.5.13 and the inequality # < % we obtain

2 _ 2 4 244t 2t 44
ICX - L++L* G < vt < 2+

s

Equality for both inequalities holds if and only if 4(¢:* —1) = 2.7 (T —1) and lem (2T, 7)) =
.7, This is equivalent to :T = 1.

Lastly, let (¢7,17,¢,d) € 5’2 (3,1). Then we get 1 < T < 1~. We combine Proposi-
tion 3.5.13, the mequahty —— <1 and (3.5.14.1) to obtain
Ky = 2+2 = 2007 < 20042 < 942

Equality holds if and only if := — 1 = ¢"(.~ — 1) and lem(¢*,.7) = +*¢~. Hence this
holds if and only if ¢+ = 1. O
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3.5. Geometry of full intrinsic quadric surfaces

For convenience we also provide a series of exlicit maximizers in Picard number three.

Example 3.5.15. Let ¢ be an odd integer. Consider the generator matrices

Cll(i) = —%7 Clg(i) = —i,

-1 -1 1 1 0 0 -1 -1 1 1 0 0
Py(i) = |-1 -1 0 0 1 1 |, Pp(i) = | -1 -1 0 11 |,

1 -5 o -5 o -1 1 —i+1 0 —i 0 -1
Cgl(i) = 71’—}2—17 ng(i) = 77;,

-1 -1 1 1 0 0 -1 -1 1 1 0 0
Pu(i) = | -1 =1 0 0 1 1 |, Ppi=|-1 -1 0 1 1

2 —i43 0 -l o —1 2 —i+1 0 —i 0 —1

Then we have (1,4,¢;5(i), —1) € S;;(3,¢). Set X;;(i) := X (P;(i)) for the corresponding
full intrinsic quadric surfaces of Picard number three. Then the Gorenstein index of the
surface X;;(7) is ¢« = i and the surfaces are of the following degree

2 _ 4 2 _ 2
Kixnw = 4+75 Kxine = 4+ 74
Kg(m(i) = 2+ %7 ,Cgfm(i) = 2+ %

3.5.2. Singularities and resolution ¢ We turn to the singularities of full intrinsic
quadric surfaces and determine their canonical resolution of singularities in the sense
of [36, Sec. 3.2]; see also [3, Sec. 5.4.3].

Recall that the nodes of the resolution graph represent the irreducible components of
the exceptional divisor over the corresponding singularity. For two curves we join the
corresponding nodes with an edge if the curves intersect.

Theorem 3.5.16. Consider a full intrinsic quadric surface X = X(P,)) with P, as
in Theorem 8.2.5, Theorem 8.3.5 or Theorem 3.4.5 and its canonical resolution of
singularities. Then the possible singularities x,x~, x,x1,22 € X have the following
resolution graphs:

p:1: z+,3 z—, 3 To, €
—2 1.t -2 —2 1 —2 -2 -2 —2
S11(1,0) ¢ ¢ b -
[ o [ o o——o— —0 e=T4.7 -1
-2 1.t —2 -2 _q_r_ =2 -2 =2 —2
S12(1,0) P -
o o [ ] o0——0— —0 == +L771
+
-2 _j_i 2 -2 i, -2 -2 -2 —2
Sa1(1,t) =% 1—e B
[ o [ o o——o— —0 e=ip 4T -1
+ _
-2 gt -2 -2 _q_t_ -2 -2 -2 -2
Sao(1,1) -5 -5 _
o o o o o——o0— —0 =iyl -1
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4 -
p= 2: zt, 2 7, 2 zo, St te—14e r, —1—c

+
-2 _1_ . -2 _1_ . -2 -2 —2 -2 -2 -2
S11(2,¢) 272 373
o——o o——o o—o— —0 =0 o—o— —o
—2 _1_ .t 2 _1_3" 2 2 —2 —2 -2 —2
S12(2,¢) 27732 3 2
o——o o——o o—o— —0 = o—o— —o
—2 _1_3.%F -2 _1_ . -2 -2 -2 -2 -2 -2
S21(2,t) 2772 2772
o——o o——o o—o0— —0 e=:T o—o— —o
o _1_a* 2 _1_3.— 2 _2 _2 —2 -2 —2
S22(2,0) 27732 2772
o——o o——o o—o— —0 e=1t4. o—o— —o
p = 3: ZL’+, 1 z, 1 x0, T detd—14€ 1, —1l—c To, —1—d
E —.t . -2 -2 —2 -2 -2 -2 -2 =2 -2
S11(3,¢) ‘ t
o o o—o— —0 =0 o—o— —o o—o— —o
.t _o2,— -2 -2 —2 -2 -2 -2 -2 -2 -2
512(3,0) B 20
o o o—o— —0 = o—o— —o o—o— —o
. _o,t . -2 -2 —2 -2 -2 —2 -2 -2 —2
521(3,L) ¢ ¢ +
o o o—o— —0 &= o—o— —o o—o— —o
_o, T _9,— -2 =2 —2 -2 -2 -2 -2 -2 -2
Sa2(3,¢) ¢ N 4, -
o o o—o— —0 e=1t4s o—o— —o o—o— —o

Next to x*, z; we place the number of exceptional curves, and the weights of the vertices
are the self intersection numbers of the corresponding exceptional curves. The canonical
resolution is minimal unless = € X is smooth, where the latter happens if and only if

= 1, ne 511(2, L) U 512(2, L) U 511(3, L) U 512(3, L).

We recall the necessary background for the proof. The tropical variety of a full
intrinsic quadric surface is given as

tl“Op(X) = 79U UTo,

where its leaves are given by

7o = cone(ep) + lin(es), 71 = cone(ey) + lin(es), To = cone(ez) + lin(es).

Construction 3.5.17 (Canonical resolution of singularities; see also [3, Constr. 3.4.4.3,
Constr. 5.4.3.2]). Let X be a K*-surface with generator matrix P as in Construction 1.2.1.

(i) Tropical step: We add v" := eg and v~ := —e3 as new columns to the generator
matrix P to obtain a new generator matrix P’. Let ¥’ be the fan in Z3 hav-

ing P as generator matrix and trop(X) as its support. Then we have a canonical
morphism X’ — X.
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3.5. Geometry of full intrinsic quadric surfaces

(ii) Toric step: Let X be the coarsest regular subdivision of ¥/ with generator matrix
P”. Then the corresponding surface X” is smooth and we have a canonical
morphism X" — X'.

(iii) The composition X” — X of the tropical and the toric step yields the canonical
resolution of singularities of X.

Remark 3.5.18 ([3, Rem. 5.4.3.3]). The tropical step replaces the elliptic fixed points
with parabolic fixed point curves. According to [3, Prop. 3.4.4.6], the resulting surface X’
is locally toric and hence admits at most toric singularities, each resolved by a chain of
rational curves.

In the following we denote the prime divisors on X obtained by cutting down the
toric divisors of the ambient toric variety Z by Dg , DZ-)](»/, ij{" in order to match the
notation of the references [3,17]. Similarily, we denote by D " DX " the prime divisors
corresponding to the columns v* of the generator matrices P’, P".

Proposition 3.5.19. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Let X" — X be its canonical resolution of singularities and let X" = X (P") with the
generator matriz P". Then the following statements hold:

(i) The matriz P" is given by

-1 -1 ... -1 -1 1 2 1 0 0 0 0 O
pPlP=1]-1 -1 ... -1 -10001210 0
a a—1 ... b+1 b 1 1 0 1 1 0 1 -1
(ii) We have the following self intersection numbers
DYDY = -2, foralli=0,1,2, j=2,...,n; — 1,

X// Xll _
Dy -Dy = —a-2,

Di(// . D‘i(" _ b
(iii) The resolution graph of the possible singularities v, 2,29 € X looks as follows

zt, 3 x—, 3 zg, a—b+1

Proof. First, we show (i). To this end, we construct the new fan >’ supported on the
tropical variety from Construction 3.5.17 (i). We intersect the maximal cones o+, 0™, 79
of ¥ from Construction 3.3.1 with the tropical variety and obtain the maximal cones
of ¥/ given by

cone (vy,e3), cone(vy,—e3), cone(vs,tes), cone(vyq,teg), cone(vy,vy).
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As corresponding new generator matrix we get

2 00
P = [v61,062,v11,v§1,v+,v_} =1-1 -10 2 0 0
1 1 1
Set X' := X(P’). Then we have no elliptic fixed points in X’ and instead we have

two fixed point curves Df. The only possible singular parabolic fixed points are the
following:

ad € Df, N D{ﬁl, Toy € D)_(/ N Dgg,,
zf € Df, N Df(ll, ry, € D)_(/ N D{{,,
x5, € DY n DX, z3; € DX n D
Moreover, the hyperbolic fixed point 2y can be singular. According to [3, Prop. 3.4.4.6]

and [17, Sum. 7.1] a point x{;,Tgy, T17, 211, T31, T3y, To is singular if and only if its
associated determinant

1 1

a b

0 1
1 a
differs from +1. The new columns of the matrix P”, that means those not occurring

in P/, arise from resolving the singular points by regular subdivision of the associated
cone:

0 2
11

2 0 0 2
1 =171 1

) b ) ) )

b -1 1 -1

xfl : cone((2,0,1),(0,0,1)) = cone((2,0,1),(1,0,1)) U cone((1,0,1),(0,0,1)),
Xy cone((2,0,1),(0,0,—1)) = cone((2,0,1),(1,0,0)) U cone((1,0,0),(0,0,—1)),
x cone((0,2,1),(0,0,1)) = cone((0,2,1),(0,1,1)) U cone((0,1,1),(0,0,1)),
Ty cone((0,2,1),(0,0,—1)) = cone((0,2,1),(0,1,0)), U cone((0,1,0), (0,0,—1)),
zo:  cone((—1,-1,a),(—1,—1,b)) D ((=1,-1,a4+1—k),(-1,-1,a — k))
Next, we prove (ii). The self intersection numbers of the exceptional curves Di)]{”,
1=0,1,2,j=2,...,n; — 1 and Df/ are obtained by inserting the following values into
the formulas from [3, Prop. 5.4.2.1] resp. from [17, Sum 7.7]
l()jzl, jzl,...,a—b—I—l,
moj:a—i-l—j, jzl,...,a—b—i—l,
i =1, ha = 2, hy = 1,
lr =1, lpa = 2, lbg = 1,
mi = 1, miz = %, miz = 0,
mo1 = 1, ma = 3, meg = 0
Lastly, the statement (iii) follows from combining (i) and (ii). O

Proposition 3.5.20. Consider a full intrinsic quadric surface X as in Construction 3.3.1.
Let X" — X be its canonical resolution of singularities and let X" = X (P") with the
generator matriz P"”. Then the following statements hold:
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3.5. Geometry of full intrinsic quadric surfaces

(i) The matriz P" is given by

-1 -1 ... -1 -1 1 1 1 1 0 0 0 0 O
plfe=|-1 -1 .. -1 -1 0 0 ... 0 01210 0
a a—1 ... b+1 b 0 -1 ... ¢c+1 ¢ 1 1 0 1 -1
(ii) We have the following self intersection numbers
D¥" - DY = -2, foralli=0,1,2, j=2,...,n; — 1,

XN X/l o
Dy -Dy = —a-—1,

DX . DX = by

(iii) The resolution graph of the possible singularities x*, 2™, xg, 1 € X looks as follows

zt, 2 7, 2 xg0, a—b—1 x1, —1—c
-2 —a-1 —2  bte —2 -2 -2 -2 -2 —2
o——o o——o o—o— —o o—o— —o

Proof. We begin by proving (i). The fan ¥’ from Construction 3.5.17 (i) is constructed
by intersecting the maximal cones o™, 07, 79, 71 of ¥ from Construction 3.3.1 with the
tropical variety. This yields the maximal cones of ¥/ given by

cone (v1,e3), cone(vs,e3), cone(ve, —ez), cone(vy,—e3), cone (vs,tes),
cone (v1,v2), cone (vs,vy).

Then we obtain the generator matrix corresponding to X’ given as

-1 -1 110 0 O
P = {U01,Uoz,v11,vl2,U21,U+7U_} =|-1 -100220 0
a b 0 c 1 1 -1

Set X’ := X (P'). Then we have two fixed point curves D¥ in X’ and six possibly singular
fixed points:

afy € DY N D, xg € DX N D,
af; € DY n DY, a2 € DX n DY,
a3, € DY N DY, a5 € DX n DY
Further, the hyperbolic fixed points xg, z; are possibly singular. [3, Prop. 3.4.4.6] and

[17, Sum. 7.1] tell us that x{;, 2oy, 17, T12, T315 o1, T, 1 are smooth if and only if the
following determinants

0 1
1 a
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equal =1. We obtain P” by adding new columns to P’ which arise from regular subdivision
of the cones corresponding to the singularities:

x cone((0,2,1), (0, O 1)) = cone((0,2,1),(0,1,1)) U cone((0,1,1),(0,0,1)),
Top cone((0, 2, 1) (0,0,—-1)) = cone(( ,2,1),(0,1,0)), U cone((0, 1, ),( , ,—1))
mo:  cone((—1 >< 1L-10) = Uil ((-L-La+1—k),(-1,—-1,a—k)),

Xy cone((1, O 0) (1 0,¢)) = U,S, ((1,0,-K),(1,0,—k +1)).

Next, we show (ii). We apply the formulas from [3, Prop. 5.4.2.1], see also [17, Sum 7.7],
and get the desired self intersection numbers by plugging in the values

le:llkzla jzl,...,a—b—l—l,kzl,...,—c+1,
moj=a+1—j3, j=1,...,a—-b+1,
my; =—-c+1—-j3, 7=1,...,—c,
ln =1, Il = 2, lo3 = 1,
mo1 = 1, moy = %7 mo3 =
Furthermore, (iii) is a consequence of (i) and (ii). O

Proposition 3.5.21. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Let X" — X be its canonical resolution of singularities and let X" = X (P") with the
generator matriz P". Then the following statements hold:

(i) The matriz P" is given by

-1 -1 ... -1 -1 1 1 1 0 0 0 0 O
Pl=|-1 -1 .. -1 -10 .. 0 01 1 1.0 0
a a—1 ... b+1 b 0 ... ¢c+1 ¢ O d+1 d 1 -1
(ii) We have the following self intersection numbers
DYDY = -2, foralli=0,1,2, j=2,...,n; — 1,
Df”.Df” _ _a’

DX". DX — brctd

(iii) The resolution graph of the possible singularities x%,x~,xo, 1172 € X looks as

follows
zt, 1 oz, 1 xg, a—b—1 x1, —1—c xo, —1—d
—a b+c+d -2 -2 -2 -2 -2 —2 -2 -2 -2
o o o—o— —o o—o— —o o—o— —o

Proof. First, we prove (i). The maximal cones o™, 07,79, 71,72 of the fan ¥ are given
by Construction 3.4.1. We intersect them with the tropical variety to obtain the fan ¥’
from the tropical step of the resolution. The maximal cones of ¥/ are given by

cone (v1,e3),  cone(vs,e3),  cone (vs,es),
cone (vg, —e3), cone (vq,—e3), cone (vg, —e3),
cone (v1,v2),  cone(vs,vg),  cone (vs,vg) .
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3.5. Geometry of full intrinsic quadric surfaces

Further, we denote the resulting generator matrix of ¥’ by
111000

P = [001,1)02,011,1112,7)21,U2zvv+,v_} =]1-1-100110 0
0 c 0 d 1

and by X’ := X (P’) the corresponding K*-surface. This subdivision of the cones replaces
the two elliptic fixed points of X with two parabolic fixed point curves where the following
six points are possibly singular

zy € DY n DY, t; € DX n DY, i=0,1,2

[3, Prop. 3.4.4.6] and [17, Sum. 7.1] yield smoothness of the points z;, 7oy, 717, 12, T31,
T4, and the hyperbolic fixed points ¢, 1, x2 if and only if the corresponding determinants

1 1
d

differ from +1. We obtain the new columns of the matrix P”, i.e. those that do not
appear in P’, by regular subdivision of the cones associated to the singular points :

1 0
b -1

1 0
c —1

0 0 1 0
) 71 ) ’1 7d717 )

0 1
1

1 1 1 1
a b |10 ¢

1
0

1
0

xo cone((—1,—-1,a),(—1,-1,b)) = ‘b ((~1,~-La+1—k),(~1,~1,a—k)).
r1:  cone((1,0,0),(1,0,c)) = Ui, ((1,0,—k),(1,0,—k + 1)),
xy:  cone((1,0,0),(1,0,d)) = U2 ((1,0,—k), (1,0, —k +1)).

For the statement (ii) we use the formulas from [3, Prop. 5.4.2.1], cf. [17, Sum 7.7], and
insert

lijzl, i:O,l,Q,jzl,...,ni,
mo; =a+1—7, j=1...,a—b+1,
myj=—-c+1l—j, 7=1,...,—c,
mo; =—d+1-3, j=1,...,—d.
Lastly, (i) and (ii) imply (iii). O

Proof of Theorem 8.5.16. The resolution graphs are given by Proposition 3.5.19, Propo-
sition 3.5.20 and Proposition 3.5.21.

The values a, b, c,d are given in terms of the respective local Gorenstein indices by
Theorem 3.2.5, Theorem 3.3.5 and Theorem 3.4.5. We use this representation to obtain
the statement. O

Remark 3.5.22. Theorem 3.5.16 tells us in particular the following about the singularities
of the Gorenstein full intrinsic quadric surfaces from Example 3.2.6, 3.3.6, and 3.4.6.

(i) On X from Example 3.2.6, the points x+, x~ are singularities of type As and zg is
a singularity of type Aj.
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(ii) On X from Example 3.3.6, the points 2™, zg, 1 are smooth and z~ is a singularity
of type As.

(iii) On X’ from Example 3.3.6, the points 7,2~ are singularities of type Ao, the
point z; is a singularity of type A1 and xg is smooth.

(iv) On X from Example 3.4.6, the points 2™~ is a singularity of type A; and x 1, 2o, 21, 22
are smooth.

(v) On X’ from Example 3.4.6, the points x+, 27, 2o are singularities of type A;
and x1, xo are smooth.

The singularity types of the Gorenstein log del Pezzo surfaces are well known and we
find those of our examples just discussed also in classification results, as for instance [3,
Thms. 5.4.4.2 to 5.4.4.5].

3.5.3. The anticanonical complex e Recall that for any normal variety X with
a Q-Cartier canonical divisor Kx and any resolution of singularities 7: X’ — X the
associated ramification formula is given by

n
Kx = 7Kx + ZCLEZEZ
=1

Here, E;,7 = 1,...,n are the exceptional prime divisors and the ap, € Q are the so-called
discrepancies of m: X' — X. One speaks of log terminal (log canonical) singularities
ifag, > —1foreachi=1,...,n (ag, > —1 for each i = 1,...,n). By the log canonicity
of a log terminal projective surface X, we mean the number ex = ag + 1, where ag
is the minimal possible discrepancy appearing among the exceptional divisors F of its
minimal resolution of singularities. Note that 1/cx is bounded by the log canonicity.
Alexeev’s results [1] show in particular that bounding the log canonicity gives finiteness
for log del Pezzo surfaces.

Theorem 3.5.23. Consider a full intrinsic quadric surface X = X (P,) with P, as in
Theorem 8.2.5, 3.3.5 or 8.4.5. Then the log canonicity ex of X is given by
p=1: EX:%’ nESll(l,L)USm(l,L), SXZL%, 77€S12(1,L>U522(1,L),
p=2: 6)(:%, 776511(2,L)U521(2,L), EXZ%, 7]6512(2,L)U522(2,L),
p=3: 8X:%, 176811(3,L)U521(3,L), SX:%, 776512(3,L)U522(3,L).

In particular, we obtain the following upper and lower bounds for the log canonicity €x
of X:

~ |
=

1. 2 _ 9. 3 _ 9. 1 2
p=1: Sex S p—2-L§6X§W p—3.;ésxﬁﬁ.

In the proof, we make use of the anticanonical complex Ax introduced in [5] for
varieties X with a torus action of complexity one. The anticanonical complex can be

constructed in higher dimension as well in higher complexity. We refer to [31, Sec. 3] and
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3.5. Geometry of full intrinsic quadric surfaces

[17, Sec. 9] for more background. It is a polyhedral complex supported on the tropical
variety. The anticanonical complex Ax is bounded if and only if X is log terminal and
in this case, the discrepancy of a divisor £ on the minimal resolution of X can be stated
explicitly.

Proposition 3.5.24. Consider a full intrinsic quadric surface X = X (P,) with P, as in
Theorem 3.2.5, 3.3.5 or 3.4.5. Then the anticanonical complex and its cells are given as

p=1: 97 =(a+1)es, o~ = (b+ 1)es,
conv (0,97, v1), conv(0,vy,vs), conv(0,ve, ),
conv(0,77,v3), conv(0,vs,77),
conv(0,77, v4), onv(O Va4, D7),

p — 2 . ,D+ — 2(1;»1 es, '57 — 2b+§c+163’

conv(0,77,v1), conv(0,v1,v2), conv(0,vs, ),

conv(0,77,v3), conv(0,vs,vy), conv(0,vy,d7),
(

conv (0,0, vs), conv(0,vs,07),
p=3: T = 563 o = bietde,,
conv(0,77,v1), conv(0,v1,v2), conv(0,vs,d7),
conv(0,0F f), conv(0, v3,vq), conv(0,vy,07),
conv(0,77,v5), conv(0,vs,vg), conv(0,ve, 07).
Proof. [17, Thm. 9.17 (i) and (ii)] yield the maximal cells of Ax. O

Lemma 3.5.25 ([17, Prop. 9.17 (iv)]). Consider a full intrinsic quadric surface X = X (P,)
with Py, as in Theorem 8.2.5, 3.3.5 or 3.4.5 and its anticanonical complex Ax. Then the
discrepancy along an exceptional divisor E, of its minimal resolution of singularities is
given by

where o C Q3 is the ray corresponding to E, the vector v, 18 the primitive lattice vector
n o and vé is the intersection point of o and the boundary of Ax.

Proof of Theorem 3.5.23. Proposition 3.5.24 gives us the respective cells of Ax. Now
Lemma 3.5.25 tells us that the discrepancies of the exceptional divisors ET, E~ given by
the rays through ez, —es are given for p =1,2,3 by

-1, 2_1,

a

-1, A —1, —1.

y —ph—1 _]-a

1 _3 3 2
a+1 2a+1 2b+2c+1 b+c+d
Proposition 3.5.24 tells us that v, and vé coincide for the other exceptional divisors

E, # E*,E~. Hence, due to Lemma 3.5.25, the other discrepancies are zero.

This implies that the discrepancies of E* are the minimal discrepancies of the
canonical resolution and equal ex. Inserting the values of a, b, ¢,d from Theorem 3.2.5,
Theorem 3.3.5 and Theorem 3.4.5, we arrive at the assertion. ]
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Remark 3.5.26. By Theorem 3.5.23, the surfaces X from Example 3.2.6, 3.3.6 and 3.4.6
are all of log canonicity ex = 1 in accordance with the fact that they are Gorenstein.

3.5.4. The Picard index e The Picard index px of a normal variety X is the
index [C1(X) : Pic(X)] of its Picard group in its divisor class group. Note that the
Gorenstein index always divides the Picard index. Bounding the Picard index yields
finiteness for del Pezzo surfaces of Picard number one with torus action [37]; see also [21]
for a higher dimensional analogue in the special case of divisor class group Z.

For the proof of the following theorem see Proposition 3.5.29, Proposition 3.5.30 and
Proposition 3.5.31.

Theorem 3.5.27. Consider a full intrinsic quadric surface X = X(P,) with P, as in
Theorem 3.2.5, 3.3.5 or 3.4.5. Then, according to the Picard number p = p(X), the
Picard index p = px of X is given by

p=1:
8t (LT +u7) Lt (20t +07)
P = ged, 74y "€ Sully), P = ged@r, 2710y " € Szl
et (42 o2t ()
P = gca@s, Fr2my M €S, P a1 €S20y,

p=2:
_ cate™ (LT +17+2¢) _ BatuT (1430 +2¢)

b= T ged(2et, F 40—, 2¢)° n € S11(2,), p= T ged(2cT, o F 130, 20) n € S12(2,),
_ Batu Bt +2¢0) 9t (3t 437 4+2¢)

p= " ged (6T, Bt o, 20)0 € 521(20), P = " ged(60F, 3cF 130, 2¢)0 M € S522(2),

p=3:
_ cditum (Lt 1T +e+d) _ 2cdtti (L4207 +ctd)

p= ged(F,o,ed) 0 M€ SuBy,  p= ged(tF, 207, ¢6,d) 0 "€ S12(34),
_ 2cditi (2t +1 +etd) _ dedvti (20420 +ctd)

b= ged(2et, 07, ¢,d) »om € 51(30), p= gcd(2:F, 207, ¢, d) y M€ S22(3,0),

where 1 is the Gorenstein index of X, v* the local Gorenstein index of x* € X, —c the
local class group order of x1 € X, and —d the local class group order of xo € X. In
particular, we obtain the following upper and lower bounds:

p=1: L§p§8L2,
p=2: 1 <p<ZAB-1),
p=3: 1<p< 232 -1)2

Proposition 3.5.28 ([37, Thm. 1.1]). The Picard index of a normal rational projec-
tive K*-surface X is given by

[CUX) : Pie(X)] = podymy [ 1CUX, )]

Z‘EXSing
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3.5. Geometry of full intrinsic quadric surfaces

Proposition 3.5.29. Consider a full intrinsic quadric surface X = X(P,) with P, as
in Theorem 3.2.5. Then the following statements hold for the Picard index p = px

(i) We have

8t () At (2t )
P = gca@+, vy 1€ S11(1,e), P = scd@+ 2y € S12(1,0),

Mt (42 2t )
P = a2y 1€ So1(1,4), P = gca@t, vy € Saa(1,1).

(ii) The following upper and lower bounds hold
L§p§8L27 n e S11(17L)7 L<p<2b27 n € 512(17L)7
L<p<4? n e Su(l,), L<p<4? n € Sxp(l).

Proof. We begin by showing (i). Proposition 3.2.3 yields C1(X )%™ = 2 gcd(2a + 2, a — b)
and the local class group order of the fixed points are given in Proposition 3.2.3 as

d(X,zt) = 4da+4, cd(X,z7) = —4b—4, c(X,z9) = a—b.

Then Proposition 3.5.28 implies

_ _8(a+1)(b+1)(a—b)
b= ged(2a+2,a—b)

By using the representation of the entries a, b in terms of local Gorenstein indices from
Theorem 3.2.5 we obtain the assertion.

To show the lower bounds of (ii) we use ¢ = lem (., ™) < ¢*¢~. For the upper bounds
we note

ged (v,w) = —H~ (3.5.29.1)

lem(v,w)

for all v, w € Z>1. Let (¢7,07) € S11(1,¢). We use (i) and (3.5.29.1) to get

&ttt e) . St P ) lem(2ett4m) — + o+ —
P = ged(2et,ut+0—) 2T (LT ) =4 ICIH(QL AR )

Note that t™ + ¢~ is even for (v1,:7) € S11(1,¢). Together with t* <1~ we obtain
p = 8 lem (ﬁ, ﬁ%) < 8 lem <L+, L_) < 8.2
Next, we treat the case (¢7,¢7) € Si2(1,¢). Then (i) and (3.5.29.1) imply

At (@2t ) At (2o )lem(@et 20 40m) 0 — oo+ _
p= ged(4et 20 +07) 4t (2T +0) =1 1CHl(4L 2T )

Since ¢* is odd and since 4 | 1~ we have that (T + 4 is odd. Hence
p = 2 lem(2t, 4+ 5) = 27 lem(eF, T 4+ &),
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Using 207 < ¢~ we conclude lem(¢ 7, 07 +4-) <lem (e, 7). We incorporate this inequality
into our considerations about the Picard index:

p = 2 lem(eT ot +5) < 27 lem(ut, 7)) < 202
Let (¢7,07) € S21(1,¢). Due to (i) and (3.5.29.1) we get

At t42) 4t P20 ) lem (20t et 207) — + o+ _
p = ged(2ut,uF+207) 2T T +207) = 2 1CHI(2L , L + 2 )

Note that ¢ is even, ¢~ is odd and ¢ < 2,~. This implies

p = 4L_lcm(b+,%+b_) < 47 lem(eT,207) < 4P

Lastly, we treat the case (¢7,.7) € S92(1,¢). The statement (i) and (3.5.29.1) yield

o2t e) 20t (e )lem (20t ot 40)
P = ged(2et, vt +07) T 20t (vt +07)

= Tlem(2.F, 07 4 07).

Since ¢ and ¢~ are both even and since t™ < .7, we have

p = 47 lem (%,‘Jr‘gf) < 417 lem (%,f) < 42

O

Proposition 3.5.30. Consider a full intrinsic quadric surface X = X(P,) with P, as
in Theorem 3.3.5. Then the following statements hold for the Picard index p = px

(i) We have

_ atiT T+ +20) _ 3atiT (1P 43 +20)

b= T ged(2ut, ot =, 2¢)? ne Sll(Q’L)’ b= T ged(2et, 1T 4307, 2¢) 0 ne 512(2’[’)’
_ Bati (Bt +20) _ 9atti (3t 437 +2¢)

P = " ged(6eT, 3+, 2¢) ! ne 521(2’ L)’ b= " ged(60F, 30T +307, 2¢)° ne SQ2<27 L)'

(ii) The following upper and lower bounds hold

w

L - (L_l)a n S 511(2)[‘)) L S S %L3(3L_ 1)7 n € SlQ(Q’L)’

IN
IA

p
p

IN

L

IA
[\l [U%)
~

w
—~
~

|

—_
~—
3

m
&
—
—~
[\]
~
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~
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Proof. For (i), we insert Cl1(X)%*™ = gcd(2a + 1,a — b, —c) from Construction 3.3.1 and
the local class group orders

(X, 2")=1+2a, c(X,27)=-1-2b—2¢c, cl(X,m0)=a—b, cl(X,r)=—c

from Proposition 3.3.3 into the formula of Proposition 3.5.28. This yields

c(142a) (142b+2¢) (a—b)
ged(14+2a,a—b,c) '
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3.5. Geometry of full intrinsic quadric surfaces

Theorem 3.3.5 gives us a representation of the entries a, b in terms of local Gorenstein
indices and ¢, which yields the claim.

Next, we show the second assertion. Let (¢F,¢7,¢) € S11(2,¢). Then we have ¢ <

—ﬁ% and 1 <7 <™. Consequently, we get

T R 2e < S <
Moreover, (¢1,07,¢) € S11(2,¢) implies 1 — ﬁ% < c¢. Hence
e R

We use (i), the two inequalities above and that :* and +~ are odd to obtain

cte (Lt 4+ +2¢) < e (0 =1) < B3(—1)
5

p= - E S -
A B (A E

Next, we treat the case (17,17, ¢) € S12(2,1). We get ¢ < —m% and T < 3:~. Hence,
we obtain

3T+ 20 < Lﬂj’b_ < 3.

Further, (¢*,¢7,¢) € S12(2,¢) implies 1 — mr% < c. So we get

e < UMD 1 < 3 1L

Because ¢ and ¢~ are both odd, one has m% € Z. Together with (i) and the two
inequalities above we conclude

ettt (L4307 +2¢) 3t =307 (3t —1) 9 3
p=- T 13— AS T3 < 5°(3e—1).
ged (20,1t +30—, —2¢) 2gcd(b+, L —&—23L 7 —c) 2

We proceed with (¢7,07,¢) € S21(2,¢). Then we obtain ¢ < —?’ﬁ# and 31T <17, We
put this together as follows
Bt T 20 < B <
In addition, (¢*,07,¢) € S21(2,¢) yields 1 — W% < c. Thus, we get
—c< ﬂ% —1<: =1

Since ¢, ™ are both odd, we have W% € 7. Thus, together with the inequalities from

above and with (i), we obtain

_ 3erte™ (3t +17+2¢) Wt (™ -1) 33
p= " ged(60F, 30+, 2¢) < 2 < gt (L_l)'

136



Lastly, let (¢7,.7,¢) € S22(2,:). Then we have ¢ < —?’ﬁ# and 7 < .~ and we
conclude

3T +37 +2 < 3L+‘2*'3L7 < 3.

Note that (¢+7,.7,¢) € S9a(2,¢) yields 1 — ?"Jr% < c. Consequently, we get

—e < BT 1 <37 1.
We have that (¥, ¢~ are both odd, hence ?’ﬁ% € Z. Thus, by combining this and (i)
one obtains

_ 9cttt™ (3t +31~+2¢) 9ti=3.7 (3t —1) 27 3
b= " ged(60F, 30307, 2¢) B 2 < 2t (BL_]')

O]

Proposition 3.5.31. Consider a full intrinsic quadric surface X = X(P,) with P, as
in Theorem 3.4.5. Then the following statements hold for the Picard index p = px

(i) We have

cditiv™ (1t +1" +ctd) _ 2cdttim (14207 +etd)

p= gcd(tt, 1=, ¢,d) ne 511(37 L)a p= gcd(tT, 20—, ¢, d) , M€ 512(37 L)a
2cdite™ (20t 41 +ctd dedite (20 +20 4ctd
p= 2l b etd) gy (3,0), p= L BB ) € 6 (3,0),

(ii) The following upper and lower bounds hold
L <p <330 —1)2 n € S11(3,1), 1<p<B3Br—1)3—2), ne S1a(3,1),
1<p<2301—1)3Bt—1), 1€ Sa(3,0), t<p< %L3(2L—1)2, 7 € S22(3,1).

Proof. We show (i). Construction 3.4.1 yields Cl(X)%*"™ = ged(a, b, ¢,d) and the local
class group orders are given by Proposition 3.4.3 as

c(X,z7) = a, cd(X,27)=-b—c—d,
c(X,z0) =a—0b, c(X,z1)=—c, cl(X,z2)=—d.

Then using the formula from Proposition 3.5.28 we obtain

__acd(bt-c+d)(a—b)
gcd(a,b,c,d) ’

Theorem 3.4.5 gives us a description of a,b in terms of the local Gorenstein indices and
in terms of ¢,d. This yields the assertion.

Next, we prove (ii). We begin with (v1,:7, ¢, d) € S11(3,¢). Then we get ¢ < d < —1,
—T — 17 <2c+dand T <. This yields

T de+d < T4 -2 < 2T -2 < 20—2.
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3.5. Geometry of full intrinsic quadric surfaces

Further, we observe
—2% < =27 < T =17 < 2e4d < 2e—1.

Thus, we conclude —c < ¢ — % Since ¢ must be integer, we infer —c¢ < ¢ — 1. Analogously,
we conclude —2: < 3d and hence —d < %L. Thus, together with (i) we obtain

_cdite (LT detd) 3 2
b= ged(tt, 1=, ¢, d) < 3 (L_ 1) :

Now let (¢1,07,¢,d) € S12(3,1). So we obtain ¢ < d < -1, =7 — 20~ < 2c+d
and +7 < 2.7. Consequently, one gets
2 de+d < P+ -2 < -2 < 32
Moreover, one has
31 < 1t =27 < 2¢+d < 2¢—1.

This implies —c¢ < %L — % Similarily, we get —3:~ < 3d and thus —d < (. Then the
description of the Picard index from (i) and the inequalities above yield

b= Mg < BB 2).

Next, we treat the case (17,07, ¢,d) € S21(3,1). We have ¢ < d < —1, =207 —1~ < 2c+d
and 2.7 < .~. Hence we get

At + 1 +e+d < 2T -2 < -2

and

—3r < =2t —17 < 2¢+d < 2¢—1.
We obtain —c < %L — % and —3¢~ < 3d. Hence one gets —d < ¢. Then, we use the
statement from (i) and the inequalities above to get

_ 2cdite (2t 4 Hetd) 3
p = ged(2et, 07, ¢,d) < 2 (L - 1)(3L — 1).

Lastly, let (v*,07,¢,d) € S92(3,¢). Then one has ¢ < d < —1, =27 — 2,7 < 2c¢+ d and
«t < 1~. From this we infer

AT+ 2" te+d < T+ -2 < 4T -2 < 40— 2.
Moreover, we have
4y < =4 < =T =27 < 2c+d < 2c—1.

Thus, we conclude —c < 2¢ — % Since ¢ must be integer, we infer —c < 2, — 1. Similarily,
we get —4¢~ < 3d and hence —d < %L. Together with (i) we obtain

_ dediti (2020 +etd) 32 3 2
b= ged(2et,207, ¢, d) < 3t (2L7 1) '
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3.5.5. Kaihler-Einstein metrics ¢ A Kahler-FEinstein metric on a rational projective
del Pezzo surface is a Kahler orbifold metric g such that the associated Kéahler form w,
equals its Ricci form Ric(wg). The smooth del Pezzo surfaces with a Kéhler-Einstein
metric are Py, its blowing up in k£ = 3,...,8 points in general position and P; x Py;
see [38,39]. The case of quasismooth del Pezzo surfaces coming anticanonically embedded
into a three-dimensional weighted projective space is understood as well; see [2,7,8,33].
We settle the case of full intrinsic quadric surfaces.

Theorem 3.5.32. Let X be a complex full intrinsic quadric surface admitting a Kdahler-
Einstein metric. Then X = X (P) for precisely one P from the following:

p=1 24¢: p=3, 2ty -2t <2c+d,
c<d< -1, c+d < —1—1:
-1 -1 2 0 -1 -1 1 1 0 O
-1 -1 0 2|, -1 -1 0O 0 1 114,
t—1 —¢—1 1 1 t —t—c—d 0 ¢ 0 d
_ . p=3, —du < 2%+d c<d< -,
p=1, 4] ctd< —2—1:
-1 -1 2 0 -1 -1 1 1 0 0
~1 -1 0 2|, ~1 ~1 001 1],
s—1 —5—-1 11 20 —2t—c—d 0 ¢ 0 d

where p denotes the Picard number and v the Gorenstein index of X(P). Conversely,
each X (P) with P from the above list admits a Kdihler-Einstein metric.

We will verify existence or non-existence of Kahler-Einstein metrics via K-stability.
Let us give an idea of the approach; we refer to Section 1.3 and [18] for more background.
For a full intrinsic quadric X = X (P) C Z arising from Construction 3.2.1, 3.3.1 or 3.4.1,
consider the varieties X, C Z x C, kK =0, 1,2, given by the equations

k=0 k=1 K=2
p=1: STT+TZ+T} T1To+ST24+T? Ty To+T2+ST?
p=2: STTo+T3T4+T72 T\ To+STsTy+T2 T\ To+T3Ty+ST2

p=3: STITATsTu+T5Ts TiTo+ST3Tu+Ts5Ts TiTe+T5Ts+STsTe

where T1, ..., Tg are the homogeneous coordinates on Z and S is the standard coordinate
on C. The projection Z x C — C induces a flat family X, — C. The fiber X, ; over 1 € C
is our full intrinsic quadric surface and the fiber X; g over 0 € C, given by a binomial
equation, is a toric surface. Recall that « is called special if the corresponding fiber X} o
is a normal variety. Consider the sublattices

N, = Z-e.+7Z-e3, k=0,1,2, eg:=—e; — eq.
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3.5. Geometry of full intrinsic quadric surfaces

The fan A, associated with the toric degeneration X o of X is obtained by restricting
the fan of Z x C to Ny. It turns out that X, o is normal in all cases except (p, x) = (1,0),
where Ag describes the normalization. The families X, — C are so-called equivariant test
configurations and we are provided with the following combinatorial K-stability criterion,
characterizing existence of Kéhler-Einstein metrics in terms of the barycenters b, of the
moment polytopes B, associated with the toric degenerations X o.

Proposition 3.5.33 ([18, Thm. 6.2]). Consider a complex full intrinsic quadric surface X
as in Construction 8.2.1, 83.8.1 or 3.4.1. Then X admits a Kdhler-Finstein metric if
and only if the coordinates of the barycenter of the moment polytope b, € B, C Q?
satisfy b1 = 0 for all Kk =0,1,2 and b, 2 > 0 for all special k = 0,1, 2.

Proposition 3.5.34. Consider a complex full intrinsic quadric surface X as in Con-
struction 3.2.1 admitting a Kahler-FEinstein metric. Then X = X (P) for precisely one P
from the following

24 4|
20 -1 -1 20
1 -1 0 2/, 1 -1 0 2],
11 1 —5—1 11

where 1 denotes the Gorenstein index of X. Conversely, each X with generator matriz P
from the above list admits a Kdhler-FEinstein metric.

Lemma 3.5.35. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Then the fibers X1 and Xao are normal whereas the fiber Xy is not.

Proof. This follows directly from lo; = lgo = 1,131 = l21 = 2 and Proposition 1.3.7 (iv).
O

Remark 3.5.36. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
The generator matrix of the anticanonical cone over X is given by Proposition 1.2.11 as

-1 -1
-1

2
~ I 0
P = [01,09,03,04] = 1
1

— =N O

b
0 0
Moreover, we denote by & the cone over all columns of P. Since det(P) = 4a — 4b > 0,

the cone & is a simplicial cone of full dimension in Z*.

Lemma 3.5.37. Consider a full intrinsic quadric surface X as in Construction 3.2.1,
let k = 1,2 and let T be as in Construction 1.3.11. Then the primitive generators of Ty
are given by

up = (2a+1,1,2), wup = (20+1,1,2), wuz = (1,1,-2).
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Proof. We follow Construction 1.3.11 to determine the generators of 7. Let 01, D2, U3, Uy
and & be as in Remark 3.5.36. Set e¢g := (—1,—1,0,0). Next, we prove

o = cone(d1,02,04) Nlin(ey, e3,e4) = cone((—2,0,2a+1,1),(—2,0,2b+ 1,1)).
For the inclusion 'C’ let w = (wy, we, w3, wy) € . Then we can present w as
w = A01 + AaU2 + AUy

with some \; € Q>1. We derive wp = 0 from w € lin(ey, e3,e4). Hence A; + A = 2A4.
This implies A1 < 2)\4 and A\ < 2)4. We substitute Ao and obtain

w = A01+ (20402 — M\D2) + A\g04.
After arranging the summands suitably, we get
w o= ANO1 + (2\02 — Mi2) + Agly + 301 — 21
= B+ + (M- )20+ ).
This represents a positive linear combination of 277 + 94 and 20 + 04, where
201+ 04 = (—2,0,2a+1,1), 2090+ 04 = (—2,0,26+1,1).
The inclusion D’ is clear. Moreover, we have 03 € lin(ey, e3, e4). This implies
g Nlin(ey, es,eq4) = cone((—2,0,2a +1,1),(—2,0,2b+1,1),(2,0,1,1)).
Analogously, we obtain
& Nlin(eg, e3,e4) = cone ((0,—2,2a +1,1),(0,—2,2b+1,1),(0,2,1,1)).

Since b < a both cones have three generators. Let n;: Z% — Z* and ny: Z3 — Z* be
the maps given by

00 -1 00 0
loo o oo -1
M=110 o> ™T|10 o

01 0 01 0

Then the two cones 74,k = 1,2 are given by

T o= 771_1 (6 Nlin(ey, e3, e4))

— cone (771’1(—270, 2a+1,1),n71(—=2,0,2b + 1,1), 77" (2,0,1, 1))
= cone ((2a+1,1,2),(2b+ 1,1,2),(1,1,-2)),

Fp = ' (6 Nlin(ey, €3, €4))
— cone (ngl(o, —2,2a+1,1),75 (0, -2,2b+ 1,1),n; (0, 2, 1, 1))

= cone ((2a+1,1,2),(2b+1,1,2),(1,1,-2)).
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3.5. Geometry of full intrinsic quadric surfaces

Lemma 3.5.38. Consider a full intrinsic quadric surface X as in Construction 3.2.1,
let k = 1,2 and let T, be as in Lemma 3.5.37. Then the primitive generators of 0, = (%H)V
are given by

1 1
(0,2,—1), m(2, —2b—2, —b), m(_2,2+2a7 CL).

Proof. The generators uy, us, ug of 7, are given by Lemma 3.5.37. Then we have
(0,2, —1) - [uy, ug, uz) = (0,0,4) ",
gcd( )(2 —2b — 2 _b) [Ul,UQ,Ug] d%Q,b)( 4b 0 0)
etz (=22 4 2a,a) - [ur, uz, u3] = 55y (0,4a — 40,0) "

According to Construction 3.2.1 we have b < a. Hence, the non zero entries on the right
hand side are all positive. Thus, the vectors listed in the assertion are ray generators
of @, since each of them evaluates to zero on two of the rays of 7, and evaluates positively
on the third. O

Lemma 3.5.39. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Then for k = 1,2 the moment polytopes are given by

— 1 1 _b_ -1 _a
Bn = CODV((O,—Q), ( b+1’2b+2)’ ( a+1’2a+2>>.

Proof. The generators of @, are given by Lemma 3.5.38. Moreover, let
L:Q2—>Q37 U'—>(U1,1,U2)-
Then the polytope Cy is given as

Co = v} (conv(wy,))
((0,2,— ), gz (2 —2b — 2, D), m(—2,2+2a,a).>)
- e (1 (00,1). 7 Can) (gt

. 1 1 b 1 _a
= conv((O, 2), ( b+172b+2)’ ( a+1’2a+2)).

Since b < 0 < a the unique interior point of C, is (0,0). Then Construction 1.3.11
provides us with B, = Cy. O

= 7! (conv

Lemma 3.5.40. Consider a full intrinsic quadric surface X as in Construction 3.2.1
and let 79 be as in Construction 1.3.11. Then the primitive generators of Tg are given by

up = (a,0,-1), wg = (b,0,—-1), wuz = (1,1,1).
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Proof. By following Construction 1.3.11 we determine 7y. Let 91, 02, 03,74 and & be as
in Remark 3.5.36. Set eg :== (—1,—1,0,0). We have 01,02 € lin(eg, e3,e4) and

cone(v3, U4) Nlin(eg, e3,e4) = cone((2,2,2,2)).
Because of b < a we obtain the following three pairwise distinct ray generators
& Nlin(eq, e3,e4) = cone ((—1,—1,a,0), (-1,-1,b,0),(1,1,1,1)).

Let no: Z3 — Z* be the map given by

o~ O O
—_ o o O
OO = =

Hence one gets

Fo = my ' (6 Nlin(eg, e3,e4))
= cone (770_1(_]-7_17a70))77(]_1(_17_17b70)77]0_1(1717171))
= cone ((a,0,—-1),(b,0,-1),(2,2,2)).
Ul

Lemma 3.5.41. Consider a full intrinsic quadric surface X as in Construction 3.2.1
and let Ty be as in Lemma 3.5.40. Then the primitive generators of o = (7p)" are given

by
(0,1,0), (-l,a+1,—a), (1,-b—1,b).
Proof. In order to see that the above vectors are ray generators of &g it suffices to show

that each of them cuts out a facet of 7y and evaluates positively on the complementary
ray. The generators ui, us, us of 7y are given in Lemma 3.5.40. We obtain

(07 ]-30) : [u17u27u3] = (07071)T,
(=l,a+1,—a) - [ui,u2,us] = (0,a — b, O)T,
(1,=b—1,b) - [uy,u2,us] = (a — b,O,O)T.

By Construction 3.2.1 we know that b < —2 and 0 < a < —b — 2. Hence, the non zero
entries in the terms on the right hand side are positive. ]

Lemma 3.5.42. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Then the moment polytope By is given by

By = conv ((0,0), (#11, %) , (b:Tll’ I;Tbl)) .
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3.5. Geometry of full intrinsic quadric surfaces

Proof. The primitive generators of the cone &gy are given by Lemma 3.5.41. Further, set
12 Q% — Q3 ue~ (u,1,ug).
Then we have
Co = v ' (conv(@o))
=1 (conv ((0, 1,0), (a;+11’ 1, a;fl) , (b%l» 1, b%l)))
oo (010, (). (o1 54)
= conv ((0,0)7 (ﬁll, %) , (bjTllv b:%)) .

Furthermore, Lemma 3.5.35 yields that « = 0 is not special. Hence, Construction 1.3.11
tells us that the moment polytope is given by By = Cp. O

Proof of Proposition 3.5.34. For k = 1,2 the moment polytopes B, are given by Lem-
ma 3.5.39. Then, in both cases we compute their barycenters b, as

— _1 =1 _a =1 b
B. = COHV((Ov 2)7(1+a’2+2a)’(1+b72+2b))7

_ b+2 b—1
be = (—saiEy siitey) -

Moreover, the moment polytope By is given by Lemma 3.5.42 and its barycenter can be

computed as
B = com (0.0 (Z ) (51 574)).

_ 2+a+b a+b+2ab
bo (~ sty — sttty -

Observe that b, 1 vanishes for all kK = 0,1,2 if and only if b = —2 — a. In this case, we
have b, 2 =1/6 > 0 for £ = 1, 2. Finally, Proposition 3.5.33 tells us that X (P) admits a
Kahler-Einstein metric if and only if b = —2 — a. Comparing with Theorem 3.2.5 and

inserting the condition b = —2 — a, the cases Si2(1,t), S21(1,¢) are ruled out since ¢+
and ¢~ have to be both even or both odd. Hence we arrive at the shapes given by S11(1,¢)
and Soo(1,¢) and at 1T =17 O

Proposition 3.5.43. Let X be a complex full intrinsic quadric surface of Picard number
two as in Construction 3.3.1. Then X doesn’t admit a Kdhler-Einstein metric.

Lemma 3.5.44. Consider a full intrinsic quadric surface X as in Construction 3.3.1.
Then the fibers X, o are normal for all kK = 0,1, 2.

Proof. This follows directly from ly; = lgo = l11 = l1o = 1, los7 = 2 and Proposi-
tion 1.3.7 (iv). O

Lemma 3.5.45. Consider a full intrinsic quadric surface X as in Construction 3.3.1
and let 7o be as in Construction 1.3.11. Then the primitive generators of To are given by

w = (1,1,-2), wuy = (a,1,1), wug = (b+¢,1,1).
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Proof. We follow Construction 1.3.11 to determine 7». Proposition 1.2.11 provides us
with the generator matrix

-1 -1 1 1 0
~ S -1 -1 0 0 2
P = [01,02,03,04,05] = a b 0 ¢ 1

0 0 111

of the anticanonical cone of X. We denote by & C R* the cone over all five columns.
First, we show

o = cone(?1, D9, 03,04) Nlin(eq, e3,e4) = cone((0,—1,a,1),(0,—1,b,1)). (3.5.45.1)

We begin with the inclusion 'C’. Let w := (wi,ws, w3, ws) € o. Then one has a
representation

w = MU+ AUz + A3¥3 + A4y € 74

with A\; € Q>¢. Since (w1, w2, w3, ws) € lin(es, e3,e4) we get w; = 0. Hence A\; + Ao =
A3 + A4. Substituting A4 according to the aforementioned equation yields

w = A01 + Aoz + A303 + (A104 + Aa¥s — A304) .

Because of A1 + Ao = A3 + A\yq, we conclude that A1 > A3 or Ay > A3 holds. We may
assume A1 > A3. Then, by rearranging the summands, one gets a linear combination
with positive coefficients

w = (A1 — A3)01 + X301 + X202 + A303 + (A0 + Ao¥s — A304)
= ()\1 — /\3)(171 + 774) + )\3(171 + 173) + )\2(772 + 174).
Altogether, any vector w € o is a positive linear combination of ¥, + 04, U1 + U3, U2 + U4.

Analogously, \o > A3 yields that any vector w € ¢ is a positive linear combination
of Uy + ¥y, U9 + 03, 1 + U4. In other words, w is a positive linear combination of

U1+ 03 = (0,—1,&,1), 0 +04 = (O,—17a+c,1),
U2 + U3 = (0,—1,5,1), Uy + V4 = (0,—1,b—|—c,1).

Construction 3.3.1 provides us with the conditions b+ ¢ < ¢ < a + ¢ < a. Whence the
vectors (0, —1,a+¢,1) and (0,—1,b,1) are contained in cone((0,—1,a,1),(0,—1,b+¢, 1)).
This yields the desired inclusion. The inclusion D’ is clear. Altogether, (3.5.45.1) follows.
Further, we note 05 € lin(eg, e3,e4). Hence

& Nlin(eg, e3,e4) = cone((0,—1,a,1), (0,—1,b+¢, 1), (0,2,1,1)).

Let 1: Z3 — Z* be the map given by

00 0
oo -1
=11 0 o
01 0
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3.5. Geometry of full intrinsic quadric surfaces

This yields

Ty = 1751 (6 Nlin(eg, e3,€4))
= 1y ' (cone ((0,—1,a,1), (0,-1,b+¢,1), (0,2,1,1)))
= cone((a,1,1), (b+¢,1,1), (1,1,-2)).

Construction 3.3.1 yields the inequality det((a, 1,1), (b+¢, 1,1),(1,1,-2)) = 3(b+c—a) <
0, hence the cone is three-dimensional and requires all three generators. The assertion
follows. O

Lemma 3.5.46. Consider a full intrinsic quadric surface X as in Construction 3.3.1
and let 75 be given by Lemma 3.5.45. Then the dual cone @9 = 7y has the primitive
generators

(0,1,-1), m(s,—u%—%,l—b—@, m(—s,um,a—l).
Proof. We prove that each of the listed ray generators cuts out a facet of 7 and evaluates

positively on the complementary ray. Let wuy,us,us be as in Lemma 3.5.45. Then we
check

(0,1,-1) - [ug, ug,uz] = (3,0,0)7,

ng(3,]%fbfc) (37 _1 - 2b - 207 ]- - b - C) : [ula UQ, u3] - ng(?),]l_fbe) (O, 3a - 3b - 30, O)T,
seamay ("3 1+ 2a,a—1) - [un,uz,us] = a7 (0,0,3a = 3b = 3¢) .

Moreover, Construction 3.3.1 yields a — b — ¢ > 0. Thus, all entries are positive or equal
to zero. O

Lemma 3.5.47. Consider a full intrinsic quadric surface X as in Construction 3.3.1.
Then the moment polytope By is given by

_ -3 a—1 3 1-b—c _
By = conv ((2a+1’ 2a+1) J (71721)72@ 7172b72c) , (0, 1)> :

Proof. We set
12 Q% — Q3 ue~ (u,1,ug).
Moreover, let @y be the cone given by Lemma 3.5.46. Then one gets
Co == 1 ! (conv(@m))
= oms (1 0110, 1 (e ) (1 252)
= conv ((O, -1, (—1—317—2@7 —11:51)_—02(:) ; (2;217 2aa:-11)) :

By Construction 3.2.1 we know that —1 —b— ¢ > 0 and a > 0. Hence the unique interior
point of Cy is (0,0). Then, Construction 1.3.11 yields By = Cs. O
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Proof of Proposition 3.5.43. The moment polytope B3 is given by Lemma 3.5.47. and
its barycenter bs is

(2a+1)(20+2c+1) " ~ (2a+1)(2642¢+1)

by = (_2 a+b+c+1 a+b+c+1 ) )

In particular, we have bg; = 0 if and only if by » = 0. Moreover, Proposition 1.3.7 (iv)
tells us that x = 2 is special. Hence, Proposition 3.5.33 yields that X doesn’t admit a
Kéhler-Einstein metric. O

Proposition 3.5.48. Let X be a complex full intrinsic quadric surface of Picard number
three as in Construction 3.4.1 admitting a Kdhler-Einstein metric. Then X = X (P) for
precisely one P from the following

24, —20<2c+d, — 4, <2c+d, c<d< -1,
c<d< -1, c+d< —1—1: c+d< —2¢1—1:

—1 -1 1 1 0 O —1 -1 1 1 0 0
~1 1 0011/, 1 ~1 001 1],
t —t—c—d 0 ¢ 0 d 20 —2t—c—d 0 ¢ 0 d

where 1 denotes the Gorenstein index of X. Conversely, each X with generator matriz P
from the above list admits a Kdihler-Finstein metric.

Lemma 3.5.49. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the fibers X, o are normal for all kK = 0,1, 2.

Proof. This follows directly from [;; = 1 for all 7+ = 0,1,2, 5 = 1,2 and Proposi-
tion 1.3.7 (iv). O

Remark 3.5.50. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
According to Proposition 1.2.11 the generator matrix of the anticanonical cone over X is

-1 -1 11 0 0
N S -1 =1 0 0 1 1
P = [01,09, 03,04, 05,06] = a b 0 ¢ 0 d

0 0 1 1 11

In the following we denote by & the cone over all six columns.

The proof of the following lemmata is completely analogous to Lemma 3.5.45,
Lemma 3.5.46 and Lemma 3.5.47, but for convenience of the reader we give them
in detail.

Lemma 3.5.51. Consider a full intrinsic quadric surface X as in Construction 3.4.1
and let 79 be as in Construction 1.3.11. Then the primitive generators of 7o are given by

up = (0,2,1), w = (a,0,-1), wug = (b,0,—-1), wug4 = (c+d,2,1).
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3.5. Geometry of full intrinsic quadric surfaces

Proof. We compute the generators of 7y according to Construction 1.3.11. Let o,
i=1,...,6 and & be as in Remark 3.5.50. First, we prove

o = cone(?s, V4, U5, ) Nlin(eg, e3,e4) = cone((1,1,0,2),(1,1,c+d,2)). (3.5.51.1)
We begin by showing 'C’. Let w := (w1, w2, w3, ws) € 0. Then w is given as
w = A3U3 4+ AgU4 + As505 + Aglg € zZ*

with A\; € Q>¢. Because of (wy,ws,ws,ws) € lin(ep, €3, e4) we obtain w; = wy. Conse-
quently, one has A3 + Ay = A5 + Ag. By substituting \g we get

w = A303 + Ag04 + X505 + (A306 + A4 — A50s).

Since A3 + Ay = A5 + Ag, we have A3 > A5 or Ay > A5. We may assume A3 > A5. Then,
we rearrange the summands such that

w = (A3 — X5)U3 + X503 + Aa04 + AsT5 + (A306 + Aal — A506)
= (/\3 — )\5)(173 + 776) + )\5(173 + 175) + )\4(174 + 176).

Note that this is a linear combination with positive coefficients. The case Ay > A5 results
in a similar way in a representation of w as a positive linear combination of ¥4 + ¥g,
U4 + U5 and U3 4+ ¥g. Thus, any vector w € o is a positive linear combination of

U3+0s = (1,1,0,2), 93+06 = (1,1,d,2), 0a+05 = (1,1,¢,2), 0a+06 = (1,1,c+d,2).

Construction 3.4.1 yields ¢ +d < ¢ < d < 0. Hence cone((1,1,0,2),(1,1,¢ + d,2))
contains (1,1,¢,2) and (1,1,d,2). The inclusion D’ is clear. This proves (3.5.51.1).
Moreover, we have 01,02 € lin(eg, e3,e4). This leads to

& Nlin(ep, e3,e4) = cone((1,1,0,2), (1,1,c+d,2), (-1,-1,a,0), (—1,—1,b,0)).

Furthermore, let ng: Z3 — Z* be the map given by

o= O O
—_ oo o o
S O ==

Then, we get

Ty = 770_1 (6 Nlin(eg, e3,e4))
= 19! (cone ((1,1,0,2), (1,1,¢+d,2), (=1,-1,a,0), (—1,—1,b,0)))
= cone ((0727 1)7 (C+d72a 1)7 (G,O,—l), (baoa_l)) :

Lastly, due to Construction 3.4.1 we have b < a. Thus, each of the four generators of 7
cannot be represented as a positive linear combination of the other three. O
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Lemma 3.5.52. Consider a full intrinsic quadric surface X as in Construction 3.4.1 and
let 7o be as in Lemma 8.5.51. Then the dual cone &g = ﬂ}/ has the primitive generators

1
(0,1,0), M(—z,a,—m), (0,1,-2),  campeay (20— c—d,2b).

Proof. In order to see that the vectors listed above are ray generators of @y we show that
each of them cuts out a facet of 7y and evaluates positively on the two complementary
rays. We denote by P the matrix whose columns are the primitive generators of 7y given
by Lemma 3.5.51. Then we obtain

(07170)'15:(2707012)T7
1 -t 1 T
ged(2,a) (_27 a, —2@) P = 2cd(Z.a) (0, 0,2a — 2b, —2¢ — 2d) ,
(0,1,-2)- P =(0,2,2,0)",
1 ~ 1 T
m@?_b_c_daQb)'P:m(—20—2d,2a—26,0,0) .

We recall from Construction 3.4.1 that ¢ > b and ¢,d < 0 and hence the non zero entries
are all positive. O

Lemma 3.5.53. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the moment polytope By is given by

R N e R e ——

Proof. We set
L:Q2—>Q37 uH(ulalaUQ)‘
Moreover, let &g be the cone given by Lemma 3.5.52. Then one gets

Co = ¢! (conv(@p))

= ¢ eonv((0,1,0), geataay (=210, =2a), (0,1, =2) , oqmg—a—gy (2, —b — ¢ — d, 2D) )

= conv (0,00, (-2,-2) 0,20 (- e~ 522))-

Construction 3.4.1 yields b+ ¢+ d < 0 and 0 < a. Hence the unique interior point of Cy
is (0, —1). It follows from Construction 1.3.11 that By = Cp + (0, 1). O

Lemma 3.5.54. Consider a full intrinsic quadric surface X as in Construction 3.4.1
and let 71 be as in Construction 1.3.11. Then the primitive generators of 71 are given by

up = (0,1,-1), w2 = (a,1,1), wg == (b+d,1,1), ws = (¢,1,-1).
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3.5. Geometry of full intrinsic quadric surfaces

Proof. We determine 7 by following Construction 1.3.11. Let ¢;,¢=1,...,6 and & be
as in Remark 3.5.50. In a first step, we show

o = cone(?1, 02, V5,06) Nlin(e;, e3,e4) = cone((—1,0,a,1),(—1,0,b+d,1)).
We begin by showing 'C’. Let w := (wy, w2, w3, wy) € 0. Then w can be represented as
w = AU+ AgU2 4+ As505 + Aglg € VA

with some \; € Q. Since (w1, w2, ws,wy) € lin(ey, €3, e4) we get wy = 0. Thus, we have
A1 4+ A2 = A5 4+ Xg. By substituting Ag accordingly we get

w = AU+ Al + A505 + ()\1"76 + Aol — )\5’56).

Since A1 + Ao = A5 + Ag, we have A\; > A5 or Ay > 5. We may assume A; > \5. Further,
we rearrange the summands such that

w = ()\1 — )\5)(771 + 276) + )\5(171 + 175) + )\2(172 + 176).

Note that the linear combination has positive coefficients. Hence every w € o is a positive
linear combination of @7 + ¥g, U1 + Us, U2 + Ug. Analogously, we represent w as a positive
linear combination of U9 + ¥g, U2 + U5, U1 + Ug if we have A9 > A5. In other words, w is a
positive linear combination of

0+ U5 = (—1,0,@,1), v+ 0 = (—1,0,a+d,1),
Vo + U5 = (—1,0,b,1), Uy + Vg = (—1,0,b+d,1).

Construction 3.4.1 yields b+d < b < a+d < a. Hence cone((—1,0,a,1),(—1,0,b+d, 1))
contains (—1,0,a + d,1) and (—1,0,b,1). The inclusion ’D’ is clear. Moreover, we
have 03,04 € lin(eq, e3,e4). Therefore we obtain

& Nlin(ey, ez, eq) = cone((—1,0,a,1), (=1,0,b+d, 1), 03, 04) .
Furthermore, let n; : Z3 — Z* be the map given by
0 0 -1

_ 0 0
m = 10
01

o o O

Hence one obtains

T = 7]1—1 (5 M lin(61,63,€4))
= ny ! (cone ((—1,0,a,1), (=1,0,b+d, 1), (1,0,0,1), (1,0,¢,1)))
= cone ((a,1,1), (b+4d,1,1), (0,1,-1), (¢,1,-1)).

Lastly, we note 0 < ¢. Thus, each of the four generators of 7; cannot be represented as a
positive linear combination of the other three. O
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Lemma 3.5.55. Consider a full intrinsic quadric surface X as in Construction 3.4.1 and
let 71 be as in Lemma 3.5.54. Then the dual cone @1 = 7 has the primitive generators

(0717_1)7 #(_270/7(1)7 (07171)7

2cd(2,0) 2,-b—c—d,c—b—d).

sl T (
ged(2,c—b—d)

Proof. By showing that each of the vectors listed above cuts out a facet of 7, and evaluates
positively on the two complementary rays we prove that they are generators of @;. Let
P be the matrix whose columns are the primitive generators of 7. Then, we observe

(0,1,-1)- P = (2,0,0,2)"
sty (~2.0,0) - P = b (2a— 26— 2d,0,0,-20) ",
(0 1,1)-P = (0,2,2,0)"
g (2 —b—c—die—b—d) P = ol (~2c,20—2—b—2d,0,0)

According to Construction 3.4.1 we have a > b and ¢,d < 0. Thus, the entries are positive
or equal to zero. O

Lemma 3.5.56. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the moment polytope By is given by

By = conv ((0, -1), (—%, 1) ,(0,1), (_ b+g+d’ _lfJ_rlc:g» :

Proof. Let
L: Q2 _>Q37 U (u1717u2)
and let @; be the cone given by Lemma 3.5.55. This leads to

C1 = ¢! (conv(@))

= " (eonv((0,1, 1), zgyy (=2:0,0) , (0,1,1), gy (2 —b—c—d,c —b—d)))

= conv ((0, -1), (—%, 1) ,(0,1), (—ﬁ, —i;ﬁ;ﬁ)) .

Moreover, we have b +c+d < 0 and 0 < a due to Construction 3.4.1. Thus, the
polytope C; is such that its unique interior point is (0,0). Hence, we derive B; = C; from
Construction 1.3.11. O

Lemma 3.5.57. Consider a full intrinsic quadric surface X as in Construction 3.4.1
and let 7o be as in Construction 1.3.11. Then the primitive generators of To are given by

up = (0,1,-1), w2 = (a,1,1), wg == (b+c1,1), us = (d,1,-1).
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3.5. Geometry of full intrinsic quadric surfaces

Proof. We determine 7o by following Construction 1.3.11. Let ¢;,¢=1,...,6 and & be
as in Remark 3.5.50. We begin by showing

o = cone(?y, 02, V3,04) Nlin(es, e3,e4) = cone((0,—1,a,1),(0,—1,b+¢,1)).
First of all, we prove 'C’. Let w = (wy, we, w3, wy) € 0. Then w can be represented as
w = AU1 + Aol + A3U3 + A4U4 € 74

with some \; € Q. Since (w1, w2, ws,wy) € lin(es, €3, e4) we get wy = 0. Thus, we have
A1 + Ao = A3 + M\q. We substitute A4 to obtain

w = AU1 + Al + A303 + ()\1’(74 + Ao¥g — )\3’(74).

Since A1 + Ao = A3 + A\q, we have A\; > A3 or Ay > 3. We may assume A; > A3. Further,
we rearrange the summands such that

w = ()\1 — )\3)(771 + 274) + )\3(171 + 173) + )\2(172 + 174).

This yields a linear combination with positive coefficients. Hence every w € o is a positive
linear combination of ©7 + 04, 01 + 03, U2 + 4. For Ay > A3 rearranging analogously shows
that w is a positive linear combination of Uy + ¥4, U9 + U3, U1 + 7U4. In other words, w is a
positive linear combination of

0 + 03 = (0,—1,@,1), U1+ 04 = (0,—1,a+c,1),
Vo + U3 = (0,—1,b,1), Uy + U4 = (O,—l,b+c71).

Construction 3.4.1 yields b+ ¢ < b < a + ¢ < a. Hence cone((0,—1,a,1),(0,—-1,b+ ¢, 1))
contains (0,—1,a + ¢,1) and (0,—1,b,1). The inclusion 'D’ is clear. Moreover, we
have 05, 06 € lin(eg, e3,€4). It follows

& Nlin(eg, e3,e4) = cone ((0,—1,a,1), (0,—1,b+ ¢, 1), 05, V¢) -

Moreover, let ny: Z2 — Z* be the map given by

00 O
100 -1
=110 0
01 0
We put this together to
Ty = 772_1 (5 N lin(eg, es, 64))

= 1y (cone ((0,—1,a,1), (0,—-1,b+¢,1), (0,1,0,1), (0,1,d,1)))
= cone ((a,1,1), (b+¢,1,1), (0,1,-1), (d,1,-1)).

Further, Construction 3.4.1 provides us with 0 > d. Thus, none of the four generators
of 79 lies inside the cone spanned by the other three generators. O

152



Lemma 3.5.58. Consider a full intrinsic quadric surface X as in Construction 3.4.1 and
let 79 be as in Lemma 3.5.57. Then the dual cone Wy = %2\/ has the primitive generators

(0717_1)7 m(_2aa7a)v (07171)7 W(Q,—b—c—d,d—b—C)

Proof. In order to see that the vectors listed above are ray generators of @9, we show that
each of them cuts out a facet of 75 and evaluates positively on the two complementary
rays. Denote by P the matrix which columns are the primitive generators of 75. Then
we check

(0,1,-1)- P = (2,0,0,2)"
sedtzay (—2,0,0) - P = m(Qa—2b—2c,0,O,—2d)T,
(0,1,1)- P = (0,2,2,0)"
iy 2 —b—c—dd—b—¢) P = i (—2d,2a—2-b—2¢,0,0)"

According to Construction 3.4.1 we get a > b and ¢,d < 0. This implies that the non
zero entries are all positive. O

Lemma 3.5.59. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the moment polytope By is given by

B, = cone(10.1), (~21),01), (<0~ 255))-

Proof. Set
12 Q% — Q3w (ug,1,ug).
Further, let @9 be the cone given by Lemma 3.5.58. Then one gets

Co = 1! (conv(@y))

= Heonv((0,1, ~1), qigay (—2,0,0), (0, 1,1), sqmmpagy (2 —b—c—d,d —b—c)))

= conv ((0, -1), (—%, 1) ,(0,1), (—ﬁ, —%)) .

Construction 3.4.1 provides us with b + ¢+ d < 0 and 0 < a. Consequently, the unique
interior point of Cy is (0,0). Then, we infer from Construction 1.3.11 that By = Cy. O

Proof of Proposition 3.5.48. Lemma 3.5.53, Lemma 3.5.56 and Lemma 3.5.59 yield the
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3.5. Geometry of full intrinsic quadric surfaces

following moment polytopes and barycenters

By = conv ((0,-1), (—p2g £555) . (0,1), (=2,-1)),

b _ <_2(a+b+c+d) (b+2c+2d—a)b+(c+a+d)(c+d)))
U 3a(b+c+d) 3(a—b—c—d)(b+c+d) )

Bi = conv ((0,-1), (~p2pg brizg) - (O.1), (~2.1)),

b _ (_2(a+b+c+d) (afb72072d)b7(a+c+2d)c+(afd)d))
L= 3a(btctd) 3(a—b—c—d)(b+c+d) )

By = conv ((0,-1), (—52g bE54) . (0,1), (=2,1)),

b . <_2(a+b+c+d) (a—b—20—2d)b+(a—c—2d)c—(a+d)d)
2 = 3a(b+c+d) 3(a—b—c—d)(b+c+d) :

We conclude that X (P) admits a Kéhler-Einstein metric if and only if we have d =
—a — b — ¢, reflecting b, 1 = 0, and conditions
b>0, if k=0,
b+d<0, ifrk=1,
a+d>0, ifrk=2
reflecting b, 2 > 0. Substituting d = —a — b — ¢, and a, b with the corresponding entries
from Theorem 3.4.5, we arrive at

o=, =207, 2t =7, o=,

according to the shapes defined by S11(3,¢), S12(3,¢), S21(3,¢) and S22(3,¢). Note
that S12(3,¢), S21(3,¢) are ruled out by ¢, .~ being odd, respectively. O]

Remark 3.5.60. Let X = X (P) arise from Construction 3.2.1, 3.3.1 or 3.4.1. Set
p = p(X). Then, for (p,x) # (1,0), the toric degeneration X ¢ is a normal projective
toric del Pezzo surface and, according to the constellations (p, k), the generator matrix
of its defining complete fan A, is given by

(1,1) (1,2)
1 1+42a 1+2b 1 1+2a 1+42b
—2 2 2 -2 2 2
(2,0) (2,1) (2,2)
a b 1 2c+1 0 c 2a+1 2b+1 1 a b+tc
-1 -1 2 2 -1 -1 2 2 -2 1 1
(3,0) (3,1) (3,2)
0 c+d b a a b+d c 0 a b+c d 0
1 1 -1 -1 1 1 -1 -1 1 1 -1 -1
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The above presentation of the primitive ray generators of A, in Z? is done with respect
to the antitropical coordinates introduced in Construction 1.3.4. Note that the columns
of the above matrices are precisely the vertices of the associated Fano polytopes A,; see
also Lemma 3.5.45, Lemma 3.5.51, Lemma 3.5.54 and Lemma 3.5.57.

Remark 3.5.61. Among the surfaces discussed in Example 3.2.6, 3.3.6, 3.4.6 only the
surface X from Example 3.2.6 admits a Kéhler-Einstein metric, due to Theorem 3.5.32.
Let wx € Cl(X) be the anticanonical class. Then the anticanoncial ring of X is a
Veronese subalgebra of its Cox ring:

S(X) = PI(X,—Kx) = P Riuwx (X)

k€EZ keZ

Using, for instance, the software package [23], we can explicitly compute a minimal
homogeneous generator system that has the generator degrees 1,1,1,2 and a single
defining relation in degree 4. This identifies X from Example 3.2.6 as the second sporadic
case in the list of [33, Thm. 8].

3.6 On the anticanoncial embedding

The main result of this section provides the anticanonical embedding for full intrinsic
quadric surfaces with Kéhler-Einstein metric in Picard number one and odd Gorenstein
index; the Gorenstein case was already mentioned in Remark 3.5.61.

Theorem 3.6.1. Let X be a full intrinsic quadric surface of Picard number one and of
Gorenstein index v admitting a Kdhler-Finstein metric.

(i) If v = 1, then X is anticanonically embedded as a surface into P(1,1,1,2) with
defining equation g of the degree 4 given in homogeneous coordinates as

g = —UhUUy + Uj + 203U, + U3

(ii) If ¢« > 3 is odd, then X is anticanonically embedded as a complete intersection
into P (1,2,2,1,1) with two defining equations, g of degree 4 and h degree 2¢, given
in homogeneous coordinates as

g = Ui —UUs,

—1
ho— (2U§+U2+U3)I§;(2k+l)U2UL 1=k

-2
— (U2 - Us) Z % 2k+1 Us~ 2R —UUs.

For the case of full intrinsic quadric surfaces of Picard number one and even Gorenstein
index a series of computer experiments leads us to the following.
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3.6. On the anticanoncial embedding

Conjecture 3.6.2. Let X be a full intrinsic quadric surface of Picard number one
admitting a Kdihler-FEinstein metric. If the Gorenstein index v of X is even, then X is
anticanonically embedded as a non-complete intersection into the weighted projective space

P(1,2,2,5+1,5+1,64+1,5+1,0,¢)

with twenty defining homogeneous equations: one in degree 4, four in degree 5 + 3, ten in
degree v + 2, four in degree % + 3 and one in degree 2t.

Let us give an outline of the proof. Theorem 3.6.1 (i) is about one particular
case which can be explicitly computed using for instance the software package [23].
For Theorem 3.6.1 (ii) we provide an explicit isomorphism. Let wx € CI(X) be the
anticanonical class. Then the anticanoncial ring of X is the Veronese subalgebra of its
Cox ring given by

SX) = PR(X)wyx S R(X).
d>0
Consider a complex full intrinsic quadric surface X of Picard number one and of odd
Gorenstein index ¢ > 3 admitting a Kéhler-Einstein metric. Let T7,75,73,Ty € R(X) be
the generators of the Cox ring. Then, we establish the following isomorphism of graded
rings

V: KU1, Us, Us, U7, Us]/ (g, h) — S(X),
Uy — Uy =TTy,
Us —s Us == T4,
Us — Ug = Ty,

U7 — 07 = 12L>
Us — Us = T5",

where the polynomials g, h are as in Theorem 3.6.1 (ii) and the Z-grading for both rings
is given by

[deg(U;)] = [deg(ﬁi)} = [1,2,2,¢,1].

Subsection 3.6.1: We provide a toric embedding X C Z of the anticanonical cone over
X C Z and give an explicit description of the weight cone @ of Z.

Subsection 3.6.2: We determine the Hilbert basis H (@) = {u1,...,us} of the additive
monoid @ N Z*. This provides us with a surjective ring homomorphism

7 KU, U] — KwnZY = 0(2), Ui~ x".

Subsection 3.6.3: We establish a commutative diagram of epimorphisms which provides
us in particular with generators of the anticanonical ring;:
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K[Ul, ey Ug] d S(X) e @nzo R(X)nwx

UiHXﬂiLJ* }Hh

K@ N Z4) S(Z) == B0 R(Z)nuwx

1%

Sk u P*u

P XX

Subsection 3.6.4: In a last step, we determine generators gy, . .., g5 of the ideal of relations
between the generators Us.

g1 :=2U3 + Uy + Us — Us,

g = 2Us + Uy — Us + Us,

g3 = 2U12 — Uy 4+ Us + Ug,

g4 = U} — 2U4Us + U2 — 2U,Ug — 2UsUs + U2,
—1

g5 = (207 + Us +Us) D 3ot ) USUE™ 7% = (Us = Us)* Y- 5 (G ) UR U7 — Unls.
k=0 k

[\

~

Il
=)

Then Theorem 3.6.1 follows by eliminating the variables Us, Us and Uy and renumbering
the remaining ones.

3.6.1. The embedded anticanonical cone e In Proposition 3.6.4 we explicitly
determine the embedded anticanonical cone X C Z over the embedded X C Z for any
full intrinsic quadric of Picard number one. Moreover, in Proposition 3.6.5 we provide
first relations between the generators of the anticanonical ring. We begin by fixing the
setting.

Setting 3.6.3. Let X be a full intrisic quadric of Picard number one arising from
Construction 3.2.1, that means X = X (P) with

-1 -1 2 0
P = [v,v9,v3,04] = | =1 =1 0 2 |, b< -2, 0<a<-b-—2.
a b 11

Let Z be the toric variety arising from the projective fan in Z® with generator matrix P.
Then we obtain a normal, non-toric, rational, projective surface

X = X(P) = V(h) C Z, h = 14U +U; €O(T.

Let P* be the transpose of P and set K := Z*/im(P*). For the divisor class group of X,
we have

Cl(lX) =2 K =2 Z&®Z/2gcd(2a+2, a—b)Z.

Moreover, denoting by Q: Z* — K the projection, we obtain the following description of
the Cox ring of X as a graded algebra:

R(X) = K[TY,...,Ty]/(TVTs + T3 + T3), w; = deg(T;) = Q(e;) = [D¥],
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3.6. On the anticanoncial embedding

where DX C X is the prime divisor on X obtained by intersecting X with the toric
prime divisor of Z given by the ray through v; and [D;¥] € C1(X) denotes its class.

Proposition 3.6.4. Let X = X (P) be as in Setting 3.6.3. Then the anticanonical cone
over X is the 3-dimensional affine variety X with 2-torus action given by the defining
matrix

-1 -1 2 0
~ I -1 -1 0 2
P = [Ul,UQ,U3,U4] = a b 1 1
0 0 1 1

The columns ©1, 0y, U3, 04 of P are the primitive generators of a polyhedral cone & of full
dimension in Z* and we have

X =VA+5+8%) C 7,

where Z is the affine toric 4-fold associated with &. Moreover, the dual cone & = GV has
the primitive generators
1 1
2cd(6.2) [b,b,2,—2b — 2], (@ D) [—a,—a,—2,2a+ 2], [1,-1,0,2], [-1,1,0,2].
Proof. The statement that the anticanonical cone over X is given by P is a direct
consequence of Construction 1.3.11.

We turn to the statement on the dual cone @ of &. First note that P has determi-
nant 4a — 4b > 0 and hence & is a simplicial cone. Next, observe that the four vectors
listed in the assertion are indeed primitive. Now in order to see that they are ray
generators of @ we show that each of them cuts out a facet of & and evaluates positively
on the remaining ray:

[,0,2,—2b—2] - P = [-2b+4,0,0,0]T,

[—a,—a,—2,2a+2]- P = [0,6a+4,0,0]T,

[1,-1,0,2] - P = [0,0,a —b+2,0]T,
[-1,1,0,2] - P = [0,0,0,2]T.

Setting 3.6.3 yields b < —2 and 0 < a < —b — 2. Consequently, the non-zero entries on
the right hand side are positive. O

Proposition 3.6.5. Consider X as in Setting 3.6.3, its anticanonical class wx and the
anticanonical algebra

S(X) = RNy € RIX).
>0

Then, in terms of the Coz ring generators Ty, T, T35, Ty € R(X), we find the following
elements of S(X) which are the generators of R(X)auwy

d=1: U = 15Ty,
d=2: Uy=TTT}, Us:=TTT§ Uy:=T3, Us:=T%f Us:=T;.
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Amonyg the elements Uy, ..., Us, we find the following trinomal relations in degree d = 2
of the anticaonical ring:

Oy +Us+0y = 0, U24+0x+0s =0, U2+03+05 = 0.

Moreover, in the anticanonical degree d = 4, we encounter the following three binomial
relations

UiUy = UsUs,  UiUs = UoUs,  UiU, = UsUs.

Lemma 3.6.6. Let X = X(P) arise from Setting 3.6.3. Then the degree ux € K of the
defining relation TyTy + T3 + T3 and the anticanonical class wx € K are given by

ux = wi+wy = 2wz = 2wy, wWx = W)+ W2 +w3+wg— px = W3+ wy.

Furthermore, the relation degree ux € K differs from the anticanonical class wx € K.

Proof. The representations of px are due to the homogeneity of the defining quadric and
the representations of the anticanonical class follow from Remark 1.2.10.

To show the second claim, assume ux = wx. Then we get 2ws = ws + wy and
w3 — wy = 0. Further, we denote by Q: Z* — Z*/im(P*) = C1(X) the projection from
Setting 3.6.3. Hence we have Q(es — e4) = w3 — wy = 0. In other words e — e4 belongs
to the kernel of @ which in turn is spanned by the rows of the matrix P. On the other
hand, P* - x = e3 — e4 is uniquely solved by (1/2,—1/2,0). Consequently, es — e4 cannot
be presented as an integer linear combination over the rows of P and thus does not lie in
the kernel. ]

Lemma 3.6.7. Let X arise from Setting 3.6.3 and let wx be the anticanonical class.
Then all positive linear combinations of 2wx € K in terms of wy,wa, w3, wy are given by

2wx = w1 +we+ 2wy = wy +we + 2wy = 2w + 2wy = 4wz = 4wy,

Proof. We have to insert each of the equations
px = wi+we = 2wz = 2wy,
from Lemma 3.6.6 into
2wy = 2wi + 2w + 2w3 + 2wy — pux

and combine the equations with each other in all the possible ways that we can. Then,
there are exactly five combinations with positive coefficients. O
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3.6. On the anticanoncial embedding

Proof of Proposition 3.6.5. Using the representations from Lemma 3.6.6 we immediately
see Uy == T3Ty € R(X)wy. Moreover, Lemma 3.6.6 provides us with the following

equations
deg( ~2) = deg(TlTQTSZ) = w1 +wo + 2wy = 2wy + 2wz = 2wy,
deg(ﬁg) = deg(TlTQTf) =w; +wy + 2wy =2wsz+ 2wy = 22wy,
deg(Uy) =deg(T?T3) = 2wy + 2wy =2w3 + 2wy = 22wy,
deg(Us) = deg(T¥) = 4wy =2ws + 2wy = 22wy,
deg(Uﬁ) = deg(Tg") = 4ws = 2ws + 2wy = 2wy,

showing Uy ..., Us € R(X )J2wy - Moreover, Lemma 3.6.7 yields that every element
inside R(X 2wy is a linear combination of the monomials Us... , Us. Hence, Us... , Us
generate R(X)awy. The binomial relations among the U; follow directly from their
definitions. As we have T1'Ts + T§ + T7 = 0 in R(X), we obtain the desired trinomial
relations as follows

[22 + [23 + [24 = NI} + LTS + TiT; = (T + T3+ THTTy =0,
U+ Uy +Us =T5T}; + TVToT} + T} =ML+ T +T)T; =0,
02+ Us+ U5 = T2T? + T ToT2 + T = (O + T3+ THTF =0

O]

3.6.2. Computing the Hilbert basis ¢ Now we enter the Kédhler-Einstein case.
The main results of this section are Proposition 3.6.10, where we determine the grading
matrix of X, and Proposition 3.6.12, where we compute the Hilbert basis of the dual cone
@ of the cone G from Proposition 3.6.4. First, we adapt Setting 3.6.3 and Proposition 3.6.4
to the Kéahler-Einstein case.

Setting 3.6.8. Let X = X(P) be a complex full intrinsic quadric surface of Picard
number one as in Setting 3.6.3 admitting a Kéhler-Einstein metric and let the Gorenstein
index ¢ of X be odd and differ from one. By Theorem 3.5.32 we can work with a defining
matrix of the form

—1 —1 2 0
P = [v1,vg,v3,v4] = -1 -1 0 2
t—1 —¢—1 1 1

and the divisor class group of X is given by
CIX) = Z*/im(P*) = Z®Z /4.
Moreover, we recall
-1 -1
P = [y, 09,03,74) = L_—11 _: )

0 0

= O N
= o= N O
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the cone & := cone(?1,v9,03,74) and @ = ¢ from Proposition 3.6.4. We have a
corresponding 3-dimensional affine variety

X =Vi+5+%) ¢ 7,

where Z is the affine toric 4-fold associated with . Further, the cone & has the primitive
generators

slee—1,——1,2,2, i[1-01-1,-2,2, [1,-1,0,2], [-1,1,0,2].

Remark 3.6.9. Consider a degree matrix @ in Z®Z/uZ and a 3 x 4 projective generator
matrix P sharing the same fake weight vector. Then Lemma 2.6.1 says that @ and P
correspond to each other if and only if () annihilates the rows of P.

Proposition 3.6.10. Let X = X(P) be as in Setting 3.6.8 and consider the projec-
tion the projection Q: Z* — 7*/im(P*) = Z. ® Z/47Z. Then after applying a suitable
automorphism we obtain

o- |

Proof. We use l1 =1y =2 and dy = —2¢,d; = 1,do = 20 — 1 to determine the fake weight
vector w(P) as in Proposition 1.4.3. That is

—_

1 1
2 1 2i+1

Ol =

w(P) = (4¢,4e,40,40).

We derive from Remark 1.1.8 that CI(X) = Z ® Z/4.Z and from Proposition 2.2.1 that @

is of the form
1 1 1 1
= [wy,we,ws, wy| = [

@ o, w2, wa, 4] lﬁomm%]

According to Remark 2.2.9 we can add multiples of the upper to the lower row and scale
the lower row by units without changing the isomorphy type. By adding multiples of the
first row to the second we can achieve 7jg = 0. Then, Remark 3.6.9 yields the equations

m = 2, m = 23, (C+1)m = 72+ 93 (3.6.10.1)
Consequently, we get
1 1 1 1
Q_lo 212 12 77_3]'

Since @ is a degree matrix, three of the columns w; generate CI(X) = Z @& Z/4.Z. Thus,
one of the 7; must be a unit. We have ij; = 27y ¢ (Z/41Z)" since ged(ny,4t) > 2 holds
for any representant n;. Further, we may assume 7y € (Z/4.Z)". By multiplying the
second row with a unit, we obtain

|

— =

3
=
-

Ol =
[N
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3.6. On the anticanoncial embedding

Then, the last equation from (3.6.10.1) provides us with
1+73 = +1)2 = 20+2.
Hence, 73 = 27 + 1 and the claim follows. O

Corollary 3.6.11. Let X = X (P) be as in Setting 3.6.8. Then the anticanonical class
wx € Z ®7L/MZL satisfies

wx = (2,21+2), v-wx = (20,0).

Proof. According to Proposition 3.6.10 the projection Q: Z* — Z*/im(P*) = Z & Z/ 47
is given as
1

1
1 20+1

1
2

Ol =

Q = [wi,ws, w3, wy] = [
Then Lemma 3.6.6 yields the anticanonical class
Wx = w3+ wqg = (2,?[-{—?).

Since ¢ is odd, we conclude i - 2¢ = 2 € Z/41Z. Consequently, one gets

vwx = (20,207 +2) = (2,20420) = (2,0).
O

Consider a pointed lattice cone w in Z" and the associated monoid S(w) = w N Z".
A non-zero element u € S(w) is called indecomposable, if u = v + v with v,v" € S(w)
implies v = u or v/ = u. The Hilbert basis H(w) is the set of all indecomposable elements
of S(w). Recall that H(w) is the unique minimal generator system of the monoid S(w).

Proposition 3.6.12. Let & be as in Setting 3.6.8. Then the Hilbert basis H (&) of S(@)
is the set of the column vectors of:

0o -1 0 -1 1 -1 -« =2

_ _ 0o 0 -1 -1 -1 1 -t =1
Go=lo,isl =\ g0 g 0 0 0 1 1
1 2 2 2 2 2 L L

Proof. In order to show that H (&) = {@1,...,us} is the Hilbert basis of S(©) it suffices
to present any lattice point of the form

w = (wl,wg,wg,w4) = Asls + Aglig + A7y + Aglis € Z* with 0 <\<1

as an integer positive linear combination over H (@). Note that ws = A7 — Ag € Z.
Thus A7, Ag € [0, 1] implies wg = —1,0,1. We proceed according to these three cases.
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Case 1: ws = —1. Then we get A7 = 0 and Ag = 1. So, the vector w can be represented
as

w = (—%—)\64-)\5, _%"‘)\6_)\5’ —1,L—|—2)\5—|—2>\6) S Z2.

Since wy, % € Z and X5, A\¢ € [0, 1] hold, we conclude A5 — A\g = —1,0, 1. This leads to

the following subcases.

Case 1.1: A5 — Mg = 1. We obtain A5 = 1, A\g = 0. This implies w = @5 + @ig which is the
desired presentation as an integer positive linear combination.

Case 1.2: \s—Xg = 0. Then 4A5 = wys—t € Z, hence A5 =0, %, %, %, 1 holds. In total, this

yields the desired presentation as integer positive linear combination w = ug + 4A5U1.
Case 1.3: A5 — d¢ = —1. So we get A5 = 0 and A\g = 1. Therefore w = g + Us.
Case 2: wg = 1. Then we obtain \; = 1 and A\g = 0. Thus, the vector w can be
represented as

w = (—%—)\6—{—)\5, —%—F)\(}—)\g,, 1, L—|—2)\5—|—2>\6) € Z4.
Because of wq, % € Z and X5, A¢ € [0, 1], we get A5 —Ag = —1,0, 1. Again, we distinguish
between these three cases.
Case 2.1: A5 — dg = 1. We see A5 = 1 and Ag = 0. In total, we arrive at w = s + 7.

Case 2.2: A5 — A g = 0. Then we have 4\5 = wq — ¢ € Z and hence A5 = 0, i, %, %, 1. Thus
we receive the desired positive integer linear combinations w = 7 4+ 45U .
Case 2.3: A5 — A¢ = —1. One obtains A\g = 1, A5 = 0 and finally w = g + 7.

Case 3: wg = 0. Then one gets A7 = Ag. It follows that w can be represented as
w = (=Mt — g + X5, =ML+ A — A5, 0, 2070 + 205 + 2Xg) € Z4

Hence we have wy — w; = 2(A¢ — A5) € Z and 2w; + wy = 4\5 € Z. Consequently, one
gets A5, Ag = 0, i, %, %, 1. We proceed according to these cases.

Case 3.1: A5 = Ag. We obtain w; = —A7t € Z. Because of A5 = 0, i, %, %, 1, we obtain a
presentation with positive integer coefficients w = 4501 + A7tiiy.

Case 3.2: \¢ = 0. Then 25 = w1 — wy € Z holds, whence \5 = 0, %, 1. So we distinguish
between these cases. It suffices to treat the cases A5 # Ag.

Case 3.2.1: \5 = % Then we have — A7t + % = w; € Z<o and
w = (wl, w1 — 1, O, —2’(1)1 + 2) == (O, —1,0,2) - wl(—l, —1,0, 2) == ﬂg - w1a4,
which is the desired presentation with positive coefficients.
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3.6. On the anticanoncial embedding

Case 3.2.2: A5 = 1. One obtains —A7t + 1 = w; € Z<; and hence
(w1, w1 — 2, 0, —2wy +4)
(1 - wl)(_1> _17 07 2) + (17 _1)0) 2)

= (1 —wy)tq + Us.

w =

Case 8.3: \g = i. Then we get %—2)\5 = w9 — w1 € Z. We conclude \5 = %, %. It suffices
to treat the case A5 # Ag, i.e. let A5 = %. Then the desired positive linear combination is

given by
w = (wy, w; —1, 0, —2wy + 3)
= (070707 1) + (07 _170, 2) - wl(_la _17072)
= U1 + Uz — wily4.
1 1. We

Case 8.4: \¢ = % Then 1 — 2A5 = we — w1 =€ Z holds. This yields A5 = 0, 3,

treat the cases As # Ag.
Case 8.4.1: A5 = 0. We obtain —A7t — % = wy € Z<—1 and a representation

w = (wy, wy + 1,0, —2wy)
-1,0,0,2) + (—wy — 1)(—1,-1,0,2)

(
= Uy + (—U)l — 1)17,4.

Case 8.4.2: As = 1. Then we have —\7¢ + % = wy € Z<o and the representation
(’UJl, w1 — 17 Oa —2'UJ1 + 4)
(0,0,0,2) + (0,—1,0,2) —wy(—1,-1,0,2)

= 2U1 + U3 — wily4.

w =

Case 3.5: \g = %. Then we have —2\5 + % = w9 — w1 € Z. This implies A5 = %, %. It
suffices to proceed with A5 # Ag, that is A5 = %. Thus, we have w1 = —A7t — % < —1.
Consequently, we get a positive linear combination
w = (w1, wy + 1,0, —2w; + 1)
= (0,0,0,1) +(-1,0,0,2) + (—wy; — 1)(—1,-1,0,2)
= Uy + Ug + (—wy — 1)uy.
L 1. We only

Case 3.6: \¢ = 1. We obtain 25 — 2 = w1 — we € Z. This yields A5 = 0, 3,

deal with the case A5 # Ag.
Case 3.6.1: A5 = 0. Then we get w; = —A7t — 1 < —1 and the representation

w= (w1, w1 +2, 0, —2w)
= (—w; —1)(-1,-1,0,2) + (—1,1,0,2)

= (—wy — 1)y + Gig.
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Case 3.6.2: 5 = % Then wy = —A7t — % < —1 holds and hence we get the desired
representation of w as

w = (wy, w1 +1, 0, —2w; +2)
= (0,0,0, 2) + (—1,0,0,2) + (—w1 — 1)(—1, —1,0,2)
= 2u1 + ug + (—w1 — 1)@4.

Lastly, we show that j,...,ug are indecomposable. The elements s, g, ti7, g are
indecomposable since they are the primitive ray generators of @. So it suffices to show
the claim for @y, s, U3, 4.

In order to show that @ is indecomposable, we show that G - x = 4y has only one
solution in Z8;, namely z = e;. The solutions in K® are the vectors z of the form

(1 + 2ty — 2t3 — 2to + 2uty, —tg +t3 —to — 1ty, —tg —t3 + 1o — ty, t4, t3, to, t1, tl) ,

where the parameters t1,to,t3,t4 € K can be freely chosen. Now we determine the
solutions such that « = (z1,...,zg) € Z%,. This yields

0 < zo+ax3 = —2t4 — 214, 0 < zg = 1y, 0 < x4 = t4.
We conclude t; = t4 = 0. Further, we have
0 S xr1 = 1— 2t3 — 2t2, 0 S T — tg, 0 S Tr5 — t3.

Therefore, to = t3 = 0. In total, the vector x = (1,0,...,0) is the only solution
of G-z =y such that x = (z1,...,28) € Z%O. Thus, %7 is indecomposable.

Analogously, the solutions in K® of G - z = iy are the vectors x of the form
(2t4 — 2ty — 2ty + 2uty, 1 —ty +tyg —tog — tty, —t4 — t3 + to — Ltl,t4,t3,t2,t1,t1) ,

where the parameters t1,to,t3,t4 € K can be freely chosen. If x = (21,...,25) € Z%O
then we obtain

0 < x9+ax3 = —2t4 — 2utq, 0 < tq,t4.
This implies t; = t4 = 0. Moreover, we have
0 < Tr1 = 1—2t3—2t2, 0 < t2,t3.

Consequently, we get to = t3 = 0. That means x = (0,1,0...,0) and @z is indecompos-
able.

The solutions in K® of G - z = i3 are the vectors z of the form

(2t4 — 2t3 — 2t + 2uty, —tg + t3 — to — tt1, 1 — ty — t3 + to — 1y, ty, t3, to, t1,t1),
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3.6. On the anticanoncial embedding

where the parameters t1,t2,t3,t4 € K can be freely chosen. We pick out the solutions
such that o = (z1,...,28) € Z%,. This leads to

0 < x9+a3 = —2t4 — 214, 0 < zg = 1y, 0 < xq = t4.
We conclude t; = t4 = 0. Further, the conditions
0 < o1 = 1—2t3—2ty,  0<tg,1t3
then yield ty = t3 = 0. Hence, x = (0,0,1,0...,0) and a3 is indecomposable.
Lastly, the solutions in K® of G - x = @4 are the vectors x of the form
(=2 + 2ty — 25 — g + by, 1 — ty + b3 — ty — v, 1 — ty — tg + by — tt1, ta, b3, ta, t1, t1)

where the parameters t1, tg, t3, t4 € K can be freely chosen. We demand x = (z1,...,xg) €
Zgo. This implies

0 < 21 +w2+w3 = —2 — 2t3, 0 < zg = to, 0< 25 = ts.
Thus, we get to = t3 = 0. Further, one has
0 < zo+x3 = 2—2t4 — 214, 0 < tq,t4.

Since ¢ > 3, this yields t; = 0 and t4 = 1. We conclude that = (0,0,0,1,0...,0) is the
only solution of G-z = 74 with positive integer entries. That means, 4 is irreducible. [

Corollary 3.6.13. Consider the cone & as in Setting 3.6.8 and the Hilbert basis H (&)
of S(@) as in Proposition 3.6.12. Then, we obtain an epimorphism

7 K[Uy,...,Us] — K[S@)], U — x".
Proof. The 4y,...,us generate S(w) as a monoid due to Proposition 3.6.12. Hence
the x™,..., x" generate the affine algebra K[ N Z4]. O

3.6.3. Generators for the anticanonical ring e The results of this section are
Proposition 3.6.14, where we provide an epimorphism K[Uy, ..., Us] — S(X), Proposi-
tion 3.6.20 and Remark 3.6.21, where we identify the generators of S(X) with restrictions
of character functions y* * and Proposition 3.6.22, where we identify a further relation
in the anticanonical ring.

Proposition 3.6.14. Let X C Z and X C Z arise from Setting 3.6.8 and let ¢ be the
Gorenstein index of X. Consider the Z-graded polynomial algebra

K[Uy,...,Us], [deg(Uy),...deg(Us)] = [1,2,2,2,2,2,1,¢].

Further, let & be as in Setting 3.6.8 and denote by {1, ...,ug} the Hilbert basis of S(®)
given by Proposition 3.6.12. Then we obtain a commutative diagram
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K[Ul,...,Ug] 4 S(X) e @nzoR(X)an

K[S(@)] ; 8(2) == Dn>0 R(Z)nwx

where we endow K[S(@)] with the Z-grading deg (x*) = ua and where ¢ is a surjection
given by
p(Uh) = T3Ty, ¢(Uz) = DT, ¢(Us) = NDLIE, o(Us) = TiT3,
p(Us) = T3,  oUs) = Tj, p(Ur) = TP, p(Us) = T3

Construction 3.6.15. Consider X C Z arising from the generator matrix P and X C Z
arising from the generator matrix P as in Setting 3.6.8. Then we have commutative

diagrams
4 p 4 N 5 _
7 7 A p~ 7
<> a & r
h < rﬁb\ p P )
W~ i TH JH/H
ZS \ A

where p, p are the quotients by the actions of the characteristic quasitori H, H respectively,
where Z — Z is the cone over Z for the ample divisor DZ + DZ on Z, and where X — X
is the cone over X for the anticanonical divisor D5 + Dff on X.

Proposition 3.6.16. Consider X C Z and p: Z — 7 as in Construction 3.6.15 and
let wx be the anticanonical class of X. Further, let @ be as in Setting 3.6.8 and denote
by {@1,...,ug} the Hilbert basis of S(&) given by Proposition 3.6.12. Then we have

25* (K[S(@)]) = @R(Z)nwx-

nel

and we obtain
5 (X™) € R(Z)tu,
ﬁ* (XUQ) 7]5* (XUB) 7ﬁ* (XU4) ,ﬁ* (XﬂE)) aﬁ* (Xﬁ6> € R(Z)Z-wx7
5 (X") .5 (X™) € R(Z)iwx
Lemma 3.6.17. Consider X C Z,p: Z — Z and P as in Construction 3.6.15 and and
let wy be the anticanonical class of X. We set D? .= DZ + D% and
©: T(Z,0(n-D?) — R(Z)nuwy
X" — pt () TTY,
X" — T,

where w € Z3 is the unique element such that P*w = u — ne3 — ney. Then ¢ is a
well-defined isomorphism.
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3.6. On the anticanoncial embedding

Proof. We check the well-definedness of both assignments. Let x* € I'(Z,O(n - D)) be
a character. Then, we obtain

p* (div x“)+n- DZ) = p*(div(x")) +n-p* (DZ)
= div(p* (")) +n-p" (DF) +n-p* (Df).

Since p* (D-Z> =V, (T;) = div (T;), we get

div (p* (x*)) + n-p* (D3Z> +n-p* (Df) = div (p* (x")) + n - div (T3) + n - div (Ty)
= div(p" (x") T5'TY) -
Because of x* € I'(Z,0(n - D?)), we obtain
div (x*) +n-D? > 0.

This yields p* (div (x*) +n- D? ) > 0. Hence div (p* (x*) T39'T4") > 0. This is equivalent

to p* (X*) T8Iy € O(Z). Moreover, let P be as in Construction 3.6.15 and let Q: Z* —
Z* /im(P*) be the the projection. Then, we have p* (x*) = x* * and

Q (P*u+ nes +nes) = Q(nes +ney) = nwx.

Since Q is the grading matrix of Z one obtains p* (x*) T8Iy € O(Z)pwy. Due to
R(Z) = O(Z) we get p* (x*) T3T1 € R(Z)nwy -

Next, consider T% € R(Z)nwy, with u € Z%. Then we have Q(u) = nwx. We set

ﬁ . T1L
"=y
and 1 = u — nes — ney. Because of
Q (u—ne3 —ney) = Qu) —nQes+e4) = nwx —nwy = 0

and since ker(Q) = P*(Z?), there exists an w € Z3 such that T = T%. Because P* is
injective, w is unique with this property. Hence, the assignment T“ — x* is well defined.

A

Moreover, because of T" € R(Z) = O(Z) we have
div (") = div (T"T3T7) = div (") + div (1§) + div (T]) > 0.
In other words, one gets
P’ (div(x")) = div (T7"™) = div(T") > —div (1})~div(1}) = —np* (Df + DY),
where we used p* (DZZ ) =V, (T;). Then, we obtain
div (x*) > -D§ — Df.

Thus, x* € I'(Z,0(n - D)) and the inverse function is well-defined as well. Since we
explicitly specify the inverse function of ¢, the statement about bijectivity is clear. [J
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Lemma 3.6.18. Consider P from Setting 3.6.8 and the Hilbert basis {iy,. .., ig} of S(Q)
from Proposition 3.6.12. Then we have

=
Ny
|

P*u; = (0,0,1,1), P*iy = (1,1,0,2), P*is

P (1,1,2,0)
P

. - b b ) = (2727070)7
(0,0,4,0), P*iig (0,0,0,4), P*ii; = (2¢,0,0,0),

I
avilav]
=

Proof. This assertion results from a direct computation. Recall that P* from Setting 3.6.8
and @; from Proposition 3.6.12 are given by

-1 -1 =1 0 0 -1 0 -1 1 -1 -+ -t
-1 -1 ——1 0 i ] = 0o 0 -1 -1 -1 1 -+ =4
2 0 1 1"t 00 0 0 0 0 0 1 -1
0 2 11 1 2 2 2 2 2 L L

O

Proof of Proposition 3.6.16. We begin by showing ’C’. By using the projection Q: Z* —
YASYNEY)

1
1

NI =

1
Q—[(—)

from Proposition 3.6.10 and by using the identities for P*@; from Lemma 3.6.18, we
obtain

Qo]s*N(H) g )
= Qo P* Qo P*(a5) = Qo P*(ug) = (4,4),

Moreover, we derive wx = (2,2t 4 2), 2wx = (4,4) and ¢ - wx = (2¢,0) from Corol-
lary 3.6.11.

Furthermore, Construction 3.6.15 provides us with the good quotient of affine vari-
eties p: Z — Z. Then, we get the injective ring homomorphism

K@) — 0(2) Xt — X
Thus, we have

5 (X") € R(Z)1ux,
5 (x™), 5" (x™) . 5* (x™) 5" (x™) .5 (x™) € R(Z)2ux,
5 ()5 (™) € R(Z)uux-
Next, we show the inclusion ’D’. Let DZ := D3Z + DZ. We get the commutative diagram
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3.6. On the anticanoncial embedding

Xﬁ’*uqu

RA(Z)mwx

~k

p
© v
3)22;723/\,/1,% Xu\/VX
I'(Z,0(n - D%))

ﬁ*q/a)

where ¢ is the isomorphism from Lemma 3.6.17. The diagram is commutative since the
corresponding diagram of matrices and quotients from Construction 3.6.15 is commutative.
Since ¢ is an isomorphism, for any T% € R(Z)nw, there exists a w € Z3 such that
T* = 5*(x¥) with x¥ € O(Z) = K[o N Z4]. O

Corollary 3.6.19. Consider X C Z and & as in Setting 3.6.8 and let {1, ...us} be the
Hilbert basis of S(w) from Proposition 3.6.12. Then we have

5 (X") € R(X) s
5 (x™).5° (x™) 5" (x™) 5 (x) 5 (x™) . € R(X)au,
5 (X) 5 (™) € RO

Proof. The closed embeddings X < Z of the characteristic spaces induce a diagram

B picciz) R(Z)p) =—=0(2)
Lh»—m h—h| ¢
D(pjcai(x) R(X)p) =——= O(X)

where the downwards arrows are surjective. Then the claim follows from Proposition 3.6.16.
O

Proposition 3.6.20. Consider X, & and P from Setting 3.6.8 and the Hilbert ba-

sis {@i1,...,1g} of S(@) from Proposition 3.6.12. Then Uy,...,Us € S(X) from Proposi-
tion 3.6.5 are given by

Proof. In Lemma 3.6.18 we computed P*@; for i = 1,...,6. Using the latter, we obtain

X = 00N = 17y = Uy, xP'2 = y(b102) = N1 = U,
XU = W20 = LT = Uy, 7™ = x®200 = 11y = U,
XP (- X(O,OA,O) — T?jl = Us, XP DT - X(O,O,O,4) _ Til = Us.
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Remark 3.6.21. We set Uy :== Xp*f” and Uy := Xﬁ*ag. Then, Lemma 3.6.18 provides
us with

07 _ Xﬁ*fn _ X(2L,0,0,0) _ T12L, Us _ Xﬁ*ag _ X(0,2L,0,0) _ TQQL'

Proposition 3.6.22. Consider X, the Gorenstein index ¢ of X as in Setting 3.6.8 and
let {@,...1g} be the Hilbert basis from Proposition 8.6.12 and let U; = x* % . Then we
obtain the following relation in R(X)a,wy -

U U-Us — UsUS = 0.

Proof. We derive the degrees of XP "% from Corollary 3.6.19 and obtain

deg(Ul) = wx, deg(Ug) = 2’(1))(7 deg(Ug) = 211))(,

deg(U7) = Wy, deg(Ug) = Lwx.

This implies (7503L € R(X)awy and U2U,Ug € R(X)4,wy - Moreover, with the @; given
as in Proposition 3.6.12 we directly compute

2uuy + Uy +ug = Lo + Lus.
Consequently, we get
~ o o~ o~ ~ o~ B~ \ 2L Sk ~ Bk ~ B~ \ L Bk~ \ L
U12LU7U8 _ UQLUg — (XP u1) i XP u7 XP ug (XP ug) i (XP U3) - 0.
Thus, the claim follows. ]

Proof of Proposition 3.6.14. The commutativity of the diagram follows from Proposi-
tion 3.6.20 and from Remark 3.6.21.

Due to Corollary 3.6.13 the map j* is surjective. According to Proposition 3.6.16
the map p* from the diagram is surjective. Further, it is clear that S(Z) — S(X) is
surjective. Hence, the commutative diagram yields that ¢ is surjective.

O]

3.6.4. Relations of the anticanonical ring « We continue to examine the map ¢
from Proposition 3.6.14. The main result of this section is Proposition 3.6.24, where we
determine the generators of the ideal ker(¢p).

Setting 3.6.23. Consider X = X (P), the cone @ C Q* and the monoid S(@) = ¥NZ* as
in Setting 3.6.8. The Hilbert basis H (@) = {u1,...,us} of S(&) from Proposition 3.6.12
yields the epimorphism

7 K[Uy,..., U] — K[S(@)], Ui = x".
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3.6. On the anticanoncial embedding

Let ¢ € Z>o. Then, we set

g1 = 2U3+ Uy + Us — Us,
go = 2Uy + Uy — Us + Us,
g3 = 2U} —Us+ Us + Us,
g4 = U} —2U4Us + UZ — 2U,Us — 2UsUs + UZ,

t—1 1—2
g5 = (207 + Us + Us) 3 42 )UEUE™ ™ = (Us = Uo)* Y 4 (G U UG+ — UnlUs
k=0 k=0

and define the ideals

I = <U12U4 — UaUs, UfUs — UpUs, UiUs — UsUs, Uz + Us + U4> ’
f = <gl7g2ag3’g4>7

J =1+ <U12LU7U8 - U5U§>:

K = I+ (gs)

and their extensions
Ul vt UK, U T < KIUEL, L U,

A A A A A —1
0-'L,0 LU K, 07N 2 (UF +03) KU, U,

Proposition 3.6.24. Consider the ideal K as in Setting 3.6.23 and consider the epimor-
phism ¢: K[Uy,...,Ug] — S(X) from Proposition 3.6.14. Then we have K = ker(yp).

The proof of Proposition 3.6.24 is given at the end of this section. In a first major
preparation step we show UK CcU! ker(y). The second step is Proposition 3.6.33,
where we prove Vis(K) = Vis(ker(y)), and the last step is Corollary 3.6.36, where we
show that K is a prime ideal.

Proposition 3.6.25. Consider the epimorphism 7% and the ideals J, K I K[Uy,...,Us]
from Setting 3.6.23 and the epimorphism ¢ from Proposition 3.6.14. Then the following
statements hold:

(i) In the localization (U? + Ug)il KU, ..., Uf] we have UK C U~1J.
(ii) In K[UT,...,Us, Us, Us] we have (Uy---Us) ' J C (Uy -+ Us)  ker(s*).
(iii) In K[Uy,...,Us] we have ker(5*) C ker(yp).

Lemma 3.6.26. C’onsi(%er the homomorphism 7* and the ideals I,f < KUy, ..., Upﬂ
from Setting 3.6.23. Set U .= Uy ---Us. Then I is the saturation of I with respect to (U)
and we have

U1 = U7 € Ultker(y") € KUE,... UL, Uy, Ug).
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Proof. The fact that I is a saturation of I can be directly checked by means of a computer
algebra system, for instance Singular. In other words, we have

U1 = 0

in K[Ui!, ..., UL, Furthermore, Proposition 3.6.5 provides us with I C ker (5*). Then
the claim follows from

U = U1 € U tker(y).
O

Proposition 3.6.27. Consider the ideal J I K[Uy,...,Ug] and the polynomial g5 as in
Setting 3.6.23. Then in the localization (U? + Ug)_1 K[Uli, ce Ugi} we have g5 € U,

The proof of this proposition is a consequence of the following five lemmata. We
successively substitute the variables Us, Ug, U7 and Us in g5 with rational functions taken
from U~1.J.

Lemma 3.6.28. Let 1 € Z>qg. Then in K[U ', Us] the following holds
S a6 (0 )" - o B 0 )”) - ()"
= 2 \2k+1 U2 = 3 (ki1 U? - \Uu? )
Proof. With x =1+ UsU; 2 we reformulate the equation from the assertion as follows:
—1 —2
1/ 2 2k 1 2—2
> 3 (op)a® = (1 +2) Zé Gr)z™ = (@ -1
k=0 k=0

For the left hand side of this equation we obtain

—1 =2

> slat)a® = (1 +a)® )y 55

k=0 k=0

t—1 =2
= > 5(r)e™ — 1+ 20 +2) Y 5500

k=0 k=0

—1 =2 =2

2 2k 21—2 2k 2k+2 2 2k 1

= Z %(%11)33 - %(2Z+1)( + a2t E) — Z (21@+1>x "

k=0 k=0 k=0

For the right hand side of the reformulated equation from the assertion we have

21—2 —1 —2
(33 o 1)2L72 — Z (2Lk—2)xk(_1)2L727k — Z (2;;2)x2k o Z (22]2121)$2k+1
k=0 k=0 k=0
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3.6. On the anticanoncial embedding

So it remains to show

=1 =2 =1
> 3o e™ = D0 30D @ + 27 = 7 (%)%
k=0 k=0 k=0
Then, for the left hand side of this equation we get
S l( 2t )$2k o = 1(2L—2)(x2k + $2k+2)
2 \2k41 2 \2k+1
k=0 k=0
_ S l( 2t )ka _ § l(?L—Q)ka _ = l(QL—2>x2k+2
- 2 \2k+1 2 \2k+1 2 \2k+1
k=0 k=0 k=0
_ S l( 2t )ka _ = l(?L—Q)ka _ — l(QL—Q)ka
- 2 \2k+1 2 \2k+1 2 \2k—1 :
k=0 k=0 k=1
Hence it suffices to verify the following three identities
3oes) = 3(ign) = (o) k=0,
%(21@211) - %(2212121) - %(2212:21) = (2;;2)’ k= 17 syl 27
3ot = 3G = (%), h=u-1

The first and the third identity are clear by definition. Moreover, for k =1,...,. — 2 we
have

2t _ (2u)! _ 20(2¢—1) (2.—2)! _ 2u1(2.—1) 20—2
(241 D2 —2k—1)1 — (@kt1)(2—2k—1) @k)(2—2k—2)1 — (2k‘+1)(2L72k‘71)( o )
(2#2) _ (2:—2)! . 2—2k-2 (20—2)! _ 2#21@72(&72)
2%+1 @R D)I(20—2k—3) —  2k+1 (@R)(2—2k—2)] —  2k+I \ 2k )

(2L72) o (2¢—2)! _ 2k (2¢—2)! o 2k (2L72)

2%k—-1) T ChR-DI(2—2k—1)1 — Z—2k—1(2K)(2—2k—2)] — 2—2k—1\ 2k )

Thus, the second identity follows from

20(2e—1) 20—2k—2 2k 9

(2k+1)(2c—2k—1) 2k+1  — 21—2k—1

Lemma 3.6.29. In the localization (U + Ug)f1 KU, ..., Uf] we have

0 - U14L74U§ =1 1/ 2 1 Us 2k
— (UZtus) Z 5(216—&-1) ( + 7%)
) Us = 1/2t—2 1 Us k U32L
B ( + U?) k_05(2k+1) ( + W) + (U2+Us)"
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Proof. Obviously, we have

U{LL—4U§ Us 21—2 Ugt
-~ (U2+Us)” (7?) (Uz+us)"

Lemma 3.6.28 provides us with the identity

(S (08" - o) 3 00 )") - ()"

k=0

Substituting this in the first equation gives the assertion. O

Lemma 3.6.30. Consider the ideal J QK[Uy,...,Ug| as in Setting 3.6.23 and

-1

LUL72 . 2k
fo= Ut i ((U2+U3)QZ%(213+1) (%)

~

k=0
—2
_ (U3-U3 221<2L—2) us\2F) _ usus
U2 2 2kt+1) T Uz
k=0

Then in the localization (U} + Ug)_1 K[Uli, ce Ugt] we have f € U~1J.

Proof. Lemma 3.6.26 yields U1 = U] in K[Ulﬂ, cees Ugi]. In particular, we obtain
U~'T = U] in the localization (U? 4 Ug)_l KU, ..., Uf]. By definition we have
J =1+ (U#'U;Us — U4U%) and thus obtain

Ut =071 c U7l
Recall U2Uy — UsUs € I from Setting 3.6.23. In particular, we have U2Us — UsUs € U1

and consequently

UU2 —Us € UL

Further, we recall from Setting 3.6.23 that

go = 22U+ Uy —Us+ U € 1, g3 = 22U —Uy+Us+Us € 1.

A A 2
Hence, U2 + Uy + Us = % (g2 +g3) € U711 € U~LJ. Writing U = 22
he € U~1J and substituting Ug accordingly in U? + U, + Ug we arrive at

U2Us 4+ UsUs + UU, € UL

This implies
U Us

Fr—1
s €U

Us +
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3.6. On the anticanoncial embedding

Let hy € U~1J be such that — U?liUg?) = Uy + ho. Using this identity and using that ¢ is
odd we obtain the following
20-4 2—dp—2 2
—(Uf(]ﬁ = - (U% U)UU3 = %, (3.6.30.1)
i = s B 4o, (3.6.30.2)
(1+ %;)2 - <U3([ZQ§£U3)>2 _ (%;)2 (3.6.30.3)
= (Uflf;S)L - Ulgl(]g%’fgs) - L (3.6.30.4)

in the factor ring (U7 + Us) ~'K[U, ... UL /U~1J. Moreover, in this factor ring we

have
2
U27 _ U12U3
(U§—U22>2 5\ Ui+Us

Uz U12U3
T U2+Us

2
Uz _ (_ U2Us )2 —(U24U3)
3 UZ+Us UiUs

0, ~WEUs) | ( U2U; )2 (U12+U3)>2

U? UZ+Us UiU3

_ (USf(UIQ+U3) | Uil )2

U? UZ+Us

U2 | U3 \?

= (-Us— s + )
( 3T U T U4

,U3U12(U12+U3)_U§(U12+U3)jL U2U3U? 2
U (U2+Us) U2(U2+Us) ' UZ(UZ+Us)

_ (—UsU2(U2+U3)~U2(U2+U3) +UAU3)
B U (U7+U3)"
(~UsU{ ~U3UZ—U3U3~U3+U{Us)’
Ui (U3+Us)”
(U3(-Us—207))"
Ut (U2+Us)”
_ U3 (203+Us)"
- UH(U7+Us)
v (2U740s)°
(vi+va)” U

__u U3)?
= G (2+5)" (3.6.30.5)
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Further, we recall from Lemma 3.6.29

v (g 14 U\
9=~y > G (1+B)

2L—2 B ok . -
- (2+ ) kz_%%@;ﬁ) (1+ %) >+(U12+3U3) e U1

4
By moving the term Lz into the parenthesis we bring g into the form

(Ut+Us)
-1
_ 9 24 Ue \2% 1 2k
g = _UlL(Uf+(}3)L2U32<<U12'SU3) ’;) 3 (oc1) (1+ )

- G (e B R 0+ 8)") - ey

This in turn allows us to plug in directly the identities (3.6.30.1) to (3.6.30.5) into g,
which yields

—1 2%

0= =0, ((Uzw:» SHESICY

k=0
2 — 2k ULUL
- (SE)' S 16 (8)") -
k=0
€ (U1+U3> KU, ..., U/ O
Consequently, we get f € U1J. O

Lemma 3.6.31. Consider the ideal J I K[Uy,...,Us] as in Setting 3.6.23 and

—1

) )2 2 2k
fo= URG <U2+U3 Yoer) (B)
k=0

1—2
- () S ha () ") -

Then in the localization (U + Ug)_l KU, ..., Uf] we have f € U1,

Proof. By defintion we have J = I + (UU;Ug — UsUS). Hence, we get
UZUzUg — USUS € U4

in the localization (U2 + Us) ™' K[UF, ... U8 ] This implies U7 Us — € U~'J. This

U2L

provides us with hrg € U~1J such that = U;Ug + hrs. Hence, by accordingly

U2L

substituting ,}2{?5 in the Laurent polynomial from Lemma 3.6.30, we obtain the desired
1

claim. O
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3.6. On the anticanoncial embedding

Lemma 3.6.32. Consider the ideal J < K[Uy,...,Us] as in Setting 3.6.23 and the
Laurent polynomzial

—1
fo= (U + G2+ Us) Y bR (G) vt
k=0
(U%U3 _U)2L_21(2L 2) (UQUB) U 2—k U-U.
Us 6 k702 2k+1 Us 6 7U8

Proof. Lemma 3.6.26 provides us with U~/ = U~'] in K[Ulﬂ, e Ugtl]. In particular,
we obtain U~'I = U~ in the localization (U? 4 Ug)_1 KU, ..., U$ ). By definition
we have J = [ + (Uf'U;Us — UsU%). Thus, we get

U'r =07 c U'J

Recall U2U, — UsUg € I from Setting 3.6.23. In particular, on has U2Us — UsUs € U-1J.
Consequently, we get

UU2 —Us € UL

Then, there exists hg € U~'J such that L2 = Ug + hg. Furthermore, we simply
rearrange the terms of the following Laurent polynomlal

2N 1y 2 (U2 (UR-UR\2 SR 1 ey ()2
U1 L (U2 + Us) Z §(2k+1) (ﬁg) - ( 3U2 2) Z §(2k+1) (72) — UrUs
k=0

1—2 Pt 2% 9 =2 2%
2 Uy (U2+Us) Zl< 2 ) Us . 1 20— 2 _U-U.
L \TUs U2 2\2k+1/ \ Tz U2U3 2 2k+1 V8

k=0 k=0
1—2 2, 1 % 2 L= 2%

20 (Uz (U2+U3)@Zl( QL) Us 12L2 — U-U
1 \Us UxUs 3 2 \2k+1/ \ Uy U2U3 2 2k:+1 Y8
k=0 k=0

—1

U2L 242 (U2+U5)2 Uz -1 l( 20 ) Us 2k
UaUs Us 2

_pra (L v=2 (U2-U3
Us UsUs
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_ pn-2 (V)T (VUL +URURHURUS 1( 2y (Us 2k
1 U3 U2U3 2

§
l\')

1—2 U2U2 U2U2 2 _ 2k
1 10202 Us _
- Ut (U3> ( 0205 ) 2(2k+1) (Uz) UrUs
2 272 pr2r2y L1 2 k 2 —1—k
_ (2U7{UU3+UTUs+UU, Z l( 2 ) U;Us Ui Uz
- UaUs 2 \2k+1 Us Us
L—2
U2U2 U2U2 2 1 U2U3 k U12U2 1—2—k U U
U2U3 Zi 2k+1 Us — UrUs
k=
2U U U3 2t U2U3 k U12U2 1=k
1 Z 2k+1 Us

12
U2Us U2U2 1 v2us\F ruzu,\2k
( o ) Zi 2k+1 ( ) ( Us ) — UrUs.

T
(=]

Moreover, according to Lemma 3.6.31 we have

w

2L—1 ) 2%
Ups i <U2+U3 > 3 (o) (7)
k=0

U-U3\2 N 1 ey (U e e Ly
( i ) 3 (kr1) (@) —UrUs € :
k=0
By Substltutlng = Ug + hg in the rearranged polynomial from above, the claim
follows. O

Proof of Proposition 3.6.27. Due to Lemma 3.6.26 we have U~ = U~'] inside the ring
K[UF,...,Ug"]. Hence U1 = U] in the localization (U2 + Us) ' K[UT, ..., Ug).
By definition, we have J = I + (U2*U;Us — USU%). Then, we get

Ur =01 c U

Since U12U3 —UyUs is a generator of I, we obtain U12U3 — UyUs € U~1J inside the ring
K[Ulﬂ, .. .,Ugt ]. —Us € U~1J. Hence there is a hy € U~1J such that

U2Us
[1]2 = Us + hs.
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3.6. On the anticanoncial embedding

Further, due to Lemma 3.6.32 we have

t—1
o= (ot S ) 5 h2 () o
k=0
9 9 L2 5 .
(UUEJ3 _Uﬁ) %(2212-7-21) (U}]gs) Ug~ =Rk _hUs € UL
k=0

in the localization (U + Ug)_1 K[UE, ..., UF).
ingly in the polynomial f, we obtain that the desired polynomlal

= Us + hs accord-

—1 1—2
g5 = (202 + Us + Us) 3 3 (o2 URUE 78 = (Us = U)X $ (i) US US> F — Uz Us
k=0 k=0

lies in the ideal U~1.J. O

Proof of Proposition 3.6.25. We recall J = [+ (UUzUs — U2U3> and K = I+ (g5) from
Setting 3.6. 23 Accordlng to Proposition 3.6.27 we have g5 € U~1.J in the localization
(Ut +Us)” ]K[U1 ,...,US |. This implies

U'k c U1

and we obtain (i). We proceed showing (ii). We set U := (U; - - - Ug). Due to Lemma 3.6.26
we have o )
U € U tker(s)

in K[UEY, ... U, Uy, Ug). Tt is left to check UPU7Us — UsU% € U~ 'ker (). With
the u; given as in Proposition 3.6.12 we directly compute

2uuy + Uy +ug = Lo + Lus.
From Setting 3.6.23 we recall the epimorphism
K[Ul,...,Ug] — K[S((D)], Uz — Xui.

Then, we get
UU,Ug — UsUS € ker (5%).

In particular, we have

0'J = U7 + U (URUsUs - UsUs) C© U ker(")

in KUY, ..., U, Uy, Ug] and the statement (i) follows. The statement (iii), that is
ker(y) C ker(yp), follows directly from the commutative diagram in Proposition 3.6.14. [J

Proposition 3.6.33. Let the ideal K < K[Uy,...,Ug| be as in Setting 3.6.23 and let
o: K[Uy,...,Us] = S(X) be as in Proposition 3.6.14. Then we have

Viks (K) = Vis (ker (¢)) .
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Lemma 3.6.34. Consider the ideal the ideal K = (g1, g2, g3, 94, 95) I K[U1, ..., Us] with

g1 = 2U3 + Uy + Us — Us,
g2 = 2Us+ Uy — Us + Us,
g3 = 2U{ — Uy + Us + Us,

g1 = Ui —2U4Us + U2 — 2U4Us — 2UsUs + UZ,
—1 —2
5= (207 4+ Us +Us) Y (o)) USTG 7% = (Us — Us) Z% (22 UEUL2 7 — UrUs.
k=0 k=0

as in Setting 3.6.23. Then, with g = U{ — UsUs, we get an isomorphism of graded rings

K[Ula"'aUS]/K = K[U13U57U67U77U8]/ <g> g5>7

where the degrees of the remaining U; are as before.

Proof. We consider the following epimorphisms
P1: K[Ula R US] — K[Ula U27 U37 U57 U67 U77 U8]a

Ui, 1 # 4,
UlH{—UQ—Ug, 1 =4,

@2 : K[U1, Uz, Us, Us, Us, Uz, Us] — K[U1,Us, Us, Us, Uz, Ug],

U;, P42,
UzH{ Us+Us —Us, i=2,

o3 : K[U1,Us, Us, Ug, Uy, U] — K[Un, Us, Ug, Uz, Ug],

Uiv 27537
U"_>{ U2 —Us, i=3.

We observe

ker(p1) = (U2 +Us+Us),  ker(pz) = (Uz—Us —Us + Us),
ker(ps) = (Us+ U} +Us).

Next, we set
fi = U+ Us+ Uy, fo = Uy—=Us—Us+Us, f3 = Us+Uj+Us.
Then we get an isomorphism
K[Uh,...,Us]/ {f1, f2, f3) — K[U1,Us,Us, Uz, Us].

This provides us with an isomorphism

K[Us, ..., Us)/ (fr, fos f3, Ul = UsUs) — K[U1,Us, Us, Uy, Us]/ (U} = UsUs) .
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3.6. On the anticanoncial embedding

Further, using the computer algebra system Singular we compute the Grébnerbasis
of (f1, f2, f3, Ut — UsUs). It is given by (f1, 91,93, 94). Because of

2fi—g1 = 2(U2+U3+U4)—2U3—U4—U5+U6 = 2Us4+ Uy —Us+Us = go

we obtain

<f1, fa, f3, U} — U5U6> = (f1,91,93,94) = (91,92, 93,94) -
Hence, we have an isomorphism
K[U1,., Us)/ (g1, 92,93, 1) — K[U,Us, Us, Ur,Us]/ (U = UsUs)) .
Since g5 does only depend on the variables Uy, Us, Ug, U7 and Us, this yields the claim. [
Proposition 3.6.35. Consider the polynomials

g = Ut —UsUs,
—1

-2
—1-k L —k
95 = (2U12 +Us + U6) kZ_O %(2k+1)U5 Us - (Us — Us) §_: % 2k+1 2k UrUs.

Then the zero set Vks(g,gs) is normal, irreducible and a complete intersection.

Proof. In a first step we show that the zero set Y := Vis(g, g5) is connected and that
each irreducible component contains the origin. Lemma 3.6.34 provides us with the
grading of the ring K[Uy, Us, Ug, U7, Ug]

[deg(Ul)a deg(U5)a deg(U(S)v deg(U7), deg(US)] = [17 2,24, L] :

The corresponding K*-action on K° is given as
t-(z1,...,25) = (tz17t222,t223,tLZ4,tLZ5> .

The polynomials g and g5 are homogeneous and thus the K*-action restricts to Y.
Moreover, every irreducible component of Y is K*-invariant and the closure of every
K*-orbit contains zero. Consequently, every irreducible component contains zero and Y
must be connected.

In a second step, we show that Y is a normal complete intersection that means all
local rings Oy, where y € Y, are normal and that I(Y) = (g,¢5). The Jacobian of

(gv 95) is

4U3 —Us —Us 0 0

J =
(9,95) %&’1 %55 % ~Us —Us;
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Let z € Y. If we have tkJ, ,.y(2) < 2 then every 2 x 2 minor of J, ,.y(2) has to have
determinant equal to zero. This yields

{2 € Vis(9,95); k(g0 <2} € V(g 95) 0 <<V(U5) UV (Ur, Us) )N

(V(Us) UV (Ur,Us))N

(v u V(U7,U8))).

Thus, the set of all points where the Jacobian is not of full rank is of codimension > 2.
Then Serre’s criterion for normality [35, AL, Sec. 6.2] yields that Y is a normal complete
intersection, that is I(Y') = (g, g5) . Consequently, we get

<gag5> = I(Y) =V <gag5>‘

Finally, observe that Y is irreducible. Otherwise, at least two irreducible components
contain the origin. Thus, Oy can’t be a normal ring. This contradicts the second step.
Consequently Y is irreducible and I(Y') = (g, g5) is a prime ideal. O

Corollary 3.6.36. Let K < K[Uy,...,Us] be as in Setting 3.6.23. Then Vis(K) is
normal, irreducible and a complete intersection.

Proof. Let g = U{ — UsUs. Then, Lemma 3.6.34 yields that Vis(K) is isomorphic
to Vis (g, g5). Hence Proposition 3.6.35 yields the assertion. O

Lemma 3.6.37. Let the ideal K < K[Uy,...,Us] be as in Setting 3.6.23. Then we
have dim (Vs (K)) = 3.

Proof. Due to Corollary 3.6.36 the null set Vis(K) is an irreducible, normal, complete
intersection. Consequently, we obtain dim (Vgs(K)) = 3. O

Proof of Proposition 5.6.33. We derive from Proposition 3.6.14 that ¢ is surjective.
Hence, the map Spec(p): X — K3 is a closed embedding. Thus, we obtain ker(¢) =

Ixs(X). This implies

Vies(kex(i9)) = Vigs (Is(X)) = Spec(p) (X).

By using Lemma 3.6.37 one obtains

dim (Vis(K)) = 3 = dim (X) = dim (Vi (ker(¢))) .

Due to Proposition 3.6.25 we have UK C U 'ker(¢). This provides us with the
following inclusion on an open subset of K8

N

Viswv(vz4us) (ker(9)) S Vis\y(uz 10, (K)-
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3.6. On the anticanoncial embedding

Hence, we get Vis (ker(yp)) C Viks(K). Altogether, since the two closed sets are contained
in each other and have the same dimension, we conclude Vis(K) = Vs (ker(p)). O

Proof of Proposition 3.6.24. According to Proposition 3.6.33 we have
Vis (K) = Vs (ker(y)). This implies

VE = I(Vis(K)) = I(Vies(ker(9))) = yJker(p) = ker(o).

Further, Corollary 3.6.36 tells us that K is a prime ideal. Then we obtain K = ker(y). O

Proof of Theorem 3.6.1. For (i), we use MDSpackage [23] to compute a minimal homoge-
neous generator system for S(X), see that the generator degrees are 1,1,1,2 and that
the ideal of relations is generated by a single polynomial of degree 4 as in (i). We show
the second assertion. Consider the Z-graded polynomial algebra

K[, ...,Us], [deg(U),...deg(Us)] = [1,2,2,2,2,2,1,1].

According to Proposition 3.6.14 we have an epimorphism of graded rings onto the
anticanonical ring ¢: K[Uy,...,Us] — S(X), given by

o(U1) = T3Ty, @(Us) = TiDT7, o(Us) = TVDTi, o(Us) = TETE,
e(Us) = Tg, Us) = T4, e(Ur) = T, e(Us) = T3

This induces an isomorphism of graded rings K[Uq,...,Us]/ker(¢) = S(X). Due to
Proposition 3.6.24, the main result of Subsection 3.6.4, the kernel of ¢ is generated by
the polynomials

g1 = 2U3+ Uy + Us — Us,
g2 = 2Ux + Uy — Us + Us,
g3 = 2U} —Us+ Us + Us,
gs = Ui —2U4Us + U3 — 2U4Us — 2U5Us + U,

—1 L—2
g5 = (207 + Us + Us) 3 52 JUAUE = — (U5 — Us)? . 3G DUV — Unls
k=0 k=0

Lemma 3.6.34 allows us to eliminate the variables Us, U3 and Uy such that we arrive at
an isomorphism of graded rings

K[U1,Us,Us, Uz, Us|/ (g, g5) = Kl[Ui,...,Us]/ker(p) = S(X),

where g = U{l — UsUg and where the degrees of the remaining U; are as before. After
suitably renumbering the variables, we obtain the assertion. O
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