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INTRODUCTION

This dissertation is devoted to the study of quasismooth, rational, projective surfaces
with K∗-action, where K is an algebraically closed field of characteristic zero. Inside this
class we exhibit and explore two infinite series. Firstly, the surfaces of Picard number one
and integral degree. Secondly, the full intrinsic quadric surfaces, that is, those whose Cox
ring is defined by a single quadratic equation. Let us present our results more in detail.

We begin with the quasismooth, rational, projective surfaces of Picard number one
and integral degree K2 that admit a non-trivial, effective action of an algebraic torus T.
We provide an explicit description which involves the solutions of the squared Markov
type equation, that means the triples u = (u0, u1, u2) of positive integers satisfying

(u0 + u1 + u2)2 = au0u1u2,

where a is a positive integer. The solution set S(a) ¦ Z3
>0 of these equations is non-empty

only for a = 1, 2, 3, 4, 5, 6, 8, 9 and the solutions u ∈ S(a) admit an explicit stepwise
construction; see Section 2.1 for an elementary treatment.

If the torus T is of dimension two, then we are concerned with a projective toric
surface Z of Picard number one, also called a fake weighted projective plane. Any such Z
has divisor class group Z · Z/µZ and we can encode Z in terms of its degree matrix Q,
listing the classes of the three coordinate divisors as columns:

Q = [q0, q1, q2] =

[

u0 u1 u2

¯̧0 ¯̧1 ¯̧2

]

, qi = (ui, ¯̧i) ∈ Z · Z/µZ.

If the degree a = K2 of Z is an integer, then we obtain u ∈ S(µa) for the first row of Q.
That means in particular that, up to reordering, the triple u is of the shape

u = (x2
0, À1x

2
1, À2x

2
2), x0, x1, x2 ∈ Z, (À1, À2) =



























(1, 1), µa = 9,

(1, 2), µa = 8,

(2, 3), µa = 6,

(1, 5), µa = 5.
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Introduction

Our first result explicitly describes all fake weighted projective planes of integral degree K2

by means of 24 infinite series of degree matrices; note that all members of a series with
ID (a-µ-¸) have the degree K2 = a and the order µ of the torsion part of their divisor
class group in common.

Theorem 1. Let Z be a fake weighted projective plane of integral degree. Then Z ∼= Z(Q)
for a degree matrix Q from the following data table:

(9-1-0)

K2 = 9

[

x2

0
x2

1
x2

2

]

S(9)
(8-1-0)

K2 = 8

[

x2

0
x2

1
2x2

2

]

S(8)
(6-1-0)

K2 = 6

[

x2

0
2x2

1
3x2

2

]

S(6)

(5-1-0)

K2 = 5

[

x2

0
x2

1
5x2

2

]

S(5)
(4-2-1)

K2 = 4

[

x2

0
x2

1
2x2

2

0̄ 1̄ 1̄

]

S(8)

Z/2Z

(3-3-2)

K2 = 3

[

x2

0
x2

1
x2

2

0̄ 1̄ 2̄

]

S(9)

Z/3Z

(3-2-1)

K2 = 3

[

x2

0
2x2

1
3x2

2

0̄ 1̄ 1̄

]

S(6)

Z/2Z

(2-4-1)

K2 = 2

[

x2

0
x2

1
2x2

2

0̄ 1̄ 1̄

]

S(8)

Z/4Z

(2-4-3)

K2 = 2

[

x2

0
x2

1
2x2

2

0̄ 1̄ 3̄

]

S(8)

Z/4Z

(2-3-1)

K2 = 2

[

x2

0
2x2

1
3x2

2

0̄ 1̄ 1̄

]

S(6)

Z/3Z

(2-3-2)

K2 = 2

[

x2

0
2x2

1
3x2

2

0̄ 1̄ 2̄

]

S(6)

Z/3Z

(1-9-2)

K2 = 1

[

x2

0
x2

1
x2

2

0̄ 1̄ 2̄

]

S(9)

Z/9Z

(1-9-5)

K2 = 1

[

x2

0
x2

1
x2

2

0̄ 1̄ 5̄

]

S(9)

Z/9Z

(1-9-8)

K2 = 1

[

x2

0
x2

1
x2

2

0̄ 1̄ 8̄

]

S(9)

Z/9Z

(1-8-1)

K2 = 1

[

x2

0
x2

1
2x2

2

0̄ 1̄ 1̄

]

S(8)

Z/8Z

(1-8-3)

K2 = 1

[

x2

0
x2

1
2x2

2

0̄ 1̄ 3̄

]

S(8)

Z/8Z

(1-8-5)

K2 = 1

[

x2

0
x2

1
2x2

2

0̄ 1̄ 5̄

]

S(8)

Z/8Z

(1-8-7)

K2 = 1

[

x2

0
x2

1
2x2

2

0̄ 1̄ 7̄

]

S(8)

Z/8Z

(1-6-1)

K2 = 1

[

x2

0
2x2

1
3x2

2

0̄ 1̄ 1̄

]

S(6)

Z/6Z

(1-6-5)

K2 = 1

[

x2

0
2x2

1
3x2

2

0̄ 1̄ 5̄

]

S(6)

Z/6Z

(1-5-1)

K2 = 1

[

x2

0
x2

1
5x2

2

0̄ 1̄ 1̄

]

S(5)

Z/5Z

(1-5-2)

K2 = 1

[

x2

0
x2

1
5x2

2

0̄ 1̄ 2̄

]

S(5)

Z/5Z

(1-5-3)

K2 = 1

[

x2

0
x2

1
5x2

2

0̄ 1̄ 3̄

]

S(5)

Z/5Z

(1-5-4)

K2 = 1

[

x2

0
x2

1
5x2

2

0̄ 1̄ 4̄

]

S(5)

Z/5Z

Moreover, each of the listed degree matrices defines a fake weighted projective plane of the
degree given in its data package. Finally, any two distinct degree matrices from the table
define non-isomorphic fake weighted projective planes, except they stem from (1-9-∗) or
(1-8-∗) and are both taken from one of the sets:

{[

1 1 1

0̄ 1̄ 2̄

]

,

[

1 1 1

0̄ 1̄ 5̄

]

,

[

1 1 1

0̄ 1̄ 8̄

]}

,

{[

1 1 4

0̄ 1̄ 5̄

]

,

[

1 1 4

0̄ 1̄ 8̄

]}

,

{[

1 1 2

0̄ 1̄ 3̄

]

,

[

1 1 2

0̄ 1̄ 7̄

]}

.
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The proof of Theorem 1 is provided in Section 2.3 and is split according to the
possible degrees K2; see Proposition 2.3.2, 2.3.4, 2.3.5, 2.3.7 and 2.3.10. The arguments
essentially use the unique encoding of fake weighted projective planes via adjusted degree
matrices as provided by Proposition 2.2.12 and, as well, the various divisibility properties
of the entries of the solution triples of the squared Markov type equations observed in
Section 2.1 and 2.3.

In Section 2.4, we take a closer look at the possible singularities of our fake weighted
projective planes; by normality, these are at most the three toric fixed points. Recall that
a (cyclic) T -singularity is a quotient singularity K2/C(dk2) by the subgroup C(dk2) ¦ K∗

of the dk2-th roots of unity, acting via

· · (z1, z2) = (·z1, ·
dpk−1z2),

where p and k are coprime. Proposition 2.4.5 to 2.4.9 provide the constellations of
non-trivial local Gorenstein indices and possible T -singularities for all fake weighted
projective planes of integral degree. As an immediate consequence, one obtains the
following.

Theorem 2. Let Z be a fake weighted projective plane of integral degree. If Z is
isomorphic to a member of one of the series

(2-3-1), (1-8-1), (1-8-5), (1-6-1), (1-5-1), (1-5-2), (1-5-3),

then Z has three singularities and precisely one of them is a T -singularity. Otherwise,
the surface Z has at most T -singularities.

The class of the fake weighted projective planes of integral degree contains in particular
all fake weighted projective planes having at most T -singularities; see for instance [15,
Prop. 2.6]. Thus, the classification results of Section 2.4 complement the classification [15,
Thm. 4.1] of T -singular projective toric surfaces of Picard number one in the sense that
we add three more series, namely (1-9-2), (1-9-5) and (1-8-3), to Table 2 given there; see
also Example 2.6.5 and 2.6.7.

We turn to the non-toric K∗-surfaces of Picard number one. Any quasismooth,
rational, projective K∗-surface of Picard number one can be realized as a surface in
fake weighted projective space, that means a toric threefold of Picard number one in the
following way. Consider an integral matrix P ∈ Mat(3, 4;Z) of the form







−1 −1 l1 0
−1 −1 0 l2

0 d0 d1 d2






,

0fd1<l1fl2, gcd(li,di)=1,

d0+
d1
l1

+
d2
l2

< 0 <
d1
l1

+
d2
l2

.

Then there is a unique projective fan having the columns v1, v2, v3, v4 of P as its primitive
ray generators and the associated toric variety Z is a fake weighted projective space; the

3



Introduction

matrix P is also called a generator matrix of Z. Moreover, inside Z, we define a surface
by

X := {t ∈ T3; 1 + z1 + z2 = 0} ¦ Z,

where T3 ¦ Z is the acting torus of Z. It turns out that X is a projective, rational,
quasismooth, del Pezzo K∗-surface of Picard number one acted on effectively by K∗ via

t · z = (z1, z2, tz3).

Conversely, every quasismooth, rational, projective K∗-surface of Picard number one
arises in this way. The toric divisors of Z corresponding to the last two columns v3, v4 of P
cut out two invariant divisors on X, each containing a K∗-orbit B1, B2 with a non-trivial
finite isotropy group of order l1, l2. Moreover, these Bi ¦ X are the only orbits with
non-trivial finite isotropy groups and the latter ones are the groups C(li) ¦ K∗ of li-th
roots of unit. As a consequence of more specific considerations, see Corollary 1.5.11, we
observe:

Corollary 1. Let X be a quasismooth, rational, projective K∗-surface of Picard number
one. Then X/C(l1) and X/C(l2) are fake weighed projective planes.

The K∗-surfaces of integral degree naturally correspond to certain pairs of fake
weighted projective planes from Theorem 1. Every quasismooth, rational, projective
K∗-surface X of Picard number one arising from a matrix P as above admits a toric
degeneration Z1 ⇝X⇝Z2, where Z1 and Z2 are the fake weighted projective planes given
by the generator matrices

P̃1 :=

[

l1 l1 −l2
d1 d1 + l1d0 d2

]

, P̃2 :=

[

l2 l2 −l1
d2 d2 + l2d0 d1

]

It turns out that Z1 and Z2 are of the same degree as X; see Construction 2.5.1 and
Proposition 2.5.6. We will call two fake weighted projective planes adjacent if they arise
as such degenerations from a common K∗-surface. Theorem 2.5.13 ensures that every
fake weighted projective plane Z1 of integral degree admits an adjacent partner Z2. A
more concise formulation of adjacency in terms of degree matrices and supporting notions
are given in Definition 2.5.12 and 2.5.14. This allows us to assign to any pair (Q1, Q2) of
adjacent degree matrices a K∗-surface X(Q1, Q2) and leads to the following.

Theorem 3. Let X be a non-toric, quasismooth, rational, projective K∗-surface of Picard
number one with K2

X ∈ Z. Then X ∼= X(Q1, Q2) with a non-toric, ordered pair of
adjacent degree matrices. Moreover, distinct ordered pairs (Q1, Q2) of adjacent degree
matrices yield non-isomorphic K∗-surfaces.

We turn to our second series, the full intrinsic quadrics. The name refers to the
property that the Cox ring of X is defined by a single homogeneous quadratic relation of

4



full rank; see [4]. Intrinsic quadrics exist as well in higher dimensions and form an explicit
example class closely beneath the toric varieties which are characterized by having a
polynomial ring as Cox ring; see [6, 12,30] for sample work.

As we will see in Theorem 3.1.3, every full intrinsic quadric surface X is projective,
normal, Q-factorial, rational and allows a non-trivial action of the multiplicative group K∗.
This allows us to realize X as a surface in a specific toric threefold Z. More precisely,
consider integral 3 × n matrices P of the form





−1 −1 2 0
−1 −1 0 2
a b 1 1



 ,





−1 −1 1 1 0
−1 −1 0 0 2
a b 0 c 1



 ,





−1 −1 1 1 0 0
−1 −1 0 0 1 1
a b 0 c 0 d



 .

Given such P , fix a complete fan Σ in Z3 having the columns of P as its primitive ray
generators, let Z be the associated toric threefold and set

X := {t ∈ T3; 1 + z1 + z2 = 0} ¦ Z,

where T3 ¦ Z is the standard 3-torus with the coordinates z1, z2, z3. Then X is a full
intrinsic quadric surface. The Picard number of X is Ä(X) = n− 3 and X comes with
the effective K∗-action given on X ∩ T3 by

t · z = (z1, z2, tz3).

Our main results are Theorem 3.2.5, 3.3.5 and 3.4.5, provide an explicit and redundance
free presentation of all full intrinsic quadric surfaces via their defining matrices P in
terms of local Gorenstein indices and local class group orders of the possibly singular
points: for each of the possible Picard numbers Ä(X) = 1, 2, 3, we find four infinite series,
each depending on two local Gorenstein indices, º+, º− and on Ä(X) − 1 local class group
orders, bounded by º+, º−.

All full intrinsic quadric surfaces X turn out to be log del Pezzo surfaces; see
Proposition 3.5.1. We use our main results to study their geometry. For instance,
Theorem 3.5.3, 3.5.23 and 3.5.27 deliver upper and lower bounds on the degree K2

X , the
log canonicity εX and the Picard index pX , all in terms of the Gorenstein index ºX ; in
particular, we obtain

2
ºX

f K2
X f 9

2 + 9
2ºX

, 2
ºX

f εX f 3√
ºX
, ºX f pX f 32

3 (2ºX − 1)2 º3X + 49
3 .

Another outcome of Theorem 3.2.5, 3.3.5 and 3.4.5 is the following explicit (infinite)
list of all full intrinsic quadric complex surfaces admitting a Kähler-Einstein metric; see
Theorem 3.5.32 for the precise formulation and more background.

Theorem 4. The full intrinsic quadric complex surfaces admitting a Kähler-Einstein
metric are precisely those constructed from a matrix P of the shape

5
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Ä = 1, 2 ∤ º : Ä = 3, 2 ∤ º, −º+ 1 f c f −2,
max(c,−2º− 2c) f d f −º− 1 − c :





−1 −1 2 0
−1 −1 0 2
º− 1 −º− 1 1 1



 ,





−1 −1 1 1 0 0
−1 −1 0 0 1 1
º −º− c− d 0 c 0 d



 ,

Ä = 1, 4 | º : Ä = 3, −2º+ 1 f c f −2,
max(c,−4º− 2c) f d f −2º− 1 − c :





−1 −1 2 0
−1 −1 0 2

ι

2
− 1 − ι

2
− 1 1 1



 ,





−1 −1 1 1 0 0
−1 −1 0 0 1 1
2º −2º− c− d 0 c 0 d



 .

Here, Ä = 1, 3 is the Picard number and º ∈ Zg1 the Gorenstein index of the resulting
full intrinsic quadric complex surface X arising from the matrix P .

Finally, our description yields a filtration of the whole infinite class of full intrinsic
quadric surfaces into finite subclasses by bounding the Gorenstein index. This allows, for
instance, counting results as the following.

Theorem 5. Up to isomorphy, there are precisely 15 538 339 full intrinsic quadric
surfaces of Gorenstein index at most 200.

(i) In Picard number one, we find in total 883 full intrinsic quadric surfaces of
Gorenstein index at most 200, filtered as follows:

0 20 40 60 80 100 120 140 160 180 200
0

100

200

300

400

500

600

700

800

900

Gorenstein index º

#
fi

qs
o
f

G
o
re

n
st

ei
n

in
d
ex

f
º

Exactly 150 full intrinsic quadric complex surfaces of Picard number one and
Gorenstein index at most 200 admit a Kähler-Einstein metric.

(ii) In Picard number two, we find in total 71 198 full intrinsic quadric surfaces of
Gorenstein index at most 200, filtered as follows:
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0 20 40 60 80 100 120 140 160 180 200
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·104

Gorenstein index º
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In Picard number two, there are no full intrinsic quadric complex surfaces at all
admitting a Kähler-Einstein metric.

(iii) In Picard number three, we find in total 15 466 258 full intrinsic quadric surfaces
of Gorenstein index at most 200, filtered as follows:

0 20 40 60 80 100 120 140 160 180 200
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6
·107

Gorenstein index º

#
fi

qs
o
f

G
o
re

n
st

ei
n

in
d
ex

f
º

Exactly 1 006 633 full intrinsic quadric complex surfaces of Picard number three
and Gorenstein index at most 200 admit a Kähler-Einstein metric.

Finally, we consider anticanonical embeddings of Kähler-Einstein full intrinsic quadric
surfaces. Our main result settles the case of Picard number one and odd Gorenstein
index; observe that assertion (i) of the following theorem reproduces the item number
two in the list of [33, Thm. 8].

Theorem 6. Let X be a full intrinsic quadric surface of Picard number one and of
Gorenstein index º admitting a Kähler-Einstein metric.

(i) If º = 1, then X is anticanonically embedded as a surface into P(1, 1, 1, 2) with
defining equation g of the degree 4 given in homogeneous coordinates as

g = −U1U2U4 + U4
3 + 2U2

3U4 + U2
4 .

7
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(ii) If º g 3 is odd, then X is anticanonically embedded as a complete intersection
into P (1, 2, 2, º, º) with two defining equations, g of degree 4 and h degree 2º, given
in homogeneous coordinates as

g = U4
1 − U2U3,

h =
(

2U2
1 + U2 + U3

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
2U

º−1−k
3

− (U2 − U3)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
2U

º−2−k
3 − U4U5.

8



CHAPTER

ONE

K∗-SURFACES OF PICARD NUMBER ONE AND

BACKGROUND

We gather the necessary (known) background from toric geometry and torus actions of
complexity one. Section 1.4 and 1.5 contain also new results, parts of which have been
made public in Section 3 of the joint article [27] with Milena Wrobel and Jürgen Hausen.

1.1 Toric geometry

Throughout the whole thesis K denotes an algebraically closed field of characteristic
zero. In this section we briefly gather the necessary background from toric geometry,
in particular the Cox ring and Cox’s quotient construction for toric varieties. We refer
to [3, 10,11,13] as introductory texts.

The standard n-torus is the direct product Tn = (K∗)n. By a homomorphism of
tori Tn → Tm we mean a group homomorphism, which is also a morphism of varieties.
For instance, the characters Çu on Tn and the one-parameter groups ¼v of Tn are precisely
the homomorphisms

Çu : Tn −→ K∗, (t1, . . . , tn) 7→ (tu1
1 · · · tun

n , u = (u1, . . . , un) ∈ Zn,
¼v : K∗ −→ Tn, (t 7→ (tv1 , . . . , tvn), v = (v1, . . . , vn) ∈ Zn.

A toric variety is an irreducible variety Z together with an algebraic action Tn × Z → Z
and a base point z0 ∈ Z such that the orbit map Tn → Z, t 7→ t ·z0 is an open embedding.
Unless otherwise stated, we assume a toric variety to be normal. A toric morphism of
toric varieties Z and Z ′ is a pair (φ, φ̃), where φ : Z → Z ′ is a morphism with φ(z0) = z′

0

and φ̃ : Tn → Tm is a homomorphism of tori such that φ(t · z) = φ̃(t) · φ(z) holds for
all t ∈ Tn and z ∈ Z.
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1.1. Toric geometry

By a cone in Zn we mean a convex polyhedral cone Ã ¦ Qn (also Ã ¦ Rn). We denote
the dual cone of Ã ¦ Qn by Ã( ¦ Qn. With the additive monoid Ã( ∩ Zn ¦ Zn one
associates the K-algebra

K[Ã( ∩ Zn] :=
⊕

u∈Ã(∩Zn

KÇu, Çu · Çu′

:= Çu+u′

.

A fan in Zn is a finite collection Σ of pointed, convex, polyhedral cones in Zn such
that for all Ã ∈ Σ and all faces Ä ≼ Ã, we have Ä ∈ Σ and for any two Ã, Ã′ ∈ Σ, the
intersection Ã ∩ Ã′ is a face of both Ã and Ã′. A map of fans Σ in Zn and Σ′ in Zm is a
homomorphism F : Zn → Zm such that for every Ã ∈ Σ there is a Ã′ ∈ Σ′ with F (Ã) ¦ Ã′.
We denote by Σmax the set of all maximal cones of Σ.

Note that we have natural identifications K[Zn] = O(Tn) and thus Tn = SpecK[Zn].
For a cone Ã in Zn, the associated affine toric variety is ZÃ := SpecK[Ã(∩Zn] with the base
point z0 ∈ ZÃ determined by Çu(z0) = 1 for all u ∈ Ã(. The Tn-action µ : Tn ×ZÃ → ZÃ

is given by its comorphism

µ∗ : K[Ã( ∩ Zn] −→ K[Ã( ∩ Zn] ¹ K[Zn], Çu 7→ Çu ¹ Çu.

For a fan Σ in Zn, the associated toric variety Z arises from gluing the affine ZÃ, Ã ∈ Σ,
along the open toric subvarieties ZÃ∩Ã′ ¦ ZÃ, ZÃ′ . This process respects the Tn-action
and the base points. The construction is functorial in the sense that every morphism of
fans defines a toric morphism between the associated toric varieties.

We call a matrix P ∈ Mat(n, r;Z) a (projective) generator matrix if its columns are
pairwise different, primitive and span Qn as a vector space (as a convex cone). For a
toric variety Z associated with a fan Σ in Zn with primitive ray generators v1, . . . , vr the
following statements are equivalent:

(i) P = [v1, . . . , vr] is a generator matrix.
(ii) The fan Σ is non-degenerate.
(iii) We have O(Z)∗ = K∗.
(iv) The variety Z has no torus factor.

Here, a fan Σ in Zn (and its associated toric variety Z) is called non-degenerate if its
cones are not contained in a proper vector subspace of Qn. If one of the statements hold
in the above situation, then we say that Σ or that Z has P as a generator matrix.

Let Z be the toric variety arising from a fan Σ in Zn. With every cone Ã ∈ Σ, one
associates the (well-defined) limit point

zÃ := lim
t→0

¼v(t) · z0 ∈ X, where v ∈ Ã◦ ∩ Zn.

The dimension of Tn · zÃ equals n− dim(Ã). In particular, zÃ is a fixed point of the Tn-
action for every full dimensional cone Ã. The rays ϱ1, . . . , ϱr of Σ, that means the
one-dimensional cones, correspond to the Tn -invariant prime divisors via Di := Tn · zϱi .
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Recall that the divisor class group of a normal, irreducible variety X is the factor
group of all Weil divisors modulo all principal divisors:

Cl(X) := WDiv(X) / PDiv(X).

Proposition 1.1.1 (See [3, Sec. 2.1.3], [10, Sec. 5]). Let Z be a toric variety with
generator matrix P ∈ Mat(n, r;Z). Moreover, consider the projection

Q : Zr −→ K, K := Zr/im(P ∗),

where P ∗ is the transpose of P and ei ∈ Zr are the i-th canonical basis vector. Then the
divisor class group of Z and the classes of the Tn-invariant divisors Di are

Cl(Z) = K, [Di] = wi := Q(ei).

We briefly recall the construction of the Cox ring of a normal irreducible variety X
with only constant invertible global functions and finitely generated divisor class group.
We refer to [4, 19] and [3, Sec. 1.4, Sec. 2.1.3] for more background. For a Weil divisor D
on X, denote by O(D) the associated sheaf of sections. Then the Cox sheaf R and the
Cox ring R(X) of X are defined as

R :=
⊕

[D]∈Cl(X)

O(D), R(X) :=
⊕

[D]∈Cl(X)

Γ(X,O(D)).

Proposition 1.1.2 (See [9], also [3, Sec. 2.1.3], [10, Sec. 5]). Let Z be a toric variety
arising from a fan Σ with generator matrix P ∈ Mat(n, r;Z). Further, let D1, . . . , Dr be
the Tn-invariant prime divisors of Z. Then the Cox ring of Z and its Cl(Z)-grading are
given as

R(Z) =
⊕

[D]∈Cl(Z)

K[T1, . . . , Tr][D] = K[T1, . . . , Tr], deg(Ti) = [Di] ∈ Cl(Z).

Consider again a normal irreducible variety X with only constant invertible global
functions and finitely generated divisor class group. If the Cox ring R(X) is finitely
generated then we obtain a diagram

SpecXR =: X̂ ¦

//HXp

��

X̄ := Spec R(X)

X

Here X̄ is the total coordinate space and HX := SpecK[Cl(X)] is the characteristic
quasitorus of X; recall that a quasitorus is an algebraic group isomorphic to a direct
product Tn × G with G finite abelian. The Cl(X)-grading of R(X) defines an action
of HX on X̄. The relative spectrum X̂ is an invariant open subvariety of the spectrum X̄
and the canonical morphism p : X̂ → X, called the characteristic space over X, is a good
quotient for this action. We refer to [3, Sec. 1.6] for more background.
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1.1. Toric geometry

Proposition 1.1.3 (See [9], also [3, Sec. 2.1.3], [10, Sec. 5]). Let Z be a toric variety
arising from a fan Σ with generator matrix P = (pij) ∈ Mat(n, r;Z). Then P defines a
homomorphism

p : Tr −→ Tn, t 7→ (tp11
1 · · · tp1r

r , . . . , tpn1
1 · · · tpnr

r ).

With the fan Σ̂ := {¶0 ¯ Qr
g0; P (¶0) ¦ Ã for some Ã ∈ Σ}, its associated toric variety Ẑ

and the toric morphism p : Ẑ → Z defined by the map P : Zr → Zn of the fans Σ̂ and Σ,
we arrive at the diagram

Ẑ ¦

//HZp

��

Z̄ = Kn

Z

where Z̄ is the total coordinate space of Z, we have HZ = ker(p) ¦ Tr for the characteristic
quasitorus of Z and p : Ẑ → Z is the characteristic space over Z.

Remark 1.1.4 (See [9], also [3, Prop. 2.1.3.4], [10, Sec. 5]). Let Z be a toric variety
with quotient presentation p : Ẑ → Z as in Proposition 1.1.3. Then every p-fiber contains
a unique closed HZ-orbit. The presentation in Cox coordinates of a point x ∈ Z is

x = [z1, . . . , zr], where z = (z1, . . . , zr) ∈ p−1(x) with HZ · z ¦ Ẑ closed.

Thus, [z] and [z′] represent the same point x ∈ Z if and only if z and z′ lie in the same
closed HZ-orbit of Ẑ. For instance, the limit points zÃ ∈ Z, where Ã ∈ Σ, are given in
Cox coordinates as

zÃ = [ε1, . . . , εr], εi =

{

0, P (ei) ∈ Ã,

1, P (ei) ̸∈ Ã.

Let X again be a normal irreducible variety. The local class group Cl(X,x) of a
point x of X is the group of Weil divisors modulo the subgroup of divisors that are
principal on some open neighbourhood of x. We denote by cl(x) the order of Cl(X,x).
A Cartier divisor is a Weil divisor that is locally principal. Moreover, the Picard group
of X is the group of Cartier divisors modulo the subgroup of principal divisors:

Pic(X) := CDiv(X) / PDiv(X).

Proposition 1.1.5 (See [3, Prop. 2.4.2.3, Cor. 2.4.2.4]). Let Z be a toric variety arising
from a fan Σ with generator matrix P ∈ Mat(n, r;Z). Further, set

K := Zr/im(P ∗), KÃ := ïQ(ei); P (ei) ̸∈ Ãð

and denote by Q : Zr → K the canonical projection. Then the local class groups of the
limit points zÃ ∈ Z and the Picard group of Z are given by

Cl(Z, zÃ) = K/KÃ, Pic(Z) =
⋂

Ã∈Σ

KÃ ¦ Cl(Z).
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We say that a cone Ã in Zn is simplicial if it is generated by a linearly independent
family v1, . . . , vr ∈ Zn. Moreover, a cone Ã in Zn is called regular if it is generated by a
family v1, . . . , vr ∈ Zn that can be completed to a basis of Zn.

Recall that a point x ∈ X of a normal, irreducible variety X is Q-factorial if every
Weil divisor admits a non-zero multiple that is principal near x. Moreover, X is called
Q-factorial if each of its points is Q-factorial.

Proposition 1.1.6 (See [10, Thm. 3.1.19]). Let Z be a toric variety arising from a
non-degenerate fan Σ, having P ∈ Mat(n, r;Z) as generator matrix and consider the limit
points zÃ ∈ Z, where Ã ∈ Σ. Then the following holds.

(i) The point zÃ ∈ Z is Q-factorial if and only if Ã is simplicial.
(ii) The point zÃ ∈ Z is smooth if and only if Ã is regular.

Construction 1.1.7 (Fake weighted projective spaces). Consider a projective generator
matrix P = [v0, . . . , vr] ∈ Mat(r, r + 1;Z). Further, let Σ be the fan in Zr with maximal
cones Ãi := cone(vj ; j ≠ i). Then we call the associated toric variety Z = Z(P ) a fake
weighted projective space.

Remark 1.1.8 (See also [27, Rem. 2.3]). Consider P = [v0, . . . , vr] as in Construc-
tion 1.1.7 and the associated fake weighted projective space Z. The fake weight vector
associated with P is

w = w(P ) = (w0, . . . , wr) ∈ Zr+1
>0 , wi := | det(vj ; j = 0, . . . , r, j ̸= i)|.

For the divisor class group and the local class groups of the toric fixed points z(i) := zÃi ,
having i-th homogeneous coordinate one and all others zero, we obtain

Cl(Z) = Zr/im(P ∗) ∼= Z · Γ, |Γ| = gcd(w0, . . . , wr), cl(z(i)) = wi;

see [3, Prop. 2.1.4.1]. Moreover, with the homomorphism p : Tr+1 → Tr from Proposi-
tion 1.1.3, the characteristic quasitorus of Z is

HZ = ker(p) ∼= K∗ ·G,

where the splitting HZ = K∗ · G on the right hand side is induced by the splitting
Cl(Z) ∼= Z · Γ of character groups. Moreover, the Cox coordinates for the toric fixed
points in Z(P ) are as given in Remark 1.1.4, i.e.

z(0) := [1, 0, . . . , 0], z(1) := [0, 1, 0, . . . , 0], . . . , z(n) := [0, . . . , 0, 1].

Remark 1.1.9. Consider projective generator matrices P, P ′ and the associated fake
weighted projective spaces Z,Z ′. Then one has Z ∼= Z ′ if and only if P ′ = S · P · T holds
with a unimodular matrix S and a permutation matrix T .

Remark 1.1.10 (See also [27, Rem. 2.4]). Let Z arise from Construction 1.1.7 and
w = w(P ) be as in Remark 1.1.8. Then Cl(Z) is torsion free if and only if w ∈ Zr+1 is
primitive. In the latter case, Z equals the weighted projective space P(w0, . . . , wr).
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1.1. Toric geometry

Remark 1.1.11. According to Proposition 1.1.5 and Proposition 1.1.6 the fake weighted
projective spaces are precisely the Q-factorial projective toric varieties of Picard number
one.

Definition 1.1.12. Consider a finitely generated abelian group K = Zm · Γ, whith Γ
finite. A degree matrix in K is a matrix

Q =

[

É1 . . . Ér

¸1 . . . ¸r

]

, Éi ∈ Zm, ¸i ∈ Γ

such that any r − 1 of the pairs (Éi, ¸i) ∈ Zm · Γ generate K = Zm · Γ as an abelian
group.

Remark 1.1.13. Consider a generator matrix P ∈ Mat(n, r;Z), the factor group
K := Zr/im(P ∗), the projection Q : Zr → K and let K = Zm · Γ be a splitting with Γ
finite. Then each wi = Q(ei) defines a pair (Éi, ¸i) in Zm · Γ and we can regard Q as a
degree matrix in K

Q =

[

É1 . . . Ér

¸1 . . . ¸r

]

.

Example 1.1.14. We discuss the three dimensional fake weighted projective space given
by the following 3 × 4 generator matrix

P = [v1, v2, v3, v4] =







−1 −1 2 0
−1 −1 0 4
0 −1 1 1






.

We associate with P the complete fan Σ in Z3 having the four maximal cones

Ãi := cone(vj ; j ̸= i), i = 1, 2, 3, 4.

Then the corresponding toric variety Z has P as its generator matrix. By Proposition 1.1.1
the divisor class group and the degree matrix Q : Z4 −→ Cl(Z) are given by

Cl(Z) = Z · Z/2Z, Q = [w1, w2, w3, w4] =

[

1 3 2 1
1̄ 1̄ 1̄ 0̄

]

.

Proposition 1.1.2 delivers the Cox ring

R(Z) = K[T1, T2, T3, T4], deg(Ti) = wi.

Further, the homomorphism of tori defined by the matrix P is given by

p : T4 −→ T3, (t1, t2, t3, t4) 7→
(

t2
3

t1t2
,

t4
4

t1t2
, t3t4

t2

)

.

The total coordinate space is Z̄ = K4, the map p extends to a morphism p : Ẑ =
K4\{0} → Z and the characteristic quasitorus is given by HZ = K∗ · {±1}.
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1.2 Torus actions of complexity one

We recall the necessary background on torus actions of complexity one. The complexity of
an effective algebraic torus action Tm×X → X on a varietyX is the difference dim(X)−m.
We refer to [20,28] for the treatment of normal rational complete varieties with a torus
action of complexity one; see also [3, Sec. 3.4]. Here, we follow the approach from
[29, Constr. 1.6, Type 2] which also covers semiprojective varieties. We adapt the
construction to our setting where the Cox ring admits only one trinomial relation and
has no free variables.

Construction 1.2.1 (See [29, Constr. 1.6, Type 2, Thm. 1.7]). Fix n0, n1, n2 ∈ Zg1 and
0 < s < n− 2, where n := n0 + n1 + n2. Consider a generator matrix of the form

P =







−l0 l1 0
−l0 0 l2
d0 d1 d2






,

li = (li1, . . . , lini), lij ∈ Zg1,

di = (di1, . . . , dini), dij ∈ Zs,

We denote by vij ∈ Z2+s the columns of P . Further, let Z be a toric variety with
generator matrix P . We define

X := VT2+s(h) ¦ Z, h := 1 + S1 + S2 ∈ O
(

T2+s
)

,

where S1, S2 are the first two coordinate functions on T2+s. Since h doesn’t depend on
the last s coordinates, the variety X admits a Ts-action on X ∩ T2+s given by

t · x = (1, 1, t1, . . . , ts) · x.

Moreover, the variety X is rational, normal, the Ts-action is effective and is of complexity
one. If X is projective, then the vij must generate Q2+s as a cone.

Remark 1.2.2 (See [22, Prop. 7.8]). Let X ¦ Z be as in Construction 1.2.1. Assume
that Z arises from a fan Σ in Z2+s. Then, we have T2+s · zÃ ∩ X ≠ ∅ for a cone Ã ∈ Σ if
and only if one of the following holds:

(i) We have v0j0 , v1j1 , v2j2 ∈ Ã for some 1 f ji f ni.
(ii) We have Ã ¦ cone(vi1, . . . , vini) for exactly one i ∈ {0, 1, 2}.

The union over all affine toric charts ZÃ ¦ Z, where Ã ∈ Σ is a maximal cone such that
T2+s · zÃ ∩ X ̸= ∅, is called the minimal toric ambient variety of X; it is the minimal
open toric subvariety of Z such that X as a closed subvariety.

Definition 1.2.3. Let P and h be as in Construction 1.2.1 and p : Tn → T2+s the
homomorphism of tori given by P as in Proposition 1.1.3. The P -homogenization of h is
the polynomial

g := T l0
0 p

∗h = T l0
0 + T l1

1 + T l2
2 , where T li

i := T li1
i1 · · ·T lini

ini
.

15



1.2. Torus actions of complexity one

Proposition 1.2.4 (See [3, Constr. 3.2.5.3, Prop. 3.2.5.4]). Let X ¦ Z and P be as in
Construction 1.2.1 and let K = Zn/im(P ∗). Then there are natural identifications

Cl(X) = K = Cl(Z).

Each invariant prime divisor DZ
ij in Z defines a prime divisor DX

ij := X ∩ DZ
ij in X.

With the projection Q : Zn → K and wij = Q(eij), the class of DX
ij is given by

[DX
ij ] = wij = [DZ

ij ].

Moreover, with the polynomial ring K[Tij ] := K[Tij ; i = 0, 1, 2, j = 1, . . . , ni] and the

P -homogenization g := T l0
0 + T l1

1 + T l2
2 of h, the Cox ring of X is given by

R(X) ∼= K[Tij ]/ïgð, deg(Tij) = [DX
ij ].

In particular, R(X) ∼= R(Z)/ïgð. Moreover with X̄ := V (g) in Z̄ := Kn we obtain a
commutative diagram involving the total coordinate spaces and the characteristic spaces

V (g) = X̄ ¦

¦

Z̄

¦

= Kn

X̂ //

//HX p

��

Ẑ

//HZp

��

X // Z

where the characteristic quasitorus HX and the the characteristic quasitorus HZ both are
equal to SpecK[K].

We call X quasismooth if X is Q-factorial and if X̂ is smooth.

Example 1.2.5. Let n0 = n1 = n2 = 2, n = 6 and let s = 1. We discuss the complexity
one variety given by the following 3 × 6 generator matrix

P =







−1 −1 1 1 0 0
−1 −1 0 0 1 1
1 −3 0 −4 0 −1






.

We associate with P the fan Σ in Z3 having the five maximal cones

Ã135 := cone (v01, v11, v21) , Ã246 := cone (v02, v12, v22) ,

Ä12 := cone (v01, v02) , Ä34 := cone (v11, v12) , Ä56 := cone (v21, v22) .

Then the corresponding toric variety Z has P as its generator matrix and we obtain a
rational, normal, projective variety X given by

X := VT3(1 + S1 + S2).
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The five maximal cones Ã ∈ Σ from above fulfill T2+s · zÃ ∩ X ̸= ∅. Hence Z is the
minimal toric ambient variety of X. According to Proposition 1.2.4, we obtain the divisor
class group as

Cl(X) = Cl(Z) = Z6/im(P ∗) = Z3

and the projection Q : Z6 → Z3 yields a degree matrix

Q = [w01, w02, w11, w12, w21, w22] =







1 −1 −1 1 0 0
1 0 1 0 0 1
2 0 1 1 4 −2






.

The homomorphism of tori defined by the matrix P is given by

p : T6 −→ T3, (t01, t02, t11, t12, t21, t22) 7→
(

t11t12
t01t02

, t21t22
t01t02

t01

t3
02t4

12t22

)

.

Then the P -homogenization of 1 +S1 +S2 is g := T01T02 +T11T12 +T21T22. Furthermore,
the Cox ring has a representation

R(X) = K[T01, T02, T11, T12, T21, T22]/ïgð, deg(Tij) = wij .

Lastly, with H := ker(p) = T3, we are provided with the commutative diagram

V
(

T01T02 + T11T12 + T21T22
)

=

¦

X̄ ¦

¦

Z̄

¦

= K6
¦

X̄ \ {0} = X̂ //

//H p
��

Ẑ

//Hp
��

= K6 \ {0}.

X // Z

Remark 1.2.6. Due to Proposition 1.2.4, we have Cox coordinates on any X ¦ Z arising
from Construction 1.2.1.

Proposition 1.2.7 (See [3, Prop. 2.4.2.3, Cor. 2.4.2.4]). Let X ¦ Z, where Z arises from
a fan Σ in Z2+s, be as in Construction 1.2.1. Consider x ∈ X ∩ T2+s · zÃ, where Ã ∈ Σ.

(i) The local class group of x is given by Cl(X,x) = Cl(Z, zÃ).
(ii) The point x ∈ X is Q-factorial if and only if zÃ ∈ Z is Q-factorial.

Moreover, if Z is the minimal toric ambient variety, then the Picard group of X is given
as Pic(X) = Pic(Z).

Construction 1.2.8 (See [3, Sec. 4.4], [22, Prop. 3.16]). Let X ¦ Z be as in Construc-
tion 1.2.1 and assume that Z arises from a fan Σ in Z2+s. We denote by Σ0 the fan
consisting only of the rays of Σ, that is

Σ0 := {ϱij ; i = 0, 1, 2, j = 1, . . . , ni} ∪ {{0}}.
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1.2. Torus actions of complexity one

and denote by Z0 the associated toric variety. Further, we set X0 := Z0∩X. Then Z0 ¦ Z
is invariant under the torus T2+s and X0 ¦ X is invariant under Ts. Denote by ΣP2 the
fan of the projective space P2. We define a map F of fans Σ0 in Z2+s and ΣP2 in Z2

given by
F : Z2+s −→ Z2, z 7→ (z1, z2).

This map defines a toric morphism between the associated toric varieties ÃZ : Z0 → P2

given on the tori by t 7→ (t1, t2). Moreover, we obtain a commutative diagram

X0
//

//Ts ÃX

��

Z0

//TsÃZ

��

VP2(U0 + U1 + U2) ∼= P1
// P2,

where ÃX := ÃZ |X and ÃZ are categorical quotients with respect to the actions of Ts

on X and Z respectively. For c0 = [1, 0], c1 = [0, 1] and c2 = [−1,−1] we obtain

Ã−1
X (ci) =

ni
⋃

j=1

DX
ij ¦ X, Ã−1

Z (Ci) =
ni
⋃

j=1

DZ
ij ¦ Z

with the toric T2-invariant divisors C0, C1, C2 ¦ P2. The points c0, c1, c2 ∈ P1 are the
critical values of the quotient map ÃX . The map ÃX is the maximal orbit quotient of X
from [22].

Theorem 1.2.9 (See [20,28]). Let X be a normal, semiprojective, rational variety with a
torus action of complexity one and with O(X)∗ = K∗. Further, let ÃX : X0 99K P1 be its
maximal orbit quotient. If ÃX admits exactly three critical values then X is equivariantly
isomorphic to a variety arising from Construction 1.2.1.

Remark 1.2.10 (See [3, Prop. 3.3.3.2, Prop. 3.4.4.1]). Let X ¦ Z be as in Construc-
tion 1.2.1 and consider its Cox ring as provided by Proposition 1.2.4. Then for k = 0, 1, 2
the anticanonical divisor class of X is given as

wX =
∑

i,j

deg(Tij) −
nk
∑

j=1

lkj deg(Tkj) ∈ Cl(X).

Proposition 1.2.11 (See [18, Prop. 2.17]). Let X ¦ Z be as in Construction 1.2.1 and
let Z be projective. Moreover, consider ample divisors DZ on Z and DX on X given by

DZ =
∑

i,j

³ijD
Z
ij , DX =

∑

i,j

³ijD
X
ij .

Then the associated affine cones X̃ ¦ Z̃ over X ¦ Z arise via Construction 1.2.1 from a
generator matrix P̃ with s′ := s+ 1, i.e. the (2 + s′) × n stack matrix

P̃ :=

[

P
³

]

, ³ = (³ij) ∈ Zn.
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Moreover, the fan Σ̃ is given as the fan of faces of the cone Ã̃ ¦ Q2+s′

generated by the
columns of P̃ . Using the projection F : Z2+s′ → Z2+s onto the first 2 + s coordinates, we
obtain the representation

Σ = {F (Ã̃0); Ã̃0 z Ã̃}
and the cone projection Z̃ \ {z̃} → Z restricts to the cone projection X̃ \ {x̃} → X,
where x̃ = z̃ is the common apex of the affine cones X̃ ¦ Z̃.

1.3 Toric degenerations

We gather the necessary concepts and tools on toric degenerations of semiprojective
rational varieties with a torus action of complexity one from [18]. The semiprojective
case includes in particular affine varieties.

Construction 1.3.1 (See [18, Constr. 4.1, Rem. 4.2]). Consider a fan Σ with generator
matrix P ∈ Mat(2 +s, n;Z) as in Construction 1.2.1. Given integers » = 0, 1, 2 and ℓ g 1,
we associate the generator matrices P» with P by adding a row and a column to P as
follows

P0 =









−l0 −ℓ l1 0
−l0 −ℓ 0 l2
d0 0 d1 d2

0 1 0 0









, P1 =









−l0 l1 ℓ 0
−l0 0 0 l2
d0 d1 0 d2

0 0 1 0









, P2 =









−l0 l1 0 0
−l0 0 l2 ℓ
d0 d1 d2 0
0 0 0 1









.

We denote the new column by v»n»+1 ∈ Z3+s. We assign to each P» ∈ Mat(3+s, n+1;Z)
a fan Σ» in Z3+s. It is determined by its maximal cones

(Ã × 0) + Qg0 · v»n»+1, Ã ∈ Σmax.

We denote by Z the toric variety arising from Σ, by Z» the toric variety arising from Σ»

and by X» ¦ Z» the variety of complexity one arising from the generator matrix P» as in
Construction 1.2.1. Furthermore, let F» be the linear isomorphisms given by

F0 : Z3+s −→ Z3+s, ei 7→
{

ei , if i = 1, . . . , 2 + s,

(ℓ, ℓ, 0, 1) , else,

F1 : Z3+s −→ Z3+s, ei 7→
{

ei , if i = 1, . . . , 2 + s,

(−ℓ, 0, 0, 1) , else,

F2 : Z3+s −→ Z3+s, ei 7→
{

ei , if i = 1, . . . , 2 + s,

(0,−ℓ, 0, 1) , else.

Then we have a commutative diagram, where both downwards arrows represent the
projection onto the (3 + s)-th coordinate:

Z3+s F»

∼=
//

!!

Z3+s

}}
Z
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1.3. Toric degenerations

The map F» is an isomorphism of fans from Σ» in Z3+s to the fan product of Σ in Z2+s

and the fan of faces of Qg0 in Z. This yields a commutative diagram of the associated
toric morphisms

Z»
φ»

∼=
//

Ψ»
  

Z × K

prK
{{

K

where Ψ» is given in Cox coordinates by [zij ] 7→ z»n»+1. Restricting Ψ» : Z» → K
gives a family of morphisms È» : X» → K. Further, for · ∈ K we denote the fibers
by X»,· := È−1

» (·).

Remark 1.3.2 (See [18, Rem. 4.3]). Let X ¦ Z be as in Construction 1.2.1 and consider
the variety X» ¦ Z» given by Construction 1.3.1. Then we have

Cl(X») = Zn+1/im(P ∗
» ) = Cl(X), R(X») = K[Tij ]/ïg»ð,

where the new variable T»n»+1 is of Cl(X»)-degree zero and all other variables Tij have the
same Cl(X»)-degree in R(X») as they have in R(X). Moreover, the defining relation g»

arises from g by replacing T l»
» with T l»

» T
ℓ
»n»+1.

Example 1.3.3. Let X ¦ Z arise from the generator matrix P as in Example 1.2.5.
The corresponding generator matrices P» are given by

P0 =

[

−1 −1 −ℓ 1 1 0 0
−1 −1 −ℓ 0 0 1 1
1 −3 0 0 −4 0 −1
0 0 1 0 0 0 0

]

, P1 =

[

−1 −1 1 1 ℓ 0 0
−1 −1 0 0 0 1 1
1 −3 0 −4 0 0 −1
0 0 0 0 1 0 0

]

, P2 =

[

−1 −1 1 1 0 0 0
−1 −1 0 0 1 1 ℓ
1 −3 0 −4 0 −1 0
0 0 0 0 1 0 1

]

.

Further, we assign a fan Σ» to each » = 0, 1, 2, which is determined by the following five
maximal cones

cone (v01, v11, v21, v»n»+1) , cone (v02, v12, v22, v»n»+1) ,
cone (v01, v02, v»n»+1) , cone (v11, v12, v»n»+1) , cone (v21, v22, v»n»+1) .

The respective Cox rings are given as

R(X0) = K[T01, T02, T03, T11, T12, T21, T22]/ïT01T02T
ℓ
03 + T11T12 + T21T22ð,

R(X1) = K[T01, T02, T11, T12, T13, T21, T22]/ïT01T02 + T11T12T
ℓ
13 + T21T22ð,

R(X2) = K[T01, T02, T11, T12, T21, T22, T23]/ïT01T02 + T11T12 + T21T22T
ℓ
23ð.

The fiber X»,0 is a possibly non-normal toric variety. We recall how to construct the
associated fan and characterize, when the fiber is normal. We adapt [18, Constr. 4.5] to
our setting; namely to the two cases of generator matrix P ∈ Mat(2 + s, n;Z) with s = 1
and s = 2.

Construction 1.3.4 (See [18, Constr. 4.5]). Consider a fan Σ with generator matrix P ∈
Mat(3, n;Z) as in Construction 1.2.1. Here e1, e2, e3 ∈ Q3 are the canonical basis vectors
and we set e0 := −e1 − e2. We define leaves

Ä0 := cone(e0) + lin(e3), Ä1 := cone(e1) + lin(e3), Ä2 := cone(e2) + lin(e3).

20



Then we define the tropical variety to be

trop(X) = Ä0 ∪ Ä1 ∪ Ä2.

For » = 0, 1, 2, the antitropical coordinates of a vector v ∈ Z3 ∩ lin (Ä») are ¸−1
» (v) ∈ Z2,

where

¸0 =







0 1
0 1
1 0






, ¸1 =







0 −1
0 0
1 0






, ¸2 =







0 0
0 −1
1 0






.

Moreover, for » = 0, 1, 2, the fans ∆» in Z3 and ∆at
» in Z2 are given by

∆» = {Ã ∩ lin (Ä») ; Ã ∈ Σ}, ∆at
» = {¸−1

» (Ã ∩ lin (Ä») ; Ã ∈ Σ}.

Example 1.3.5. We continue the example from Example 1.3.3. First, we intersect the
maximal cones with the respective linear subspace and exemplarily treat the case » = 0.

Ã135 ∩ lin(e0, e3) = cone (v01, (1, 1, 0)) ,

Ã246 ∩ lin(e0, e3) = cone (v02, (1, 1,−5)) ,

Ä12 ∩ lin(e0, e3) = cone (v01, v02) ,

Ä34 ∩ lin(e0, e3) = {0},
Ä56 ∩ lin(e0, e3) = {0}.

Then the cones are given in antitropical coordinates by

µ−1
0 (Ã135 ∩ lin(e0, e3)) = cone ((1,−1), (0, 1)) ,

µ−1
0 (Ã246 ∩ lin(e0, e3)) = cone ((−3,−1), (−5, 1)) ,

µ−1
0 (Ä12 ∩ lin(e0, e3)) = cone ((1,−1), (−3,−1)) .

Similar computations for the other two cases give us the generator matrices P»,0 of the
fans ∆at

» :

P0,0 =

[

1 −3 0 −5
−1 −1 1 1

]

, P1,0 =

[

0 −4 1 −4
−1 −1 1 1

]

, P2,0 =

[

0 −1 1 −7
−1 −1 1 1

]

.

Construction 1.3.6 (See [18, Constr. 4.5]). Consider a fan Σ such that its generator
matrix P ∈ Mat(4, n;Z) is as in Construction 1.2.1. Here e1, e2, e3, e4 ∈ Q4 are the
canonical basis vectors and we set e0 := −e1 − e2. We define leaves

Ä0 := cone(e0)+lin(e3, e4), Ä1 := cone(e1)+lin(e3, e4), Ä2 := cone(e2)+lin(e3, e4).

Then we define the tropical variety to be

trop(X) = Ä0 ∪ Ä1 ∪ Ä2.
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1.3. Toric degenerations

For » = 0, 1, 2, the antitropical coordinates of v ∈ Z4 ∩ lin (Ä») are given by ¸−1
» (v) ∈ Z4,

where

¸0 =











0 0 1
0 0 1
1 0 0
0 1 0











, ¸1 =











0 0 −1
0 0 0
1 0 0
0 1 0











, ¸2 =











0 0 0
0 0 −1
1 0 0
0 1 0











.

Furthermore, the fans ∆» in Z4 and ∆at
» in Z3 are given by

∆» = {Ã ∩ lin (Ä») ; Ã ∈ Σ}, ∆at
» = {¸−1

» (Ã ∩ lin (Ä») ; Ã ∈ Σ}.

Proposition 1.3.7 (See [18, Prop. 4.6]). Let X ¦ Z and X» ¦ Z» be as provided
by Construction 1.3.1. Then the following statements hold.

(i) The variety X» is irreducible and normal and È» : X» → K is a flat family. More-
over, È» is proper (projective) if Z is complete (projective).

(ii) For · ̸= 0, we have X»,·
∼= X and the fiber X»,0 is an irreducible toric variety.

(iii) As a toric variety, the fiber X»,0 is isomorphic to the closure of T» ¦ T2+s ¦ Z
given by

T» =



















t1 = t2, » = 0,

t2 = 1, » = 1,

t1 = 1, » = 2.

Moreover, X»,0 has the fan ∆» in Z2+s as its convergency fan and the associated
toric variety as its normalization.

(iv) For J = (ji; i = 0, 1, 2, i ̸= »), set Ã(J) := cone(viji ; i = 0, 1, 2, i ̸= »). Then the
fiber X»,0 is normal if and only if for every cone Ã(J) ∈ Σ, we have liji > 1 for at
most one i = 0, 1, 2 distinct from ».

(v) The fiber X»,0 is affine (semiprojective, projective, complete) if Z is affine (semipro-
jective, projective, complete).

Definition 1.3.8. We call a toric degeneration È» resp. » special if the corresponding
fiber X»,0 is a normal variety.

Lemma 1.3.9 (See [18, Lem. 4.7]). Let X ¦ Z and X» ¦ Z» be as provided by
Construction 1.3.1. Then we have X»,0 = È−1

» (0) ¦ Ψ−1
» (0) = Z. Moreover, with

suitable bi ∈ K∗ the vanishing ideal I»,0 of X»,0 is the K-prime binomial ideal

I0,0 = ïT l1
1 + b2T

l2
2 ð, I1,0 = ïT l0

0 + b2T
l2
2 ð, I2,0 = ïT l0

0 + b1T
l1
1 ð.

Example 1.3.10. We continue the example from Example 1.3.5. Then the fibers X»,0

are given in Cox coordinates as follows:

X0,0 = V (T11T12 + T21T22), X1,0 = V (T01T02 + T11T12), X2,0 = V (T01T02 + T21T22).

Moreover, we have lij = 1 for all i, j = 0, 1, 2. Thus, the fibers X»,0 are all normal.
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The following construction provides us with the necessary data for checking the
existence of Kähler-Einstein metrics and Sasaki-Einstein metrics later on.

Construction 1.3.11 (See [18, Constr. 5.5]). Let X ¦ Z arise from a generator
matrix P ∈ Mat(2 + s, n;Z) as in Construction 1.2.1 and let Z be projective. Fix ³ij

such that we obtain an anticanonical class for X

wX =
∑

³ijwij ∈ K = Cl(X) = Cl(Z).

Then the generator matrix P̃ ∈ Mat(3 + s, n;Z) for an anticanonical cone X̃ over X is
given as in Proposition 1.2.11 by

P̃ =

[

P
³

]

, ³ = (³ij)

and the associated fan Σ̃ contains all faces of the cone Ã̃ ¦ R3+s over the columns of P̃ .
For » = 0, 1, 2 set

Ä̃» := ¸−1
» (Ã̃) ¦ R2+s, É̃» := (Ä̃»)( ¦ R2+s,

where ¸» : Z2+s → Z3+s are the antitropical coordinates. Set ı : R1+s → R2+s, u 7→
(u1, . . . , us, 1, u1+s) and denote by conv(É̃») the convex hull of the primitive generators
of É̃». Then, we obtain for each » a polytope

C» := ı−1 (conv (É̃»))) ¦ R1+s.

If » is special, then there is a unique interior lattice point u» ∈ C». The moment polytope
is given by

B» :=

{

C» − u», » special,

C», » not special.

For the case of special » the following proposition provides the relationship between
the fan ∆at

» and the cone Ä̃».

Proposition 1.3.12 (See [18, Prop. 5.6 (v)]). Let X̃ ¦ Z̃ and Ä̃» be as in Construc-
tion 1.3.11 and let » be special. Furthermore, let ṽ1, . . . , ṽk be the primitive generators
of Ä̃» and let v′

i ∈ Z2+s arise from ṽi ∈ Z2+s by replacing the 1 + s-th coordinate with 1.
Then

v′
i = G» · ṽi, i = 1, . . . , k,

with a unique unimodular matrix G» ∈ GL(2 + s,Z). Denote by Ä ′
» the cone that has

the primitive generators v′
1, . . . , v

′
k. Let pr: Z2+s → Z1+s denote the projection erasing

the 1 + s-th coordinate. Fix an integer s = 1, 2. Then

vi := pr(ṽi), i = 1, . . . , k,
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1.4. Rational projective K∗-surfaces of Picard number one

are the primitive generators of the fan ∆at
» from Construction 1.3.4 and Construction 1.3.6.

In particular, the generator matrix P»,0 of X»,0 is given by

P»,0 = [v1, . . . , vk]

and the convex hull of the column vectors yields the Fano polytope of X»,0. Furthermore,
the moment polytope is given by the dual polytope

B» = conv(v1, . . . , vk)∗.

Example 1.3.13. We continue the example from Example 1.3.10. The generator matrix
for an anticanonical cone X̃ is given by

P̃ =











−1 −1 1 1 0 0
−1 −1 0 0 1 1
1 −3 0 −4 0 −1
0 0 1 1 1 1











.

For the cones Ä̃», we obtain

Ä̃0 = cone ((0, 2, 1), (1, 0,−1), (−3, 0,−1), (−5, 2, 1)) ,

Ä̃1 = cone ((1, 1, 1), (−4, 1, 1), (0, 1,−1), (−4, 1,−1)) ,

Ä̃2 = cone ((1, 1, 1), (−7, 1, 1), (0, 1,−1), (−1, 1,−1)) .

The generator matrices P»,0 are given by Example 1.3.5. Since the fibers X»,0 are normal
for all k = 0, 1, 2, we can apply Proposition 1.3.12. We obtain the Fano polytopes of X»,0

as the convex hull of the column vectors of P»,0 and by dualizing the Fano polytopes,
the moment polytopes are given as follows

B0 = conv
(

(0, 1), (0,−1), (−2, 1),
(

1
4 ,

1
4

))

,

B1 = conv
(

(0, 1), (0,−1), (−2, 1),
(

1
4 , 0
))

,

B2 = conv
(

(0, 1), (0,−1), (−2, 1),
(

1
4 ,

3
4

))

.

1.4 Rational projective K∗-surfaces of Picard number one

A K∗-surface is an irreducible, normal surface X together with an effective algebraic
action K∗ ×X → X of the multiplicative group K∗. We begin with general observations
about K∗-actions, such as those found in the work of Orlik and Wagreich [36]; see
also [3, Sect. 5.4].

Whenever K∗ acts on a normal projective variety X, each point x ∈ X gives rise to a
morphism µx : P1 → X, extending the orbit map K∗ → X, s 7→ s · x. For every x ∈ X
we obtain two corresponding points by x0 := µx(0) and x∞ := µx(∞) which are fixed
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points of the K∗-action. The properties normality and projectivity ensure that x0, x∞

are necessarily distinct. Moreover, there is precisely one source F+ ¦ X and precisely
one sink F− ¦ X. These are irreducible components of the fixed point set such that

X+ := {x ∈ X; x0 ∈ F+}, X− := {x ∈ X; x∞ ∈ F−}

are open subsets of X. Now assume that X is a surface. Then there are exactly three
types of fixed points. We call x ∈ X

• elliptic, if x lies in the closure of infinitely many non-trivial K∗-orbits,

• hyperbolic, if x lies in the closure of precisely two non-trivial K∗-orbits,

• parabolic, if x lies in the closure of precisely one non-trivial K∗-orbit.

Elliptic and hyperbolic fixed points are isolated and the parabolic fixed points belong
to a curve in X. The source and sink each consist of either a single elliptic fixed point
or they form a smooth irreducible curve of parabolic fixed points. In the first case we
denote by x+ resp. x− the unique points forming F+ resp. F−. Moreover, every fixed
point outside the source or the sink is hyperbolic.

Now we adapt the machinery presented in Section 1.2 to the case of quasismooth
K∗-surfaces of Picard number one. The considerations of this section are taken up in the
common article [27, Sec. 3].

Construction 1.4.1. Fix di, li ∈ Z and consider a generator matrix P ∈ Mat(3, 4;Z)
of the following shape:

P := [v1, v2, v3, v4] :=







−1 −1 l1 0
−1 −1 0 l2

0 d0 d1 d2






,

1fd1fl1fl2, gcd(li,di)=1,

d0+
d1
l1

+
d2
l2

< 0 <
d1
l1

+
d2
l2

.

Let Z be the fake weighted projective space with generator matrix P and let X ¦ Z arise
from Construction 1.2.1. Then X inherits the K∗-action from Z given on T3 ¦ Z by

t · s = ¼(t)s = (s1, s2, ts3),

with the one-parameter subgroup ¼ : K∗ → T3, t 7→ (1, 1, t). Define Σ′ ¦ Σ to be the
subfan with the maximal cones

Ã+ := cone(v1, v3, v4), Ã− := cone(v2, v3, v4), Ä0 := cone(v1, v2).

Then the open toric subvariety Z ′ ¦ Z given by Σ′ ¦ Σ is the minimal ambient toric
variety of X.

In the following we index the prime divisors with an index matching the numbering
of the columns, namely DX

i := T3 · zϱi ∩X for i = 1, 2, 3, 4.

Remark 1.4.2 (See [36]). Let X ¦ Z arise from Construction 1.4.1. Then the DX
i

intersect as follows

25



1.4. Rational projective K∗-surfaces of Picard number one

x+

x−

x0

DX
1

DX
2

DX
3

DX
4

The source and sink each consist of a single elliptic fixed point x+, x−. The points x+

and x− together with the unique intersection point x0 ∈ DX
1 ∩DX

2 form the fixed point
set of the K∗-surface X.

Recall that a del Pezzo surface is a normal projective surface X admitting an ample
anticanonical divisor −KX .

Proposition 1.4.3 (See also [27, Prop. 3.2]). Let X ¦ Z arise from a generator
matrix P as in Construction 1.4.1. Then, in homogeneous coordinates on Z, we have the
representation

X = V (T1T2 + T l1
3 + T l2

4 ) ¦ Z.

The K∗-surface X is projective, rational, quasismooth, del Pezzo and of Picard number
one. With any l1-th root · of −1, the K∗-fixed points of X are

x0 = [0, 0, ·, 1], x+ = [0, 1, 0, 0], x− = [1, 0, 0, 0].

The fixed point x0 is hyperbolic and x+, x− are the elliptic fixed points. There are exactly
two non-trivial orbits K∗ · z1 and K∗ · z2 with non-trivial isotropy groups:

z1 = [−1, 1, 0, 1], |K∗
z1

| = l1, z2 = [−1, 1, 1, 0], |K∗
z2

| = l2.

The fake weight vector w(P ) = (w1, w2, w3, w4) of the ambient fake weighted projective
space Z is given explicitly in terms of P as

w(P ) = (−l1l2d0 − l2d1 − l1d2, l2d1 + l1d2, −l2d0, −l1d0) ∈ Z4
>0.

Moreover, for the local class group orders and local Gorenstein indices of the three K∗-fixed
points x0, x

+, x− ∈ X, we obtain

cl(x0) = −d0, º(x0) = 1,

cl(x+) = w2, º(x+) = w2
gcd(d1−d2,l1+l2,w2) ,

cl(x−) = w1, º(x−) = w1
gcd(d0l2−d1+d2,l1+l2,w1) .

Proof of Construction 1.4.1 and Proposition 1.4.3. The assumptions on li, di made in
Construction 1.4.1 ensure that P fits into the setting of Construction 1.2.1. According to
Construction 1.2.1 the output X is a normal, rational K∗-surface and X is projective
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since Z is projective. The statements on the fixed points and the isotropy groups are
covered by [16, Prop. 4.8]. Quasismoothness follows from [16, Prop. 4.15] and Ä(X) = 1
is a consequence of [16, Prop. 5.1].

The fake weight vector and the local class group orders of the fixed points are given
by Moreover, consider the following linear forms

u+ =
[

d2−d1
w2

, d1−d2
w2

, l1+l2
w2

]

, u− =
[

−d2+d1−d0l2
w1

, d2−d1−d0l1
w1

, −l1−l2
w1

]

and the linear forms u+, u− evaluate on the columns v1, v2, v3, v4 of P as follows:

ïu+, v1ð = 0, ïu+, v3ð = 1, ïu+, v4ð = 1, ïu−, v2ð = 0, ïu−, v3ð = 1, ïu−, v4ð = 1.

We conclude that w2
gcd(d1−d2,l1+l2,w2) u

+ and w1
gcd(d0l2−d1+d2,l1+l2,w1) u

− are primitive integral

vectors. This yields º(x+) and º(x−). According to [17, Prop. 8.8 (iii)] the local Gorenstein
index of the hyperbolic fixed point is given by º(x0) = 1. This leads to the desired
assertions regarding the Gorenstein indices.

Proposition 1.4.4 (See also [27, Prop. 3.2]). Let X ¦ Z be as in Construction 1.4.1
and let w(P ) = (w1, w2, w3, w4) be the corresponding fake weight vector. Then the self
intersection number of the canonical divisor KX on X can be expressed as follows:

K2
X =

(

1
w1

+ 1
w2

)(

2 + l1
l2

+ l2
l1

)

= cl(x0)
cl(x+)cl(x−)

(l1 + l2)2.

Proof. Using the general formula [17, Prop. 7.9] for rational projective K∗-surfaces, we
directly compute

K2
X =

(

1
l1

+ 1
l2

)2

d1
l1

+
d2
l2

−
(

1
l1

+ 1
l2

)2

d0+
d1
l1

+
d2
l2

=
(

1
cl(x+)

+ 1
cl(x−)

)(

2 + l1
l2

+ l2
l1

)

,

where cl(x0), cl (x±) are the local class group orders of the fixed points determined by
Proposition 1.4.3. The assertion then follows from cl(x+) + cl(x−) = l1l2cl(x0).

Remark 1.4.5. Let X ¦ Z be as in Construction 1.4.1. Then according to Remark 1.2.10
the anticanonical divisor class wX on X is given by

wX = deg(T3) + deg(T4).

Proposition 1.4.6. Let X be a non-toric, quasismooth, rational, projective K∗-surface
of Picard number one. Then X arises from as a surface from a generator matrix P as in
Construction 1.4.1.

Proof. This is a special case of Theorem 1.2.9.
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1.5. Coverings onto fake weighted projective planes

Example 1.4.7. We continue Example 1.1.14. Consider the generator matrix

P =







−1 −1 2 0
−1 −1 0 4
0 −1 1 1







and note that it fits into the framework of Construction 1.4.1. The K∗-surface X ¦ Z,
arising from the generator matrix P , is given in homogeneous coordinates on Z as follows

X = V
(

T1T2 + T 2
3 + T 4

4

)

¦ Z.

Further, the corresponding fake weight vector of the ambient fake weighted projective
space Z is given by w(P ) = (2, 6, 4, 2). The local class group orders and local Gorenstein
indices of the fixed points of X are

cl(x0) = 1, cl(x+) = 6, cl(x−) = 2,

º(x0) = 1, º(x+) = 1, º(x−) = 1.

Moreover, the self intersection number of the canonical divisor KX on X is given
by K2

X = 3.

1.5 Coverings onto fake weighted projective planes

For every quasismooth, rational, projective K∗-surfaces X of Picard number one, we
provide finite coverings X → Z1 and X → Z2 onto fake weighted projective planes; see
Construction 1.5.1. We take a closer look the geometry of the coverings and finally can
show that Z1, Z2 are the quotients of X by the two non-trivial finite K∗-isotropy groups
of X; see Corollary 1.5.11.

Construction 1.5.1. Let X ¦ Z arise from a generator matrix P as in Construction 1.4.1,
that means

P := [v1, v2, v3, v4] :=







−1 −1 l1 0
−1 −1 0 l2

0 d0 d1 d2






,

1fd1fl1fl2, gcd(li,di)=1,

d0+
d1
l1

+
d2
l2

< 0 <
d1
l1

+
d2
l2

.

Further, let Σ denote the unique projectice fan of Z in Z3. Define Σ′ ¦ Σ to be the
subfan with the maximal cones

Ã+ := cone(v1, v3, v4), Ã− := cone(v2, v3, v4), Ä0 := cone(v1, v2).

Then the open toric subvariety Z ′ ¦ Z given by the subfan Σ′ ¦ Σ satisifies X ¦ Z ′.
Set ℓ := gcd(l1, l2) and ℓi := li/ℓ. Consider

P1 :=

[

−1 −1 ℓ2
0 d0l1 ℓ2d1 + ℓ1d2

]

, P2 :=

[

−1 −1 ℓ1
0 d0l2 ℓ2d1 + ℓ1d2

]

.
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These are generator matrices for fake weighted projective planes Z1 and Z2. In terms of
the fake weight vector w(P ) = (w1, w2, w3, w4) of Z, we have

w(P1) = (ℓ−1w1, ℓ
−1w2, w3), w(P2) = (ℓ−1w1, ℓ

−1w2, w4)

for the respective fake weight vectors. Let Èi : Z ′ → Zi be the toric morphisms defined
by the homomorphisms Fi : Z3 → Z2 with the representing matrices

F1 :=

[

0 1 0
−d1 d1 l1

]

, F2 :=

[

1 0 0
d2 −d2 l2

]

.

Restricting to X ¦ Z ′ gives a finite covering φ1 : X → Z1 of degree l1 and a finite
covering φ2 : X → Z2 of degree l2.

Proof. Everything is basic toric geometry except the statement on φi : X → Zi. On the
acting tori T3 ¦ Z ′ and T2 ¦ Zi, the map È2 : Z ′ → Z2 is given by

φ2(s1, s2, s3) =
(

s1, s
−d2
2 sl2

3

)

.

We derive X ∩ T3 = V (1 + S1 + S2) from Construction 1.2.1. Thus, the points of X ∩ T3

are of the form À = (À1,−1 − À1, À2) with À1, À2 ∈ C∗ such that À1 ≠ −1. For the image
and the fibers, we obtain

φ2(X ∩ T3) = {¸ ∈ T2; ¸1 ̸= −1}, φ−1
2 (φ2(À)) = {(À1,−1 − À1, ·À2); · l2 = 1}.

Consequently, φ2 is dominant, hence surjective and its general fiber contains precisely l2
points. With the coordinate divisors C1, C2, C3 ¦ Z2, we have

Z2 \ φ2(X ∩ T3) = C1 ∪ C2 ∪ C3 ∪ C4, C4 := {¸ ∈ T2; ¸1 = −1} ¦ Z2.

Let DX
i ¦ X be the prime divisors obtained by cutting down the coordinate divisors

of Z; see Proposition 1.2.4. Using surjectivity of φ2, we see

Z2 \ φ2(X ∩ T3) = φ2(X \ T3) = φ2(DX
1 ) ∪ . . . ∪ φ2(DX

4 ).

Thus, φ2 : X → Z2 must have finite fibers, proving everything we need. The map
φ1 : X → Z1 can be treated in an analogous manner.

Definition 1.5.2. We write C(l) for the groups of l-th roots of units of the ground field
K. Moreover, we define one-parameter subgroups ¼ : K∗ → Z3, t 7→ (1, 1, t) as well as

¼1 : K∗ −→ T3, s 7→
(

sl1 , 1, sd1

)

, ¼2 : K∗ −→ T3, s 7→
(

1, sl2 , sd2

)

.

Proposition 1.5.3. The morphisms φi : Z ′ → Zi from Construction 1.5.1 are good
quotients for the K∗-actions on Z ′ given by the ¼i : K∗ −→ T3 from Definition 1.5.2.

Lemma 1.5.4. Consider P and Σ′ as in Construction 1.5.1. Then for ¶ = Ã+, Ã−, Ä0

we have (Ã− + lin(v4)) ∩ ¶ ¦ Ã−.
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1.5. Coverings onto fake weighted projective planes

Proof. The inclusion (Ã− + lin(v4)) ∩ Ã− ¦ Ã− is clear. Let v ∈ (Ã− + lin(v4)) ∩ Ã+.
Then we have the two presentations

v = ³v2 + ´v3 + µv4 = xv1 + yv3 + zv4

with ³, ´, x, y, z g 0 and µ ∈ Q. Assume µ < 0. Then v − µv4 is represented by the
following two positive combinations

³v2 + ´v3 = xv1 + yv3 + (z − µ) v4 ∈ cone(v2, v3) ∩ Ã+ = cone(v3).

The latter equality holds because the involved cones belong to Σ′. As a consequence, we
obtain

³ = x = 0, ´ = y, µ = z

where µ = z contradicts z g 0 and the assumption µ < 0. Consequently, we have µ g 0
and v ∈ Ã− ∩ Ã+, i.e.

(

Ã− + lin(v4)
) ∩ Ã+ ¦ Ã−.

Now let v ∈ (Ã− + lin(v4)) ∩ Ä0. Then v can be represented as

v = ³v2 + ´v3 + µv4 = xv1 + yv2

with ³, ´, x, y g 0 and µ ∈ Q. We assume µ < 0 and get

³v2 + ´v3 = xv1 + yv2 − µv4 ∈ cone(v2, v3) ∩ cone(v1, v2, v4) = cone(v2),

where we work in the larger fan Σ having P as generator matrix to observe the last
identity. This yields

³ = y, ´ = µ = x = 0

and this is a contradiction to µ < 0. We conclude µ g 0 and v ∈ Ã− ∩ Ä0. Altogether,
one obtains

(

Ã− + lin(v4)
) ∩ Ä0 ¦ Ã−.

Lemma 1.5.5. Consider P and Σ′ as in Construction 1.5.1. Then for ¶ = Ã+, Ã−, Ä0

we have
(

Ã+ + lin(v4)
) ∩ ¶ ¦ Ã+.

Proof. For the inclusion
(

Ã+ + lin(v4)
) ∩ Ã+ ¦ Ã+ there is nothing to show. Consider

v ∈ (Ã+ + lin(v4)
) ∩ Ã−. Then v has the two representations

v = ³v1 + ´v3 + µv4 = xv2 + yv3 + zv4

with ³, ´, x, y, z g 0 and µ ∈ Q. We assume µ < 0. This implies

³v1 + ´v3 = xv2 + yv3 + (z − µ) v4 ∈ cone(v1, v3) ∩ Ã− = cone(v3),
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where the identity regarding the cones holds because they belong to Σ′. This implies

³ = x = 0, ´ = y, µ = z.

This is a contradiction to z g 0 and µ < 0. As a consequence, we obtain µ g 0
and v ∈ Ã+ ∩ Ã−. That means

(

Ã+ + lin(v4)
)

∩ Ã− ¦ Ã+.

Next, let v ∈ (Ã+ + lin(v4)
) ∩ Ä0. Then v can be represented as

v = ³v1 + ´v3 + µv4 = xv1 + yv2

with ³, ´, x, y g 0 and µ ∈ Q. We assume µ < 0. This yields

³v1 + ´v3 = xv1 + yv2 − µv4 ∈ cone(v1, v3) ∩ cone(v1, v2, v4) = cone(v1),

where the latter equality follows by working in the larger fan Σ. Thus, we get

³ = x, y = 0, µ = 0.

This contradicts µ < 0. Consequently, we have v ∈ Ã− ∩ Ä0 and

(

Ã+ + lin(v4)
)

∩ Ä0 ¦ Ã+.

Lemma 1.5.6. Consider P and Σ′ as in Construction 1.5.1. Then for ¶ = Ã+, Ã−, Ä0

we have (Ä0 + lin(v4)) ∩ ¶ ¦ Ä0.

Proof. The inclusion (Ä0 + lin(v4)) ∩ Ä0 ¦ Ä0 is obvious. Let v ∈ (Ä0 + lin(v4)) ∩ Ã+. In
other words, v can be represented by two linear combinations

v = ³v1 + ´v2 + µv4 = xv1 + yv3 + zv4

with ³, ´, x, y, z g 0 and µ ∈ Q. First, assume µ < 0. Then we obtain a positive linear
combination

³v1 + ´v2 = xv1 + yv3 + (z − µ) v4 ∈ Ä0 ∩ Ã+ = cone(v1).

The equality regarding the cones applies because they belong to Σ′. We conclude

³ = x, ´ = y = 0, µ = z.

This is a contradiction to z g 0 and µ < 0. Hence, we get µ g 0 and v ∈ Ä0 ∩ Ã+, i.e.

(Ä0 + lin(v4)) ∩ Ã+ ¦ Ä0.
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1.5. Coverings onto fake weighted projective planes

Now consider v ∈ (Ä0 + lin(v4)) ∩ Ã−, i.e.

v = ³v1 + ´v2 + µv4 = xv2 + yv3 + zv4

with ³, ´, x, y, z g 0 and µ ∈ Q, First, we treat the case µ < 0. Then we get

³v1 + ´v2 = xv2 + yv3 + (z − µ) v4 ∈ Ä0 ∩ Ã− = cone(v2).

The latter equation holds since the cones belong to Σ′. Consequently, we obtain

³ = 0, ´ = x, µ = z.

This contradicts µ < 0 and implies µ g 0 and v ∈ Ã− ∩ Ä0. Thus, we get
(

Ã+ + lin(v4)
)

∩ Ä0 ¦ Ã+.

Proof of Proposition 1.5.3. We exemplarily treat the case i = 2. First, we observe
ker(F2) = lin(v4) and compute

F2 · P =

[

−1 −1 l1 0
0 d0l2 d1l2 + d2l1 0

]

.

By the latter, the maximal cones of the fan with generator matrix P2 are given as

Ã̃1 = F2(Ã−), Ã̃2 = F2(Ã+), Ã̃3 = F2(Ä0).

According to [3, Prop. 2.3.1.6], characterising good toric quotients, it suffices to verify

F−1
2 (F2(¶)) ∩ Supp(Σ′) = ¶, ¶ = Ã+, Ã−, Ä0.

Recall that Supp (Σ′) = Ã+ ∪ Ã− ∪ Ä0. Because of ker(F2) = lin(v4), the inverse im-
ages F−1

2 (F2(¶)) are given by

F−1
2 (Ã̃1) = Ã− + lin(v4), F−1

2 (Ã̃2) = Ã+ + lin(v4), F−1
2 (Ã̃3) = Ä0 + lin(v4).

Finally, Lemma 1.5.4, 1.5.5 and 1.5.6 directly show that F−1
2 (F2(¶)) intersect with the

support of the fan Σ′ as needed.

Recall that, given an algebraic action of an algebraic group G on a variety X, the
stabilizer of a closed subvariety Y ¦ X is the subgroup GY = {g ∈ G; g · Y = Y } of G.
An element g ∈ G belongs to GY as soon as g · Y ¦ Y .

Proposition 1.5.7. Let X ¦ Z ′ be as in Construction 1.5.1. Then the stabilizer Ci

of X with respect to the K∗-actions s · z = ¼i(s) · z on Z ′ from Proposition 1.5.3 is

Ci = C(li) =
{

· ∈ K∗; · li = 1
}

¦ ¼i(K
∗) ∩ ¼(K∗),

with ¼ is as in Definition 1.5.2. Moreover, the restriction φi : X → Zi of Èi : Z ′ → Zi is
the quotient for the action of Ci on X. In particular, Zi = X/Ci.
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Lemma 1.5.8. Consider Z ′ from Construction 1.5.1. Then the K∗-actions on Z ′ induced
by the ¼i : K∗ → T3 from Proposition 1.5.3 are given in Cox coordinates by

¼1(s) · [z1, z2, z3, z4] = [z1, z2, sz3, z4], (1.5.8.1)

¼2(s) · [z1, z2, z3, z4] = [z1, z2, z3, sz4]. (1.5.8.2)

Proof. Let p : X̂ → X be the characteristic space from Proposition 1.2.4. Then p is given
on the acting tori T4 ¦ K4 and T3 ¦ Z ′ as

p : T4 −→ T3, t 7−→
(

t
l1
3

t1t2
,

t
l2
4

t1t2
, td0

2 t
d1
3 t

d2
4

)

.

In particular, we observe p(1, 1, s, 1) = ¼1(s) and p(1, 1, 1, s) = ¼2(s). This yields the
assertion.

Lemma 1.5.9. Consider the toric morphism È1 : Z ′ → Z1 from Construction 1.5.1.
Then the following statements hold:

(i) The fibers of È1 over the toric fixed points of Z1 are given by

È−1
1 ([1, 0, 0]) = {[1, 0, 0, 0]} ∪ {[1, 0, t, 0]; t ∈ K∗} ,

È−1
1 ([0, 1, 0]) = {[0, 1, 0, 0]} ∪ {[0, 1, t, 0]; t ∈ K∗} ,

È−1
1 ([0, 0, 1]) = {[0, 0, t, 1]; t ∈ K∗} .

(ii) Apart from the toric fixed points, the fibers of È1 over DZ1
0 , DZ1

1 , DZ1
2 are

È−1
1 ([1, z, 0]) = {[1, z, 0, 0]} ∪ {[1, z, t, 0]; t ∈ K∗} ,

È−1
1 ([1, 0, z]) = {[1, 0, 0, z]} ∪ {[1, 0, t, z]; t ∈ K∗} ,

È−1
1 ([0, 1, z]) = {[0, 1, 0, z]} ∪ {[0, 1, t, z]; t ∈ K∗} .

(iii) Over the acting torus T2 ¦ Z1 the fibers of È1 look as follows

È−1
1 ([1, z2, z3]) = {[1, z2, 0, z3]} ∪ {[1, z2, t, z3]; t ∈ K∗} .

Proof. The generator matrix P1 = [ṽ0, ṽ1, ṽ2] gives rise to the rays ϱ̃i = cone(ṽi) and the
cones Ã̃j := cone(ṽi; i ̸= j) forming the fan of Z1. We directly compute

F1(Ã+)◦, F1(cone(v1, v4))◦ ¦ Ã̃◦
1,

F1(Ã−)◦, F1(cone(v2, v4))◦ ¦ Ã̃◦
0,

F1(Ä0)◦ ¦ Ã̃◦
2,

F1(cone(v1, v3))◦, F1(ϱ1)◦ ¦ ϱ̃◦
0,

F1(cone(v2, v3))◦, F1(ϱ2)◦ ¦ ϱ̃◦
1,

F1(cone(v3, v4))◦, F1(ϱ4)◦ ¦ ϱ̃◦
2,

F1({0}), F1(ϱ3)◦ ¦ {0}.

33



1.5. Coverings onto fake weighted projective planes

As a consequence, we can figure out the toric limit points of Z ′ mapped by È1 to the
toric limit points of Z1:

Ã̃1 : [0, 1, 0, 0], [0, 1, 1, 0] ∈ È−1
1 ([0, 1, 0]) ,

Ã̃0 : [1, 0, 0, 0], [1, 0, 1, 0] ∈ È−1
1 ([1, 0, 0]) ,

Ã̃2 : [0, 0, 1, 1] ∈ È−1
1 ([0, 0, 1]) ,

ϱ̃0 : [0, 1, 0, 1], [0, 1, 1, 1] ∈ È−1
1 ([0, 1, 1]) ,

ϱ̃1 : [1, 0, 0, 1], [1, 0, 1, 1] ∈ È−1
1 ([1, 0, 1]) ,

ϱ̃2 : [1, 1, 0, 0], [1, 1, 1, 0] ∈ È−1
1 ([1, 1, 0]) ,

{0} : [1, 1, 1, 1], [1, 1, 0, 1] ∈ È−1
1 ([1, 1, 1]) .

To obtain the whole È1-fibers over the toric limit points of Z1 we multiply the l.h.s. limit
points by ¼1(K∗), using Lemma 1.5.8. Adjusting with the characteristic quasitorus, we
arrive at the assertion.

Lemma 1.5.10. Consider the toric morphism È2 : Z ′ → Z2 from Construction 1.5.1.
Then the following statements hold:

(i) The fibers of È2 over the toric fixed points of Z2 are given by

È−1
2 ([1, 0, 0]) = {[1, 0, 0, 0]} ∪ {[1, 0, 0, t]; t ∈ K∗} ,

È−1
2 ([0, 1, 0]) = {[0, 1, 0, 0]} ∪ {[0, 1, 0, t]; t ∈ K∗} ,

È−1
2 ([0, 0, 1]) = {[0, 0, 1, t]; t ∈ K∗} .

(ii) Apart from the toric fixed points, the fibers of È2 over DZ2
0 , DZ2

1 , DZ2
2 without the

fixed points are given by

È−1
2 ([1, z, 0]) = {[1, z, 0, 0]} ∪ {[1, z, 0, t]; t ∈ K∗} ,

È−1
2 ([1, 0, z]) = {[1, 0, z, 0]} ∪ {[1, 0, z, t]; t ∈ K∗} ,

È−1
2 ([0, 1, z]) = {[0, 1, z, 0]} ∪ {[0, 1, z, t]; t ∈ K∗} .

(iii) Over the acting torus T2 ¦ Z2 the fibers of È2 look as follows

È−1
2 ([1, z2, z3]) = {[1, z2, z3, 0]} ∪ {[1, z2, z3, t]; t ∈ K∗} .

Proof. Consider the generator matrix P2 = [ṽ0, ṽ1, ṽ2]. Then the fan of Z2 consists of {0},
the rays ϱ̃i = cone(ṽi) and the cones Ã̃j := cone(ṽi; i ̸= j). We check

F2(Ã+)◦, F2(cone(v1, v3))◦ ¦ Ã̃◦
1,

F2(Ã−)◦, F2(cone(v2, v3))◦ ¦ Ã̃◦
0,

F2(Ä0)◦ ¦ Ã̃◦
2,

F2(cone(v1, v4))◦, F2(ϱ1)◦ ¦ ϱ̃◦
0,

F2(cone(v2, v4))◦, F2(ϱ2)◦ ¦ ϱ̃◦
1,

F2(cone(v3, v4))◦, F2(ϱ3)◦ ¦ ϱ̃◦
2,

F2({0}), F2(ϱ4)◦ ¦ {0}.
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Consequently, the corresponding limit points in Z2 and in their fibers are

Ã̃1 : [0, 1, 0, 0], [0, 1, 0, 1] ∈ È−1
2 ([0, 1, 0]) ,

Ã̃0 : [1, 0, 0, 0], [1, 0, 0, 1] ∈ È−1
2 ([1, 0, 0]) ,

Ã̃2 : [0, 0, 1, 1] ∈ È−1
2 ([0, 0, 1]) ,

ϱ̃0 : [0, 1, 1, 0], [0, 1, 1, 1] ∈ È−1
2 ([0, 1, 1]) ,

ϱ̃1 : [1, 0, 1, 0], [1, 0, 1, 1] ∈ È−1
2 ([1, 0, 1]) ,

ϱ̃2 : [1, 1, 0, 0], [1, 1, 0, 1] ∈ È−1
2 ([1, 1, 0]) ,

{0} : [1, 1, 1, 1], [1, 1, 1, 0] ∈ È−1
2 ([1, 1, 1]) .

By multiplying the l.h.s. limit points by ¼2(K∗) as given in Lemma 1.5.8, we obtain the
entire È2-fibers over the toric limit points of Z2. By adjusting with the characteristic
quasitorus, the claim follows.

Proof of Proposition 1.5.7. We exemplarily treat the case i = 2. We show C2 ¦ C(l2).
So, consider s ∈ K∗ with X = s ·X. Then X∩T3 = s ·(X∩T3). Thus, for any x ∈ X∩T3

we have s · x ∈ X ∩ T3. By Construction 1.2.1 that means

1 + x1 + sl2x2 = 0 = 1 + x1 + x2.

Choosing x1 = −2, x2 = 1 we end up with sl2 = 1. Conversely, we see that any s ∈ C(l2)
stabilizes X ∩ T3, using again the above equation. We conclude that s ∈ C(l2) stabilizes
also X.

We prove that φ2 : X → Z2 is the quotient for the action of C2 = C(l2) on X. To this
end, we show that every fiber of φ2 is a C2-orbit. For every [x1, x2, x3, x4] ∈ X we have

x1x2 + xl1
3 + xl2

4 = 0. (1.5.10.1)

Hence, for all t ∈ K∗ we obtain

[1, 0, 0, t], [0, 1, 0, t], [1, t, 0, 0], [1, 0, t, 0], [0, 1, t, 0] /∈ X. (1.5.10.2)

By combining this with Lemma 1.5.10 and using Lemma 1.5.8 we get the fibers over the
toric fixed points z(0), z(1) ∈ Z2:

φ−1
2 ([1, 0, 0]) = È−1

2 ([1, 0, 0]) ∩X = {[1, 0, 0, 0]} = C2 · [1, 0, 0, 0],

φ−1
2 ([0, 1, 0]) = È−1

2 ([0, 1, 0]) ∩X = {[0, 1, 0, 0]} = C2 · [0, 1, 0, 0].

Now we look at z(2) ∈ Z2. Using Lemma 1.5.8, we see that T3 · zÄ0 ∩X consists of the
hyperbolic fixed point x0 = [0, 0, 1, ·(−1)] from Proposition 1.4.3. By Lemma 1.5.10
and (1.5.10.1) we obtain

φ−1
2 ([0, 0, 1]) = È−1

2 ([0, 0, 1]) ∩X = {[0, 0, 1, t]; t ∈ K∗} ∩X = {[0, 0, 1, l2
√

−1]}.
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1.5. Coverings onto fake weighted projective planes

Similarily, we infer from Lemma 1.5.10, (1.5.10.1) and (1.5.10.2) that the fibers on the
divisors DZ2

0 , DZ2
1 , DZ2

2 apart from the fixed points are given by

φ−1
2 ([1, z, 0]) = {[1, z, 0, t]; t ∈ K∗} ∩X = C2 · [1, z, 0, l2

√−z],
φ−1

2 ([1, 0, z]) = {[1, 0, z, t]; t ∈ K∗} ∩X = C2 · [1, 0, z,
l2
√

−zl1 ],

φ−1
2 ([0, 1, z]) = {[0, 1, z, t]; t ∈ K∗} ∩X = C2 · [0, 1, z,

l2
√

−zl1 ].

Now, let z2, z3 ∈ K∗ be fixed. Because of (1.5.10.1) and Lemma 1.5.10 we have either

φ−1
2 ([1, z2, z3]) = {[1, z2, z3, 0]} = C2 · [1, z2, z3, 0]

or

φ−1
2 ([1, z2, z3]) = {[1, z2, z3, t]; t ∈ K∗} ∩X = C2 ·

{[

1, z2, z3,
l2

√

−z2 − zl1
3

]}

.

Corollary 1.5.11. Consider X ¦ Z ′ as in Construction 1.5.1, the stabilizers C1, C2

of X ¦ Z ′ from Proposition 1.5.3 and the isotropy groups G3, G4 ¦ K∗ of the nontrival
K∗-orbits in DX

3 , D
X
4 ¦ X. Then we have

C1 = G3 ¦ Aut(X), C2 = G4 ¦ Aut(X).

In particular, XC1 = XG3 and XC2 = XG4. Moreover, C1 = C(l1) has general isotropy
group C(gcd(l1, l2)) along DX

4 and C2 = C(l2) has general isotropy group C(gcd(l1, l2))
along DX

3 .

Proof. The involved K∗-actions, i.e., those from Definition 1.5.2 arise from one-parameter
subgroups ¼, ¼1, ¼2 of the acting torus T3 ¦ Z ′. Moreover, Proposition 1.5.3 yields
Ci = C(li). We directly check

¼(K∗) ∩ ¼i(K
∗) = ¼(C(li)), ¼1(K∗) ∩ ¼2(K∗) = ¼(C(gcd(l1, l2))

on the torus T3, using that the entries l1, d1 from the third column of P as well as l2, d2

from the fourth one are pairwise coprime. Thus, the displayed identities of the assertion
hold in T3 ¦ Aut(Z ′) and hence in K∗ ¦ Aut(X).
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CHAPTER

TWO

K∗-SURFACES OF PICARD NUMBER ONE AND INTEGRAL

DEGREE

This chapter provides an explicit description of all quasismooth, rational, projective
surfaces of Picard number one that admit a non-trivial torus action and have an integral
canonical self intersection number. The Construction 2.5.1 of toric degenerations appears
in the joint article [27] with Milena Wrobel and Jürgen Hausen and the results of
Section 2.1 to 2.6 have been made public in the joint article [26] with Jürgen Hausen.

2.1 Squared Markov type equations

Given any number a ∈ Z>0, the associated squared Markov type equation in the vari-
ables w0, w1, w2 is

(w0 + w1 + w2)2 = aw0w1w2.

By a solution we mean a triple u = (u0, u1, u2) ∈ Z3
>0 satisfying this equation. We denote

by S(a) ¦ Z3
>0 the set of all solutions.

The set S(a) is in bijection with the solution set of the corresponding usual Markov
type equation, studied exhaustively by Hurwitz [32]; see Remark 2.1.10. We expect
everything of this section to be known; see e.g. [14, Thm. 11] for the case a = 9. However,
we couldn’t find appropriate references and hence allow ourselves to provide an elementary
self-contained treatment according to our needs.

Lemma 2.1.1. Let a ∈ Z>0. Then we obtain an involution on the set S(a) of solutions
of the squared Markov type equation by

¼ : S(a) → S(a), u 7→
(

u0, u1,
(u0+u1)2

u2

)

= (u0, u1, au0u1 − 2u0 − 2u1 − u2) .
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2.1. Squared Markov type equations

Proof. Let u ∈ S(a). We show that the two representations of ¼(u) coincide. This merely
means to compare the third components:

au0u1 − 2u0 − 2u1 − u2 = (u0+u1+u2)2

u2
− 2u0 − 2u1 − u2 = (u0+u1)2

u2
.

In particular, ¼ maps solutions to positive integer tuples. We prove that u′ := ¼(u) is a
solution. With û := u0 + u1, we obtain

a = (u0+u1+u2)2

u0u1u2
= (û+u2)2

u0u1u2
=

(

û+ û2

u2

)2

u0u1
û2

u2

=
(u′

0+u′
1+u′

2)2

u′
0u′

1u′
2

.

A one-step mutation of a triple u ∈ S(a) is a permutation of its entries followed by
the operation ¼. A mutation of u is a composition of one-step mutations.

Theorem 2.1.2. Fix a ∈ Z>0 such that the equation (w0 +w1 +w2)2 = aw0w1w2 admits
a solution. Then we have

a ∈ {1, 2, 3, 4, 5, 6, 8, 9}.
For these a, the solutions of the above equation are precisely the mutations of the following
triples

(

9
a ,

9
a ,

9
a

)

, a = 1, 3, 9,
(

8
a ,

8
a ,

16
a

)

, a = 1, 2, 4, 8,

(

6
a ,

12
a ,

18
a

)

, a = 1, 2, 3, 6,
(

5
a ,

20
a ,

25
a

)

, a = 1, 5.

By the norm of a triple u ∈ Z3
>0, we mean the number ¿(u) := u0 +u1 +u2. Obviously

the norm is invariant under coordinate permutations. We call a triple u ∈ S(a) initial
if u0 f u1 f u2 and u2 f u0 + u1.

Lemma 2.1.3. Consider a solution u ∈ S(a). Set u′ := ¼(u). Then we have the following
equivalences:

¿(u) = ¿(u′) ⇐⇒ u2 = u′
2 ⇐⇒ u2 = u0 + u1,

¿(u) < ¿(u′) ⇐⇒ u2 < u′
2 ⇐⇒ u2 < u0 + u1.

In particular, an ascendingly ordered u ∈ S(a) is initial if and only if ¿(u) f ¿(ũ) for
any one-step mutation ũ of u.

Proof. By the definition of ¼, the vectors u and u′ differ only in the last coordinate.
This gives the first equivalence in each row. The remaining two equivalences follow
from u2u

′
2 = (u0 + u1)2.

Lemma 2.1.4. Consider a solution u ∈ S(a).

(i) We have 1
u0

+ 1
u1

f a
4 .
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(ii) If u is initial, then a
4 f 3

u2
+ 1

u0
.

Proof. For (i), write the squared Markov type equation as f(w2) = 0 with a polyno-
mial f ∈ K[w0, w1][w2]. Then f is of degree two in w2 with discriminant

∆(f) = a2w2
0w

2
1 − 4aw2

0w1 − 4aw0w
2
1 = 4aw2

0w
2
1

(

a
4 − 1

w0
− 1

w1

)

.

Since u ∈ S(a) has positive integer entries, ∆(f) evaluates non-negatively at u. The
assertion follows. We turn to (ii). The definition of an initial triple gives

u2 f u0 + u1, u0 + u1 + u2 f 2(u0 + u1), u0 f u1 f u2.

We conclude

a
4 = 1

4
(u0+u1+u2)2

u0u1u2
f (u0+u1)2

u0u1u2
= u0

u1u2
+ 2

u2
+ u1

u0u2
f 3

u2
+ 1

u0
.

Proof of Theorem 2.1.2. By Lemma 2.1.3 every solution is a mutation of an initial one.
So, it suffices to classify the initial solutions. For a g 5, any initial triple u ∈ S(a)
satisfies the inequality

u2 f 12
a−4 ,

use Lemma 2.1.4 (ii) and 1/u0 f 1. This effectively bounds the largest entry u2 of the
initial triples u ∈ S(a) for a g 5. Concretely, we arrive at

a g 9 8 7 6 5

u2 f 2 f 3 f 4 f 5 f 6

In each case, we check the (finitely many) ascendingly ordered u ∈ Z3
>0 satisfying the

respective bound on u2 for initial triples. For a g 10 and a = 7, there are no initial
triples and in each of the other cases, there is exactly one:

a 9 8 6 5

u (1, 1, 1) (1, 1, 2) (1, 2, 3) (1, 4, 5)

Case a = 4. Here, Lemma 2.1.4 (i) rules out the case u0 = 1. Thus, u0 g 2 and we
obtain u2 f 6, because otherwise Lemma 2.1.4 (ii) would give

1 = a
4 f 3

u2
+ 1

u0
f 3

7 + 1
2 .

Going through the ascendingly ordered u ∈ Z3
>0 with u0 g 2 and u2 f 6, we end up

with (2, 2, 4) as the only initial triple in S(6).
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2.1. Squared Markov type equations

Case a = 3. Again Lemma 2.1.4 (i) rules out the case u0 = 1. Thus, u0 g 2, forc-
ing u2 f 12, because otherwise Lemma 2.1.4 (ii) would give

3
4 = a

4 f 3
u2

+ 1
u0

f 3
13 + 1

2 .

The search over all ascendingly ordered u ∈ Z3
>0 with u0 g 2 and u2 f 12 produces

exactly two initial triples in S(3), namely (2, 4, 6) and (3, 3, 3).

Case a = 2. Here, Lemma 2.1.4 (i) rules out u0 = 1 and u0 = 2. Thus, u0 g 3 and u2 f 18,
because otherwise Lemma 2.1.4 (ii) would imply

1
2 = a

4 f 3
u2

+ 1
u0

f 3
19 + 1

3 .

Inside the set of all ascendingly ordered u ∈ Z3
>0 with u0 g 3 and u2 f 18, we find (4, 4, 8)

and (3, 6, 9) as the only two initial triples belonging to S(2).

Case a = 1. Using Lemma 2.1.4 (i), we can exclude u0 = 1, 2, 3, 4. Thus, u0 g 5 and we
derive u2 f 60, as otherwise Lemma 2.1.4 (ii) would claim

1
4 = a

4 f 3
u2

+ 1
u0

f 3
61 + 1

5 .

The search in the ascendingly ordered u ∈ Z3
>0 with 5 f u0 and u2 f 60 yields exactly

four initial triples in S(1), namely (9, 9, 9), (8, 8, 16), (6, 12, 18) and (5, 20, 25).

Remark 2.1.5. Given a, let T (a) ¦ S(a) denote the subset of all ascendingly ordered
solution triples. For a ∈ {9, 8, 6, 5}, we can regard T (a) as the vertex set of a tree, where
we join two triples u, u′ ∈ T (a) by an edge if they are distinct and arise from each other
by a one-step mutation.

T (9) (1,1,1) (1,1,4) (1,4,25)

(1,25,169)

(4,25,841)

(1,169,1156)

(25,169,37636)

(25,841,187489)

(4,841,28561)

T (8) (1,1,2) (1,2,9)

(1,9,50)

(2,9,121)

(1,50,289)

(9,50,3481)

(2,121,1681)

(9,121,8450)
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T (6) (1,2,3)

(2,3,25)

(1,3,8)

(3,25,392)

(2,25,243)

(3,8,121)

(1,8,27)

(1,27,98)

(8,27,1225)

(3,121,1922)

(8,121,5547)

(2,243,2401)

(25,243,35912)

(3,392,6241)

(25,392,57963)

T (5) (1,4,5)

(1,5,9)

(4,5,81)

(1,9,20)

(5,9,196)

(4,81,1445)

(5,81,1849)

(81,1849,744980)

(5,1849,42436)

(81,1445,582169)

(4,1445,25921)

(9,196,8405)

(5,196,4489)

(9,20,841)

(1,20,49)

Proposition 2.1.6. Take a ∈ 1, 2, 3, 4, 5, 6, 8, 9, let a = ba′ a factorization into positive
integers and consider the set of scaled triples

bS(a) := {(bu0, bu1, bu2); u ∈ S(a)}.

Then we have bS(a) ¦ S(a′). Moreover, we can express S(a′) for a′ = 4, 3, 2, 1 in terms
of the S(a) for a = 9, 8, 6, 5 as

S(4) = 2S(8), S(3) = 3S(9) ∪ 2S(6), S(2) = 4S(8) ∪ 3S(6),

S(1) = 9S(9) ∪ 8S(8) ∪ 6S(6) ∪ 5S(5).

In particular, T (4) is a tree, each of T (3) and T (2) is a union of two disjoint trees
and T (1) is a union of four disjoint trees.

Lemma 2.1.7. Consider a solution u ∈ S(a) of the squared Markov type equation and a
mutation ũ of u. Then gcd(u0, u1, u2) = gcd(ũ0, ũ1, ũ2).

Proof. It suffices to treat the case of an ascendingly ordered u and ũ = ¼(u). Then ũi = ui

for i = 0, 1 and ũ2 = au0u1 − 2u0 − 2u1 − u2. The assertion directly follows.
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2.1. Squared Markov type equations

Proof of Proposition 2.1.6. In order to check bS(a) ¦ S(a′), let u ∈ S(a). Then the
scaled solution bu satisifies

(bu0+bu1+bu2)2

bu0bu1bu2
= 1

b
(u0+u1+u2)2

u0u1u2
= a

b = a′.

Thus, bu ∈ S(a′). This verifies in particular all inclusions "§" of the displayed equations in
the proposition. We show exemplarily S(4) = 2S(8). Let u′ ∈ S(4). Then Theorem 2.1.2
tells us that u′ is a mutation of (2, 2, 4). Thus, Lemma 2.1.7 ensures u′ = 2u with u ∈ Z3

>0

and the above calculation shows u ∈ S(8).

Theorem 2.1.8. Let a ∈ {1, 2, 3, 4, 5, 6, 8, 9} and u ∈ S(a). Then there exist inte-
gers x0, x1, x2 ∈ Z>0 such that, up to permuting the entries, u is of the form

9
a

(

x2
0, x

2
1, x

2
2

)

, a = 1, 3, 9, 8
a

(

x2
0, x

2
1, 2x

2
2

)

, a = 1, 2, 4, 8,

6
a

(

x2
0, 2x

2
1, 3x

2
2

)

, a = 1, 2, 3, 6, 5
a

(

x2
0, x

2
1, 5x

2
2

)

, a = 1, 5.

Moreover, for a = 5, 6, 8, 9 the entries of u are pairwise coprime and for any a the above
numbers x0, x1, x2 satisfy the equation

À0x
2
0 + À1x

2
1 + À2x

2
2 =

√

aÀ0À1À2x0x1x2, (À0, À1, À2) =



































(

9
a ,

9
a ,

9
a

)

, a = 1, 3, 9,
(

8
a ,

8
a ,

16
a

)

, a = 1, 2, 4, 8,
(

6
a ,

12
a ,

18
a

)

, a = 1, 2, 3, 6,
(

5
a ,

5
a ,

25
a

)

, a = 1, 5.

Lemma 2.1.9. Let a ∈ Z>0 and u ∈ S(a). Then gcd(u0, u1) = gcd(u0, u1, u2) holds.

Proof. First recall that u ∈ S(a) means (u0 + u1 + u2)2 = au0u1u2. We rewrite this
equation as

u2
2 + (2u0 + 2u1 − au0u1)u2 + (u0 + u1)2 = 0.

Now, set q := gcd(u0, u1). The task is to show that q divides u2. Dividing the above
equation by q2 yields

(

u2
q

)2
+
(

2u0+u1
q − au0u1

q

)

u2
q +

(

u0+u1
q

)2
= 0.

Since q divides u0 + u1 and u0u1, this is an equation of integral dependence for the
fraction u2/q. As a factorial ring Z is normal and we can conclude u2/q ∈ Z.

Proof of Theorem 2.1.8. Consider any solution u ∈ S(a) of the squared Markov type
equation, where a = 9, 8, 6, 5. Theorem 2.1.2 and Lemma 2.1.9 tell us gcd(u0, u1, u2) = 1.
Let Ài be the minimal divisors of ui such that aÀ0À1À2 is a square number and set xi := ui/Ài.
Then we can write

(u0 + u1 + u2)2 = au0u1u2 = aÀ0À1À2x0x1x2,
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where we may assume À0 f À1 f À2. By Lemma 2.1.7, the ui are pairwise coprime. Thus,
the xi are pairwise coprime as well and, consequently, must be square numbers. We claim
that, according to the value of a, the vector À = (À0, À1, À2) is given as follows:

a 9 8 6 5

À (1, 1, 1) (1, 1, 2) (1, 2, 3) (1, 1, 5)

This is obvious for a = 9, 8, 5. For a = 6, Lemma 2.1.9 and Lemma 2.1.7 yield that
precisely one of the entries of u is divisible by 2 and precisely one by 3. For the initial
triple (1, 2, 3), no entry is divisible by 6. Applying stepwise Lemma 2.1.9 and Lemma 2.1.7,
we see that the latter holds for any mutation of (1, 2, 3). This excludes À = (1, 1, 6).

Thus, the assertion is verified for a = 9, 8, 6, 5. For a = 4, 3, 2, 1, we stress again
Theorem 2.1.2 and Lemma 2.1.7 and see that in this case the solutions all are obtained
by scaling solutions of the cases a = 9, 8, 6, 5 with suitable integers. The assertion
follows.

Remark 2.1.10. Theorem 2.1.8 shows in particular that the solutions of the squared
Markov type equations can be obtained from the solutions of the usual Markov type
equations considered in [32], see also [34, Sec. 3].

2.2 More about fake weighted projective spaces

First introductory background on fake weighted projective planes has been given in
Section 1.1. Here we gather the more specific topics needed in the subsequent sections of
this chapter.

Proposition 2.2.1. Consider a fake weighted projective space Z = Z(P ) as in Con-
struction 1.1.7, its fake weight vector w and a splitting K := Zr/im(P ∗) = Z · Γ as in
Remark 1.1.13. Then the divisor class group and any degree matrix of Z satisfy

Cl(Z) ∼= K, Q =

[

u0 . . . un

¸0 . . . ¸n

]

,
µ := gcd(w0, . . . , wn),

u := µ−1 · w.

The torsion part Γ of Cl(Z) is of order µ. The local class groups of the toric fixed points
and their orders are given by

Cl(Z, z(i)) = K/Z · qi, cl(Z, z(i)) = [K : Z · qi] = wi,

where qi = (ui, ¸i) are the columns of the degree matrix Q. Finally, the Cox ring of Z
together with its Cl(Z)-grading is given by

R(Z) = K[T0, . . . , Tn], deg(Ti) = qi ∈ K.
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2.2. More about fake weighted projective spaces

Proof. For the shape of Q, note that P annihilates the fake weight vector w and thus u
generates the kernel of P . For the remaining statements, see Proposition 1.1.2, Proposi-
tion 1.1.5 and Remark 1.1.8.

Corollary 2.2.2. For any n-dimensional fake weighted projective space, the torsion part
of Cl(Z) is generated by at most n− 1 elements.

Remark 2.2.3. Consider a fake weighted projetive plane Z = Z(P ). If the associated
fake weight vector w is primitive, then Q = [w0, . . . , wn] and Z = P(w0, . . . , wn) is an
ordinary weighted projective space.

Proposition 2.2.4 (Cf. [27, Prop. 2.5]). Consider a fake weighted projective plane
Z = Z(P ). An anticanonical divisor on Z is given by

−KZ = D0 +D1 +D2, Di := V (Ti) ¦ Z.

Moreover, the canonical self intersection number can be expressed in terms of the fake
weight vector w = (w0, w1, w2) as

K2
Z = (w0+w1+w2)2

w0w1w2
.

Proof. The first statement is standard toric geometry; see for example [10, Thm. 8.2.3].
For the second one, we may assume that the generator matrix P of Z is of the form

P =

[

l0 l1 l2
d0 d1 d2

]

, li ̸= 0, i = 0, 1, 2.

For the claim on the intersection number we recall the following from [10, Prop. 6.3.8].
For any two distinct columns vi, vj of P in positive orientation, the intersection number
of the associated divisors Di, Dj is given as

Di ·Dj = det(vi, vj)−1.

Moreover, we can compute the self intersection number of a divisor Dj . Taking all three
columns vi, vj , vk of P in positive orientation, we have

D2
j = − det(vi,vk)

det(vi,vj) det(vj ,vk) .

Together with the representation of the wi from Remark 1.1.8, this yields the claim.

The following construction shows how to gain fake weighted projective planes Z
directly from degree matrices and it allows us to switch between the presentations of a
given Z in terms of a degree matrix or a corresponding degree matrix.
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Construction 2.2.5. Let K = Z · Γ with Γ finite abelian and let Q = [q0, . . . , qn]
with qi ∈ Z>0 · Γ a degree matrix in K. The quasitorus H = SpecK[K] has K as its
character group and acts on Kn+1 via

h · z = (Çq0(h)z0, . . . , Ç
qn(h)zn).

The orbit space Z(Q) := Kn+1 \ {0} is a fake weighted projective space. More precisely,
starting with Q, we can produce the pair of mutually dual exact sequences

0 // Z // Zn+1 P
// Zn

0 oo K oo

Q
Zn+1 oo

P ∗
Zn oo 0,

by choosing the columns of P ∗ as the members of a Z-basis for the kernel of Q, regarded
as the map Zn+1 → K, ei → qi. Then the transpose P is a projective n×(n+1) generator
matrix with Q as corresponding degree matrix and we have

Z(Q) ∼= Z(P ).

Example 2.2.6. Consider a 2×3 degree matrix Q in K. Then, thanks to Corollary 2.2.2,
we have K = Z · Z/µZ, that means

Q =

[

u0 u1 u2

¯̧0 ¯̧1 ¯̧2

]

, u0, u1, u2 ∈ Z>0, ¯̧0, ¯̧1, ¯̧2 ∈ Z/µZ.

Moreover, the quasitorus H = SpecK[K] is explicitly given as H = K∗ × C(µ),
where C(µ) ¦ K∗ is the group of µ-th roots of unity and H acts on K3 via

(t, ·) · (z0, z1, z2) = (tu0·¸0z0, t
u1·¸1z1, t

u2·¸2z2).

Proposition 2.2.7. Let Q,Q′ be degree matrices in K = Z · Γ and Z,Z ′ the associated
weighted projective spaces. Then the following statements are equivalent:

(i) We have an isomorphism of the varieties Z ∼= Z ′.
(ii) We have an isomorphism of graded algebras R(Z) ∼= R(Z ′).
(iii) Q′ = [ı(q0), . . . , ı(qn)] ·B with ı ∈ Aut(K) and a permutation matrix B.

Proof. The equivalence of the first two statements holds more generally for any Q-factorial
Mori dream space of Picard number one; see [3, Rem. 3.3.4.2]. The equivalence of the
second and the third and statement is clear by Proposition 2.2.1 and the definition of an
isomorphism of graded algebras.

Proposition 2.2.7 becomes an efficient classification tool in the case of a cyclic torsion
part when we combine it with the following.

45



2.2. More about fake weighted projective spaces

Lemma 2.2.8. Consider the abelian group G := Z · Z/µZ. Then any choice of ϵ = ±1,
ā ∈ Z/µZ and c̄ ∈ (Z/µZ)∗ defines an automorphism

φϵ,ā,c̄ : G → G, (k, m̄) 7→ (ϵk, āk̄ + c̄m̄).

Conversely, every automorphism φ : G → G is of this form. In particular, Aut(G) is of
order 2µΦ(µ), where Φ denotes Euler’s totient function.

Proof. One directly checks that φϵ,ā,c̄ is an automorphism of G. Let φ : G → G be any
automorphism. We claim

φ(1, 0̄) = (ϵ, ā), ϵ = ±1, ā ∈ Z/µZ φ(0, 1̄) = (0, c̄), c̄ ∈ (Z/µZ)∗.

Indeed, (0, 1̄) generates the torsion part Z/µZ, which in turn is fixed by φ, hence generated
by φ(0, 1̄). This gives the second identity. So far, we have

Z · Z/µZ = Z · φ(1, 0̄) · Z · φ(0, 1̄) = Z · (ϵ, ā) · Z · (0, c̄)

with some ϵ ∈ Z and ā ∈ Z/µZ. This forces ϵ = ±1, verifying the claim. Now, comparing
the values on (1, 0̄) and (0, 1̄) shows φ = φϵ,ā,c̄.

Remark 2.2.9. Consider K = Z · Z/µZ and a degree matrix Q = [q0, . . . , qn] in K,
where qi = (ui, ¯̧i). Only the automorphims of the form φ1,ā,c̄ from Lemma 2.2.8 respect
positivity in the first line of Q. Moreover, observe

[

φ1,ā,c̄(q0) . . . φ1,ā,c̄(qn)
]

=

[

1 0
a c

]

·
[

u0 . . . un

¯̧0 . . . ¯̧n

]

.

That means that we can realize in practice the application of an automorphism φ1,ā,c̄ by
matrix multiplication or, equivalently, by stepwise adding multiples of the upper to the
lower row and scaling the lower row by units.

Remark 2.2.10. Let Q = [q0, . . . , qn] be a degree matrix in K = Z · Γ. Then the fake
weight vector of Z(Q) can be written as

w = w(Q) = (w0, . . . , wn), wi = [K : Z · qi].

We say that Q is associated with w = w(Q). Note that w(Q) = w(Q′) may happen even
if Z(Q) and Z(Q′) are not isomorphic to each other.

Definition 2.2.11. Let a ∈ {1, 2, 3, 4, 5, 6, 8, 9}, w ∈ S(a), µ := gcd(w0, w1, w2) and
u := µ−1 · w. We call w adjusted if one of the following holds

• a = 9 and w0 f w1 f w2,

• a = 8, w0 f w1 and 2 | w2,

• a = 6, 2 | w1 and 3 | w2,

• a = 5, w0 f w1 and 5 | w2,

46



• a f 4 and u is adjusted.

Moreover, we call a degree matrix Q associated with w ∈ S(a) adjusted if w is adjusted
and for a f 4, the matrix Q is of the form

Q =

[

u0 u1 u2

0̄ 1̄ ¯̧

]

, 1 f ¸ < µ, ¯̧ =















2̄, a = 1, u = (1, 1, 1),

2̄, 5̄, a = 1, u = (1, 1, 4),

1̄, 3̄, 5̄, a = 2, u = (1, 1, 2).

Proposition 2.2.12. Let a ∈ {1, 2, 3, 4, 5, 6, 8, 9}, w ∈ S(a) adjusted and Q,Q′ adjusted
degree matrices associated with w. Then we have

Z(Q) ∼= Z(Q′) ⇐⇒ Q = Q′.

Proof. The assertion follows from Proposition 2.2.7.

Example 2.2.13. For a = 1, 2, 3, 4, 5, 6, 8, 9, we list divisor class group, corresponding
generator and adjusted degree matrices for the fake weighted projective planes having an
initial triple as fake weight vector:

a = 9 Z
[

1 1 −2
0 1 −1

]

[

1 1 1
]

a = 8 Z
[

1 1 −1
0 −2 1

]

[

1 1 2
]

a = 6 Z
[

1 1 −1
0 −3 2

]

[

1 2 3
]

a = 5 Z
[

1 1 −1
0 −5 4

]

[

1 4 5
]

a = 4 Z · Z/2Z
[

1 1 −1
0 −4 2

] [

1 1 2
0̄ 1̄ 1̄

]

a = 3 Z · Z/3Z
[

1 1 −1
0 −3 3

] [

1 1 1
0̄ 1̄ 2̄

]

a = 3 Z · Z/2Z
[

1 1 −1
0 −6 4

] [

1 2 3
0̄ 1̄ 1̄

]

a = 2 Z · Z/4Z
[

1 1 −1
0 −8 4

] [

1 1 2
0̄ 1̄ 1̄

]

a = 2 Z · Z/4Z
[

2 2 −3
1 −3 1

] [

1 1 2
0̄ 1̄ 3̄

]

a = 2 Z · Z/3Z
[

1 1 −1
0 −9 6

] [

1 2 3
0̄ 1̄ 1̄

]

a = 2 Z · Z/3Z
[

3 3 −3
1 −2 1

] [

1 2 3
0̄ 1̄ 2̄

]

a = 1 Z · Z/9Z
[

3 3 −6
1 −2 1

] [

1 1 1
0̄ 1̄ 2̄

]

a = 1 Z · Z/8Z
[

1 1 −1
0 −16 8

] [

1 1 2
0̄ 1̄ 1̄

]

a = 1 Z · Z/8Z
[

4 4 −4
1 −3 1

] [

1 1 2
0̄ 1̄ 3̄

]

a = 1 Z · Z/8Z
[

2 2 −2
0 −7 3

] [

1 1 2
0̄ 1̄ 5̄

]

a = 1 Z · Z/6Z
[

1 1 −1
0 −18 12

] [

1 2 3
0̄ 1̄ 1̄

]

a = 1 Z · Z/6Z
[

3 3 −3
2 −4 2

] [

1 2 3
0̄ 1̄ 5̄

]

a = 1 Z · Z/5Z
[

1 1 −1
0 −25 20

] [

1 4 5
0̄ 1̄ 1̄

]

a = 1 Z · Z/5Z
[

5 5 −5
3 −2 1

] [

1 4 5
0̄ 1̄ 2̄

]

a = 1 Z · Z/5Z
[

5 5 −5
1 −4 3

] [

1 4 5
0̄ 1̄ 3̄

]

a = 1 Z · Z/5Z
[

5 5 −5
2 −3 2

] [

1 4 5
0̄ 1̄ 4̄

]
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2.3. Fake weighted projective planes of integral degree

2.3 Fake weighted projective planes of integral degree

We classify the fake weighted projective planes Z of integral degree K2
Z . Proposition 2.2.4

shows that the potential fake weight vectors of such Z are the solution triples of the
squared Markov type equations. It turns out that in fact every solution triple occurs as
a fake weight vector. We determine and verify all associated adjusted degree matrices
and list them in a redundance free manner.

Proposition 2.3.1. Let Z be a projective toric surface of Picard number one of degree
a := K2

Z ∈ Z. Then a ∈ {1, 2, 3, 4, 5, 6, 8, 9}.

Proof. We may assume Z = Z(P ). Then Proposition 2.2.4 yields that the fake weight
vector of Z is a solution triple of a squared Markov type equation. Thus, Theorem 2.1.2
yields the assertion.

Proposition 2.3.2. Let Z be a projective toric surface of Picard number one of degree
a ∈ {5, 6, 8, 9}. Then Z is isomorphic to a weighted projective space P(w0, w1, w2) for
exactly one adjusted w ∈ S(a).

Proof. We may assume Z = Z(P ). By Proposition 2.2.4, the fake weight vector w of Z
satisfies w ∈ S(a). By Theorem 2.1.8, the entries w0, w1, w2 of w are pairwise coprime.
Thus, Z ∼= P(w0, w1, w2) is an ordinary weighted projective plane; see Remark 2.2.3.
Taking adjusted solution triples, makes the presentation redundance free.

For the fake weighted projective planes Z of degree a ∈ {1, 2, 3, 4}, we will encounter
torsion in the divisor class group. We will list the resulting Z in terms of adjusted degree
matrices in the sense of Definition 2.2.11. Whereas the procedure of finding and verifying
those follows a common pattern for all q = 1, 2, 3, 4, the detailed arguing relies on the
specific divisibility properties of the solution triples from S(a) in each case.

Lemma 2.3.3. Let Q = [q0, q1, q2] be a degree matrix in Z · Z/µZ, write qi = (ui, ¯̧i)
and assume gcd(u0, µ) = 1. Then we find an automorphism of Z · Z/µZ which, applied
to columns, turns Q into

Q′ =

[

u0 u1 u2

0̄ 1̄ ¯̧

]

, ¯̧ ∈ (Z/µZ)∗.

We have Z(Q) ∼= Z(Q′) and Q,Q′ share the same corresponding generator matrices.
Moreover, the local class group of z(i) ∈ Z(Q) is cyclic of order µui and the fake weight
vector is given by w(Q) = µ · (u0, u1, u2).

Proof. Proposition 2.2.7 and Lemma 2.2.8 tell us that suffices to apply suitable operations
from Remark 2.2.9. Thanks to gcd(u0, µ) = 1, we have ū0 ∈ (Z/µZ)∗. Hence ¯̧0 = āū0 for
some a ∈ Z. Subtracting ā·(ū0, ū1, ū2) from the second row, we achieve ¯̧0 = 0̄. As each of
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the pairs q0, q1 and q0, q2 generates Z·Z/µZ as a group, we can conclude ¯̧1, ¯̧2 ∈ (Z/µZ)∗.
Scaling the second row of Q with the multiplicative inverse on ¯̧1 finally turns Q into Q′.

By Construction 2.2.5 and Proposition 2.2.1, the local class groups Ki := Cl(Z, zi) are
given as Ki = K/Z ·q′

i, where K = Z·Z/µZ and q′
i is the i-th column of Q′. Clearly Ki is

generated by the classes of (1, 0̄) and (0, 1̄). We treat K0. Let ·, » ∈ Z with ·µ+»u0 = 1.
Then we observe

(1, 0̄) = ·µ · (1, 1̄) + » · (u0, 0̄), (0, 1̄) = (1, 1̄) − (1, 0̄),

and conclude that the class of (1, 1̄) generates K0. Moreover, due to the coprimeness
of u0 and µ, the class (1, 1̄) in K0 of order µu0. Now consider Ki for i = 1, 2. Set ¸1 := 1
and ¸2 := ¸. Choosing ·i ∈ Z with ·̄i ¯̧i = −1̄ in Z/µZ. Then

(0, 1̄) = ·iui · (1, 0̄) − ·i · (ui, ¯̧i),

and thus the class of (1, 0̄) generates Ki, where i = 1, 2. Consequently, each of the local
class groups Cl(Z, z(i)) = Ki is cyclic of order µui. The statement on the fake weight
vector is clear by Proposition 2.2.1.

Proposition 2.3.4. Let Z be a fake weighted projective plane of degree 4. Then Z ∼= Z(Q)
with w = w(Q) adjusted and there are x0, x1, x2 ∈ Z>0 such that

(x2
0, x

2
1, 2x

2
2) ∈ S(8), w = 2 · (x2

0, x
2
1, 2x

2
2).

Moreover, the divisor class group is Cl(Z) = Z · Z/2Z and the degree matrix Q can be
choosen as

Q(w) =

[

x2
0 x2

1 2x2
2

0̄ 1̄ 1̄

]

.

Any such matrix is a degree matrix of a fake weighted projective plane of degree 4 and
distinct matrices represent non-isomorphic fake weighted projective planes.

Proof. We may assume Z = Z(P ) with a generator matrix P . Let Q be a corresponding
degree matrix. Suitably renumbering the columns of both, we achieve that w = w(P ) is
adjusted. By Proposition 2.2.4, we have w ∈ S(4). Proposition 2.1.6 says w = 2 · u with
u ∈ S(8). From Theorem 2.1.8 we infer u = (x2

0, x
2
1, 2x

2
2) and pairwise coprimeness of the

entries of u. Proposition 2.2.1 shows Cl(Z) = Z · Z/2Z and establishes the first row of
Q. Since x0 is coprime to 2x2

2, it must be odd. Thus, Lemma 2.3.3 allows us to assume
Q = Q(w) as claimed.

Now consider any Q(w) as in the assertion, that means a matrix with first row
u = (x2

0, x
2
1, 2x

2
2) from S(8) and second row (0̄, 1̄, 1̄) with entries in Z/2Z. We verify that

Q(w) is a degree matrix of a fake weighted projective plane with the claimed properties.
Given two columns qi, qj of Q we have to show that these generate K = Z · Z/2Z as a
group. Since ui, uj are coprime, we find (1, 0̄) or (1, 1̄) in the span of qi, qj . In the first
case, we are done. In the second case, observe that we find also an element (b, 0̄) with b
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odd in the span of qi, qj . Subtracting the (b− 1)-fold of (1, 1̄) gives (1, 0̄) and we are done
as well. Thus, Q(w) is a degree matrix in K. Set Z = Z(Q(w)). Lemma 2.3.3 ensures
that Z has fake weight vector 2 · u ∈ S(4) and we can apply Proposition 2.2.4 to see that
Z is of degree 4. Finally, Proposition 2.2.12 ensures that distinct matrices Q(w) define
non-isomorphic fake weighted projective planes.

Proposition 2.3.5. Let Z be a fake weighted projective plane of degree 3. Then Z ∼= Z(Q)
with w = w(Q) adjusted and there are x0, x1, x2 ∈ Z>0 such that we are in one of the
following situations:

(i) we have (x2
0, x

2
1, x

2
2) ∈ S(9), w = 3 · (x2

0, x
2
1, x

2
2), the divisor class group is Cl(Z) =

Z · Z/3Z, and the degree matrix Q can be chosen as

Q(w) =

[

x2
0 x2

1 x2
2

0̄ 1̄ 2̄

]

,

(ii) we have (x2
0, 2x

2
1, 3x

2
2) ∈ S(6), w = 2 · (x2

0, 2x
2
1, 3x

2
2), the divisor class group is

Cl(Z) = Z · Z/2Z and the degree matrix Q can be chosen as

Q(w) =

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 1̄

]

.

Any matrix as above is a degree matrix of a fake weighted projective plane of degree 3
and distinct matrices represent non-isomorphic fake weighted projective planes.

Lemma 2.3.6. Let u ∈ S(9). Then ūi = 1̄ ∈ Z/3Z holds for i = 0, 1, 2. In particular,
3 ∤ ui for i = 0, 1, 2.

Proof. Clearly the assertion holds for u = (1, 1, 1). By Theorem 2.1.2, we only have to
show that, if u ∈ S(9) satisfies the assertion, then u′ = ¼(u) does so. Recall

u′
0 = u0, u′

1 = u1, u′
2 = 9u0u1 − 2u0 − 2u1 − u2

from the construction of ¼ given in Lemma 2.1.1. For u′
0 and u′

1 is nothing to show and,
passing to the classes in Z/3Z, we directly see ū′

2 = −5̄ = 1̄.

Proof of Proposition 2.3.5. We may assume Z = Z(P ) and w = w(P ) being adjusted.
By Proposition 2.2.4, we have w ∈ S(3). According to Proposition 2.1.6, we either have
w = 3 · u with u ∈ S(9) or w = 2 · u with u ∈ S(6). We go through each of these two
cases and establish the claimed shape for a corresponding degree matrix Q.

Case (i): w = 3 · u with u ∈ S(9). Theorem 2.1.8 provides us with u = (x2
0, x

2
1, x

2
2)

and Proposition 2.2.1 yields that the torsion part of Cl(Z) is of order three. Moreover,
Lemma 2.3.6 says in particular gcd(x2

0, 3) = 1 and thus Lemma 2.3.3 shows that Q can
be choosen to be of the shape

Q =

[

x2
0 x2

1 x2
2

0̄ 1̄ ¯̧

]

, ¸ ∈ (Z/3Z)∗.

50



We show ¯̧ ≠ 1̄. Otherwise, due to Lemma 2.3.6, adding 2̄ · (x̄2
0, x̄

2
1, x̄

2
2) turns the second

row of Q into (2̄, 0̄, 0̄), which contradicts to Remark 2.2.9, guaranteeing that this operation
respects the properties of a degree matrix.

We check that each of the matrices Q(w) from Case (i) is a degree matrix in K :=
Z · Z/3Z defining a fake weighted projective plane Z as claimed. Given two columns
qi, qj of Q(w), we use Lemma 2.3.6 to observe

ujqi − uiqj = (0, ¯̧i + 2̄¯̧j) ∈ {(0, 1̄), (0, 2̄)},
where qk = (uk, ¯̧k). Since ui and uj are coprime, (1, ·̄) lies in the span of qi, qj for some
· ∈ Z/3Z. We conclude that qi, qj generate K as a group. Lemma 2.3.3 ensures that Z
has fake weight vector 3 · (x2

0, x
2
1, x

2
2) ∈ S(3). Thus, Proposition 2.2.4 yields that Z is of

degree 3.

Case (ii): w = 2 · u with u ∈ S(6). By Theorem 2.1.8 we know u = (x2
0, 2x

2
1, 3x

2
2) and

that u has pairwise coprime entries. In particular, x2
0 is odd. Proposition 2.2.1 gives

Cl(Z) = Z · Z/2Z and by Lemma 2.3.3, the degree matrix can be choosen as

Q =

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 1̄

]

.

We check that each of the matrices Q(w) from Case (ii) is a degree matrix in K :=
Z · Z/2Z defining a fake weighted projective plane Z as claimed. As u = (x2

0, 2x
2
1, 3x

2
2)

has pairwise coprime entries, x0 and x2 are odd. Thus, for any two columns qi, qj of
Q(w), we obtain

ujqi − uiqj = (0, 1̄).

Moreover, since ui and uj are coprime, (1, ·̄) lies in the span of qi, qj for · ∈ Z/2Z. We
conclude that qi, qj generate K as a group. Lemma 2.3.3 ensures that Z has fake weight
vector 2 · u ∈ S(3) and Proposition 2.2.4 guarantees that Z is of degree 3.

Finally, in each of the Cases (i) and (ii), Proposition 2.2.12 tells us that distinct
matrices Q(w) define non-isomorphic fake weighted projective planes.

Proposition 2.3.7. Let Z be a fake weighted projective plane of degree 2. Then Z ∼= Z(Q)
with w = w(Q) adjusted and there are x0, x1, x2 ∈ Z>0 such that we are in one of the
following situations:

(i) we have (x2
0, x

2
1, x

2
2) ∈ S(8), w = 4 · (x2

0, x
2
1, 2x

2
2), the divisor class group is Cl(Z) =

Z · Z/4Z and the degree matrix Q can be chosen as

Q(w, 1̄) =

[

x2
0 x2

1 2x2
2

0̄ 1̄ 1̄

]

, Q(w, 3̄) =

[

x2
0 x2

1 2x2
2

0̄ 1̄ 3̄

]

,

(ii) we have (x2
0, 2x

2
1, 3x

2
2) ∈ S(6), w = 3 · (x2

0, 2x
2
1, 3x

2
2), the divisor class group is

Cl(Z) = Z · Z/3Z and the degree matrix Q can be chosen as

Q(w, 1̄) =

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 1̄

]

, Q(w, 2̄) =

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 2̄

]

.
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2.3. Fake weighted projective planes of integral degree

Any matrix as above is a degree matrix of a fake weighted projective plane of degree 2
and distinct matrices represent non-isomorphic fake weighted projective planes.

Lemma 2.3.8. Let u ∈ S(8) be adjusted. Then (ū0, ū1, ū2) = (1̄, 1̄, 2̄) holds in Z/4Z.

Proof. The claim holds for u = (1, 1, 2). By Theorem 2.1.2 it suffices to show that if
u ∈ S(8) fulfills the claim after adjusting, then u′ := ¼(u) does so. Lemma 2.1.1 says

u′
0 = u0, u′

1 = u1, u′
2 = 8u0u1 − 2u0 − 2u1 − u2.

If ū2 = 2̄ holds, then ū0 = ū1 = 1̄ and we compute ū′
2 = −ū2 = 2̄. If ū2 = 1̄ holds, then

one of ū0, ū1 equals 1̄ and the other equals 2̄. We obtain ū′
2 = −3̄ = 1̄.

Lemma 2.3.9. Let u ∈ S(6) be adjusted. Then (ū0, ū1, ū2) = (1̄, 2̄, 0̄) holds in Z/3Z.

Proof. The assertion is true for u = (1, 2, 3). By Theorem 2.1.2, we only have to show
that, if u ∈ S(6) fulfills the claim after adjusting, then u′ = ¼(u) does so. According to
Lemma 2.1.1, we have

u′
0 = u0, u′

1 = u1, u′
2 = 6u0u1 − 2u0 − 2u1 − u2.

If ū2 = 0̄, then we may assume ū0 = 1̄ and ū1 = 2̄ and compute ū′
2 = 0̄. If ū2 = 1̄, then

we may assume ū0 = 0̄ and ū1 = 2̄ and compute ū′
2 = −5̄ = 1̄. If ū2 = 2̄, then we may

assume ū0 = 0̄ and ū1 = 1̄ and compute ū′
2 = −4̄ = 2̄.

Proof of Proposition 2.3.7. We may assume Z = Z(P ) and that w = w(P ) is adjusted.
Let Q be a degree matrix corresponding to P . Proposition 2.2.4 yields w ∈ S(2).
According to Proposition 2.1.6, we either have w = 4 · u with u ∈ S(8) or w = 3 · u
with u ∈ S(6).

Case (i): w = 4 · u with u ∈ S(8). Then u = (x2
0, x

2
1, 2x

2
2) and u has pairwise coprime

entries; see Theorem 2.1.8. Moreover, from Proposition 2.2.1 and Corollary 2.2.2 we infer
that the toriosn part of Cl(Z) is cyclic of order four. Coprimeness of x2

0 and 2x2
2 forces

x2
0 to be odd and thus Lemma 2.3.3 allows us to assume

Q =

[

x2
0 x2

1 2x2
2

0̄ 1̄ ¯̧

]

, ¯̧ ∈ (Z/4Z)∗ = {1̄, 3̄}.

We verify that each of the matrices Q(w, ¯̧) from Case (i) is a degree matrix in
K := Z · Z/4Z, defining a fake weighted projective plane Z as claimed. Lemma 2.3.8
delivers (ū0, ū1, ū2) = (1̄, 1̄, 2̄) for u = (x2

0, x
2
1, 2x

2
2). Thus, given two columns qi, qj of

Q(w, ¯̧), we can compute

ujqi − uiqj ∈ {(0, 1̄), (0, 3̄)}.
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Moreover, since ui and uj are coprime, (1, ·̄) lies in the span of qi, qj for some · ∈ Z/4Z.
We conclude that qi, qj generate K as a group. Lemma 2.3.3 establishes the fake weight
vector w = 4 · u ∈ S(2) and Proposition 2.2.4 says that Z is of degree 2.

Case (ii): w = 3 · u with u ∈ S(6). Then u = (x2
0, 2x

2
1, 3x

2
2) and u has pairwise coprime

entries as provided by Theorem 2.1.8. Proposition 2.2.1 shows that Cl(Z) has torsion
part of order three. Moreover, gcd(x2

0, 3) = 1 brings Lemma 2.3.3 into the game and we
can assume

Q =

[

x2
0 2x2

1 3x2
2

0̄ 1̄ ¯̧

]

, ¯̧ ∈ (Z/3Z)∗.

We check that each of the matrices Q(w, ¯̧) from Case (ii) is a degree matrix in
K := Z · Z/3Z and defines a fake weighted projective plane Z as claimed. From
Lemma 2.3.9 we know

(x̄2
0, 2̄x̄

2
1, 3̄x̄

2
2) = (1̄, 2̄, 0̄) ∈ Z/3Z.

Thus, given two columns qi, qj of Q, we see that ujqi − uiqj equals either (0, 1̄) or (0, 2̄),
where u = (x2

0, 2x
2
1, 3x

2
2). Since ui and uj are coprime, we find additionally (1, ·̄) in the

span of qi, qj for some · ∈ Z/3Z. Thus, qi, qj generate K as a group. Lemma 2.3.3 tells
us that the fake weight vector of Z is w = 3 · u ∈ S(2). Thus, Proposition 2.2.4 ensures
that Z is of degree 2.

As in the preceding proofs, Proposition 2.2.12 guarantees that in all the cases just
treated, distinct matrices define non-isomorphic varieties.

Proposition 2.3.10. Let Z be a fake weighted projective plane of degree 1. Then
Z ∼= Z(Q) with w = w(Q) adjusted and there are x0, x1, x2 ∈ Z>0 such that we are in
one of the following situations:

(i) we have (x2
0, x

2
1, x

2
2) ∈ S(9), w = 9 · (x2

0, x
2
1, x

2
2), the divisor class group is given

by Cl(Z) = Z · Z/9Z and the degree matrix Q can be chosen as

Q(w, ¯̧) =

[

x2
0 x2

1 x2
2

0̄ 1̄ ¯̧

]

, ¯̧ = 2̄, 5̄, 8̄.

(ii) we have (x2
0, x

2
1, 2x

2
2) ∈ S(8), w = 8 · (x2

0, x
2
1, 2x

2
2), the divisor class group is

Cl(Z) = Z · Z/8Z and the degree matrix Q can be chosen as

Q(w, ¯̧) =

[

x2
0 x2

1 2x2
2

0̄ 1̄ ¯̧

]

, ¯̧ = 1̄, 3̄, 5̄, 7̄.

(iii) we have (x2
0, 2x

2
1, 3x

2
2) ∈ S(6), w = 6 · (x2

0, 2x
2
1, 3x

2
2), the divisor class group is

Cl(Z) = Z · Z/6Z and the degree matrix Q can be chosen as

Q(w, ¯̧) =

[

x2
0 2x2

1 3x2
2

0̄ 1̄ ¯̧

]

, ¯̧ = 1̄, 5̄.

53



2.3. Fake weighted projective planes of integral degree

(iv) we have (x2
0, x

2
1, 5x

2
2) ∈ S(5), w = 5 · (x2

0, x
2
1, 5x

2
2), the divisor class group is

Cl(Z) = Z · Z/5Z and the degree matrix Q can be chosen as

Q(w, ¯̧) =

[

x2
0 x2

1 5x2
2

0̄ 1̄ ¯̧

]

, ¯̧ = 1̄, 2̄, 3̄, 4̄.

Any Q(w, ¯̧) as above is a degree matrix of a fake weighted projective plane of degree 1.
Two distinct Q(w, ¯̧) define non-isomorphic fake weighted projective planes, except they
stem from (1-9-∗) or (1-8-∗) and are both taken from one of the sets

{[

1 1 1

0̄ 1̄ 2̄

]

,

[

1 1 1

0̄ 1̄ 5̄

]

,

[

1 1 1

0̄ 1̄ 8̄

]}

,

{[

1 1 4

0̄ 1̄ 5̄

]

,

[

1 1 4

0̄ 1̄ 8̄

]}

,

{[

1 1 2

0̄ 1̄ 1̄

]

,

[

1 1 2

0̄ 1̄ 7̄

]}

.

In these cases, for any pair of degree matrices stemming from a common set, the associated
fake weighted projective planes are in fact isomorphic to each other.

Lemma 2.3.11. Let u ∈ S(8) be adjusted. Then (ū0, ū1, ū2) = (1̄, 1̄, 2̄) in Z/8Z.

Proof. The claim holds for u = (1, 1, 2). By Theorem 2.1.2 it suffices to show that if
u ∈ S(8) fulfills the claim after adjusting, then u′ := ¼(u) does so. Lemma 2.1.1 says

u′
0 = u0, u′

1 = u1, u′
2 = 8u0u1 − 2u0 − 2u1 − u2.

If ū2 = 2̄ holds, then ū0 = ū1 = 1̄ and we compute ū′
2 = −6̄ = 2̄. If ū2 = 1̄ holds, then

one of ū0, ū1 equals 1̄ and the other equals 2̄. We obtain ū′
2 = −7̄ = 1̄.

Lemma 2.3.12. Let u ∈ S(6) be adjusted. Then (ū0, ū1, ū2) = (1̄, 2̄, 3̄) in Z/6Z.

Proof. The assertion is valid for u = (1, 2, 3). By Theorem 2.1.2, we only have to show
that, if u ∈ S(6) fulfills the claim after adjusting, then u′ = ¼(u) does as well. According
to Lemma 2.1.1, we have

u′
0 = u0, u′

1 = u1, u′
2 = 6u0u1 − 2u0 − 2u1 − u2.

If ū2 = 3̄, then we may assume ū0 = 1̄ and ū1 = 2̄ and compute ū′
2 = −9̄ = 3̄. If ū2 = 1̄,

then we may assume ū0 = 2̄ and ū1 = 3̄ and compute ū′
2 = −1̄1 = 1̄. If ū2 = 2̄, then we

may assume ū0 = 1̄ and ū1 = 3̄ and compute ū′
2 = −1̄0 = 2̄.

Lemma 2.3.13. Let u ∈ S(5) be adjusted. Then (ū0, ū1, ū2) = (1̄, 4̄, 0̄), (4̄, 1̄, 0̄), in Z/5Z.

Proof. The assertion is true for u = (1, 4, 5). Due to Theorem 2.1.2, it is enough to
show that, if u ∈ S(5) fulfills the claim after adjusting, then u′ = ¼(u) does so. By
Lemma 2.1.1, we have

u′
0 = u0, u′

1 = u1, u′
2 = 5u0u1 − 2u0 − 2u1 − u2.

If ū2 = 0̄, then up to switching ū0 = 1̄ and ū1 = 4̄ and we obtain ū′
2 = −1̄0 = 0̄. If

ū2 = 1̄, then up to switching ū0 = 0̄ and ū1 = 4̄ and we obtain ū′
2 = −9̄ = 1̄. If ū2 = 4̄,

then up to switching ū0 = 0̄ and ū1 = 1̄ and we obtain ū′
2 = −6̄ = 4̄.
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Proof of Proposition 2.3.10. We may assume Z = Z(P ) and that w = w(P ) is an ad-
justed fake weight vector. Let Q be a degree matrix corresponding to P . Proposition 2.2.4
yields w ∈ S(1). By Proposition 2.1.6, one of the following holds

w = 9 · u, u ∈ S(9), w = 8 · u, u ∈ S(8), w = 6 · u, u ∈ S(6), w = 5 · u, u ∈ S(5).

Case (i): w = 9 ·u with u ∈ S(9). Theorem 2.1.8 provides us with u = (x2
0, x

2
1, x

2
2), having

pairwise coprime entries. Due to Proposition 2.2.1 and Corollary 2.2.2, the torsion part
of Cl(Z) is cyclic of order nine. Lemma 2.3.3 and Lemma 2.3.6 allow us to assume

Q =

[

x2
0 x2

1 x2
2

0̄ 1̄ ¯̧

]

, ¯̧ ∈ (Z/9Z)∗ = {1̄, 2̄, 4̄, 5̄, 7̄, 8̄}.

We exclude ¯̧ = 1̄, 4̄, 7̄. Otherwise, Q would be a degree matrix for one of these values.
Then (0, 1̄) must lie in the span of the last two columns of Q. Since x1, x2 are coprime,
this means x̄2

2 = x̄2
1 ¯̧ + 1̄ in Z/9Z. Inserting the values of ¯̧ gives

x̄2
2 = x̄2

1 + 1̄, x̄2
2 = 4̄x̄2

1 + 1̄, x̄2
2 = 7̄x̄2

1 + 1̄,

as identities in Z/9Z. Moreover, Lemma 2.3.6 says that x̄2
1, x̄

2
2 are taken from {1̄, 4̄, 7̄} as

well. A direct computation shows that none of the above identities can be satisfied this
way. Thus, ¯̧ must be one of 2̄, 5̄, 8̄.

We show that Q(w, ¯̧) for ¯̧ = 2̄, 5̄, 8̄ is a degree matrix in K := Z · Z/9Z. Since
u = (x2

0, x
2
1, x

2
2) has are pairwise coprime entries, we find an element of the form (1, ·̄)

with ·̄ ∈ Z/9Z in the span of any two columns of Q. Moreover, (0, »̄ij) lies the span of
the columns qi, qj of Q(w, ¯̧) for

»̄ij := x̄2
j ¯̧i − x̄2

i ¯̧j ,

where we write qk = (x2
k, ¯̧k). Recall that due to Lemma 2.3.6 the classes x̄2

i , x̄
2
j belong

to {1̄, 4̄, 7̄}. Thus, for i = 0 and j = 1, 2 we see due to ¯̧0 = 0̄ that »̄ij = x̄2
0 ¯̧j is a unit in

Z/9Z. Moreover,
»̄12 = x̄2

2 − ¯̧2x̄
2
1 ∈ (Z/9Z)∗

is checked via directly by inserting all possible values 1̄, 4̄, 7̄ for the x̄i and 2̄, 5̄, 8̄ for ¯̧2.
Lemma 2.3.3 shows that the fake weight vector of the fake weighted projective plane Z
associated with Q(w, ¯̧) is w = 9 · u ∈ S(1) for u = (x2

0, x
2
1, x

2
2). Thus, Proposition 2.2.4

yields that Z is of degree 1.

Case (ii): w = 8 · u with u ∈ S(8). Then u = (x2
0, x

2
1, 2x

2
2) and u has pairwise coprime

entries; see Theorem 2.1.8. Proposition 2.2.1 and Corollary 2.2.2 ensure that Cl(Z) has
cyclic torsion part of order eight. As x0 is odd by coprimeness of x0, 2x2, Lemma 2.3.3
allows us to assume

Q =

[

x2
0 x2

1 2x2
2

¯̧0 ¯̧1 ¯̧2

]

, 0̄, 1̄, ¯̧ ∈ Z/8Z = {1̄, 3̄, 5̄, 7̄}.
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2.3. Fake weighted projective planes of integral degree

Let us see why each Q(w, ¯̧) is a degree matrix in K := Z · Z/8Z, defining a fake
weighted projective plane Z as claimed. Lemma 2.3.11 delivers (ū0, ū1, ū2) = (1̄, 1̄, 2̄)
for u = (x2

0, x
2
1, 2x

2
2). Using this, we derive for any two columns qi, qj of Q(w, ¯̧) the

following:
ujqi − uiqj ∈ {(0, ·̄); · ∈ (Z/8Z)∗}.

Indeed, for q0, qj this obvious and for q1, q2, we arrive at ·̄ = 2̄ − ¯̧, which is a unit for
¸ = 1̄, 3̄, 5̄, 7̄. Moreover, since ui and uj are coprime, (1, ·̄) belongs to the span of qi, qj .
We conclude that qi, qj generate K as a group. Lemma 2.3.3 delivers the fake weight
vector w = 8 · u ∈ S(1) with u = (x2

0, x
2
1, 2x

2
2). So, Proposition 2.2.4 yields K2

Z = 1.

Case (iii): w = 6 · u with u ∈ S(6). Then u = (x2
0, 2x

2
1, 3x

2
2) and u has pairwise coprime

entries by Theorem 2.1.8. Proposition 2.2.1 yields that the torsion part of Cl(Z) is Z/6Z.
Moreover, x2

0 is coprime to 6 and thus Lemma 2.3.3 says that we may assume

Q =

[

x2
0 x2

1 2x2
2

0̄ 1̄ ¯̧

]

, ¯̧ ∈ (Z/6Z)∗ = {1̄, 5̄}.

Let us see that each of the matrices Q(w, ¯̧) is a degree matrix in K := Z·Z/6Z and
defines the desired fake weighted projective plane Z. For u = (x2

0, 2x
2
1, 3x

2
2), Lemma 2.3.12

delivers (x̄2
0, 2̄x̄

2
1, 3̄x̄

2
2) = (1̄, 2̄, 3̄). Using this, we obtain that any two columns qi, qj of

Q(w, ¯̧), satisfy
ujqi − uiqj ∈ {(0, 1̄), (0, 5̄)}.

For q0, qj this is obvious. Moreover, one computes u2q1 − u1q2 = (0, 3̄ − 2̄¯̧). By
coprimeness of ui and uj , the span of qi, qj contains (1, ·̄) for some · ∈ Z/6Z. Hence, qi, qj

generate K as a group. Lemma 2.3.3 provides us with the fake weight vector w = 6 · u ∈
S(1). Using Proposition 2.2.4, we get K2

Z = 1.

Case (iv): w = 5 · u with u ∈ S(5). Then u = (x2
0, x

2
1, 5x

2
2) and u has pairwise coprime

entries by Theorem 2.1.8. According to Proposition 2.2.1, the torsion part of Cl(Z) is
cyclic of order five and by Lemma 2.3.3, we can choose

Q =

[

x2
0 x2

1 5x2
2

0̄ 1̄ ¯̧

]

, ¯̧ ∈ (Z/5Z)∗.

We check that each of the Q(w, ¯̧) is a degree matrix in K := Z · Z/5Z, defining
a fake weighted projective plane Z as claimed. We know (x̄2

0, x̄
2
1, 5̄x̄

2
2) = (1̄, 4̄, 0̄) from

Lemma 2.3.13. Set u = (x2
0, x

2
1, 5x

2
2). Then, given two columns qi, qj of Q(w, ¯̧2), we

observe
ujqi − uiqj ∈ {(0, ·̄); ·̄ ∈ (Z/5Z)∗}.

This is obvious for q0, qj and u2q1 − u1q2 evaluates to (0,−4̄¯̧). Moreover, since ui and
uj are coprime, some (1, ·̄) lies in the span of qi, qj . Lemma 2.3.3 gives the fake weight
vector w = 5 · u ∈ S(1). Proposition 2.2.4 yields that Z is of degree 1.
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Once more, Proposition 2.2.12 guarantees that in all the cases, apart from the
exceptions listed in the assertion, distinct matrices define non-isomorphic varieties. See
Example 2.6.3, 2.6.4 and 2.6.6 for the verifications of the isomorphies in the exceptional
cases.

2.4 Local Gorenstein indices and T -singularities

We investigate the singularities of the fake weighted projective planes of integral degree,
classified in the preceding section. Recall that the only possible singular points of a
fake weighted projective plane Z = Z(P ) are the toric fixed points z(k) ∈ Z. Moreover,
z(k) ∈ Z is singular, unless the entries of the fake weight vector w = w(P ) are coprime
and we have wk = 1; in this case, Z must be an ordinary weighted projective plane.

Let us recall the notion of a T -singularity; see also [15, Sections 2, 4]. Let k, p be
coprime positive integers, denote by C(dk2) ¦ K∗ the group of dk2-th roots of unity and
consider the action

C(dk2) × K2 → K2, · · z = (·z1, ·
dpk−1z2).

Then U := K2/C(dk2) is an affine toric surface and the image u ∈ U of 0 ∈ K2 is singular
as soon as k > 1. A (cyclic) T -singularity, also called a singularity of type

1
dk2 (1, dpk − 1),

is a surface singularity isomorphic to u ∈ U as above. The local Gorenstein index º(z) of
a point z in a normal variety Z is the order of the canonical divisor class in the local
class group Cl(Z, z).

Remark 2.4.1 (See [10, Thm. 4.2.8]; also [17, Rem. 3.7]). Let v = (a, c) and v′ = (b, d)
be primitive vectors in Z2 generating a two-dimensional cone in Q2 and let Z be the
associated affine toric variety. Then, the local Gorenstein index of the toric fixed point
z ∈ Z is given by

º(z) = |ad−bc|
gcd(c−d, b−a) .

Lemma 2.4.2 (See also [27, Lem. 2.10]). Let U be an affine toric surface with fixed
point u ∈ U . Then the following statements are equivalent:

(i) u ∈ U is of type 1
dk2 (1, dpk − 1).

(ii) º(u)2 divides cl(u).

If these statements hold, then d = cl(u)/º(u)2 and k = º(u) and there exists b ∈ Z such
that U has generator matrix

P =

[

º(u) º(u)
dº(u) + b b

]

.
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2.4. Local Gorenstein indices and T -singularities

Proof. Let u ∈ U be of type 1
dk2 (1, dpk − 1). Choose a, b ∈ Z such that ak − bp = 1.

Consider the affine toric surface U ′ given by the generator matrix

P =

[

k k
dk + b b

]

.

Proposition 1.1.3 provides us with the homomorphism T2 → T2, t 7→ (tk1t
k
2, t

dk+b
1 tb2)

associated with the matrix P , extending to a toric morphism Ã : K2 → U ′. Moreover, we
obtain an injective morphism

¿ : C(dk2) → ker(Ã), · 7→ (·, ·dpk−1).

Thus, |im(¿)| = dk2 and | ker(Ã)| = det(P ) = dk2 implies the surjectivity. We
conclude U ′ ∼= K2/C(dk2) with C(dk2) acting as needed for type 1

dk2 (1, dpk − 1).
Thus, U ′ ∼= U and using Remark 2.4.1, we obtain

cl(u) = | det(P )| = dk2, º(u) = k.

For the other implication, assume that there exists a d ∈ Z such that cl(u) = dº(u)2.
The affine toric surface U is given by a generator matrix P . With k := º(u), a suitable
unimodular transformation turns P into

P =

[

k k
c b

]

, gcd(c, k) = gcd(b, k) = 1.

By assumption cl(u) = | det(P )| equals dº(u)2 = dk2. Thus, we may assume c = dk + b.
Take a, p ∈ Z with ak − bp = 1 and p g 1. Then we have an action

C(dk2) × K2 → K2, · · z = (·z1, ·
dpk−1z2).

With similar arguments as above, we verify that U is the quotient K2/C(dk2) for this
action and thus see that u ∈ U is of type 1

dk2 (1, dpk − 1).

Example 2.4.3. Take integers c, c0, l with c0 < 0 and l > 0 such that l and c are coprime
and consider the affine toric surface U with the generator matrix

P =

[

l l
c c+ lc0

]

.

The toric fixed point u ∈ U has local class group order cl(u) = −c0l
2 and local Gorenstein

index º(u) = l; see Remark 2.4.1. Thus, U is at most T -singular.

The aim of the section is to determine the local Gorenstein indices and the T -
singularities for all fake weighted projective planes of integral degree. We begin with the
following auxiliary observations.
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Lemma 2.4.4. Let w ∈ S(a), set µ := gcd(w0, w1, w2) and consider a degree matrix in
Z · Z/µZ associated with w of the following shape (last row omitted for a g 5):

Q = [q0, q1, q2] =

[

x2
0 À1x

2
1 À2x

2
2

0̄ 1̄ ¯̧

]

, (¯̧ ∈ Z/µZ)∗,

where (x2
0, À1x

2
1, À2x

2
2) ∈ S(µa) is as in Theorem 2.1.8. Then the anticanonical divisor

class of the (fake) weighted projective plane associated with Q is

wZ = (
√

µaÀ1À2x0x1x2, 1̄ + ¯̧) ∈ Cl(Z) = Z · Z/µZ.

Moreover, the local Gorenstein index ºk of the toric fixed point z(k) ∈ Z(Q) equals the
minimal positive multiple ¿xk such that ¿xkwZ ∈ Z · qk.

Proof. Proposition 2.2.4 says that D0 + D1 + D2 is an anticanonical divisor on Z
for Dk = V (Tk). Moreover, the divisor class of Dk equals the column qk. Thus, the
anticanonical divisor class is given by

wZ = q0 + q1 + q2 = (x2
0 + À1x

2
1 + À2x

2
2, 1̄ + ¯̧) = (

√

µaÀ1À2x0x1x2, 1̄ + ¯̧),

where we use Theorem 2.1.8 for the last equality. The local Gorenstein index ºk is the
order of wZ in the local class group of z(k), which according to Proposition 2.2.1 is given
as

Cl(Z, z(k)) = (Z · Z/µZ)/Z · qk.

Hence, the local Gorenstein index of z(k) is the minimal positive integer ºk satisfy-
ing ºkwZ ∈ Z · qk. By the above description of wZ , the latter implies

√

µaÀ1À2x0x1x2ºk ∈ Àkx
2
kZ.

According to Theorem 2.1.8 we distinguish the following cases.

Case 1 :
√
µaÀ1À2 = 3. Then À1 = À2 = 1 and 3x0x1x2ºk is a multiple of Àkx

2
k. Moreover,

3, x0, x1, x2 are pairwise coprime by Lemma 2.3.6. We conclude xk | ºk.

Case 2 :
√
µaÀ1À2 = 4. Then À1 = 1, À2 = 2 and 4x0x1x2ºk is a multiple of Àkx

2
k. Pairwise

coprimeness of x0, x1, 2x2 yields x0, x1 | º0. Further, x2 is odd due to Lemma 2.3.11.
Thus, x2 | º2.

Case 3 :
√
µaÀ1À2 = 5. Then À1 = 1, À2 = 5 and 5x0x1x2ºk is a multiple of Àkx

2
k. Pairwise

coprimeness of x0, x1, 5x2 directly gives xk | ºk.

Case 4 :
√
aµÀ1À2 = 6. Then À1 = 2, À2 = 3 and 6x0x1x2ºk is a multiple of Àkx

2
k. Again,

pairwise coprimeness of x0, 2x1, 3x2 leads to xk | ºk.
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2.4. Local Gorenstein indices and T -singularities

Proposition 2.4.5. The following table lists the divisor class group, the adjusted de-
gree matrix Q, the anticanonical class wZ , the constellation of local Gorenstein in-
dices ºk = º(z(k)) and the constellation of T -singularities for the fake weighted projective
planes Z = Z(Q) of degrees 9, 8, 6, 5:

ID Cl(Z) Q wZ (º0, º1, º2) (±,±,±)

9-1-0 Z

[

x2
0 x2

1 x2
2

]

(x2

0
,x2

1
,x2

2
) ∈ S(9)

[

3x0x1x2

]

(x0, x1, x2) (+,+,+)

8-1-0 Z

[

x2
0 x2

1 2x2
2

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

]

(x0, x1, x2) (+,+,+)

6-1-0 Z

[

x2
0 2x2

1 3x2
2

]

(x2

0
,2x2

1
,3x2

2
) ∈ S(6)

[

6x0x1x2

]

(x0, x1, x2) (+,+,+)

5-1-0 Z

[

x2
0 x2

1 5x2
2

]

(x2

0
,x2

1
,5x2

2
) ∈ S(5)

[

5x0x1x2

]

(x0, x1, x2) (+,+,+)

Proof. This is classically known, compare [15]. In our setting, one can proceed as follows.
Observe that xkwZ ∈ Zwk holds in all cases. Thus, Lemma 2.4.4 establishes the claim
on the local Gorenstein indices. Obviously, x2

k | wk holds in all cases. Thus, Lemma 2.4.2
shows that the z(k) are at most T -singular.

Proposition 2.4.6. The following table lists the divisor class group, the adjusted de-
gree matrix Q, the anticanonical class wZ , the constellation of local Gorenstein in-
dices ºk = º(z(k)) and the constellation of T -singularities for the fake weighted projective
planes Z = Z(Q) of degree 4:

ID Cl(Z) Q wZ (º0, º1, º2) (±,±,±)

4-2-1 Z · Z/2Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 1̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

0̄

]

(x0, x1, x2) (+,+,+)

Proof. The ID, the divisor class group and the degree matrix are taken from Proposi-
tion 2.3.4. We enter Lemma 2.4.4 with

µ = 2, a = 4, À1 = 1, À2 = 2.
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As a direct outcome, we obtain the desired representation of the anticanonical divisor
class wZ ∈ Z · Z/2Z. This in turn gives us

x0wZ = 4x1x2 · (x2
0, 0̄), x1wZ = 4x0x2 · (x2

1, 0̄), x2wZ = 2x0x1 · (2x2
2, 0̄).

Consequently, xkwZ ∈ Z · qk for k = 0, 1, 2. Using Lemma 2.4.4 again we see ºk = xk.
Lemma 2.3.3 provides us with the local class group orders of the fixed points:

cl(z(0)) = 2x2
0, cl(z(1)) = 2x2

1, cl(z(2)) = 4x2
2.

Altogether, we conclude º2k | cl(z(k)). Now, Lemma 2.4.2 shows that each of the toric
fixed points z(k) is a T -singularity.

Proposition 2.4.7. The following table lists the divisor class group, the adjusted de-
gree matrix Q, the anticanonical class wZ , the constellation of local Gorenstein in-
dices ºk = º(z(k)) and the constellation of T -singularities for all fake weighted projective
planes Z = Z(Q) of degree 3:

ID Cl(Z) Q wZ (º0, º1, º2) (±,±,±)

3-3-2 Z · Z/3Z

[

x2
0 x2

1 x2
2

0̄ 1̄ 2̄

]

(x2

0
,x2

1
,x2

2
) ∈ S(9)

[

3x0x1x2

0̄

]

(x0, x1, x2) (+,+,+)

3-2-1 Z · Z/2Z

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 1̄

]

(x2

0
,2x2

1
,3x2

2
) ∈ S(6)

[

6x0x1x2

0̄

]

(x0, 2x1, x2) (+,+,+)

Proof. The first three columns of the table stem from Proposition 2.3.4. We treat the
ID 3-3-2. As before, Lemma 2.4.4 delivers the description of the anticanonical class
wZ ∈ Z · Z/3Z. Next, observe

x0wZ = 3x1x2 · (x2
0, 0̄), x1wZ = 3x0x2 · (x2

1, 1̄), x2wZ = 3x0x1 · (x2
2, 2̄).

This means xkwz ∈ Z · qk and thus Lemma 2.4.4 ensures ºk = xk for k = 0, 1, 2.
Lemma 2.3.3 yields the local class group orders cl(z(k)) = 3x2

k for k = 0, 1, 2. By
Lemma 2.4.2, all z(k) are T -singular.

We turn to the ID 3-2-1. Again, the anticanonical class wz ∈ Z · Z/2Z is provided
by Lemma 2.4.4. Moreover, we have

x0wZ = 6x1x2 · (x2
0, 0̄), x2wZ = 2x0x2 · (3x2

2, 1̄),
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2.4. Local Gorenstein indices and T -singularities

Hence, xkwz ∈ Z · qk and ºk = xk for k = 0, 2. For the case k = 1, recall from
Theorem 2.1.8 that x0, 2x1, 3x2 are pairwise coprime. This implies

x1wZ = (6x0x
2
1x2, 0̄) ̸∈ Z · (2x2

1, 1̄),

as otherwise x1wz = » · (2x2
1, 1̄), where » = 3x0x2 must be even, which contradicts to the

above coprimeness condition. However,

2x1wZ = (12x0x
2
1x2, 0̄) = 6x0x2 · (2x2

1, 1̄).

Thus, 2x1wz ∈ Z·q1 and, using Lemma 2.4.4, one obtains º1 = 2x1 for the local Gorenstein
index. Moreover, Lemma 2.3.3 tells us

cl(z(0)) = 2x2
0, cl(z(1)) = 4x2

1, cl(z(2)) = 6x2
2.

Consequently, º2k | cl(z(k)) for k = 0, 1, 2. Lemma 2.4.2 yields that each of the toric fixed
points z(k) is a T -singularity.

Proposition 2.4.8. The following table lists the divisor class group, the adjusted degree
matrix Q, the anticanonical class wZ , the possible constellations of local Gorenstein
indices ºk = º(z(k)) and the constellation of T -singularities for all fake weighted projective
planes Z = Z(Q) of degree 2:

ID Cl(Z) Q wZ (º0, º1, º2) (±,±,±)

2-4-1 Z · Z/4Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 1̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

2̄

]

(2x0, 2x1, x2) (+,+,+)

2-4-3 Z · Z/4Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 3̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

0̄

]

(x0, x1, 2x2) (+,+,+)

2-3-1 Z · Z/3Z

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 1̄

]

(x2

0
,2x2

1
,3x2

2
) ∈ S(6)

[

6x0x1x2

2̄

]

(3x0, 3x1, 3x2)

(3x0, 3x1, x2)
(−,−,+)

2-3-2 Z · Z/3Z

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 2̄

]

(x2

0
,2x2

1
,3x2

2
) ∈ S(6)

[

6x0x1x2

0̄

]

(x0, x1, 3x2) (+,+,+)

Proof. The ID, the divisor class group and the degree matrix are taken from Proposi-
tion 2.3.7. For the ID 2-4-1, we have

µ = 4, a = 2, À1 = 1, À2 = 2.
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Lemma 2.4.4 gives the desired representation of wZ ∈ Z · Z/4Z. From Lemma 2.3.8 we
infer x̄k = 1̄ or x̄k = 3̄ for k = 0, 1, 2. Using this, we obtain

x0wZ = (4x2
0x1x2, 2̄x̄0) ̸∈ Z · (x2

0, 0̄), x1wZ = (4x0x
2
1x2, 2̄x̄1) ̸∈ Z · (x2

1, 1̄).

To see the last statement, assume x1wZ = » · (x2
1, 1̄) with » ∈ Z. Then, as x1 is odd due

to Theorem 2.1.8, 4 divides » and thus x1wZ = (»x2
1, 0̄); a contradiction. Moreover,

2x0wZ = 8x1x2 · (x2
0, 0̄), 2x1wZ = 8x0x2 · (x2

1, 1̄), x2wZ = 2x0x1 · (2x2
2, 1̄).

Thus, Lemma 2.4.4 yields ºk = 2xk for k = 0, 1 and º2 = 2x2. Lemma 2.3.3 provides us
with the local class group orders

cl(z(0)) = 4x2
0, cl(z(1)) = 4x2

1, cl(z(2)) = 8x2
2.

Altogether, we conclude º2k | cl(z(k)). Now, Lemma 2.4.2 shows that each of the toric
fixed points z(k) is a T -singularity.

Next we treat ID 2-4-3. The infer the shape of wZ ∈ Z · Z/4Z is again provided
Lemma 2.4.4. We observe

x0wZ = 4x1x2 · (x2
0, 0̄), x1wZ = 4x0x2 · (x2

1, 1̄),

Moreover, Lemma 2.3.8 yields x̄k = 1̄ or x̄k = 3̄ for k = 0, 1, 2. Thus, arguing as in
preceding cases, one obtains

x2wZ = (4x0x1x
2
2, 3̄x̄2) ̸∈ Z · (2x2

2, 3̄), 2x1wZ = 4x0x1 · (2x2
2, 3̄).

Lemma 2.4.4 yields the local Gorenstein indics x0, x2, 2x2 and Lemma 2.3.3 local class
group orders 4x2

0, 4x
2
1, 8x

2
2. Thus all z(k) are T -singular.

Let us take a closer look at the ID 2-3-1, where we expect bad singularities and a
new effect for the local Gorenstein indices. We enter Lemma 2.4.4 with

µ = 3, a = 2, À1 = 2, À2 = 3.

Again, the desired representation of wZ ∈ Z · Z/3Z is a direct consequence. From
Lemma 2.3.9 we infer x̄k = 1̄ or x̄k = 2̄ for k = 0, 1. Using this, we obtain

x0wZ = (6x2
0x1x2, 2̄x̄0) ̸∈ Z · (x2

0, 0̄), 2x0wZ = (12x2
0x1x2, 4̄x̄0) ̸∈ Z · (x2

0, 0̄).

Clearly, 3x0wZ = 18x1x2 · (x2
0, 0̄) holds and thus Lemma 2.4.4 shows º0 = 3x0. In the

case k = 1, we have

x1wZ = (6x0x
2
1x2, 2̄x̄1) ̸∈ Z · (x2

1, 1̄), 2x1wZ = (12x2
0x1x2, 4̄x̄1) ̸∈ Z · (x2

1, 1̄),

as otherwise x1wZ = » · (x2
1, 1̄) or 2x1wZ = » · (x2

1, 1̄), hence 3 | », forcing 2̄x̄1 = 0̄
or 4̄x̄1 = 0̄. Again 3x1wZ = 18x0x2 · (x2

1, 0̄) and thus º1 = 3x1. Consider

x2wZ = (6x0x1x
2
2, 2̄x̄2), 2x2wZ = (12x0x1x

2
2, 4̄x̄2), 3x2wZ = (18x0x1x

2
2, 6̄x̄2).
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2.4. Local Gorenstein indices and T -singularities

For x̄2 = 1̄, 2̄, we see x2w2, 2x2w2 ̸∈ Z · (3x2
2, 1̄) and º2 = 3x2 as before. For x̄2 = 0̄, we

have x2wZ = 2x0x1 · (3x2
2, 0̄) and thus º2 = x2. Moreover,

cl(z(0)) = 3x2
0, cl(z(1)) = 6x2

1, cl(z(2)) = 9x2
2,

according to Lemma 2.3.3. We arrive at º2k ∤ cl(z(k)) for k = 0, 1 and º22 | cl(z(2)).
Lemma 2.4.2 ensures that the constellation of T -singularities is as claimed.

Next, we show the statements for the ID 2-3-2. The anticanonical class wz ∈ Z·Z/2Z
is provided by Lemma 2.4.4. Moreover, note

x0wZ = 6x1x2 · (x2
0, 0̄), x1wZ = 3x0x2 · (2x2

1, 1̄).

Thus, ºk = xk for k = 0, 1. According to Theorem 2.1.8, the numbers x0, 2x1, 3x2 are
pairwise coprime. This implies

x1wZ = (6x0x
2
1x2, 0̄) ̸∈ Z · (3x2

2, 2̄), 2x1wZ = (12x0x
2
1x2, 0̄) ̸∈ Z · (3x2

2, 2̄),

as otherwise x2wz = » · (3x2
2, 2̄), thus »̄ = 0̄ in Z/3Z, which contradicts to the above

coprimeness condition. Instead, we have

3x2wZ = (18x0x
2
1x2, 0̄) = 6x0x1 · (3x2

2, 2̄).

With the aid of Lemma 2.4.4, we arrive at the local Gorenstein index º2 = 3x2. Moreover,
Lemma 2.3.3 tells us

cl(z(0)) = 3x2
0, cl(z(1)) = 6x2

1, cl(z(2)) = 9x2
2.

Consequently, º2k ∤ cl(z(k)) for k = 0, 1 and º22 | cl(z(2)). By Lemma 2.4.2, the point z(2)
is a T -singularity, whereas z(0), z(1) are not.

Proposition 2.4.9. The following table lists the divisor class group, the adjusted de-
gree matrix Q, anticanonical class wZ , the possible constellations of local Gorenstein
indices ºk = º(z(k)) and the constellation of T -singularities for all fake weighted projective
planes Z = Z(Q) of degree 1:
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ID Cl(Z) Q wZ (º0, º1, º2) (±,±,±)

1-9-2 Z · Z/9Z

[

x2
0 x2

1 x2
2

0̄ 1̄ 2̄

]

(x2

0
,x2

1
,x2

2
) ∈ S(9)

[

3x0x1x2

3̄

]

(3x0, x1, 3x2)

(3x0, 3x1, x2)
(+,+,+)

1-9-5 Z · Z/9Z

[

x2
0 x2

1 x2
2

0̄ 1̄ 5̄

]

(x2

0
,x2

1
,x2

2
) ∈ S(9)

[

3x0x1x2

6̄

]

(3x0, x1, 3x2)

(3x0, 3x1, x2)
(+,+,+)

1-9-8 Z · Z/9Z

[

x2
0 x2

1 x2
2

0̄ 1̄ 8̄

]

(x2

0
,x2

1
,x2

2
) ∈ S(9)

[

3x0x1x2

0̄

]

(x0, 3x1, 3x2) (+,+,+)

1-8-1 Z · Z/8Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 1̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

2̄

]

(4x0, 4x1, x2)

(4x0, 4x1, 2x2)
(−,−,+)

1-8-3 Z · Z/8Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 3̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

4̄

]

(2x0, x1, 4x2) (+,+,+)

1-8-5 Z · Z/8Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 5̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

6̄

]

(4x0, 4x1, x2)

(4x0, 4x1, 2x2)
(−,−,+)

1-8-7 Z · Z/8Z

[

x2
0 x2

1 2x2
2

0̄ 1̄ 7̄

]

(x2

0
,x2

1
,2x2

2
) ∈ S(8)

[

4x0x1x2

0̄

]

(x0, 2x1, 4x2) (+,+,+)

1-6-1 Z · Z/6Z

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 1̄

]

(x2

0
,2x2

1
,3x2

2
) ∈ S(6)

[

6x0x1x2

2̄

]

(3x0, 6x1, x2)

(3x0, 6x1, 3x2)
(−,−,+)

1-6-5 Z · Z/6Z

[

x2
0 2x2

1 3x2
2

0̄ 1̄ 5̄

]

(x2

0
,2x2

1
,3x2

2
) ∈ S(6)

[

6x0x1x2

0̄

]

(x0, 2x1, 3x2) (+,+,+)

1-5-1 Z · Z/5Z

[

x2
0 x2

1 5x2
2

0̄ 1̄ 1̄

]

(x2

0
,x2

1
,5x2

2
) ∈ S(5)

[

5x0x1x2

2̄

]

(5x0, 5x1, x2)

(5x0, 5x1, 5x2)
(−,−,+)

1-5-2 Z · Z/5Z

[

x2
0 x2

1 5x2
2

0̄ 1̄ 2̄

]

(x2

0
,x2

1
,5x2

2
) ∈ S(5)

[

5x0x1x2

3̄

]

(5x0, 5x1, x2)

(5x0, 5x1, 5x2)
(−,−,+)

1-5-3 Z · Z/5Z

[

x2
0 x2

1 5x2
2

0̄ 1̄ 3̄

]

(x2

0
,x2

1
,5x2

2
) ∈ S(5)

[

5x0x1x2

4̄

]

(5x0, 5x1, x2)

(5x0, 5x1, 5x2)
(−,−,+)

1-5-4 Z · Z/5Z

[

x2
0 x2

1 5x2
2

0̄ 1̄ 4̄

]

(x2

0
,x2

1
,5x2

2
) ∈ S(5)

[

5x0x1x2

0̄

]

(x0, x1, 5x2) (+,+,+)
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2.4. Local Gorenstein indices and T -singularities

Proof. In all cases, ID, the divisor class group and the degree matrix are as in Propo-
sition 2.3.4 and Lemma 2.4.4 delivers the description of the anticanonical class. The
silently used tool for determining the local Gorenstein indices is Lemma 2.4.4. The
constellation of T -singularities is verified with the aid of Lemma 2.3.3 and Lemma 2.4.2.

IDs 1-9-∗: First note that 3xkwZ = (9x0x1x2xk, 0̄) ∈ Z · qk holds for k = 0, 1, 2. Thus,
all the local Gorenstein indices are of the form

ºk = akxk, 1 f ak f 3.

By Lemma 2.3.6, the x̄k can take only values from the group of multiplicative units (Z/9Z)∗.
For the ID 1-9-2, look at

x0wZ =
[

3x2
0x1x2

3̄x̄0

]

, 2x0wZ =
[

6x2
0x1x2

6̄x̄0

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

3x0x2
1x2

3̄x̄1

]

, 2x1wZ =
[

6x0x2
1x2

6̄x̄1

]

, q1 =
[

x2
1

1̄

]

,

x2wZ =
[

3x0x1x2
2

3̄x̄2

]

, 2x2wZ =
[

6x0x1x2
2

6̄x̄2

]

, q2 =
[

x2
2

2̄

]

.

The respective conditions characterizing xkwZ , 2xkwZ ∈ Z · qk, where k = 0, 1, 2, are the
following:

3̄x̄0 = 0̄, 6̄x̄0 = 0̄, 3̄x̄1 = 3̄x̄0x̄2, 6̄x̄1 = 6̄x̄0x̄2, 3̄x̄2 = 6̄x̄0x̄1, 6̄x̄2 = 3̄x̄0x̄1.

Checking all triples (x̄0, x̄1, x̄3), where xk ∈ (Z/9Z)∗, we arrive at the constellations of
the assertion. For the ID 1-9-5, look at

x0wZ =
[

3x2
0x1x2

6̄x̄0

]

, 2x0wZ =
[

6x2
0x1x2

3̄x̄0

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

3x0x2
1x2

6̄x̄1

]

, 2x1wZ =
[

6x0x2
1x2

3̄x̄1

]

, q1 =
[

x2
1

1̄

]

,

x2wZ =
[

3x0x1x2
2

6̄x̄2

]

, 2x2wZ =
[

6x0x1x2
2

3̄x̄2

]

, q2 =
[

x2
2

5̄

]

.

The respective conditions characterizing xkwZ , 2xkwZ ∈ Z · qk, where k = 0, 1, 2, are the
following:

6̄x̄0 = 0̄, 3̄x̄0 = 0̄, 6̄x̄1 = 3̄x̄0x̄2, 3̄x̄1 = 6̄x̄0x̄2, 6̄x̄2 = 6̄x̄0x̄1, 3̄x̄2 = 3̄x̄0x̄1.

Checking all triples (x̄0, x̄1, x̄3), where xk ∈ (Z/9Z)∗, we arrive at the constellations of
the assertion. For the ID 1-9-8, look at

x0wZ =
[

3x2
0x1x2

0̄

]

, 2x0wZ =
[

6x2
0x1x2

0̄

]

, q0 =
[

x2
0

0̄

]

,
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x1wZ =
[

3x0x2
1x2

0̄

]

, 2x1wZ =
[

6x0x2
1x2

0̄

]

, q1 =
[

x2
1

1̄

]

,

x2wZ =
[

3x0x1x2
2

0̄

]

, 2x2wZ =
[

6x0x1x2
2

0̄

]

, q2 =
[

x2
2

8̄

]

.

The respective characterizing conditions for xkwZ , 2xkwZ ∈ Z · qk, where k = 0, 1, 2, are
the following:

0̄ = 0̄, 0̄ = 0̄, 0̄ = 3̄x̄0x̄2, 0̄ = 6̄x̄0x̄2, 0̄ = 6̄x̄0x̄1, 0̄ = 3̄x̄0x̄1.

We see º0 = x0 and, using the fact that the x̄k are units in Z/9Z, we arrive at º1 = 3x1

and º2 = 3x2.

IDs 1-8-∗: First note that 4xkwZ = (16x0x1x2xk, 0̄) ∈ Z · qk holds for k = 0, 1, 2. Thus,
the local Gorenstein indices are of the form

ºk = ckxk, 1 f ck f 4.

Lemma 2.3.8 implies that x̄k can take the values 1̄, 3̄, 5̄, 7̄ ∈ Z/8Z. These are precisely
the units of Z/8Z and 4̄x̄k = 4̄ holds for each of them. For the ID 1-8-1, look at

x0wZ =
[

4x2
0x1x2

2̄x̄0

]

, 2x0wZ =
[

8x2
0x1x2

4̄x̄0

]

, 3x0wZ =
[

12x2
0x1x2

6̄x̄0

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

4x0x2
1x2

2̄x̄1

]

, 2x0wZ =
[

8x0x2
1x2

4̄x̄1

]

, 3x1wZ =
[

12x0x2
1x2

6̄x̄1

]

, q1 =
[

x2
1

1̄

]

,

x2wZ =
[

4x0x1x2
2

2̄x̄2

]

, 2x2wZ =
[

8x0x1x2
2

4̄x̄2

]

, 3x2wZ =
[

12x0x1x2
2

6̄x̄2

]

, q2 =
[

2x2
2

1̄

]

,

We list the respective conditions characterizing xkwZ , 2xkwZ , 3xkwZ ∈ Z ·qk. For k = 0, 1,
these are the following:

2̄x̄0 = 0̄, 4̄x̄0 = 0̄, 6̄x̄0 = 0̄, 2̄x̄1 = 4̄x̄0x̄2, 4̄x̄1 = 0̄, 6̄x̄1 = 4̄x̄0x̄2,

Plugging in the possible values of the x̄k, we see º0 = 4x0 and º1 = 4x1, as claimed.
For k = 2, we have the conditions

2̄x̄2 = 2̄x̄0x̄1, 4̄x̄2 = 4̄x̄0x̄1, 6̄x̄2 = 6̄x̄0x̄1.

Depending on the concrete values of the x̄k ∈ Z/8Z, we have º2 = x2 or º2 = 2x2, as
claimed. Note that both cases occur. For the ID 1-8-3, look at

x0wZ =
[

4x2
0x1x2

4̄x̄0

]

, 2x0wZ =
[

8x2
0x1x2

0̄

]

, 3x0wZ =
[

12x2
0x1x2

4̄x̄0

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

4x0x2
1x2

4̄x̄1

]

, 2x0wZ =
[

8x0x2
1x2

0̄

]

, 3x1wZ =
[

12x0x2
1x2

4̄x̄1

]

, q1 =
[

x2
1

1̄

]

,
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2.4. Local Gorenstein indices and T -singularities

x2wZ =
[

4x0x1x2
2

2̄x̄2

]

, 2x2wZ =
[

8x0x1x2
2

0̄

]

, 3x2wZ =
[

12x0x1x2
2

4̄x̄2

]

, q2 =
[

2x2
2

3̄

]

,

We list the respective conditions characterizing xkwZ , 2xkwZ , 3xkwZ ∈ Z·qk for k = 0, 1, 2,
where we stop as soon as the condition is fullfilled:

4̄x̄0 = 0̄, 0̄ = 0̄, 4̄x̄1 = 4̄x̄0x̄2, 4̄x̄2 = 6̄x̄0x̄1, 0̄ = 4̄x̄0x̄1, 4̄x̄2 = 2̄x̄0x̄1.

Thus, we and up with the local Gorenstein indices º0 = 2x0, º1 = x1 and º2 = 4x2, as
claimed. For the ID 1-8-5, look at

x0wZ =
[

4x2
0x1x2

6̄x̄0

]

, 2x0wZ =
[

8x2
0x1x2

4̄x̄0

]

, 3x0wZ =
[

12x2
0x1x2

2̄x̄0

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

4x0x2
1x2

6̄x̄1

]

, 2x0wZ =
[

8x0x2
1x2

4̄x̄1

]

, 3x1wZ =
[

12x0x2
1x2

2̄x̄1

]

, q1 =
[

x2
1

1̄

]

,

x2wZ =
[

4x0x1x2
2

6̄x̄2

]

, 2x2wZ =
[

8x0x1x2
2

4̄x̄2

]

, 3x2wZ =
[

12x0x1x2
2

2̄x̄2

]

, q2 =
[

2x2
2

5̄

]

,

We list the respective conditions characterizing xkwZ , 2xkwZ , 3xkwZ ∈ Z ·qk. For k = 0, 1,
these are the following:

6̄x̄0 = 0̄, 4̄x̄0 = 0̄, 2̄x̄0 = 0̄, 6̄x̄1 = 4̄x̄0x̄2, 4̄x̄1 = 0̄, 2̄x̄1 = 4̄x̄0x̄2,

Plugging in the possible values of the x̄k, we see º0 = 4x0 and º1 = 4x1, as claimed.
For k = 2, we have the conditions

6̄x̄2 = 2̄x̄0x̄1, 4̄x̄2 = 4̄x̄0x̄1, 2̄x̄2 = 6̄x̄0x̄1.

Depending on the concrete values of the x̄k ∈ Z/8Z, we have º2 = x2 or º2 = 2x2, as
claimed. Note that both cases occur. For the ID 1-8-7, look at

x0wZ =
[

4x2
0x1x2

0̄

]

, 2x0wZ =
[

8x2
0x1x2

0̄

]

, 3x0wZ =
[

12x2
0x1x2

0̄

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

4x0x2
1x2

0̄

]

, 2x0wZ =
[

8x0x2
1x2

0̄

]

, 3x1wZ =
[

12x0x2
1x2

0̄

]

, q1 =
[

x2
1

1̄

]

,

x2wZ =
[

4x0x1x2
2

0̄

]

, 2x2wZ =
[

8x0x1x2
2

0̄

]

, 3x2wZ =
[

12x0x1x2
2

0̄

]

, q2 =
[

2x2
2

7̄

]

.

We list the respective conditions characterizing xkwZ , 2xkwZ , 3xkwZ ∈ Z·qk for k = 0, 1, 2,
where we stop as soon as the condition is fullfilled:

0̄ = 0̄, 0̄ = 4̄x̄0x̄2, 0̄ = 0̄, 0̄ = 2̄x̄0x̄1, 0̄ = 4̄x̄0x̄1, 0̄ = 6̄x̄0x̄1.

Thus, we end up with the local Gorenstein indices º0 = x0, º1 = 2x1 and º2 = 4x2, as
claimed.
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IDs 1-6-∗: First note that we only have to check xkwZ , 2xkwZ ∈ Z · qk for k = 0, 2
and x1wZ , . . . , 5x1wZ ∈ Z · q1 due to the identities

3x0wZ = 18x1x2 · q0, 6x1wZ = 6x0x2 · q1, 3x2wZ = 6x1x2 · q2.

According to Lemma 2.3.12 we have x̄0 = 1̄, 5̄, x̄1 ̸= 3̄ and x̄2 ≠ 2̄, 4̄ for the values
in Z/6Z. For the ID 1-6-1, look at

x0wZ =
[

6x2
0x1x2

2̄x̄0

]

, 2x0wZ =
[

12x2
0x1x2

4̄x̄0

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

6x0x2
1x2

2̄x̄1

]

, 2x1wZ =
[

12x0x2
1x2

4̄x̄1

]

, 3x1wZ =
[

18x0x2
1x2

0̄

]

,

4x1wZ =
[

24x0x2
1x2

2̄x̄1

]

, 5x1wZ =
[

30x0x2
1x2

4̄x̄1

]

, q1 =
[

2x2
1

1̄

]

,

x2wZ =
[

6x0x1x2
2

2̄x̄2

]

, 2x2wZ =
[

12x0x1x2
2

4̄x̄2

]

, q2 =
[

3x2
2

1̄

]

.

The respective conditions characterizing xkwZ , 2xkwZ ∈ Z · qk for k = 0, 2 are the
following:

2̄x̄0 = 0̄, 4̄x̄0 = 0̄, 2̄x̄2 = 2̄x̄0x̄1, 4̄x̄2 = 4̄x̄0x̄1.

and the conditions characterizing x1wZ , . . . , 5x1wZ ∈ Z · q1 are

2̄x̄1 = 3̄x̄0x̄2, 4̄x̄1 = 0̄, 0̄ = 3̄x̄0x̄2, 2̄x̄1 = 0̄, 4̄x̄1 = 3̄x̄0x̄2.

The possible values of the x̄k allow only º0 = 3x0, º1 = 6x1 and º2 = 2 is excluded by
equivalence of the conditions for k = 2. For the ID 1-6-5, look at

x0wZ =
[

6x2
0x1x2

0̄

]

, 2x0wZ =
[

12x2
0x1x2

0̄

]

, q0 =
[

x2
0

0̄

]

,

x1wZ =
[

6x0x2
1x2

0̄

]

, 2x1wZ =
[

12x0x2
1x2

0̄

]

, 3x1wZ =
[

18x0x2
1x2

0̄

]

,

4x1wZ =
[

24x0x2
1x2

0̄

]

, 5x1wZ =
[

30x0x2
1x2

0̄

]

, q1 =
[

2x2
1

1̄

]

,

x2wZ =
[

6x0x1x2
2

0̄

]

, 2x2wZ =
[

12x0x1x2
2

0̄

]

, q2 =
[

3x2
2

5̄

]

.

The respective conditions characterizing xkwZ , 2xkwZ ∈ Z · qk for k = 0, 2 are the
following:

0̄ = 0̄, 0̄ = 0̄, 0̄ = 2̄x̄0x̄1, 0̄ = 4̄x̄0x̄1

and the conditions characterizing x1wZ , . . . , 5x1wZ ∈ Z · q1 are

0̄ = 3̄x̄0x̄2, 0̄ = 0̄, 0̄ = 3̄x̄0x̄2, 0̄ = 0̄, 0̄ = 3̄x̄0x̄2.
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2.5. K∗-surfaces of Picard number one and integral degree

Thus, we obtain º0 = x0, º1 = 2x1 and º2 = 3x2 for the local Gorenstein indices, as
claimed.

IDs 1-5-∗: First note that we only have to check cxkwZ ∈ Z · qk for k = 0, 1, 2 and
c = 1, 2, 3, 4 due to the identities

5xkwZ = 25x0x1x2
xk

· qk, k = 0, 1, 2.

Consider the IDs 1-5-1, 1-5-2, 1-5-3. For the cases k = 0, 1, the corresponding multiples
of the anticanonical class and the two involved columns are

cxkwZ =
[

5cx0x1x2xk

c̄(1̄+s̄)

]

, c = 1, 2, 3, 4, s = 1, 2, 3, q0 =
[

x2
0

0̄

]

, q1 =
[

x2
1

1̄

]

.

The condition characterizing cxkwZ ∈ Z · qk is 2c̄(1̄ + s̄) = 0̄, fulfilled for none of
the ck = 1, 2, 3, 4 and s = 1, 2, 3. Thus, º0 = 5x0 and º1 = 5x1. Moreover, look at

cx2wZ =
[

5cx0x1x2
2

c̄(1̄+s̄)

]

, q2 =
[

5x2
1

s̄

]

c = 1, 2, 3, 4, s = 1, 2, 3.

Then cx2wZ ∈ Z · q2 happens if and only if 1̄ + s̄ = s̄x̄0x̄1. Thus º2 = x2 and º2 = 5x2

can (and will) occur. For the ID 1-5-4, look at

cxkwZ =
[

5cx0x1x2xk

0̄

]

, q0 =
[

x2
0

0̄

]

, q1 =
[

x2
1

1̄

]

, q2 =
[

5x2
2

4̄

]

.

We directly see xkwZ ∈ Z · qk for k = 0, 1. Hence º0 = x0 and º1 = x1. Moreover,
cxkwZ ∈ Z · qk is characterized by 4̄c̄x̄0x̄1 = 0̄. Thus, º2 = 5x2.

2.5 K∗-surfaces of Picard number one and integral degree

We explicitly describe all quasismooth projective rational K∗-surfaces of Picard number
one and integral degree; see Theorem 2.5.13 and 2.5.15. An important step on the way
is Proposition 2.5.8, showing, roughly speaking, that a fake weighted projective plane
is an equivariant limit of a quasismooth K∗-surface of the same Picard number and
degree provided that at least one of its toric fixed points is a T -singularity. The second
main ingredient is the study of the singularities of the fake weighted projective planes
performed in the previous section.

Construction 2.5.1. Let X ¦ Z arise from a generator matrix P as in Construction 1.4.1,
that means

P := [v1, v2, v3, v4] :=







−1 −1 l1 0
−1 −1 0 l2

0 d0 d1 d2






,

1fd1fl1fl2, gcd(li,di)=1,

d0+
d1
l1

+
d2
l2

< 0 <
d1
l1

+
d2
l2

.
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Further, set

X1 := V (T1T2 + ST l1
3 + T l2

4 ) ¦ Z × K,

X2 := V (T1T2 + T l1
3 + ST l2

4 ) ¦ Z × K,

where the Ti are the homogeneous coordinates on Z and S is the coordinate on K.
Then X1 and X2 are invariant under the respective K∗-actions on Z × K given by

ϑ · ([z1, z2, z3, z4], s) = ([z1, z2, ϑ
−1z3, z4], ϑs),

ϑ · ([z1, z2, z3, z4], s) = ([z1, z2, z3, ϑ
−1z4], ϑs).

Restricting the projection Z × K → K yields flat families È» : X» → K being compatible
with the above K∗-actions and the scalar multiplication on K. Set

P̃1 :=

[

l1 l1 −l2
d1 d1 + l1d0 d2

]

, P̃2 :=

[

l2 l2 −l1
d2 d2 + l2d0 d1

]

and let Z̃1, Z̃2 denote the associated fake weighted projective planes. Then the central
fiber X»,0 = È−1

» (0) equals Z̃» and any other fiber È−1
» (s) is isomorphic to X.

Proposition 2.5.2. Let X ¦ Z, where the fake weighted projective space Z arises
from the fan Σ in Z3, and let the generator matrices P̃» be as in Construction 2.5.1.
For » = 1, 2 consider the fan

∆at
» = {¸−1

» (Ã ∩ lin(e», e3); Ã ∈ Σ}

from Construction 1.3.4, where the maps ¸» are given by

¸1 =







0 −1
0 0
1 0






, ¸2 =







0 0
0 −1
1 0






.

Then P̃» is the generator matrix of the fan ∆at
» . The maximal cones are given in terms

of the columns ṽi of P̃» = [ṽ0, ṽ1, ṽ2] as follows

Ãj := cone(ṽi; i ̸= j), j = 0, 1, 2.

Lemma 2.5.3. Let P be a generator matrix as in Construction 2.5.1. Then the following
statements hold:

(i) We have cone(v1, v3, v4) ∩ lin(e1, e3) = cone(v3, (−l2, 0, d2)).
(ii) We have cone(v2, v3, v4) ∩ lin(e1, e3) = cone(v3, (−l2, 0, d0l2 + d2)).
(iii) We have cone(v1, v2, v3) ∩ lin(e1, e3) = cone(v3).
(iv) We have cone(v1, v2, v4) ∩ lin(e1, e3) = cone((−l2, 0, d2), (−l2, 0, d0l2 + d2)).
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2.5. K∗-surfaces of Picard number one and integral degree

Proof. We begin by proving (i). The solution set of the system

[v1, v4,−e1,−e3] · x¦ =







−1 0 −1 0
−1 l2 0 0
0 d2 0 −1






· x¦ = 0.

is given by {t(l2, 1,−l2, d2); t ∈ K}. Hence, the intersection of the two planes lin(v1, v4)
and lin(e1, e3) is given by {t(l2 · v1 + 1 · v4); t ∈ K}. Since l2 > 0, we obtain a positive
linear combination l2v1 + v4 = (−l2, 0, d2) ∈ cone(v1, v4). Together with v3 ∈ lin(e1, e3),
the claim follows.

We proceed with (ii). The solutions x ∈ K4 of the system

[v2, v4,−e1,−e3] · x¦ =







−1 0 −1 0
−1 l2 0 0
d0 d2 0 −1






· x¦ = 0

are given by x ∈ {t(l2, 1,−l2, d0l2 + d2); t ∈ K}. This implies that the two planes spanned
by lin(v2, v4) and lin(e1, e3) intersect in {t(l2 · v2 + 1 · v4); t ∈ K}. Because of l2 > 0 we
conclude l2v2 + v4 = (−l2, 0, d0l2 + d2) ∈ cone(v2, v4). By using v3 ∈ lin(e1, e3), we get
the assertion.

The statement (iii) is clear. For (iv) we note that (i) and (ii) provide us with

cone(v1, v4) ∩ lin(e1, e3) = cone((−l2, 0, d2)),

cone(v2, v4) ∩ lin(e1, e3) = cone((−l2, 0, d0l2 + d2)).

Lemma 2.5.4. Let P be a generator matrix as in Construction 2.5.1. Then the following
statements hold:

(i) We have cone(v1, v3, v4) ∩ lin(e2, e3) = cone(v4, (0,−l1, d1)).
(ii) We have cone(v2, v3, v4) ∩ lin(e2, e3) = cone(v4, (0,−l1, d0l1 + d1)).
(iii) We have cone(v1, v2, v4) ∩ lin(e2, e3) = cone(v4).
(iv) We have cone(v1, v2, v3) ∩ lin(e2, e3) = cone((0,−l1, d0l1 + d1), (0,−l1, d1)).

Proof. First, we show (i). The solution set of the following system

[v1, v3,−e2,−e3] · x¦ =







−1 l1 0 0
−1 0 −1 0
0 d1 0 −1






· x¦ = 0

is given by {t(l1, 1,−l1, d1); t ∈ Z}. Thus, the intersection line of lin(v1, v3) and lin(e2, e3)
is {t(l1 · v1 + 1 · v3); t ∈ K}. Due to l1 > 0 we obtain a positive linear combination
l1v1 + v3 = (0,−l1, d1) ∈ cone(v1, v3). Further, we have v4 ∈ lin(e2, e3). Then the
assertion follows.
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We proceed with (ii). The solutions x ∈ Z4 of the system

[v2, v3,−e2,−e3] · x¦ =







−1 l1 0 0
−1 0 −1 0
d0 d1 0 −1






· x¦ = 0

are given by x ∈ {t(l1, 1,−l1, d0l1 + d1); t ∈ Z}. Hence, v ∈ cone(v2, v3) ∩ lin(e2, e3) is
equivalent to v being an integer multiple of l1v2 + 1 · v3 = (0,−l1, d0l1 + d1).

Further, (iii) is clear. We derive the statement (iv) from (i) and (ii). That means

cone(v1, v3) ∩ lin(e2, e3) = cone((0,−l1, d1)),

cone(v2, v3) ∩ lin(e2, e3) = cone((0,−l1, d0l1 + d1)).

Proof of Proposition 2.5.2. For all maximal cones Ã ∈ Σ, Lemma 2.5.3 provides us with
the generators of the cones Ã ∩ lin(e1, e3). We compute the preimages of Ã ∩ lin(e1, e3)
as follows

¸−1
1 (cone(v3, (−l2, 0, d2)) = cone((d1,−l1), (d2, l2)) = Ã2,

¸−1
1 (cone(v3, (−l2, 0, d0l2 + d2)) = cone((d1,−l1), (d0l2 + d2, l2)) = Ã1,

¸−1
1 (cone((−l2, 0, d2), (−l2, 0, d0l2 + d2)) = cone((d2, l2), (d0l2 + d2, l2)) = Ã3.

This yields the maximal cones and the generator matrix P̃1 of the fan ∆at
1 .

For the maximal cones Ã ∈ Σ, we derive Ã ∩ lin(e2, e3) from Lemma 2.5.4. Then the
preimages of Ã ∩ lin(e2, e3) are given by

¸−1
2 (cone(v4, (0,−l1, d1)) = cone((d2,−l2), (d1, l1)) = Ã2,

¸−1
2 (cone(v4, (0,−l1, d0l1 + d1)) = cone((d2,−l2), (d0l1 + d1, l1)) = Ã1,

¸−1
2 (cone((0,−l1, d1), (0,−l1, d0l1 + d1)) = cone((d1, l1), (d0l1 + d1, l1)) = Ã3.

This provides us with the maximal cones and the generator matrix P̃2 of the fan ∆at
2 .

Proof of Construction 2.5.1. The families È» : X» → K are those delivered by Construc-
tion 1.3.1 for » = 1, 2. From Proposition 1.3.7 and Proposition 2.5.2 we derive that
the P̃» are the generator matrices of the central fibers. Thus, È−1

» (0) = Z̃».

Remark 2.5.5 ([27, Rem. 3.7]). The flat families Èi : Xi → K from Construction 2.5.1
are special equivariant test configurations in the sense of [18, Def. 5.2] for the del Pezzo
K∗-surface X. Moreover, according to [18, Prop. 5.4], any other special equivariant test
configuration of X has limit Z̃1 or Z̃2.
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2.5. K∗-surfaces of Picard number one and integral degree

Proposition 2.5.6. Consider X = X(P ) in Z = Z(P ), the fake weight vector w(P ) =
(w1, w2, w3, w4) and Xi → K as in Construction 2.5.1. Then

w(P̃1) = (w1, w2, −d0l
2
1), w(P̃2) = (w1, w2, −d0l

2
2)

holds for the fake weight vectors of the central fibers Z̃1 and Z̃2. The canonical self
intersection numbers of X, Z̃1, Z̃2 satisfy

K2
X = K2

Z̃1
= K2

Z̃2
.

Furthermore, let Z± ¦ Z be the affine toric subvariety containing x± ∈ Z and define
X± := X ∩ Z±. Then we have isomorphisms of affine surfaces

X+ ∼= Z̃1 \ V (T1) ∼= Z̃2 \ V (T1), X− ∼= Z̃1 \ V (T0) ∼= Z̃2 \ V (T0).

Finally, let Z0 ¦ Z be the affine toric subvariety given by cone(v1, v2) and set X0 := X∩Z0.
Then X0 is the index one cover of Z̃i \ V (T2), i = 1, 2.

Lemma 2.5.7. Let (li, di), where i = 1, 2 be two pairs of coprime integers, let d0 ∈ Z
and consider the affine generator matrices

B =







1 l1 0
−1 0 l2
d0 d1 d2






, B̃ :=

[

l1 −l2
d1 + l1d0 d2

]

.

Then the associated affine toric varieties share the divisor class groups K and class group
order w and these are explicitly given by

w = det(B) = det(B̃) = −d0l1l2 − d1l2 − d2l1,

K = Z3/im(B∗) = Z2/im(B̃∗) = Z/wZ.

Moreover, let C̃ = [c̄1, c̄2] be a degree matrix for B̃ in K. Then C = [l̄1c̄1, c̄1, c̄2] is a
degree matrix for B in K.

Proof. The statement on the determinants is obvious. To proceed, we turn B by means
of unimodular row operations into the matrix

B0 =







1 l1 0
0 l1 −l2
0 d1 + d0l1 d2






.

Then K = Z3/im(B∗) = Z3/im(B∗
0) = Z2/im(B̃∗). As C̃ is a degree matrix, K is

generated by c̄1. Finally, B0 and B share C as a degree matrix in K.
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Proof of Proposition 2.5.6. The statement on the fake weight vectors is obtained by
Remark 1.1.8 and Proposition 1.4.3. Also the identity of the canonical self intersections
can be directly verified, using Proposition 1.4.3, Proposition 1.4.4 and Proposition 2.2.4.
For the remaining statements, consider the following submatrices

P+ =







−1 l1 0
−1 0 l2

0 d1 d2






, P− =







−1 l1 0
−1 0 l2
d0 d1 d2






.

The cones spanned by the columns of P± define open toric subvarieties Z± ¦ Z. Cutting
down to X provides us with affine K∗-invariant open neighbourhoods

x± ∈ X± := X ∩ Z± ∼= X(P±),

where the affine K∗-surface X(P±) is constructed in an analogous manner to the pro-
ceeding in the projective case; see [29]:

X(P±) = X̄±/H±, X̄i = V (T1 + T l1
2 + T l2

3 ) ¦ Zi.

Here, respective quasitori H± ¦ K∗ are the subgroups of w2,1-th roots of unity and, due
to Lemma 2.5.7, the corresponding degree matrices are given by

Q+ = [l̄1b̄1, b̄1, c̄1], Q− = [l̄1b̄2, b̄2, c̄2],

with degree matrices Q̃+ = [b̄1, c̄1] for Z̃1 \ V (T1) and Q̃− = [b̄2, c̄2] for Z̃1 \ V (T0). In
particular, we have H±-equivariant isomorphisms

φ± : K2 → X̄±, z 7→ (−zl1
1 − zl2

2 , z1, z2).

Passing to the induced morphisms of the respective quotients by H± gives the desired
isomorphies of affine surfaces

Z̃1 \ V (T1) = K2/H+ ∼= X̄+/H+ = X+, Z̃1 \ V (T0) = K2/H− ∼= X̄−/H− = X−.

Finally, we infer from [3, Prop. 3.4.4.6] that x0 ∈ X0 is isomorphic to the toric fixed point
in the affine toric surface Z0 by the generator matrix

A :=

[

1 1
0 d0

]

.

In terms of generator matrices, one directly checks that Z0 naturally maps onto Z̃1 \V (T2)
and Z̃2 \ V (T2) and that these maps are the index one covers:

Si ·A =

[

li li
di di + d0li

]

, Si :=

[

li 0
di li

]

.
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2.5. K∗-surfaces of Picard number one and integral degree

Proposition 2.5.8. Let Z̃1 be a fake weighted projective plane with fake weight vector
w = (w0, w1, w2) and degree matrix Q̃1 such that z(2) ∈ Z̃1 is T -singular. Then Q̃1

admits precisely one corresponding generator matrix P̃1 of the form

P̃1 =

[

l1 l1 −l2
d1 d1 + d0l1 d2

]

,

l1=º(z(2)), d0=−w2/l21, 0fd1<l1,

l2=l1(w0+w1)/w2,

d2=−(d1w0+d1w1+d0l1w1)/w2,

d0l1l2+d1l2+l1d2<0<d1l2+l1d2.

The entries of the matrix P̃1 give rise to generator matrices P and P̃2, defining a K∗-
surface X(P ) and a fake weighted projective plane Z̃2, namely

P =







−1 −1 l1 0
−1 −1 0 l2

0 d0 d1 d2






, P̃2 =

[

l2 l2 −l1
d2 d2 + d0l2 d1

]

.

The Z̃i are the central fibers of the flat families Xi → K from Construction 2.5.1 applied
to X(P ), their fake weight vectors satisfy

w(P̃2) = ¼(w(P̃1)),

and the point z(2) ∈ Z̃2 is at most T -singular. Moreover, the K∗-surface X(P ) is
non-toric if and only if l1 and l1(w0 + w1)/w2 both differ from one.

Proof. Let P1 be any generator matrix corresponding to Q̃1. Lemma 2.4.2 tells us that,
after multiplying P1 from the left with a suitable unimodular matrix, the first two columns
look as those of P̃1. Observe that the requirements d0 < 0 and 0 f d1 < l1 uniquely
determine d1. The third column of P1 is determined by the fact that P1 annihilates the
fake weight vector w(Q̃1). Observe that the conditions on the entries of P̃1 ensure the P
and P̃2 are indeed projective generator matrices. The remaining statements are clear by
Construction 2.5.1, Proposition 2.5.6 and Lemma 2.4.2.

Corollary 2.5.9. Let Z be a fake weighted projective plane with fake weight vector
w = (w0, w1, w2). Then the following two statements are equivalent.

(i) Z is the central fiber of an equivariant test configuration of a non-toric, quasismooth,
rational, projective K∗-surface X of Picard number one.

(ii) At least one of the three toric fixed points of Z, say z(i), is T -singular and satisfies

º(z(i)) > 1, w0 + w1 + w2 >

(

1

º(z(i))
+ 1

)

wi.

Proof. Combine Construction 2.5.1 and Proposition 2.5.8 with [18, Prop. 5.4].
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Remark 2.5.10. Consider the families Èi : Xi → K from Construction 2.5.1. The
fiberwise K∗-actions and the horizontal K∗-action define an action of the two-torus T2 on
the Xi. This allows us to track the three fixed points x0, x1, x2 in fibers È−1

i (1) = X(P )
in the degeneration process. By properness of Èi, the horizontal K∗-orbit through xk has
a limit point in È−1

k (0) = Z̃i. The hyperbolic fixed point x0 tends to the toric fixed point
z(2) and the two elliptic fixed points x1, x2 to toric fixed points z(0), z(1).

Definition 2.5.11. We call two generator matrices P1, P2 of fake weighted projective
planes Z1, Z2 adjacent if P1, P2 arise via Construction 2.5.1 from a common matrix P .
In this situation, we call any pair Z ′

1, Z ′
2 of fake weighted projective planes with Z ′

1
∼= Z1

and Z ′
2

∼= Z2 as well adjacent.

Definition 2.5.12. Let Q1 and Q2 be degree matrices of fake weighted projective planes
Z1 and Z2, respectively. We call Q1, Q2 adjacent if the following holds:

(i) there exist corresponding generator matrices P1 for Q1 and P2 for Q2 such that P1,
P2 are adjacent,

(ii) we have w0 f w1 for the first two (common) components of the fake weight vectors
w(Q1) and w(Q2),

(iii) up to permuting the columns, each of the Q1, Q2 is adjusted in the sense of
Definition 2.2.11.

Theorem 2.5.13. For every fake weighted projective plane Z1 of integral degree, there is
a pair (Q1, Q2) of adjacent degree matrices with Z1

∼= Z(Q1).

Proof. Proposition 2.4.5 to 2.4.9 ensure that at least one of the toric fixed points of the
fake weighted projective plane Z1 is at most T -singular. Thus Proposition 2.5.8 yields
the assertion.

Definition 2.5.14. Let Q1, Q2 be adjacent degree matrices. Set Zi = Z(Qi) and denote
by li the local Gorenstein indices of z(2) ∈ Zi. We call (Q1, Q2) ordered if l1 f l2 and we
say that (Q1, Q2) is non-toric if l1, l2 g 2.

By the definition of adjacency, every non-toric, ordered pair (Q1, Q2) of adjacent
degree matrices gives rise to a K∗-surface X, degenerating via Construction 2.5.1 to the
fake weighted projective planes associated with Q1, Q2. Due to Proposition 2.5.8, the
surface X is non-toric and uniquely determined up to isomorphism by (Q1, Q2). We
write X = X(Q1, Q2).

Theorem 2.5.15. Let X be a non-toric, quasismooth, rational, projective K∗-surface of
Picard number one with K2

X ∈ Z. Then X ∼= X(Q1, Q2) with a non-toric, ordered pair of
adjacent degree matrices. Moreover, distinct ordered pairs (Q1, Q2) of adjacent degree
matrices yield non-isomorphic K∗-surfaces.
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2.6. Examples and observations

Proof. Let X be a quasismooth, rational, projective K∗-surface of Picard number one and
integral degree. Then X ∼= X(P ) with a generator matrix P as introduced in Section 2.5;
see also [27, Constr. 3.1]. According to Construction 2.5.1, we have X(P ) = X(Q1, Q2),
where Q1, Q2 are adjacent degree matrices corresponding to the generator matrices P1, P2

given there, and we may assume that (Q1, Q2) is ordered. Moreover, Proposition 2.5.8 tells
us that (Q1, Q2) is non-toric. Finally, the definition of a non-toric, ordered pair of adjacent
degree matrices ensures that distinct pairs define non-isomorphic K∗-surfaces.

2.6 Examples and observations

In a first example series, we check the isomorphies for members inside one of the series
(1-9-∗) or (1-8-∗) in the case of a small fake weight vector and we discuss the first fake
weight vector, where any two different values of the entry ¯̧ in the adjusted degree matrix
lead to non-isomorphic fake weighted projective planes. We begin by presenting the
tacitly used tool box.

Lemma 2.6.1. Let φ : Z · Z/µZ → Z · Z/µZ be a surjective group homomorphism.
Then φ is an isomorphism.

Proof. We first show that only torsion elements map to torsion elements. Consider
x, y ∈ Z with φ(x, ȳ) ∈ {0} · Z/µZ. Then we have

φ(µx, 0̄) = µφ(x, ȳ) = (0, 0̄).

Consequently, µxZ · {0̄} ¦ ker(φ). The homomorphism theorem yields a commutative
diagram

Z · Z/µZ
φ

//

((

Z · Z/µZ

Z/µxZ · Z/µZ

φ̄

66

As φ is surjective, also φ̄ is so. By group order reasons, x = 0. The claim is verified. As
a consequence, we obtain isomorphisms

{0} · Z/µZ φ−1({0} · Z/µZ)
∼=
φ

// {0} · Z/µZ.

In particular the kernel of φ : Z · Z/µZ → Z · Z/µZ, being contained in the torsion
part, must be trivial.

Remark 2.6.2. Consider a degree matrix Q in Z·Z/µZ and a 2×3 projective generator
matrix P sharing the same fake weight vector. Then Lemma 2.6.1 says that Q and P
correspond to each other if and only if Q annihilates the rows of P .
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Example 2.6.3. In the series (1-9-∗), consider the degree matrices sharing the fake
weight vector (9, 9, 9):

[

1 1 1

0̄ 1̄ 2̄

]

,

[

1 1 1

0̄ 1̄ 5̄

]

,

[

1 1 1

0̄ 1̄ 8̄

]

.

As corresponding generator matrices we obtain the following ones, all defining isomorphic
fake weighted projective planes:

[

3 3 −6

1 −2 1

]

,

[

1 1 −2

0 −9 9

]

,

[

3 3 −6

2 −1 −1

]

.

For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T -singularity
identifier and numbers of exceptional curves of the minimal resolution are

(3, 1, 3), (3, 3, 1), (1, 3, 3),

(+,+,+), (+,+,+), (+,+,+),

(2, 8, 2), (2, 2, 8), (8, 2, 2).

Example 2.6.4. In the series (1-9-∗), consider the degree matrices sharing the fake
weight vector (9, 9, 36):

[

1 1 4

0̄ 1̄ 2̄

]

,

[

1 1 4

0̄ 1̄ 5̄

]

,

[

1 1 4

0̄ 1̄ 8̄

]

.

As corresponding generator matrices we obtain the following ones, where the last two
define isomorphic fake weighted projective planes:

[

2 2 −1

1 −17 4

]

,

[

6 6 −3

1 −5 1

]

,

[

6 6 −3

5 −1 −1

]

.

For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T -singularity
identifier and numbers of exceptional curves of the minimal resolution are

(3, 3, 2), (3, 1, 6), (1, 3, 6),

(+,+,+), (+,+,+), (+,+,+),

(2, 2, 9), (2, 8, 5), (8, 2, 5).

Example 2.6.5. In the series (1-9-∗), consider the degree matrices sharing the fake
weight vector (9, 36, 225):

[

1 4 25

0̄ 1̄ 2̄

]

,

[

1 4 25

0̄ 1̄ 5̄

]

,

[

1 4 25

0̄ 1̄ 8̄

]

.
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2.6. Examples and observations

As corresponding generator matrices we obtain the following ones, defining pairwise
non-isomorphic fake weighted projective planes:

[

15 15 −3

2 −13 2

]

,

[

5 5 −1

1 −44 7

]

,

[

15 15 −3

7 −8 1

]

.

For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T -singularity
identifier and numbers of exceptional curves of the minimal resolution are

(3, 2, 15), (3, 6, 5), (1, 6, 15),

(+,+,+), (+,+,+), (+,+,+),

(2, 9, 8), (2, 5, 12), (8, 5, 8).

Example 2.6.6. In the series (1-8-∗), consider the degree matrices Q1, . . . , Q4, sharing
the fake weight vector (8, 8, 16):

[

1 1 2

0̄ 1̄ 1̄

]

,

[

1 1 2

0̄ 1̄ 3̄

]

,

[

1 1 2

0̄ 1̄ 5̄

]

,

[

1 1 2

0̄ 1̄ 7̄

]

.

As corresponding generator matrices P1, . . . , P4, we obtain the following, showing in
particular Z(P2) ∼= Z(P4):

[

1 1 −1

0 −16 8

]

,

[

4 4 −4

1 −3 1

]

,

[

2 2 −2

1 −7 3

]

,

[

4 4 −4

3 −1 −1

]

.

For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T -singularity
identifier and numbers of exceptional curves of the minimal resolution are

(4, 4, 1), (2, 1, 4), (4, 4, 2), (1, 2, 4),

(−,−,+), (+,+,+), (−,−,+), (+,+,+),

(1, 1, 15), (2, 7, 3), (3, 3, 4), (7, 2, 3).

Example 2.6.7. In the series (1-8-∗), consider the degree matrices Q1, . . . , Q4, sharing
the fake weight vector (8, 16, 72):

[

1 9 2

0̄ 1̄ 1̄

]

,

[

1 9 2

0̄ 1̄ 3̄

]

,

[

1 9 2

0̄ 1̄ 5̄

]

,

[

1 9 2

0̄ 1̄ 7̄

]

.

As corresponding generator matrices P1, . . . , P4, we obtain the following, no two of them
defining isomorphic fake weighted projective planes:

[

2 2 −10

1 −7 31

]

,

[

4 4 −20

3 −1 3

]

,

[

1 1 −5

0 −16 72

]

,

[

4 4 −20

1 −3 13

]

.
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For the toric fixed points z(0), z(1), z(2), the local Gorenstein indices, T -singularity
identifier and numbers of exceptional curves of the minimal resolution are

(4, 12, 2), (2, 3, 4), (4, 12, 1), (1, 6, 4),

(−,−,+), (+,+,+), (−,−,+), (+,+,+),

(1, 11, 4), (2, 9, 3), (3, 3, 15), (7, 6, 3).

We take a closer look at the adjacency relation on the class of fake weighted projective
planes, as introduced in Definition 2.5.11. The aim is to indicate, how adjacency can be
read off from adjusted degree matrices. In the case of at most T -singular fake weighted
projective planes, the situation is completely described by the trees T (a) of the Markov
type equations.

Construction 2.6.8. Let T (a, µ) denote the set of isomorphy classes of all at most
T -singular fake weighted projective planes of degree a ∈ Z>0 and multiplicity µ. We join
two distinct classes Z1,Z2 ∈ T (a, µ) by an edge, if there are representatives Zi ∈ Zi such
that Z1 and Z2 are adjacent.

Proposition 2.6.9. For a = 9, 8, 6, 5, 4, 3, each of the graphs T (a, µ) is connected.
Moreover, we have canonical isomophisms of graphs:

T (9) ∼= T (9, 1) ∼= T (3, 3), T (8) ∼= T (8, 1) ∼= T (4, 2),

T (6) ∼= T (6, 1) ∼= T (3, 2) ∼= T (2, 3) ∼= T (1, 6), T (5) ∼= T (5, 1) ∼= T (1, 5),

where T (a) denotes the tree of ascendingly ordered solution triples of the squared Markov
equation from Remark 2.1.5.

We discuss the remaining cases. For the subsequent examples, we explicitly computed
the data of Proposition 2.5.8 for the first adjusted degree matrices in the series provided by
our classification results. We omit the computation and just present the resulting graphs,
where the vertices, that means the isomorphy classes of fake weighted projective planes,
are specified by (u0, u1, u2; ¯̧) with the first row u = (u0, u1, u2) of the corresponding
adjusted degree matrix Q and the last entry ¯̧ of the second row of Q.

Remark 2.6.10. The graph T (2, 4) has the series (2-4-1) and (2-4-3) as its connected
components, where each of them is isomorphic to S(8) as a graph.

Remark 2.6.11. The series (2-3-1) is not connected to T (2, 3) by adjacency. Inside
(2-3-1), we observe a simple pattern for the adjacencies:

(1,2,3;1̄)

(1,8,3;1̄)

(25,2,3;1̄)

(1,8,27;1̄)

(121,8,3;1̄)

(25,2,243;1̄)

(25,392,3;1̄)

(1,98,27;1̄)

(1225,8,27;1̄)

(121,8,5547;1̄)

(121,1922,3;1̄)

(25,35912,243;1̄)

(2401,2,243;1̄)

(25,392,57963;1̄)

(6241,392,3;1̄)
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2.6. Examples and observations

Remark 2.6.12. We take a look at the connected graph T (1, 9), where the vertices stem
from the three series (1-9-2), (1-9-5) and (1-9-8):
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Here, the blue edges indicate the jumps between the series (1-9-2), (1-9-5), (1-9-8) for
the first seven levels. We expect the pattern to continue.

Remark 2.6.13. The connected graph T (1, 8) takes its vertices from the two series
(1-8-3) and (1-8-7) and we have the following adjacencies:

(1,1,2;3̄)

(1,9,2;3̄)

(1,9,2;7̄)

(1,9,50;3̄)

(1,9,50;7̄)

(9,121,2;3̄)

(9,121,2;7̄)

(1,289,50;3̄)

(1,289,50;7̄)

(9,3481,50;3̄)

(9,3481,50;7̄)

(9,121,8450;3̄)

(9,121,8450;7̄)

(121,1681,2;3̄)

(121,1681,2;7̄)

(1,289,1682;3̄)

(1,289,1682;7̄)

(289,114921,50;3̄)

(289,114921,50;7̄)

(9,3481,243602;3̄)

(9,3481,243602;7̄)

(3481,1385329,50;3̄)

(3481,1385329,50;7̄)

(9,591361,8450;3̄)

(9,591361,8450;7̄)

(121,8162449,8450;3̄)

(121,8162449,8450;7̄)

(121,1681,1623602;3̄)

(121,1681,1623602;7̄)

(1681,23409,2;3̄)

(1681,23409,2;7̄)

Similarly as before, we indicate the jumps between the involved series by the blue edges.
We expect the pattern to continue.

Remark 2.6.14. The series (1-8-1) and (1-8-5) are neither connected to T (1, 8) via
adjacencies nor to each other. We obtain the following pattern of adjacencies.

(1,1,2;1̄) (1,9,2;1̄)

(1,9,50;1̄)

(9,121,2;1̄)

(1,289,50;1̄)

(9,3481,50;1̄)

(9,121,8450;1̄)

(121,1681,2;1̄)

(1,289,1682;1̄)

(289,114921,50;1̄)

(9,3481,243602;1̄)

(3481,1385329,50;1̄)

(9,591361,8450;1̄)

(121,8162449,8450;1̄)

(121,1681,1623602;1̄)

(1681,23409,2;1̄)

(1,1,2;5̄) (1,9,2;5̄)

(1,9,50;5̄)

(9,121,2;5̄)

(1,289,50;5̄)

(9,3481,50;5̄)

(9,121,8450;5̄)

(121,1681,2;5̄)

(1,289,1682;5̄)

(289,114921,50;5̄)

(9,3481,243602;5̄)

(3481,1385329,50;5̄)

(9,591361,8450;5̄)

(121,8162449,8450;5̄)

(121,1681,1623602;5̄)

(1681,23409,2;5̄)
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2.6. Examples and observations

Remark 2.6.15. The series (1-6-1) is not connected to T (1, 6) by adjacency. Inside
(1-6-1), the pattern of adjacencies equals that of (2,3,1):

(1,2,3;1̄)

(1,8,3;1̄)

(25,2,3;1̄)

(1,8,27;1̄)

(121,8,3;1̄)

(25,2,243;1̄)

(25,392,3;1̄)

(1,98,27;1̄)

(1225,8,27;1̄)

(121,8,5547;1̄)

(121,1922,3;1̄)

(25,35912,243;1̄)

(2401,2,243;1̄)

(25,392,57963;1̄)

(6241,392,3;1̄)

Remark 2.6.16. The series (1-5-1) is not connected to any other series (1-5-∗) via
adjacencies. Inside (1-5-1), we have the following pattern of adjacencies:

(1,4,5;1̄)

(1,9,5;1̄)

(4,81,5;1̄)

(1,9,20;1̄)

(9,196,5;1̄)

(4,81,1445;1̄)

(81,1849,5;1̄)

(1,49,20;1̄)

(9,841,20;1̄)

(9,196,8405;1̄)

(196,4489,5;1̄)

(4,25921,1445;1̄)

(81,582169,1445;1̄)

(81,1849,744980;1̄)

(1849,42436,5;1̄)

The series (1-5-2), (1-5-3) are not connected to T (1, 5) by adjancency. Inside these series,
the adjacency pattern resembles the previous one, but only jumps occur:

(1,4,5;2̄)

(1,4,5;3̄)

(1,9,5;2̄)

(1,9,5;3̄)

(4,81,5;2̄)

(4,81,5;3̄)

(1,9,20;2̄)

(1,9,20;3̄)

(9,196,5;2̄)

(9,196,5;3̄)

(4,81,1445;2̄)

(4,81,1445;3̄)

(81,1849,5;2̄)

(81,1849,5;3̄)

(1,49,20;2̄)

(1,49,20;3̄)

(9,841,20;2̄)

(9,841,20;3̄)

(9,196,8405;2̄)

(9,196,8405;3̄)

(196,4489,5;2̄)

(196,4489,5;3̄)

(4,25921,1445;2̄)

(4,25921,1445;3̄)

(81,582169,1445;2̄)

(81,582169,1445;3̄)

(81,1849,744980;2̄)

(81,1849,744980;3̄)

(1849,42436,5;2̄)

(1849,42436,5;3̄)
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Remark 2.6.17. Note that Construction 2.6.8 does not take “self-adjacency” into
account, that means fake weighted projective planes Z of integral degree that are adjacent
to themselves. This happens precisely in the following 16 cases:

u = (1, 1, 2) : (8-1-0), (4-2-1), (2-4-1), (2-4-3), (1-8-1), (1-8-3), (1-8-5),

u = (1, 2, 3) : (6-1-0), (3-2-1), (2-3-1), (2-3-2), (1-6-1), (1-6-5),

u = (1, 4, 5) : (5-1-0), (1-5-1), (1-5-4),

where u denotes the first row of the degree matrix. Among these cases, we have Z ⇝X⇝Z
with a non-toric X from Construction 2.5.1 in precisely 6 cases, namely

(2-4-3), (1-8-3), (1-8-5), (1-6-5), (1-5-1), (1-5-4).

2.7 A criterion for non-existence of Sasaki-Einstein metrics

The main result of this section, Theorem 2.7.1, shows the non-existence of Sasaki-Einstein
metrics for a certain subclass of quasismooth K∗-surfaces of Picard number one.

Let f ∈ C[T1, . . . , Tn+1] be a non-constant polynomial and let x ∈ V (f) be a singular
point. We call the intersection of V (f) with a sphere of real dimension 2n+ 1 of small
radius centered at x the link of the singular point x. By the anticanonical cone link SX

of X we mean the link of the singularity that the anticanonical cone X̃ over X has in its
apex. A Sasaki-Einstein metric on the link SX is the restriction of a Ricci-flat Kähler
metric on the anticanonical cone.

Theorem 2.7.1. Let X be a non-toric, quasismooth, rational, projective C∗-surface and
let 1 < l1 f l2 denote the orders of its non-trivial finite C∗-isotropy groups. If 2l1 f l2,
then SX admits no Sasaki-Einstein metric.

We recall the necessary background from Section 1.4 and from [18, Chapter 6].

Setting 2.7.2. Let X be a projective, rational, quasismooth C∗-surface of Picard number
one arising from Construction 1.4.1, that means X = X(P ) with

P := [v1, v2, v3, v4] :=







−1 −1 l1 0
−1 −1 0 l2

0 d0 d1 d2






,

1fd1fl1fl2, gcd(li,di)=1,

d0+
d1
l1

+
d2
l2

< 0 <
d1
l1

+
d2
l2

,

where Z is the fake weighted projective space with generator matrix P and where

X := X(P ) := V (h) ¦ Z, h := 1 + U1 + U2 ∈ O(T3).

By Proposition 1.3.7, the anticanonical cone over X is the 3-dimensional affine variety X̃
with 2-torus action given by the defining matrix

P̃ := [ṽ1, ṽ2, ṽ3, ṽ4] :=











−1 −1 l1 0
−1 −1 0 l2
0 d0 d1 d2

0 0 1 1











.
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

The columns ṽ1, ṽ2, ṽ3, ṽ4 of P̃ are the primitive generators of a polyhedral cone Ã̃ of full
dimension in Z4 and we have

X̃ = V (1 + S1 + S2) ¦ Z̃,

where Z̃ is the affine toric 4-fold associated with Ã̃. For » = 1, 2 we associate to P̃ the
cones

Ä̃» := ¸−1
» (Ã̃) ¦ R3,

where the linear maps ¸» : Z3 → Z4 are the antitropical coordinates, given by their
matrices

¸1 =











0 0 −1
0 0 0
1 0 0
0 1 0











, ¸2 =











0 0 0
0 0 −1
1 0 0
0 1 0











.

Remark 2.7.3. Consider X ¦ Z as in Setting 2.7.2. According to Proposition 1.3.7 (iv)
the fibers X»,0 are normal for » = 1, 2, and the fiber X0,0 is normal if and only if l1 = 1.

Construction 2.7.4 (See [18, Constr. 6.11]). Let Ä̃» be as in Setting 2.7.2 and let » = 1, 2.
Let b̃1, . . . , b̃k be the primitive generators of Ä̃». Then we define

b′
i :=

(

b̃i1, 1, b̃i3

)

, Ä ′
» := cone

(

b′
1, b

′
2, b

′
3

)

.

We set É′
» := (Ä ′

»)( and with any vector À = (À1, 1, À2) ∈ (Ä ′
»)◦ we associate the polytope

B′
»(À) :=

{

u ∈ É′
»; u(À) f 1

} ¦ É′
» ¦ R3.

Then, for each » = 1, 2 we define a volume function as

vol»(x1, x2) := vol(B′
»(x1, 1, x2)).

Theorem 2.7.5. Consider X ¦ Z as in Setting 2.7.2 and let Ä ′
» and vol» be as in

Construction 2.7.4. Then the following statements hold:

(i) The function vol» is rational on Ä ′
» ∩ R × {1} × R.

(ii) There exists a unique x0 such that ∂volκ/∂x (x0, 1, 0) = 0 and such that (x0, 1, 0) ∈ Ä ′
»

for » = 1, 2.
(iii) If the anticanonical cone link SX of X admits a Sasaki-Einstein metric, then we

obtain ∂volκ/∂y (x0, 1, 0) < 0 for » = 1, 2.

Proof. This is a direct consequence of [18, Thm. 6.12 and Rem. 6.13] and Remark 2.7.3.

Lemma 2.7.6. Consider the cone Ä ′
1 as in Construction 2.7.4 Then Ä ′

1 has the primitive
generators

v1 := (d2, 1, l2) , v2 := (d0l2 + d2, 1, l2) , v3 := (d1, 1,−l1) .
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Proof. By Proposition 2.5.2 the generator matrix of the toric degeneration X1,0 of X is
given by

P1,0 = [u1, u2, u3] =

[

d2 d0l2 + d2 d1

l2 l2 −l1

]

.

According to Proposition 1.3.12 the generators of the cone Ä ′
1 are given as º(u1), º(u2), º(u3),

where
º : R2 −→ R3, (x, y) 7→ (x, 1, y).

This yields the desired claim.

Lemma 2.7.7. Consider the cone Ä ′
1 as in Construction 2.7.4. We set

µ1 := gcd (l1 + l2,−d0l1l2 − d1l2 − d2l1,−d0l2 + d1 − d2) ,

µ3 := gcd (l1 + l2, d1l2 + d2l1, d1 − d2) .

Then the dual cone É′
1 := Ä ′(

1 has the primitive generators

u1 := (0, l2,−1) ,

u2 := 1
µ1

(l1 + l2,−d0l1l2 − d1l2 − d2l1,−d0l2 + d1 − d2) ,

u3 := 1
µ3

(−l1 − l2, d1l2 + d2l1,−d1 + d2) .

Proof. We denote by P1 the matrix which columns are the primitive generators of Ä ′
1.

Due to Lemma 2.7.6 we have

P1 =







d2 d0l2 + d2 d1

1 1 1
l2 l2 −l1






.

In order to see that the ui are ray generators of É′
1 it suffices to show that each ui cuts

out a facet of Ä ′
1 and evaluates positively on the complementary ray. We obtain

u1 · P1 = (0, 0, l1 + l2)¦ ,

u2 · P1 = 1
µ1

(0,−d0l2(l1 + l2), 0)¦ ,

u3 · P1 = 1
µ3

(−d0l2(l1 + l2), 0, 0)¦ .

According to Setting 2.7.2 we have d0 < 0 and l1, l2 > 0. Hence, the non-zero entries on
the right hand side are positive.

Lemma 2.7.8. Let É ¦ R3 be a three-dimensional cone with primitive generators u1, u2, u3

and let À ∈ (É()◦. Then we obtain

{v ∈ É; v(À) f 1} = conv
(

(0, 0, 0), 1
ïÀ,u1ðu1,

1
ïÀ,u2ðu2,

1
ïÀ,u3ðu3

)

.

Moreover, the volume of this convex set is given by

vol ({v ∈ É; v(À) f 1}) = 1
2

∣

∣

∣ det
(

1
ïÀ,u1ðu1,

1
ïÀ,u2ðu2,

1
ïÀ,u3ðu3

) ∣

∣

∣ .
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

Proof. The first statement is clear. For the second claim, we use that the cone is full
dimensional in R3 and has three generators. Consequently, the volume of the parallel
epiped spanned by u1, u2, u3 is equal to the absolute value of the determinant of the
matrix [u1, u2, u3]. This yields the claim.

Lemma 2.7.9. Let p1, . . . , pk ∈ Rn and C := conv{p1, . . . , pk} and g : Rn → R be an
affine-linear function. Then we have g g 0 on C if and only if g(pi) g 0 for i = 1, . . . , k.

Proof. Since g : Rn → R is affine-linear there exists a vector a ∈ Rn and a scalar b ∈ R
such that g(x) = a · x+ b. We obtain

g

(

k
∑

i=1

¼ipi

)

= a ·
(

k
∑

i=1

¼ipi

)

+ b =
k
∑

i=1

¼ia · pi +
k
∑

i=1

¼ib =
k
∑

i=1

¼i(a · pi + b) =
k
∑

i=1

¼ig(pi),

where we used
∑k

i=1 ¼i = 1 for the second equality. Then, the assertion follows from
¼i g 0.

Proposition 2.7.10. Let Ä ′
1 and vol1 be as in Construction 2.7.4 and let (x, 1, y) ∈ (Ä ′

1)◦.
We set

f1,1(y) := l2 − y,

f2,1(x, y) := (l1 + l2)x+ (−d0l2 + d1 − d2)y − d0l1l2 − d1l2 − d2l1,

f3,1(x, y) := (l1 + l2)x+ (d1 − d2)y − d1l2 − d2l1.

Then the volume function is given by

vol1(x, y) = d0l2(l1+l2)2

2f1,1(y)f2,1(x,y)f3,1(x,y)

and its derivatives are given by

∂vol1/∂x (x, 1, y) = −d0l2(l1+l2)3

2f1,1(y)f2,1(x,y)2f3,1(x,y)2 · (f2,1(x, y) + f3,1(x, y)),

∂vol1/∂y (x, 1, y) = −d0l2(l1+l2)2

2f1,1(y)2f2,1(x,y)2f3,1(x,y)2 · (−f2,1(x, y)f3,1(x, y)

+ f1,1(y)f3,1(x, y)(−d0l2 + d1 − d2) + f1,1(y)f2,1(x, y)(d1 − d2)
)

.

Proof. We denote by P1 the matrix which columns are the primitive generators of É′
1.

We infer from Lemma 2.7.7 that

P1 = [u1, u2, u3] =







0 1
µ1

(l1 + l2) 1
µ3

(−l1 − l2)

l2
1

µ1
(−d0l1l2 − d1l2 − d2l1) 1

µ3
(d1l2 + d2l1)

−1 1
µ1

(−d0l2 + d1 − d2) 1
µ3

(−d1 + d2)






.

We derive d0 < 0 and l1, l2 > 0 from Setting 2.7.2. Hence, we obtain

det (P1) = 1
µ1µ3

d0l2(l1 + l2)2 < 0,
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Moreover, we compute

ïu1, (x, 1, y)ð = l2 − y = f1,1(y),

ïu2, (x, 1, y)ð = 1
µ1

((l1 + l2)x+ (−d0l2 + d1 − d2)y − d0l1l2 − d1l2 − d2l1)

= 1
µ1
f2,1(x, y),

ïu3, (x, 1, y)ð = − 1
µ3

((l1 + l2)x+ (d1 − d2)y − d1l2 − d2l1) = − 1
µ3
f3,1(x, y).

We set E := R × {1} × R and let pr: E → R2, (x, 1, y) 7→ (x, y) be the projection. Then
pr(Ä ′

1 ∩ E) is a convex set. Using l1, l2 > 0 we see

f1,1(d2, l2) = 0, f1,1(d0l2 + d2, l2) = 0, f1,1(d1,−l1) = l1 + l2 > 0.

Hence, Lemma 2.7.9 yields that f1,1 is a positive function on pr (Ä ′
1 ∩ E). Again by

l1, l2 > 0, we get

f2,1(d2, l2) = (l1 + l2)d2 + (−d0l2 + d1 − d2)l2 − d0l1l2 − d1l2 − d2l1

= −d0l2(l1 + l2) > 0,

f2,1(d0l2 + d2, l2) = (l1 + l2)(d0l2 + d2) + (−d0l2 + d1 − d2)l2 − d0l1l2 − d1l2 − d2l1

= −d0l2(l1 + l2) + (l1 + l2)d0l2 = 0,

f2,1(d1,−l1) = (l1 + l2)d1 − (−d0l2 + d1 − d2)l1 − d0l1l2 − d1l2 − d2l1 = 0.

Now Lemma 2.7.9 implies that f2,1 is a positive function on pr (Ä ′
1 ∩ E). Moreover, by

using d0 < 0 and l1, l2 > 0, we have

f3,1(d2, l2) = (l1 + l2)d2 + (d1 − d2)l2 − d1l2 − d2l1 = 0,

f3,1(d0l2 + d2, l2) = (l1 + l2)(d0l2 + d2) + (d1 − d2)l2 − d1l2 − d2l1 = d0l2(l1 + l2) < 0,

f3,1(d1,−l1) = (l1 + l2)d1 − (d1 − d2)l1 − d1l2 − d2l1 = 0.

Therefore, we apply Lemma 2.7.9 to −f3,1. Consequently, we obtain that f3,1 is a negative
function on pr (Ä ′

1 ∩ E). Hence, using Lemma 2.7.8, the volume function vol1 is given by

vol1(x, y) = 1
2 · 1

|ï(x,1,y),u1ð| · 1
|ï(x,1,y),u2ð| · 1

|ï(x,1,y),u3ð| · | detP1| = −d0l2(l1+l2)2

2f1,1(y)f2,1(x,y)(−f3,1(x,y)) ,

since d0 < 0. Lastly, the formulas of the derivatives follow from direct calculations.

Lemma 2.7.11. Consider the cone Ä ′
2 as in Setting 2.7.2. Then Ä ′

2 has the primitive
generators

v1 := (d1, 1, l1) , v2 := (d0l1 + d1, 1, l1) , v3 := (d2, 1,−l2) .

Proof. From Proposition 2.5.2 we obtain that the generator matrix of the toric degenera-
tion X2,0 of X is given by

P2,0 = [u1, u2, u3] =

[

d1 d0l1 + d1 d2

l1 l1 −l2

]
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

Proposition 1.3.12 tells us that the generators of the cone Ä ′
2 are given by º(u1), º(u2), º(u3),

where
º : R2 −→ R3, (x, y) 7→ (x, 1, y)

and the claim is proven.

Lemma 2.7.12. Consider the cone Ä ′
2 as in Setting 2.7.2. We set

µ2 := gcd (l1 + l2,−d0l1l2 − d1l2 − d2l1,−d0l1 + d2 − d1) ,

µ3 := gcd (l1 + l2, d1l2 + d2l1, d1 − d2) .

Then the dual cone É′
2 := Ä ′(

2 has the primitive generators

u1 := (0, l1,−1) ,

u2 := 1
µ2

(l1 + l2,−d0l1l2 − d1l2 − d2l1,−d0l1 + d2 − d1) ,

u3 := 1
µ3

(−l1 − l2, d1l2 + d2l1, d1 − d2) .

Proof. We denote by P2 the matrix which columns are the primitive generators of Ä ′
2.

According Lemma 2.7.6 we obtain

P2 :=







d1 d0l1 + d1 d2

1 1 1
l1 l1 −l2






.

To see that the ui are ray generators of É′
2 we have to check that that each of them cuts

out a facet of Ä ′
2 and evaluates positively on the remaining ray. We obtain

u1 · P2 = (0, 0, l1 + l2)¦ ,

u2 · P2 = 1
µ2

(0,−d0l1(l1 + l2), 0)¦ ,

u3 · P2 = 1
µ3

(−d0l1(l1 + l2), 0, 0)¦ .

Setting 2.7.2 yields d0 < 0 and l1, l2 > 0. Thus, all non-zero entries on the right hand
side are positive.

Proposition 2.7.13. Let Ä ′
2 and vol2 be as in Construction 2.7.4 and let (x, 1, y) ∈ (Ä ′

2)◦.
We set

f1,2(y) := l1 − y,

f2,2(x, y) := (l1 + l2)x+ (d2 − d1 − d0l1)y − d0l1l2 − d2l1 − d1l2,

f3,2(x, y) := (l1 + l2)x+ (d2 − d1)y − d1l2 − d2l1.

Then, the volume function is given by

vol2(x, y) = −d0l1(l1+l2)2

2f1,2(y)f2,2(x,y)f3,2(x,y)
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and its derivatives are given by

∂vol2/∂x (x, 1, y) = d0l1(l1+l2)3

2f1,2(y)f2,2(x,y)2f3,2(x,y)2 · (f2,2(x, y) + f3,2(x, y)),

∂vol2/∂y (x, 1, y) = d0l1(l1+l2)2

2f1,2(y)2f2,2(x,y)2f3,2(x,y)2 · (−f2,2(x, y)f3,2(x, y)

+ f1,2(y)f3,2(x, y)(d2 − d1 − d0l1) + f1,2(y)f2,2(x, y)(d2 − d1)
)

.

Proof. Let P2 be the matrix whose columns are the primitive generators of É′
2. The

generators of É′
2 are determined in Lemma 2.7.11 and we obtain

P2 = [u1, u2, u3] =







0 1
µ2

(l1 + l2) 1
µ3

(−l1 − l2)

l1
1

µ2
(−d0l1l2 − d1l2 − d2l1) 1

µ3
(d1l2 + d2l1)

−1 1
µ2

(−d0l1 + d2 − d1) 1
µ3

(d1 − d2)






.

Due to Setting 2.7.2, we get d0 < 0 and l1, l2 > 0. Therefore, its determinant is

det (P2) = 1
µ2µ3

d0l1(l1 + l2)2 < 0,

Further, we have

ïu1, (x, 1, y)ð = l1 − y = f1,2(y),

ïu2, (x, 1, y)ð = 1
µ2

((l1 + l2)x+ (d2 − d1 − d0l1)y − d0l1l2 − d2l1 − d1l2) = 1
µ2
f2,2(x, y),

ïu3, (x, 1, y)ð = − 1
µ3

((l1 + l2)x+ (d2 − d1)y − d1l2 − d2l1) = − 1
µ3
f3,2(x, y).

Set E := R × {1} × R. Applying pr: E → R2, (x, 1, y) 7→ (x, y) we see that pr(Ä ′
2 ∩E) is

a convex set in R2. In order to see that the functions fi,2 do not change signs on Ä ′
2 we

treat them separately. Using l1, l2 > 0 we see

f1,2(d1, l1) = 0, f1,2(d0l1 + d1, l1) = 0, f1,2(d2,−l2) = l1 + l2 > 0.

By Lemma 2.7.9 we obtain that f1,2 is a positive function on pr(Ä ′
2 ∩E). Moreover, since

l1, l2 > 0 and d0 < 0 we obtain

f2,2(d1, l1) = 0,

f2,2(d0l1 + d1, l1) = (l1 + l2)d0l1 < 0,

f2,2(d2,−l2) = 0.

Applying Lemma 2.7.9 to −f2,2, we conclude that f2,2 is a negative function on pr(Ä ′
2 ∩E).

Because of l1, l2 > 0 and d0 < 0 we obtain

f3,2(d1, l1) = (l1 + l2)d1 + (d2 − d1)l1 − d1l2 − d2l1 = 0,

f3,2(d0l1 + d1, l1) = (l1 + l2)d0l1 < 0,

f3,2(d2,−l2) = (l1 + l2)d2 − (d2 − d1)l2 − d1l2 − d2l1 = 0.
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2.7. A criterion for non-existence of Sasaki-Einstein metrics

Thus, Lemma 2.7.9 yields that f3,2 is a negative function on pr(Ä ′
2 ∩E). Hence, according

to Lemma 2.7.8, the volume vol2 is given as

vol2(x, y) =
1

2
· 1

|ï(x,1,y),u1ð| · 1
|ï(x,1,y),u2ð| · 1

|ï(x,1,y),u3ð| · | detP2| = −d0l2(l1+l2)2

2f1,2(y)f2,2(x,y)f3,2(y) .

Finally, the formulas of the derivatives follow from direct calculations.

Proof of Theorem 2.7.1. We consider the point

x0 := d0l1l2+2d1l2+2d2l1
2(l1+l2)

and obtain

f1,1(x0, 0) = l2,

f2,1(x0, 0) = (1
2d0l1l2 + d1l2 + d2l1) − d0l1l2 − d1l2 − d2l1 = −1

2d0l1l2,

f3,1(x0, 0) = (1
2d0l1l2 + d1l2 + d2l1) − d1l2 − d2l1 = 1

2d0l1l2

f1,2(x0, 0) = l1,

f2,2(x0, 0) = (1
2d0l1l2 + d1l2 + d2l1) − d0l1l2 − d2l1 − d1l2 = −1

2d0l1l2,

f3,2(x0, 0) = (1
2d0l1l2 + d1l2 + d2l1) − d1l2 − d2l1 = 1

2d0l1l2.

It follows from Proposition 2.7.10 and Proposition 2.7.13 that

∂vol1/∂x (x0, 1, 0) = 0 = ∂vol2/∂x (x0, 1, 0).

Further, for the other derivatives ∂volκ/∂y(x, 1, 0) we obtain

∂vol1/∂y (x0, 1, 0) = 2(l1+l2)2(2l2−l1)
d0l31l32

,

∂vol2/∂y (x0, 1, 0) = 2(l1+l2)2(2l1−l2)
d0l31l32

.

Using 1 f l1 f l2 and d0 < 0 we obtain ∂vol1/∂y (x0, 1, 0) < 0, and for » = 2,
that ∂vol2/∂y (x0, 1, 0) < 0 if and only if 2l1 − l2 > 0. Altogether, Theorem 2.7.5 (iii)
provides us with the assertion.
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CHAPTER

THREE

FULL INTRINSIC QUADRIC SURFACES

We study in detail full intrinsic quadric surfaces and their geometry in terms of local
Gorenstein indices. For instance, we present upper and lower bounds for the degree, the
log canonicity and the Picard index. Moreover, we determine all full intrinsic quadric
surfaces admitting a Kähler-Einstein metric. The results of Section 3.1 to 3.5 have been
published in the joint article [25] with Jürgen Hausen.

3.1 Full intrinsic quadric surfaces admit a K∗-action

In this section we show that every full intrinsic quadric surface is rational, Q-factorial,
projective and admits a non-trivial K∗-action. This will allow us to work with the
approach to K∗-surfaces provided by [20, 28]; see also [3, Sec. 5.4]. First let us give a
precise definition of a full intrinsic quadric; see also [4, Sec. 9].

Definition 3.1.1. A full intrinsic quadric is a normal complete variety X with finitely
generated divisor class group Cl(X) and Cox ring of the form

R(X) =
⊕

Cl(X)

Γ(X,O(D)) = K[T1, . . . , Tn]/ïgð

with Cl(X)-homogeneous generators T1, . . . , Tn ∈ R(X) and a Cl(X)-homogeneous
quadric g ∈ K[T1, . . . , Tn] of full rank.

Remark 3.1.2. In the setting of Definition 3.1.1, the divisor class group is generated by
any n − 1 of the degrees wi = deg(Ti) ∈ Cl(X), see [3, Def. 3.2.1.1 and Cor. 3.2.1.11].
Moreover, if X is Q-factorial, then the Picard number Ä(X) equals the dimension of the
rational vector space ClQ(X) = Q ¹Z Cl(X) and as well the dimension of the convex
cone Mov(X) ¦ ClQ(X) generated by the movable divisor classes, see for instance [3,
Lemma 4.3.3.2].
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3.1. Full intrinsic quadric surfaces admit a K∗-action

Theorem 3.1.3. Let X be a full intrinsic quadric surface. Then X is Q-factorial,
rational, projective and admits an effective K∗-action. Moreover, the Picard number of
X satisfies Ä(X) f 3 and its Cox ring allows a Cl(X)-graded presentation as

R(X) ∼=















K[T1, . . . , T4]/ïT1T2 + T 2
3 + T 2

4 ð, Ä(X) = 1,

K[T1, . . . , T5]/ïT1T2 + T3T4 + T 2
5 ð, Ä(X) = 2,

K[T1, . . . , T6]/ïT1T2 + T3T4 + T5T6ð, Ä(X) = 3.

Proof. By definition, X is a normal complete surface with finitely generated Cox ring.
From [3, Thm. 4.3.3.5] we infer that X is Q-factorial and projective. Moreover, by [12,
Prop. 2.1], we have a Cl(X)-graded presentation

R(X) ∼= K[T1, . . . , Tn+m]/ïgð, g = T1T2 + . . .+ Tn−1Tn + T 2
n+1 + . . .+ T 2

n+m.

We use this to show Ä(X) f 3. Recall from [3, Cor. 1.6.2.7 and Constr. 1.6.3.1] that
X is the geometric quotient of an open subset of the total coordinate space

X̄ = Spec R(X) = V (g) ¦ Kn+m

by the quasitorus H = SpecK[Cl(X)], which, due to Q-factoriality of X, is of dimen-
sion Ä(X). Consequently, we have

2 = dim(X) = dim(X̄) − dim(H) = n+m− 1 − Ä(X).

The degrees w1, . . . , wn+m of T1, . . . , Tn+m generate Cl(X). Moreover, the degree µ =
deg(g) ∈ Cl(X) satisfies µ = wi + wi+1 for i = 1, 3, . . . , n − 1 and µ = 2wn+j for
j = 1, . . . ,m. Thus, Cl(X) is generated by w1, w2, w3, w5, . . . , wn−1 and we see

n+m− 3 = Ä(X) f 2 +
n− 2

2
.

We conclude n/2 +m f 4 and thus n f 8. Assume n = 8. Then m = 0 and Ä(X) = 5
hold. Consequently, (w1, w2, w3, w5, w7) is a basis for the rational vector space ClQ(X).
Let u be a linear form on ClQ(X) such that

ïu,w1ð = ïu,w2ð = ïu,w3ð = ïu,w5ð = 0, ïu,w7ð < 0.

Then u annihilates as well µ = w1 + w2 and thus also w4 = µ − w3 and w6 = µ − w5.
Moreover, u evaluates positively on w8 = µ− w7. Consequently, computing the cone of
movable divisor classes according to [3, Prop. 3.3.2.3], we obtain

Mov(X) =
8
⋂

i=1

cone(wj ; j ̸= i) ¦ ker(u) ¦ ClQ(X).

This contradicts to Remark 3.1.2, telling us that Mov(X) is a cone of full dimension
in ClQ(X). We conclude, n f 6.
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Next, we treat the case n = 6. Because of n/2 +m f 4, we conclude m = 0, 1. First,
we exclude n = 6,m = 1. There, we have ϱ(X) = 4 and (w1, w2, w3, w5) is a vector space
basis for ClQ(X). As above, we choose a linear form u on ClQ(X) such that

ïu,w1ð = ïu,w2ð = ïu,w3ð = 0, ïu,w5ð < 0.

Since µ = w1 + w2 lies inside of ker(u), we obtain w4 = µ − w3 ∈ ker(u). Because
of µ = 2w7, we conclude w7 ∈ ker(u). Hence, by using [3, Prop. 3.3.2.3], we get

Mov(X) =
7
⋂

i=1

cone(wj ; j ̸= i) ¦ ker(u) ¦ ClQ(X).

Thus, the dimension of Mov(X) is at most dim(ker(u)) = 3, which is a contradiction to
the fact that Mov(X) is of full dimension in ClQ(X).

Thus, we have Ä(X) f 3. If Ä(X) = 3, then n = 6 and m = 0, which leads to third
case in the assertion. For Ä(X) = 2, we are left with the choices n = 4 with m = 1 and
n = 0, 2. The first one gives the second case of the assertion.

Next, we exclude the case ϱ(X) = 2, n = 2. Here we get m = 3 and (w1, w2) is a
vector space basis for ClQ(X). The relations

µ = 2w3 = 2w4 = 2w5

yield dim(lin(w3, w4, w5)) = 1. Moreover, we derive w1, w2 /∈ lin(w3, w4, w5) from
w1 + w2 = 2wi for all i = 3, 4, 5, and the fact that (w1, w2) is a basis. So we may
choose a linear form u on ClQ(X) such that

ïu,w3ð = ïu,w4ð = ïu,w5ð = 0, ïu,w1ð < 0.

Using [3, Prop. 3.3.2.3] to compute the moving cone, we get

Mov(X) =
5
⋂

i=1

cone(wj ; j ̸= i) ¦ ker(u) ¦ ClQ(X).

This contradicts dim(ker(u)) = 1 and dim(Mov(X)) = 2.

Now, we show that the case ϱ(X) = 2, n = 0 can’t occur. Here we get m = 5
and µ = 2wi for all i = 1, . . . , 5. Consequently, one obtains

dim(lin(w1, . . . , w5)) = 1.

This yields dim(Mov(X)) f 1, which is a contradiction to Mov(X) being of dimen-
sion ϱ(X) = 2.

For Ä(X) = 1, we find the possibility n = m = 2, which is the first case of the
assertion. Also, n = 0, 4 might happen. We first exclude the case n = 4. There, the
prospective total coordinate space X̄ = SpecK[R(X)] is explicitly given as

X̄ = V (T1T2 + T3T4) ¦ K4.
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3.1. Full intrinsic quadric surfaces admit a K∗-action

In this setting, we find a diagonal action of a three-dimensional torus T on K4 turning X̄
into a toric variety. Thus, X as a GIT-quotient of X̄ by a one-dimensional subgroup of T
is as well a toric variety and must have a polynomial ring as its Cox ring; a contradiction
to X̄ being singular.

Finally, we treat the case Ä(X) = 1 and n = 0. If any two of the degrees wi = deg(Ti)
coincide, say w1 = w2 then we may substitute T ′

1 = T1 + IT2 and T ′
2 = T1 − IT2 with

I =
√

−1, which brings us into the setting n > 0 just discussed. Thus, we are left with
discussing the situation

R(X) = K[T1, T2, T3, T4]/ïT 2
1 + T 2

2 + T 2
3 + T 2

4 ð, wi ̸= wj for i ̸= j.

Due to Q-factoriality of X, the divisor class group Cl(X) is of rank one and hence of the
form Z· Γ with a finite abelian group Γ. We claim that up to renumbering the variables
and an automorphism of Cl(X), we have

Cl(X) = Z · Z/2Z · Z/2Z, Q = [w1, . . . , w4] =







1 1 1 1
0̄ 1̄ 1̄ 0̄
0̄ 1̄ 0̄ 1̄






.

Since w1, . . . , w4 are non-torsion elements generating a pointed cone in ClQ(X) = Q, we
may assume wi = (si, ¸i) ∈ Z · Γ with si > 0. By Cl(X)-homogeneity of the relation, all
si coincide. Hence, as the si generate Z, they are all equal to one. Write Γ as a direct
product of finite cyclic groups. Then, subtracting suitable multiples of the first row of Q
from the last ones, we can achieve

Q = [w1, . . . , w4] =

[

1 1 1 1
0 ¸2 ¸3 ¸4

]

, ¸2, ¸3, ¸4 ∈ Γ.

Note that this adjusting process is realized by an automorphism of Cl(X). By Re-
mark 3.1.2, any two of ¸2, ¸3, ¸4 generate Γ as a group. Thus, Γ is in fact either cyclic or
a sum of two cyclic groups. Moreover, we have 2¸i = 0 for all i = 2, 3, 4 by homogeneity
of the relation. Hence, any element of Γ is of order two and we are left with the cases

Γ = Z/2Z, Γ = Z/2 · Z/2Z.

The first case can’t occur as it will not allow a choice of pairwise different w1, . . . , w4.
Thus, suitable renumbering of the variables and applying a suitable automorphism of
Z · Γ to the wi leads to Cl(X) and Q as claimed.

The task is to show that the above Cl(X)-graded algebra R(X) can’t be a Cox ring.
Assume that R(X) is a Cox ring. Then, since the variables T1, . . . , T4 define pairwisse
non-associated primes in R(X), we are in the setting of [24, Constr. 3.2.1.3] and can
apply the theory developed thereafter. In particular, as X̄ is smooth apart from the
origin, X would be quasismooth [12, Prop. 2.8], hence log terminal. Moreover, we can
apply [3, Cor. 3.3.3.3] to see that X is a del Pezzo surface of Picard number one and
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Gorenstein index one; we used the software package [23] for the computation. The Cox
rings of all log del Pezzo surfaces of Picard number one and Gorenstein index one without
torus action have been computed in [24, Thm. 4.1] and for those with torus action the
Cox rings are listed in [3, 5.4.4.2]; none of these Cox rings is isomorphic to R(X) from
above.

We verified, that the Cox ring of any full intrinsic quadric surface X is as in the
assertion, in particular it is defined by trinomial relations. Consequently, the associated
total coordinate space X̄ allows a diagonal torus action of complexity one. This action
induces a non-trivial K∗-action on X. Since Cl(X) is finitely generated by assumption,
this forces X to be rational.

3.2 Picard number one

The main result of this section, Theorem 3.2.5, provides the description of all full intrinsic
quadric surfaces of Picard number one in terms of the local Gorenstein indices of two of
their possibly singular points.

Construction 3.2.1 (Full intrinsic quadric surfaces X of Picard number one as
K∗-surfaces). Consider an integral matrix of the form

P := [v1, v2, v3, v4] :=







−1 −1 2 0
−1 −1 0 2
a b 1 1






, b f −2, 0 f a f −b− 2.

Let Z be the toric variety arising from the fan Σ in Z3 with generator matrix P , i.e.
v1, . . . , v4 are the primitive ray generators of Σ, and the maximal cones

Ã+ := cone(v1, v3, v4), Ã− := cone(v2, v3, v4), Ä0 := cone(v1, v2).

Denote by U1, U2, U3 the coordinate functions on the standard 3-torus T3 ¦ Z. Then we
obtain a normal, non-toric, rational, projective surface

X := X(P ) := V (h) ¦ Z, h := 1 + U1 + U2 ∈ O(T3).

Moreover, the K∗-action on T3 given by t · x = (x1, x2, tx3) extends to an action on Z, it
leaves V (h) ¦ T3 invariant and hence induces a K∗-action on X.

Proposition 3.2.2. Consider P and X ¦ Z as in Construction 3.2.1, let P ∗ be the
transpose of P and set K := Z4/im(P ∗). For the divisor class group of X, we have

Cl(X) ∼= Cl(Z) ∼= K ∼= Z · Z / 2 gcd(2a+ 2, a− b)Z.

Moreover, denoting by Q : Z4 → K the projection, we obtain the following description of
the Cox ring of X as a graded algebra:

R(X) ∼= K[T1, . . . , T4]/ïT1T2 + T 2
3 + T 2

4 ð, deg(Ti) = Q(ei) = [DX
i ],

where DX
i ¦ X is the prime divisor on X obtained by intersecting X with the toric prime

divisor of Z given by the ray through vi and [DX
i ] ∈ Cl(X) denotes its class.
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3.2. Picard number one

Proof of Construction 3.2.1 and Proposition 3.2.2. According to their definition, the columns
v1, . . . , v4 of P are pairwise different primitive integral vectors. Moreover, they gener-
ate Q3 as a convex cone, as we have

2v1 + v3 + v4 = [0, 0, 2a+ 2], a g 0, 2v2 + v3 + v4 = [0, 0, 2b+ 2], b f −2.

Thus, P is a defining matrix of a normal, rational, projective K∗-surface X ′ in the sense
of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. Both, X ′ and X from Construction 3.2.1 share
the same ambient toric variety Z and are given in homogeneous coordinates of Z by

X ′ = V (T1T2 + T 2
3 + T 2

4 ) = X.

Now [3, Thm. 3.4.3.7] tells us that the divisor class group of X = X ′ is given as
Cl(X) = Cl(Z) = K, that the Cox ring R(X) of X is as claimed and that the generator
degrees satisfy deg(Ti) = [Di]. Note that X is non-toric as its Cox ring is not a polynomial
ring.

The local class group Cl(X,x) of a point x ∈ X is the group of Weil divisors of X
modulo those being principal near x, and by cl(X,x) the order of Cl(X,x).

Proposition 3.2.3. Let X = X(P ) arise from Construction 3.2.1. The fixed points of
the K∗-action on X are given in Cox coordinates by

x+ := [0, 1, 0, 0], x− := [1, 0, 0, 0], x0 := [0, 0, 1, I].

Moreover, for the orders of the local class groups of the fixed points of the K∗-action we
obtain

cl(X,x+) = 4a+ 4, cl(X,x−) = −4b− 4, cl(X,x0) = a− b.

Finally, the ordered pair (4a + 4, −4 − 4b) is an isomorphy invariant of the algebraic
surface X.

Proof. For the first statement, we refer to [17, Rem. 5.6]. For the second one, we use the
description [3, Prop. 3.3.1.5] of the local class groups and its Gale dual representation
provided by [3, Lemma 2.1.4.1]. Concretely, for the fixed points x+ and x− this means

cl(X,x+) = |K/Q(linZ(e2))| = |Z3/linZ(v1, v3, v4)| = det[v1, v3, v4],

cl(X,x−) = |K/Q(linZ(e1))| = |Z3/linZ(v2, v3, v4)| = det[v2, v3, v4].

Similarly, we obtain that the local class group order cl(x0) of the fixed point x0 is given
by

|K/Q(linZ(e3, e4))| = |linZ(−e1 − e2, e3)/linZ(v1, v2)| = det

[ −1 −1
a b

]

.

For the last statement recall from [3, Prop. 5.4.1.9] that x+, x− are the only K∗-fixed
points lying in the closure of infinitely many orbits. Thus, {cl(X,x+), cl(X,x−)} and
cl(X,x0) are invariants of the K∗-surface X. Since on a non-toric, rational, projective
surface any two K∗-actions are conjugate in the automorphism group, the assertion
follows.
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Proposition 3.2.4. Every full intrinsic quadric surface X of Picard number one is
isomorphic to an X(P ) for precisely one matrix P from Construction 3.2.1.

Proof. According to Theorem 3.1.3 and [22, Ex. 7.1], the defining matrix P is of the
format 3 × 4 and the first two rows are as in the assertion:

P =







−1 −1 2 0
−1 −1 0 2
d1 d2 d3 d4






.

Note that d3 and d4 are odd by primitivity of the columns. Thus, subtracting the
(d3 − 1)/2-fold of the first and the (d4 − 1)/2-fold of the second row from the last one
turns our matrix into a defining matrix

P =







−1 −1 2 0
−1 −1 0 2
a b 1 1






.

These are admissible operations in the sense of [17, Def. 6.3] which do not affect the
resulting K∗-surface due to [17, Prop. 6.7]. Moreover, swapping the first two columns if
necessary, we achieve that P is slope-ordered, meaning

a > b.

Again this is an admissible operation. As for any defining matrix of a rational K∗-surface
with two elliptic fixed points, slope orderedness implies

a+ 1
2 + 1

2 =: m+ > 0, b+ 1
2 + 1

2 =: m− < 0,

see [17, Rem. 7.5]. Multiplying the last row by −1 is another admissible operation and
turns m± into m∓. Doing so, if necessary, and re-arranging via the first two admissible
operation steps yields

a+ 1 f −b− 1.

If X(P ) ∼= X(P ′) holds with P, P ′ as in Construction 3.2.1, then we have P = P ′, as due
to Proposition 3.2.3, the entries a, b of P and a′, b′ of P ′ satisfy

(4a+ 4, −4b− 4) = (4a′ + 4, −4b′ − 4).

Recall that the Gorenstein index of a Q-factorial variety X is the smallest positive
integer ºX such that the ºX -fold of a canonical divisor of X is Cartier. The local
Gorenstein index ºx of a point x ∈ X is the smallest positive integer such that the ºx-fold
of a canonical divisor of X is Cartier near x.
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3.2. Picard number one

Theorem 3.2.5. For any º ∈ Zg1, consider the set Mº of pairs ¸ = (º+, º−) ∈ Z2
g1 with

lcm(º+, º−) = º. Define subsets

S11(1, º) := {¸ ∈ Mº; º
+ odd, º− odd, º+ f º−},

S12(1, º) := {¸ ∈ Mº; º
+ odd, º− even, 4 | º−, 2º+ f º−},

S21(1, º) := {¸ ∈ Mº; º
+ even, º− odd, 4 | º+, º+ f 2º−},

S22(1, º) := {¸ ∈ Mº; º
+ even, º− even, 4 | º+, 4 | º−, º+ f º−}.

Then each set Sij(1, º) provides us with a series of defining matrices P¸ of full intrinsic
quadric surfaces:

¸ = (º+, º−) ∈ S11(1, º) : ¸ = (º+, º−) ∈ S12(1, º) :

Pη =





−1 −1 2 0
−1 −1 0 2

º+ − 1 −º− − 1 1 1



 , Pη =





−1 −1 2 0
−1 −1 0 2

º+ − 1 − ι−

2 − 1 1 1



 ,

¸ = (º+, º−) ∈ S21(1, º) : ¸ = (º+, º−) ∈ S22(1, º) :

Pη =





−1 −1 2 0
−1 −1 0 2

ι+

2 − 1 −º− − 1 1 1



 , Pη =





−1 −1 2 0
−1 −1 0 2

ι+

2 − 1 − ι−

2 − 1 1 1



 .

Each surface X(P¸) is of Picard number one, Gorenstein index º = lcm(º+, º−) and º±

are the local Gorenstein indices of the points

x+ = [0, 1, 0, 0], x− = [1, 0, 0, 0].

Moreover, every full intrinsic quadric surface of Picard number one and Gorenstein
index º is isomorphic to X(P¸) for precisely one P¸ from the above list.

Proof. Let X be a full intrinsic quadric surface of Picard number one. We first show X ∼=
X(P¸) with P¸ from the above list and check the local Gorenstein indices. Proposition 3.2.4
allows us to assume X = X(P ) with a unique P of the form

P =







−1 −1 2 0
−1 −1 0 2
a b 1 1






, b f −2, 0 f a f −b− 2.

According to Remark 1.2.10, we have the anticanonical divisor −KX = DX
3 +DX

4 on X
and [17, Prop. 8.9] tells us that the linear forms u± representing the º±-fold of −KX near
x± are given by

u+ =
[

aι+

2a+2 ,
aι+

2a+2 ,
ι+

a+1 ,
]

, u− =
[

bι−

2b+2 ,
bι−

2b+2 ,
ι−

b+1

]

.
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By the definition of the local Gorenstein index, these are primitive integral vectors.
Consequently, the local Gorenstein indices º± of x± are

º+ =

{

a+ 1, a even,

2a+ 2, a odd,
º− =

{

−b− 1, b even,

−2b− 2, b odd.

In particular, º+, º− is even (odd) if and only if a, b is odd (even), respectively. Moreover,
if º± is even, then it is divisible by four. Thus, P is one of the matrices P¸ with ¸ = (º+, º−)
listed in the assertion and º± is the local Gorenstein index of x±.

Conversely, all the matrices P¸ listed in the assertion fit into the shape of Construc-
tion 3.2.1 and thus deliver full intrinsic quadric surfaces X = X(P¸). By [17, Prop. 8.8],
the point x0 = [0, 0, 1, I] ∈ X has local Gorenstein index one, hence the resulting X is of
Gorenstein index º = lcm(º+, º−).

Finally, we ensure that the matrices P¸ listed in the assertion define pairwise non-
isomorphic X(P¸). By Proposition 3.2.4, this means to show that any two matrices
arising from different Sij(1, º) differ from each other. This is done by comparing the
parity vectors (ā, b̄) in Z/2Z·Z/2Z of the first two entries a, b of the third row of P¸ for
the ¸ ∈ Sij(1, º):

S11(1, º) S12(1, º) S21(1, º) S22(1, º)

(ā, b̄) (0̄, 0̄) (0̄, 1̄) (1̄, 0̄) (1̄, 1̄)

Example 3.2.6. Consider the full intrinsic quadric surface X = X(P ) of Picard number
one given by the defining matrix

P =







−1 −1 2 0
−1 −1 0 2

0 −2 1 1






.

Then X stems from the series S11(1, º) and we have º = º+ = º− = 1. Theorem 3.2.5 also
says that X is the only Gorenstein full intrinsic quadric surface with Ä(X) = 1.

3.3 Picard number two

The main result of this section, Theorem 3.3.5, provides the description of all full intrinsic
quadric surfaces of Picard number two in terms of the local Gorenstein indices of two of
their possibly singular points and the local class group order of another possibly singular
point.
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3.3. Picard number two

Construction 3.3.1 (Full intrinsic quadric surfaces X of Picard number two as
K∗-surfaces). Consider an integral matrix of the form

P := [v1, v2, v3, v4, v5] :=







−1 −1 1 1 0
−1 −1 0 0 2
a b 0 c 1






,

b < a, c < 0, a g 0,

b+ c f −1, a− b f −c,
a f −b− c− 1.

Let Z be the toric variety arising from the fan Σ in Z3 with generator matrix P and the
maximal cones

Ã+ := cone(v1, v3, v5), Ã− := cone(v2, v4, v5),

Ä0 := cone(v1, v2), Ä1 := cone(v3, v4).

Denote by U1, U2, U3 the coordinate functions on the standard 3-torus T3 ¦ Z. Then we
obtain a normal, non-toric, rational, projective surface

X := X(P ) := V (h) ¦ Z, h := 1 + U1 + U2 ∈ O(T3).

Moreover, the K∗-action on T3 given by t · x = (x1, x2, tx3) extends to an action on Z, it
leaves V (h) ¦ T3 invariant and hence induces a K∗-action on X.

Proposition 3.3.2. Consider P and X ¦ Z as in Construction 3.3.1, let P ∗ be the
transpose of P and set K := Z5/im(P ∗). For the divisor class group of X, we have

Cl(X) ∼= K ∼= Cl(Z) ∼= Z2 · Z / gcd(2a+ 1, a− b,−c)Z.

Moreover, denoting by Q : Z5 → K the projection, we obtain the following description of
Cox ring of X as graded algebra:

R(X) ∼= K[T1, . . . , T5]/ïT1T2 + T3T4 + T 2
5 ð, deg(Ti) = Q(ei) = [Di],

where DX
i ¦ X is the prime divisor on X obtained by intersecting X with the toric prime

divisor of Z given by the ray through vi and [DX
i ] ∈ Cl(X) denotes its class.

Proof of Construction 3.3.1 and Proposition 3.3.2. According to their definition, the columns
v1, . . . , v5 of P are pairwise different primitive integral vectors. Moreover, they generate
Q3 as a convex cone, as we have

2v1 + 2v3 + v5 = [0, 0, 2a+ 1], a g 0,

2v2 + 2v4 + v5 = [0, 0, 2b+ 2c+ 1], b+ c f −1.

Consequently, P is a defining matrix of a rational projective K∗-surface X ′ in the sense
of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. One shows X ′ = X exactly as for Picard number
one and infers the desired statements on the divisor class group and the Cox ring from
the same reference.
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Proposition 3.3.3. Let X = X(P ) arise from Construction 3.3.1. The fixed points of
the K∗-action on X are given in Cox coordinates by

x+ := [0, 1, 0, 1, 0], x− := [1, 0, 1, 0, 0],

x0 := [0, 0, 1, 1, I], x1 := [1, 1, 0, 0, I].

Moreover, the orders of the local class groups of the fixed points of the K∗-action on X
are given by

cl(X,x+) = 1 + 2a, cl(X,x−) = −1 − 2b− 2c,
cl(X,x0) = a− b, cl(X,x1) = −c.

Finally, the ordered pairs (1 + 2a, −1 − 2b− 2c) and (a− b, −c) are isomorphy invariants
of the algebraic surface X.

Proof. The same references and arguing as in the proof of Proposition 3.2.3, give us the
fixed points and show that the local class group orders of x+, x−, x0 and x1 compute as

det[v1, v3, v5], det[v2, v4, v5], det

[ −1 −1
a b

]

, − det
[

1 1
0 c

]

.

As mentioned in the proof of Proposition 3.2.3, the fixed points x+, x− are the only
ones lying in the closure of infinitely many orbits. Moreover, each of the remaining
two fixed points x0, x1 lies in the closure of precisely two non-trivial orbits. Thus,
{cl(X,x+), cl(X,x−)} as well as {cl(X,x0), cl(X,x1)} are invariants of the K∗-surface X.
As before, the assertion follows from the fact that on a non-toric, rational, projective
surface any two K∗-actions are conjugate in the automorphism group.

Proposition 3.3.4. Every full intrinsic quadric surface X of Picard number two is
isomorphic to an X(P ) for precisely one matrix P from Construction 3.3.1.

Proof. Using again Theorem 3.1.3 and [22, Ex. 7.1], we see that the defining matrix P is
of the format 3 × 5 and the first two rows look as in the assertion:

P =







−1 −1 1 1 0
−1 −1 0 0 2
d1 d2 d3 d4 d5






.

As in the proof of Proposition 3.2.4, we achieve the desired shape of P via admissible
operations [17, Def. 6.3]. First, adding suitable multiples of the first two rows to the last
one yields

P =







−1 −1 1 1 0
−1 −1 0 0 2
a b 0 c 1






.
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3.3. Picard number two

Second, swapping the columns v1 and v2 as well as v3 and v4 if neccesary and re-arranging
via the first step, we achieve that P is slope-ordered, meaning

a > b, 0 > c.

Third, swapping the first two columns blocks, that means [v1, v2] and [v3, v4], if neccesary
and re-adjusting the entries, we can ensure

a− b f −c.
As for any defining matrix of a rational K∗-surface with two elliptic fixed points, slope
orderedness implies

a+ 1
2 =: m+ > 0, b+ c+ 1

2 =: m− < 0.

Multiplying the last row by −1 turns m± into m∓. Doing so, if necessary, and re-arranging
via the first two steps yields

a f −b− c− 1.

We show that X(P ) ∼= X(P ′) with matrices P and P ′ as in Construction 3.3.1 implies
P = P ′. Proposition 3.3.3 yields equality of the ordered tuples

(1 + 2a, −1 − 2b− 2c) = (1 + 2a′, −1 − 2b′ − 2c′), (a− b, −c) = (a′ − b′,−c′)

built from the entries of the third row of P and P ′ respectively. From this we directly
derive P = P ′.

Theorem 3.3.5. For any º ∈ Zg1, consider the set Mº of triples ¸ = (º+, º−, c), where
º+, º− ∈ Zg1 with lcm(º+, º−) = º and c ∈ Zf−1. Define subsets

S11(2, º) := {¸ ∈ Mº; 2 ∤ º+, º−, 3 ∤ º+, º−, º+ f º−, 1 − º++º−

2 f c f − º++º−

4 },

S12(2, º) := {¸ ∈ Mº; 2 ∤ º+, º−, 3 ∤ º+, º+ f 3º−, 1 − º++3º−

2 f c f − º++3º−

4 },

S21(2, º) := {¸ ∈ Mº; 2 ∤ º+, º−, 3 ∤ º−, 3º+ f º−, 1 − 3º++º−

2 f c f −3º++º−

4 },

S22(2, º) := {¸ ∈ Mº; 2 ∤ º+, º−, º+ f º−, 1 − 3º++3º−

2 f c f −3º++3º−

4 }.

Then each set Sij(2, º) provides us with a series of defining matrices P¸ of full intrinsic
quadric surfaces:

¸ = (º+, º−, c) ∈ S11(2, º) : ¸ = (º+, º−, c) ∈ S12(2, º) :

Pη =





−1 −1 1 1 0
−1 −1 0 0 2

ι+
−1
2 − ι−+1

2 − c 0 c 1



 , Pη =





−1 −1 1 1 0
−1 −1 0 0 2

ι+
−1
2 − 3ι−+1

2 − c 0 c 1



 ,

¸ = (º+, º−, c) ∈ S21(2, º) : ¸ = (º+, º−, c) ∈ S22(2, º) :

Pη =





−1 −1 1 1 0
−1 −1 0 0 2

3ι+
−1

2 − ι−+1
2 − c 0 c 1



 , Pη =





−1 −1 1 1 0
−1 −1 0 0 2

3ι+
−1

2 − 3ι−+1
2 − c 0 c 1



 .
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Each surface X(P¸) is of Picard number two, Gorenstein index º = lcm(º+, º−) and º+,
º− resp. −c are the local Gorenstein indices resp. local class group order of

x+ = [0, 1, 0, 1, 0], x− = [1, 0, 1, 0, 0], x1 = [1, 1, 0, 0, I].

Finally, every full intrinsic quadric surface of Picard number two and Gorenstein index º
is isomorphic to X(P¸) for precisely one P¸ from the above list.

Proof. Let X be a full intrinsic quadric surface of Picard number two. Then Proposi-
tion 3.3.4 allows us to assume X = X(P ) with

P =







−1 −1 1 1 0
−1 −1 0 0 2
a b 0 c 1






,

b < a, c < 0, a g 0,

b+ c f −1, a− b f −c,
a f −b− c− 1.

Consider the anticanonical divisor −KX = DX
3 +DX

4 +DX
5 on X(P ); see Remark 1.2.10.

The linear forms u± representing the º±-fold of −KX near x± are given by

u+ =
[

º+, (a−1)ι+

1+2a
, 3ι+

1+2a

]

, u− =
[

(2b−c+1)ι−

2b+2c+1 , (b+c−1)ι−

2b+2c+1 , − 3ι−

2b+2c+1

]

.

By the definition of the local Gorenstein index, these are primitive integral vectors.
Together with the fact that º± divides cl(X,x±), we obtain

3º+ = y+(1 + 2a), 1 + 2a = z+º+,

3º− = −y−(2b+ 2c+ 1), −(2b+ 2c+ 1) = z−º−

with positive integers y± and z±. We conclude y+z+ = 3 and y−z− = 3. This leaves us
with the following four cases:

Case 1.1: y+ = 3, y− = 3. Then we have º+ = 1 + 2a and º− = −2b− 2c− 1. Solving for
a in the first equation, for b in the second one and substituting gives

u+ =
[

º+, ι+
−3
2 , 3

]

, u− =
[

º− + 3c, ι−+3
2 , −3

]

.

We conclude that º+ as well as º− is odd and none of them is divisible by three. Substituting
also in P and the conditions on its entries leads to setting S11(2, º).

Case 1.2: y+ = 3, y− = 1. Then we have º+ = 1 + 2a and 3º− = −2b− 2c− 1. Solving
for a in the first equation, for b in the second one and substituting gives

u+ =
[

º+, ι+
−3
2 , 3

]

, u− =
[

º− + c, ι−+1
2 , −1

]

.

We conclude that º+ as well as º− is odd and º+ is not divisible by three. Substituting
also in P and the conditions on its entries leads to setting S12(2, º).
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3.3. Picard number two

Case 2.1: y+ = 1, y− = 3. Then we have 3º+ = 1 + 2a and º− = −2b− 2c− 1. Solving
for a in the first equation, for b in the second one and substituting gives

u+ =
[

º+, ι+
−1
2 1,

]

, u− =
[

º− + 3c, ι−+3
2 , −3

]

.

We conclude that º+ as well as º− is odd and º− is not divisible by three. Substituting
also in P and the conditions on its entries leads to setting S21(2, º).

Case 2.2: y+ = 1, y− = 1. Then we have 3º+ = 1 + 2a and 3º− = −2b− 2c− 1. Solving
for a in the first equation, for b in the second one and substituting gives

u+ =
[

º+, ι+
−1
2 , 1

]

, u− =
[

º− + c, ι−+1
2 , −1

]

.

We conclude that º+ as well as º− is odd. Substituting also in P and the conditions on
its entries leads to setting S22(2, º).

We showed that every full intrinsic quadric surface of Picard number two is isomorphic
to some X(P¸) with P¸ as in the assertion. Moreover, x0 and x1 are of local Gorenstein
index one, see [17, Prop. 8.8 (iii)], we obtain that X(P¸) has Gorenstein index º =
lcm(º+, º−). Conversely, one directly checks that every matrix P from the assertion
defines a full intrinsic quadric surface of Picard number two and Gorenstein index
º = lcm(º+, º−).

Finally, we want to see that the matrices P¸ listed in the assertion define pairwise
non-isomorphic X(P¸). Due to Proposition 3.3.4, this means to show that the sets
Sij(2, º) are pairwise disjoint. With the aid of Proposition 3.3.3, we compare the local
Gorenstein indices º± and the local class group orders cl(X,x±):

S11(2, º) S12(2, º) S21(2, º) S22(2, º)

(º+, cl(X,x+)) (º+, º+) (º+, º+) (º+, 3º+) (º+, 3º+)

(º−, cl(X,x−)) (º−, º−) (º−, 3º−) (º−, º−) (º−, 3º−)

The listed pairs are invariants of the surface X(P¸) up to switching x+ and x−. Thus,
we see that S11(2, º) as well as S22(2, º) has trivial intersection with any other Sij(2, º).
For S12(2, º) observe º+ < 3º−, as we have 3 ∤ º+. Similarly, 3º+ < º− holds for S21(3, º).
Thus, in both cases, cl(X,x+) is the strictly smallest of cl(X,x±). Consequently, S12(2, º)
and S21(2, º) intersect trivially.

Example 3.3.6. Consider the full intrinsic quadric surfaces X and X ′ of Picard number
two given by the defining matrices

P =







−1 −1 1 1 0
−1 −1 0 0 2

0 −1 0 −1 1






, P ′ =







−1 −1 1 1 0
−1 −1 0 0 2

1 0 0 −2 1






.
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Then X stems from the series S12(2, º) and X ′ from S22(2, º). Theorem 3.3.5 yields that
X and X ′ are the only Gorenstein full intrinsic quadric surfaces with Ä(X) = 2.

We conclude the section by taking a look at the possible contractions of the two-
dimensional full intrinsic quadrics. Recall that a contraction of a prime divisor D on a
normal variety X is a proper birational morphism Ã : X → X ′ such that the image Ã(D)
is of codimension at least two in X ′ and X \D maps isomorphically onto X ′ \ Ã(D).

Proposition 3.3.7. Let X = X(P ) arise from Construction 3.3.1. At most the prime
divisors DX

1 , . . . , D
X
4 ¦ X are contractible and all possible contractions are projective

toric surfaces of Picard number one. More precisely,

DX

1 : b g 0
[

−1 −1 2

b b+c 1

]

DX

2 : a+c f −1
[

−1 −1 2

a a+c 1

]

DX

3 : a+c g 0
[

−1 −1 2

a+c b+c 1

]

DX

4 : b f −1
[

−1 −1 2

a b 1

]

gives us for each DX
i the characterizing property of contractibility in terms of the en-

tries a, b, c of P and, for the case that DX
i is contractible, also the generator matrix of

the contracted surface.

Proof. [17, Rem. 10.4 (i)] tells us that a contractible divisor must be K∗-invariant and
[17, Prop. 10.8] tells us that the divisor is an orbit closure containing a hyperbolic fixed
point. Hence, the contractible prime divisors are among the DX

i = V (Ti) ¦ X, where
i = 1, . . . , 5. The same references show that the divisor DX

5 is not contractible. Recall
that the matrix P is given as

P = [v1, v2, v3, v4, v5] =







−1 −1 1 1 0
−1 −1 0 0 2
a b 0 c 1






,

b < a, c < 0, a g 0,

b+ c f −1, a− b f −c,
a f −b− c− 1.

The task is to characterize contractibility for each of DX
1 , . . . , D

X
4 and to determine the

possible contraction in terms of the entries of P . We exemplarily perform this for the
divisor DX

1 . Consider the matrix

P1 := [v2, v3, v4, v5] =







−1 1 1 0
−1 0 0 2
b 0 c 1






,

obtained from P by removing the colmun v1, which corresponds the prime divisor
DX

1 ¦ X. Then DX
1 is contractible if and only if P1 is a defining matrix of a K∗-surface.

The latter in turn holds if and only if

m+ = b+ 1
2 > 0,
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3.4. Picard number three

as P1 inherits all the other properties from P . Thus, DX
1 is contractible if and only

if b g 0 holds. If so, then contracing DX
1 gives the K∗-surface X1 defined by P1. Via

admissible operations, we can turn P1 into the shape

P1 =







−1 −1 1 0
−1 −1 0 2
b b+ c 0 1






.

Indeed, we swap the first two column blocks, re-arrange the shape and then subtract the
b-fold of the first row from the last one. The makes the third column erasable [17, Def. 6.2]
and we obtain a defining matrix

P ′
1 =

[

−1 −1 2
b b+ c 1

]

by erasing the third column [17, Def. 6.3, Prop. 6.7]. This process reflects removing
the redundant Cox ring generator T3 = T1T2 − T 2

4 in the first presentation of X1. We
conclude that X1 is the toric surface defined by the generator matrix P ′

1.

Remark 3.3.8. Consider the two Gorenstein full intrinsic quadric surfaces X and X ′ of
Picard number two from Example 3.3.6.

(i) In the surface X, the contractible divisors are DX
2 and DX

4 . In each case, the
contracted surface is the projective plane P2.

(ii) In the surface X ′, the contractible divisors are DX′

1 and DX′

2 . In each case, the
contracted surface is the weighted projective plane P(1, 2, 3).

3.4 Picard number three

The main result of this section, Theorem 3.4.5, provides the description of all full intrinsic
quadric surfaces of Picard number three in terms of the local Gorenstein indices of two
of their possibly singular points and the local class group orders of two further possibly
singular points.

Construction 3.4.1 (Full intrinsic quadric surfaces X of Picard number three as
K∗-surfaces). Consider an integral matrix of the form

P := [v1, v2, v3, v4, v5, v6] :=







−1 −1 1 1 0 0
−1 −1 0 0 1 1
a b 0 c 0 d






,

a > b, 0 > c, 0 > d,
a− b g −c g −d,
b+ c+ d < 0 < a,
a f −b− c− d.

Let Z be the toric variety arising from the fan Σ in Z3 with generator matrix P and the
maximal cones

Ã+ := cone(v1, v3, v5), Ã− := cone(v2, v4, v6),
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Ä0 := cone(v1, v2), Ä1 := cone(v3, v4), Ä2 := cone(v5, v6).

Denote by U1, U2, U3 the coordinate functions on the standard 3-torus T3 ¦ Z. Then we
obtain a normal, non-toric, rational, projective surface

X := X(P ) := V (h) ¦ Z, h := 1 + U1 + U2 ∈ O(T3).

Moreover, the K∗-action on T3 given by t · x = (x1, x2, tx3) extends to an action on Z, it
leaves V (h) ¦ T3 invariant and hence induces a K∗-action on X.

Proposition 3.4.2. Consider P and X ¦ Z as in Construction 3.4.1, let P ∗ be the
transpose of P and set K := Z6/im(P ∗). For the divisor class group of X, we have Then
the divisor class group of X equals that of Z and is given by

Cl(X) ∼= Cl(Z) ∼= K ∼= Z3 · Z / gcd(a, b, c, d)Z.

Moreover, denoting by Q : Z6 → K the projection, we obtain the following description of
the Cox ring of X as a graded algebra:

R(X) ∼= K[T1, . . . , T6]/ïT1T2 + T3T4 + T5T6ð, deg(Ti) = Q(ei) = [Di],

where DX
i ¦ X is the prime divisor on X obtained by intersecting X with the toric prime

divisor of Z given by the ray through vi and [DX
i ] ∈ Cl(X) denotes its class.

Proof of Construction 3.2.1 and Proposition 3.2.2. According to their definition, the columns
v1, . . . , v6 of P are pairwise different primitive integral vectors. Moreover, they generate
Q3 as a convex cone, as we have

v1 + v3 + v5 = [0, 0, a], a > 0, v2 + v4 + v6 = [0, 0, b+ c+ d], b+ c+ d < 0.

Consequently, P is a defining matrix of a rational projective K∗-surface X ′ in the sense
of [3, Constr. 5.4.1.3 and 5.4.1.6 (e-e)]. Again, one shows X ′ = X exactly as in the case
of Picard number one, and the same reference gives the desired statements on the divisor
class group and the Cox ring.

Proposition 3.4.3. Let X = X(P ) arise from Construction 3.4.1. The fixed points of
the K∗-action on X are given in Cox coordinates by

x+ := [0, 1, 0, 1, 0, 1], x− := [1, 0, 1, 0, 1, 0],

x0 := [0, 0, 1, 1, 1,−1], x1 := [1, 1, 0, 0, 1,−1], x2 := [1, 1, 1,−1, 0, 0].

Moreover, the orders of the local class groups of the fixed points of the K∗-action are
given by

cl(X,x+) = a, cl(X,x−) = −b− c− d,

cl(X,x0) = a− b, cl(X,x1) = −c, cl(X,x2) = −d.
Finally, the ordered tuples (a, −b− c− d) and (a− b, −c, −d) are isomorphy invariants
of the algebraic surface X.
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3.4. Picard number three

Proof. As in the previous section, the references from the proof of Proposition 3.2.3
deliver the description of the fixed points and show that the local class group orders of
x+, x−, x0, x1 and x2 are

det[v1, v3, v5], det[v2, v4, v6],

det

[ −1 −1
a b

]

, − det
[

1 1
0 c

]

, − det

[

1 1
0 d

]

.

Simlarly as in the corresponding earlier proofs, x+, x− are the only fixed points ly-
ing in the closure of infinitely many orbits and each of x0, x1, x2 lies in the clo-
sure of precisely two non-trivial orbits. Thus, the sets {cl(X,x+), cl(X,x−)} and
{cl(X,x0), cl(X,x1), cl(X,x2)} are invariants of the K∗-surface X. Again, the asser-
tion follows from the fact that on a non-toric, rational, projective, surface any two
K∗-actions are conjugate in the automorphism group.

Proposition 3.4.4. Every full intrinsic quadric surface X of Picard number three is
isomorphic to an X(P ) for precisely one matrix P from Construction 3.4.1.

Proof. Applying once more Theorem 3.1.3 and [22, Ex. 7.1] yields that the defining
matrix P is of the format 3 × 6 and the first two rows look as wanted:

P =







−1 −1 1 1 0 0
−1 −1 0 0 1 1
d1 d2 d3 d4 d5 d6






.

Again, suitable admissible operations [17, Def. 6.3] bring us to the setting of Construc-
tion 3.4.1. First, adding suitable multiples of the first two rows to the last one, we
achieve

P =







−1 −1 1 1 0 0
−1 −1 0 0 1 1
a b 0 c 0 d






.

Second, swapping columns inside the pairs (v1, v2), (v3, v4) and (v5, v6) and re-arranging
via the first step, we achieve that P is slope-ordered, meaning

a > b, 0 > c, 0 > d.

Third, suitable swapping the columns blocks [v1, v2], [v3, v4] and [v5, v6] and re-adjusting
the entries, we can ensure

a− b g −c g −d.

As for any defining matrix of a rational K∗-surface with two elliptic fixed points, slope
orderedness implies

a =: m+ > 0, b+ c+ d =: m− < 0.
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Multiplying the last row by −1 turns m± into m∓. Doing so, if necessary, and re-arranging
via the first two steps yields

a f −b− c− d.

We show that X(P ) ∼= X(P ′) with matrices P and P ′ as in Construction 3.4.1 implies
P = P ′. Proposition 3.4.3 yields equality of the ordered tuples

(a, −b− c− d) = (a′, −b′ − c′ − d′), (a− b, −c, −d) = (a′ − b′, −c′, −d′)

built from the entries of the third row of P and P ′ respectively. From this we directly
derive P = P ′.

Theorem 3.4.5. For any º ∈ Zg1, consider the set Mº of 4-tuples ¸ = (º+, º−, c, d),
where º+, º− ∈ Zg1 with lcm(º+, º−) = º and c, d ∈ Zf−1. Define subsets

S11(3, º) := {¸ ∈ Mº; 2 ∤ º+, º−, º+ f º−, −º+ − º− f 2c+ d, c f d f −1},
S12(3, º) := {¸ ∈ Mº; 2 ∤ º+, º+ f 2º−, −º+ − 2º− f 2c+ d, c f d f −1},
S21(3, º) := {¸ ∈ Mº; 2 ∤ º−, 2º+ f º−, −2º+ − º− f 2c+ d, c f d f −1},
S22(3, º) := {¸ ∈ Mº; º

+ f º−, −2º+ − 2º− f 2c+ d, c f d f −1}.

Then each set Sij(3, º) provides us with a series of defining matrices P¸ of full intrinsic
quadric surfaces:

¸ = (º+, º−, c, d) ∈ S11(3, º) : ¸ = (º+, º−, c, d) ∈ S12(3, º) :

Pη =





−1 −1 1 1 0 0
−1 −1 0 0 1 1
º+ −º− − c− d 0 c 0 d



 , Pη =





−1 −1 1 1 0 0
−1 −1 0 0 1 1
º+ −2º− − c− d 0 c 0 d



 ,

¸ = (º+, º−, c, d) ∈ S21(3, º) : ¸ = (º+, º−, c, d) ∈ S22(3, º) :

Pη =





−1 −1 1 1 0 0
−1 −1 0 0 1 1
2º+ −º− − c− d 0 c 0 d



 , Pη =





−1 −1 1 1 0 0
−1 −1 0 0 1 1
2º+ −2º− − c− d 0 c 0 d



 .

Each X(P¸) is of Picard number three, Gorenstein index º = lcm(º+, º−) and º+, º−, resp.
−c, −d are the local Gorenstein indices resp. local class group orders of

x+ = [0, 1, 0, 1, 0, 1], x− = [1, 0, 1, 0, 1, 0],

x1 = [1, 1, 0, 0, 1,−1], x2 = [1, 1, 1,−1, 0, 0].

Finally, every full intrinsic quadric surface of Picard number three and Gorenstein index º
is isomorphic to X(P¸) for precisely one P¸ from the above list.
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3.4. Picard number three

Proof. Let X be a full intrinsic quadric surface of Picard number three. Then Construc-
tion 3.4.1 and Proposition 3.4.4 allow us to assume X = X(P ) with

P =







−1 −1 1 1 0 0
−1 −1 0 0 1 1
a b 0 c 0 d






,

a > b, 0 > c, 0 > d,
a− b g −c g −d,
b+ c+ d < 0 < a,
a f −b− c− d.

According to Remark 1.2.10 the anticanonical divisor is −KX = DX
3 +DX

4 +DX
5 +DX

6

on X(P ). The linear forms u± representing the º±-fold of −KX near x± are given as

u+ =
[

º+, º+, 2ι+

a

]

, u− =
[

(b−c+d)ι−

b+c+d
, (b+c−d)ι−

b+c+d
, − 2ι−

b+c+d

]

.

By the definition of the local Gorenstein index, these are primitive integral vectors.
Together with the fact that º± divides cl(X,x±), we obtain

2º+ = y+a, a = z+º+,

2º− = −y−(b+ c+ d), −(b+ c+ d) = z−º−

with positive integers y± and z±. We conclude y+z+ = 2 and y−z− = 2. The possible
constellations of (y+, y−) yield the following four cases:

Case 1.1: a = º+, b = −º− − c− d. Inserting this, we see that P arises from S11(3, º) and
its entries satisfy the required estimates. Moreover, u± become

u+ =
[

º+, º+, 2
]

, u− =
[

2c+ º−, 2d+ º−, −2
]

.

As these are integral primitive vectors, we see that º+ as well as º− are odd and that º±

are indeed the local Gorenstein indices of x±.

Case 1.2: a = º+, b = −2º− − c− d. As in the previous subcase, inserting shows that P
stems from S12(3, º). Note that this time we have

u+ =
[

º+, º+, 2
]

, u− =
[

c+ º−, d+ º−, −1
]

.

Thus, º+ is odd and we have no divisibility condition on º−. As before, we obtain that º±

are indeed the local Gorenstein indices of x±.

Case 2.1: a = 2º+, b = −º− − c− d. Inserting shows that P is given by S21(3, º) and its
entries satisfy the required estimates. Moreover, we have

u+ =
[

º+, º+, 1
]

, u− =
[

2c+ º−, 2d+ 2º+ + º−, −2
]

.

These must be integral primitive vectors. Consequently, º− is odd and we obtain that º±

are indeed the local Gorenstein indices of x±.
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Case 2.2: a = 2º+, b = −2º− − c − d. Inserting shows that the matrix P arises from
S22(3, º). Moreover, the linear forms u± are given by

u+ =
[

º+, º+, 1
]

, u− =
[

c+ º−, d+ º+ + º−, −1
]

.

Thus, there are no divisibility conditions on º± and we see that º± are indeed the local
Gorenstein indices of x±.

We showed that every full intrinsic quadric surface of Picard number three is isomorphic
to some X(P ) with P as in the assertion. Moreover, as x0, x1, x2 ∈ X(P ) are all of local
Gorenstein index one, see [17, Prop. 8.9 (iii)], we obtain that X(P ) has Gorenstein index
º = lcm(º+, º−). Conversely, one directly checks that every matrix P from the assertion
defines a full intrinsic quadric surface of Picard number three and Gorenstein index
º = lcm(º+, º−).

Finally, we want to see that the matrices P listed in the assertion define pairwise
non-isomorphic X(P ). According to Proposition 3.4.4, this amounts to showing that
the sets Sij(3, º) are pairwise disjoint. We use Proposition 3.4.3 to compare the local
Gorenstein indices º± and the local class group orders cl(X,x±):

S11(3, º) S12(3, º) S21(3, º) S22(3, º)

(º+, cl(X,x+)) (º+, º+) (º+, º+) (º+, 2º+) (º+, 2º+)

(º−, cl(X,x−)) (º−, º−) (º−, 2º−) (º−, º−) (º−, 2º−)

The listed pairs are invariants of the surface up to switching x+ and x−. Thus, we see
that S11(3, º) as well as S22(3, º) has trivial intersection with any other Sij(3, º). For
S12(3, º) observe º+ < 2º− as º+ is odd. Similarly, for S21(3, º), we have 2º+ < º−. Thus,
in both cases, cl(X,x+) is the strictly smallest of cl(X,x±). It follows that S12(3, º) and
S21(3, º) intersect trivially.

Example 3.4.6. Consider the full intrinsic quadric surfaces X and X ′ of Picard number
three given by the defining matrices

P =







−1 −1 1 1 0 0
−1 −1 0 0 1 1

1 0 0 −1 0 −1






, P ′ =







−1 −1 1 1 0 0
−1 −1 0 0 1 1

2 0 0 −1 0 −1






.

Then X stems from the series S12(3, º) and X ′ from S22(3, º). Theorem 3.4.5 yields that
X and X ′ are the only Gorenstein full intrinsic quadric surfaces with Ä(X) = 3.

Proposition 3.4.7. Let X = X(P ) arise from Construction 3.4.1. At most the prime
divisors DX

1 , . . . , D
X
6 ¦ X are contractible and all possible contractions are projective

toric surfaces of Picard number three. More precisely,

DX

1 : b g 1
[

−1 −1 1 1

b b+c 0 d

]

DX

2 : a+c+d f −1
[

−1 −1 1 1

a a+c 0 d

]

DX

3 : a+c g 1
[

−1 −1 1 1

a+c b+c 0 d

]
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3.5. Geometry of full intrinsic quadric surfaces

DX

4 : b+d f −1
[

−1 −1 1 1

a b 0 d

]

DX

5 : a+d g 1
[

−1 −1 1 1

a+d b+d 0 c

]

DX

6 : b+c f −1
[

−1 −1 1 1

a b 0 c

]

gives us for each DX
i the characterizing property of contractibility in terms of the entries

a, b, c, d of P and, for the case that DX
i is contractible, also the generator matrix of the

contracted surface.

Proof. One succeeds by the same arguments as in the proof of Proposition 3.3.7.

A normal surface singularity is of type An if the exceptional divisor of its minimal
resolution is a string of n smooth rational curves, each of self intersection −2.

Remark 3.4.8. Consider the two Gorenstein full intrinsic quadric surfaces X and X ′ of
Picard number three from Example 3.4.6.

(i) On X, the contractible divisors are DX
2 , DX

4 and DX
6 . In each case, the contracted

surface is P1 × P1.
(ii) On X ′, the contractible divisors are DX′

3 , DX′

4 , DX′

5 and DX′

6 . In each case, the
contraction is the toric del Pezzo surface of Picard number 2 with two singularities,
both of type A1.

3.5 Geometry of full intrinsic quadric surfaces

We present direct applications of Theorem 3.2.5, 3.3.5 and 3.4.5, exploring the geometry
of full intrinsic quadric surfaces. In Theorem 3.5.16 we determine the weighted resolution
graphs for the canonical resolution of singularities. Moreover, Theorem 3.5.3, 3.5.23
and 3.5.29, 3.5.30, 3.5.31 give explicit upper and lower bounds on the degree, the log
canonicity and the Picard index in terms of the Gorenstein index. Finally, Theorem 3.5.32,
3.5.43, 3.5.48 characterize the existence of Kähler-Einstein metrics in terms of the
Gorenstein index.

We recall that a del Pezzo surface is a normal projective surface X admitting an
ample anticanonical divisor −KX . Moreover, a del Pezzo surface X is log terminal if
all the exceptional divisors of its minimal resolution of singularities have discrepancies
strictly bigger than −1; if so then one refers to X also as a log del Pezzo surface.

Proposition 3.5.1. Every full intrinsic quadric surface X is a log del Pezzo surface.

Proof. We may assume X = X(P ). Then log terminality is a direct consequence
of [17, Cor. 8.12]. According to the possible values of the Picard number Ä = Ä(X), the
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degree µ ∈ Cl(X) of the defining quadric of X is given as

µ =















w1 + w2 = 2w3 = 2w4, Ä = 1,

w1 + w2 = w3 + w4 = 2w5, Ä = 2,

w1 + w2 = w3 + w4 = w5 + w6, Ä = 3,

where wi = deg(Ti) ∈ Cl(X). Due to Remark 1.2.10 the anticanonical class of X
equals w1 + . . .+ wÄ+3 − µ and thus is a positive multiple of µ. From [3, Prop. 3.3.2.9]
we infer that the cone of movable divisor classes of X is given by

Mov(X) =
ϱ+3
⋂

i=1

Äi, Äi := cone(wj ; j ̸= i) ¦ ClQ(X).

Observe that µ is an interior point of each Äi. All involved cones are of full dimension;
see Remark 1.1.13. Hence we obtain that µ is an interior point of Mov(X). Thus, [3,
Prop. 3.3.2.9, Thm. 4.3.3.5] show that µ, and hence the anticanonical class of X, is
ample.

Remark 3.5.2. The surfaces from Example 3.2.6, 3.3.6, 3.4.6 are the only Gorenstein
two-dimensional full intrinsic quadrics. By Proposition 3.5.1 they are all log del Pezzo
and thus we can recover them as well as the only full intrinsic quadrics in the classification
of all rational Gorenstein log del Pezzo K∗-surfaces [3, Thms. 5.4.4.2 to 5.4.4.5].

3.5.1. The anticanonical degree • Recall that the (anticanonical) degree of a del
Pezzo surface X is the self intersection number of an anticanonical divisor of X.

Let X be a K∗-surface as in Construction 1.2.1. Then due to Proposition 1.2.7 X
inherits Q-factoriality from its ambient toric variety Z. Moreover, X has a complete
intersection complete intersection Cox ring, and we can compute intersection numbers
according to [3, Constr. 3.3.3.4]; see also [3, Sect. 5.4.2] and [17, Sum 7.7].

The results of this section are summarised in the following theorem relating the
degree to the local Gorenstein indices; see Proposition 3.5.6, Proposition 3.5.10 and
Proposition 3.5.14 for the proof.

Theorem 3.5.3. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as in
Theorem 3.2.5, 3.3.5 or 3.4.5. Then the degree K2

X of X is given as

Ä = 1 : K2
X = 1

º+ + 1
º−
, ¸ ∈ S11(1, º), K2

X = 1
º+ + 2

º−
, ¸ ∈ S12(1, º),

K2
X = 2

º+ + 1
º−
, ¸ ∈ S21(1, º), K2

X = 2
º+ + 2

º−
, ¸ ∈ S22(1, º),

Ä = 2 : K2
X = 9

2º+ + 9
2º−

, ¸ ∈ S11(2, º), K2
X = 9

2º+ + 3
2º−

, ¸ ∈ S12(2, º),

K2
X = 3

2º+ + 9
2º−

, ¸ ∈ S21(2, º), K2
X = 3

2º+ + 3
2º−

, ¸ ∈ S22(2, º),

Ä = 3 : K2
X = 4

º+ + 4
º−
, ¸ ∈ S11(3, º), K2

X = 4
º+ + 2

º−
, ¸ ∈ S12(3, º),

K2
X = 2

º+ + 4
º−
, ¸ ∈ S21(3, º), K2

X = 2
º+ + 2

º−
, ¸ ∈ S22(3, º).
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Here, Ä is the Picard number, º the Gorenstein index of X and º± the local Gorenstein
index of x± ∈ X. Moreover, we obtain the following upper and lower bounds:

Ä = 1 : 2
º f K2

X f 1 + 4
º ,

Ä = 2 : 3
º f K2

X f 9
2 + 9

2º ,

Ä = 3 : 4
º f K2

X f 4 + 4
º .

We treat the cases of Picard number one, two and three separately. The combination
of the respective lemmata and proposition then gives us Theorem 3.5.3.

Lemma 3.5.4. Let X = X(P ) arise from Construction 3.2.1. Then the intersection
numbers of the curves DX

i , i = 1, 2, 3, 4 are given as

DX
1 DX

2 DX
3 DX

4

DX
1

1
a+1 − 1

a−b
1

a−b
1

2(a+1)
1

2(a+1)

DX
2

1
a−b − 1

b+1 − 1
a−b − 1

2(b+1) − 1
2(b+1)

DX
3

1
2(a+1) − 1

2(b+1)
1
4

(

1
a+1 − 1

b+1

)

1
4

(

1
a+1 − 1

b+1

)

DX
4

1
2(a+1) − 1

2(b+1)
1
4

(

1
a+1 − 1

b+1

)

1
4

(

1
a+1 − 1

b+1

)

Proof. This is a result of the formulas given by [3, Prop. 5.4.2.1, Cor. 5.4.2.2], cf.
[17, Sum. 7.7], where we are simply plugging in the values

l01 = 1, l02 = 1, l11 = 2, l21 = 2,
m01 = a, m02 = b, m11 = 1

2 , m21 = 1
2 ,

m+ = a+ 1, m− = b+ 1.

Proposition 3.5.5. Consider a full intrinsic quadric surface X = X(P¸) of Picard
number one with P¸ as in Theorem 3.2.5. Then the degree K2

X of X is given by

K2
X = 1

º+ + 1
º−
, ¸ ∈ S11(1, º), K2

X = 1
º+ + 2

º−
, ¸ ∈ S12(1, º),

K2
X = 2

º+ + 1
º−
, ¸ ∈ S21(1, º), K2

X = 2
º+ + 2

º−
, ¸ ∈ S22(1, º).

Proof. According to Remark 1.2.10 we have the following anticanonical divisor

−KX = DX
3 +DX

4 .

By using the self intersection numbers from Lemma 3.5.4, we get

K2
X = DX

3 ·DX
3 + 2DX

3 ·DX
4 +DX

4 ·DX
4 = 1

a+1 − 1
b+1 ;
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compare Proposition 1.4.4. According to Theorem 3.2.5 we can express the variables a, b
of the generator matrix P from Construction 3.2.1 in terms of the local Gorenstein indices
of X(P )

(a, b) =



































(º+ − 1,−º− − 1) , if ¸ ∈ S11(1, º),
(

º+ − 1,− º−+2
2

)

, if ¸ ∈ S12(1, º),
(

º+−2
2 ,−º− − 1

)

, if ¸ ∈ S21(1, º),
(

º+−2
2 ,− º−+2

2

)

, if ¸ ∈ S22(1, º).

This yields the desired presentation of the anticanonical self intersection.

Proposition 3.5.6. Consider a full intrinsic quadric surface X = X(P¸) of Picard
number one with P¸ as in Theorem 3.2.5. Then the degree K2

X of X is bounded by

K2
X f 1 + 1

º , ¸ ∈ S11(1, º), K2
X f 1 + 2

º , ¸ ∈ S12(1, º),

K2
X f 1

2 + 4
º , ¸ ∈ S21(1, º), K2

X f 1
2 + 2

º , ¸ ∈ S22(1, º).

The bounds are attained precisely in the following cases

º+ = 1 for ¸ ∈ S11(1, º), º+ = 1 for ¸ ∈ S12(1, º),

º+ = 4 for ¸ ∈ S21(1, º), º+ = 4 for ¸ ∈ S22(1, º).

Proof. First, we treat the case (º+, º−) ∈ S11(1, º). Then one has 1 f º+ f º−. Hence we
get º− − 1 f º+(º− − 1). We add º+ + 1 on both sides of the inequality to get

º+ + º− f º+º− + 1. (3.5.6.1)

Further, we note º = lcm(º+, º−). This yields º f º+º and 1
º+º−

f 1
º . Together with the

description of K2
X from Proposition 3.5.5 and the inequality (3.5.6.1), we obtain

K2
X = 1

º+ + 1
º−

= º++º−

º+º−
f º+º−+1

º+º−
f 1 + 1

º .

Equality in (3.5.6.1) holds if and only if º+ + º− = º+º− + 1. Equality in the second
estimate holds if and only if lcm(º+, º−) = º+º−. Then, both conditions hold if and only
if º+ = 1.

Next, we treat the case (º+, º−) ∈ S12(1, º). We obtain 1 f º+ and 4 f º−. This yields
º− − 2 f º+(º− − 2). Adding 2º+ + 2 to the inequality leads us to

2º+ + º− f º+º− + 2.

As above, we note 1
º+º−

f 1
º . By using Proposition 3.5.5 and the above inequality, we

conclude
K2

X = 1
º+ + 2

º−
= 2º++º−

º+º−
f º+º−+2

º+º−
f 1 + 2

º .
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3.5. Geometry of full intrinsic quadric surfaces

The first inequality is an equality if and only if 2º+ + º− = º+º− + 2. This is equiv-
alent to º− − 2 = º+(º− − 2). Equality in the second inequality holds if and only
if lcm(º+, º−) = º+º−. Both conditions hold if and only if º+ = 1.

Next, we consider the case (º+, º−) ∈ S21(1, º). Then we get 4 f º+ and 3 f º−.
Consequently, one obtains 4(º− − 2) f º+(º− − 2). We add 2º+ + 8 on both sides and
this yields

2º+ + 4º− f º+º− + 8.

By combining Proposition 3.5.5, the above inequality and 1
º+º−

f 1
º , we see

K2
X = 2

º+ + 1
º−

= 4º−+2º+

2º+º−
f º+º−+8

2º+º−
f 1

2 + 4
º .

Equality holds if and only if 4(º− − 2) = º+(º− − 2) and lcm(º+, º−) = º+º−. Then both
statements hold if and only if º+ = 4.

Lastly, we treat the case (º+, º−) ∈ S22(1, º). So one has 4 | º+ and 4 | º−. We treat the

cases 8 f º+ f º− and º+ = 4 separately. First, let 8 f º+ f º−. This implies 4º−−4
º−−4 f 8

and 8 f º+. Hence, we get 4(º− − 1) f 8(º− − 4) and 4(º− − 1) f º+(º− − 4). We
add 4º+ + 4 on both sides of the last inequality to obtain

4º+ + 4º− f º+º− + 4.

From this inequality, Proposition 3.5.5 and from 1
º+º−

f 1
º , we infer that

K2
X = 2

º+ + 2
º−

= 2º++2º−

º+º−
f º+º−+4

2º+º−
f 1

2 + 2
º .

The first inequality is attained if and only if 4(º− − 1) = º+(º− − 4). The second if and
only if lcm(º+, º−) = º+º−. Thus, we have equality for both inequalities if and if º+ = 4.
This would contradict to the assumption 8 f º+ f º−. Now, let (º+, º−) ∈ S22(1, º)
and º+ = 4. Then we have º = º− and

K2
X = 2

º+ + 2
º−

= 1
2 + 2

º−
= 1

2 + 2
º .

For convenience, we explicitly list a series of maximizers.

Example 3.5.7. Let º1 be an odd and let º2 be an even integer. Consider the generator
matrices

P11(º1) :=





−1 −1 2 0
−1 −1 0 2
0 −º1 − 1 1 1



 , P12(º2) :=





−1 −1 2 0
−1 −1 0 2
0 − ι2

2 − 1 1 1



 ,

P21(º1) :=





−1 −1 2 0
−1 −1 0 2
1 −º1 − 1 1 1



 , P22(º2) :=





−1 −1 2 0
−1 −1 0 2
1 − ι2

2 − 1 1 1



 .
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Then we have (1, º1) ∈ Si1(1, º) and (4, º2) ∈ Si2(1, º) and the generator matrices
corresponding to these tuples give us full intrinsic quadric surfaces Xij(ºj) := X(Pij(ºj))
of Picard number one. Further, the surface Xij(ºj) has Gorenstein index º = ºj and is of
the following degree

K2
X11(º1) = 1 + 1

º , K2
X12(º2) = 1 + 2

º ,

K2
X21(º1) = 1

2 + 4
º , K2

X22(º2) = 1
2 + 2

º .

Lemma 3.5.8. Let X = X(P ) arise from Construction 3.3.1. Then the intersection
numbers of the curves DX

i , i = 1, . . . , 5 are given by

DX
1 DX

2 DX
3 DX

4 DX
5

DX
1

2
2a+1 − 1

a−b
1

a−b
2

2a+1 0 1
2a+1

DX
2

1
a−b

1
b−a − 2

1+2b+2c 0 − 2
1+2b+2c − 1

1+2b+2c

DX
3

2
2a+1 0 1

c + 2
2a+1 −1

c
1

2a+1

DX
4 0 − 2

1+2b+2c −1
c

1
c − 2

1+2b+2c
1

2b+2c+1

DX
5

1
2a+1 − 1

1+2b+2c
1

2a+1
1

2b+2c+1
1

4a+2 − 1
2+4b+4c

Proof. To obtain the intersection numbers we enter the formulas from [3, Prop. 5.4.2.1,
Cor. 5.4.2.2] or [17, Sum. 7.7] with

l01 = 1, l02 = 1, l11 = 1, l12 = 1, l21 = 2,
m01 = a, m02 = b, m11 = 0, m12 = c, m21 = 1

2 ,
m+ = a+ 1, m− = b+ c+ 1.

Proposition 3.5.9. Consider a full intrinsic quadric surface X = X(P¸) of Picard
number two with P¸ as in Theorem 3.3.5. Then the degree K2

X of X is given by

K2
X = 9

2º+ + 9
2º−

, ¸ ∈ S11(2, º), K2
X = 9

2º+ + 3
2º−

, ¸ ∈ S12(2, º),

K2
X = 3

2º+ + 9
2º−

, ¸ ∈ S21(2, º), K2
X = 3

2º+ + 3
2º−

, ¸ ∈ S22(2, º).

Proof. Remark 1.2.10 yields the anticanonical divisor

−KX = DX
3 +DX

4 +DX
5 .

Then, by using Lemma 3.5.8 we obtain

K2
X = D3 ·D3 + 2D3 ·D4 + 2D3 ·D5 +D4 ·D4 + 2D4 ·D5 +D5 ·D5

= 9
4a+2 − 9

2+4b+4c .
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3.5. Geometry of full intrinsic quadric surfaces

Theorem 3.2.5 tells us that we can express the variables a, b, c of the generator matrix P
from Construction 3.3.1 by the local Gorenstein indices of X(P )

(a, b+ c) =



































(

º+−1
2 , −º−−1

2

)

, if ¸ ∈ S11(2, º),
(

º+−1
2 , −3º−−1

2

)

, if ¸ ∈ S12(2, º),
(

3º+−1
2 , −º−−1

2

)

, if ¸ ∈ S21(2, º),
(

3º+−1
2 , −3º−−1

2

)

, if ¸ ∈ S22(2, º).

By inserting these values, we get the desired presentations.

Proposition 3.5.10. Consider a full intrinsic quadric surface X = X(P¸) of Picard
number two with P¸ as in Theorem 3.3.5. Then the degree K2

X of X is bounded by

K2
X f 9

2 + 9
2º , ¸ ∈ S11(2, º), K2

X f 9
2 + 3

2º , ¸ ∈ S12(2, º),

K2
X f 3

2 + 9
2º , ¸ ∈ S21(2, º), K2

X f 3
2 + 3

2º , ¸ ∈ S22(2, º).

The bounds are attained in each case if and only if º+ = 1.

Proof. First, we treat the case (º+, º−, c) ∈ S11(2, º). Then we have 1 f º+ f º−. Hence
we get º− − 1 f º+(º− − 1). We add º+ + 1 on both sides of the inequality to get

º+ + º− f º+º− + 1. (3.5.10.1)

We derive 1
º+º−

f 1
º from º f º+º. Together with the representation of K2

X from
Proposition 3.5.9 we get

K2
X = 9

2º+ + 9
2º−

= 9º++9º−

2º+º−
f 9º+º−+9

2º+º−
f 9

2 + 9
2º .

Equality in the first estimate holds if and only if º− − 1 = º+(º− − 1). The second
inequality is an equality if and only if lcm(º+, º−) = º+º−. Both conditions hold true if
and only if º+ = 1.

Now we consider (º+, º−, c) ∈ S12(2, º). So we get 1 f º+ f 3º−. This implies
º+ − 1 f 3º−(º+ − 1). Adding 3º− + 1, we obtain

º+ + 3º− f 3º+º− + 1.

We infer from Proposition 3.5.9, the above inequality and from 1
º+º−

f 1
º that

K2
X = 9

2º+ + 3
2º−

= 9º−+3º+

2º+º−
f 9º+º−+3

2º+º−
f 9

2 + 3
2º .

Equality holds if and only if º+ − 1 = 3º−(º+ − 1) and lcm(º+, º−) = º+º−. This is
equivalent to º+ = 1.
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Now, we consider (º+, º−, c) ∈ S21(2, º). Then we obtain 3 f 3º+ f º−. Therefore
3(º+ − 1) f º−(º+ − 1). We add º− + 3 and get

3º+ + º− f º+º− + 3

By using Proposition 3.5.9, the above inequality and 1
º+º−

f 1
º we conclude

K2
X = 3

2º+ + 9
2º−

= 3º−+9º+

2º+º−
f 3º+º−+9

2º+º−
f 3

2 + 9
2º .

Equality holds if and only if 3(º+ − 1) = º−(º+ − 1) and lcm(º+, º−) = º+º−. Hence
equality holds if and only if º+ = 1.

Lastly, we treat the case (º+, º−, c) ∈ S22(2, º). So we have 1 f º+ f º−. (3.5.10.1)
tells us 3º− + 3º+ f 3º+º− + 3. Thus, together with Proposition 3.5.9 and 1

º+º−
f 1

º we
get

K2
X = 3

2º+ + 3
2º−

= 3º−+3º+

2º+º−
f 3º+º−+3

2º+º−
f 3

2 + 3
2º

Equality for the first inequality holds if and only if º− − 1 = º+(º− − 1). Whence, both
equalities hold if and only if º+ = 1.

We conclude the case of Picard number two with a series of exlicit maximizers.

Example 3.5.11. Let i be an odd integer. Consider the generator matrices

c11(i) := − i−1
2 , c12(i) := − 3i−1

2 ,

P11(i) :=





−1 −1 1 1 0
−1 −1 0 0 2
0 −1 0 − i−1

2 1



 , P12(i) :=





−1 −1 1 1 0
−1 −1 0 0 2
0 −1 0 − 3i−1

2 1



 ,

c21(i) := − i+1
2 , c22(i) := − 3i+1

2 ,

P21(i) :=





−1 −1 1 1 0
−1 −1 0 0 2
1 0 0 − i+1

2 1



 , P22(i) :=





−1 −1 1 1 0
−1 −1 0 0 2
1 0 0 − 3i+1

2 1



 .

Then we have triples corresponding to Pij(i) such that (1, i, cij(i)) ∈ Sij(2, º). Now
set Xij(i) := X(Pij(i)) for the corresponding full intrinsic quadric surfaces of Picard
number two. The Gorenstein index of the surface Xij(i) is º = i and the surfaces are of
the following degree

K2
X11(i) = 9

2 + 9
2º , K2

X12(i) = 9
2 + 3

2º ,

K2
X21(i) = 3

2 + 9
2º , K2

X22(i) = 3
2 + 3

2º .
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3.5. Geometry of full intrinsic quadric surfaces

Lemma 3.5.12. Let X = X(P ) arise from Construction 3.4.1. Then the intersection
numbers of the curves DX

i , i = 1, . . . , 6 are given by

DX
1 DX

2 DX
3 DX

4 DX
5 DX

6

DX
1

1
a + 1

b−a
1

a−b
1
a 0 1

a 0

DX
2

1
a−b

1
b−a − 1

b+c+d 0 − 1
b+c+d 0 − 1

b+c+d

DX
3

1
a 0 1

a + 1
c −1

c
1
a 0

DX
4 0 − 1

b+c+d −1
c

1
c − 1

b+c+d 0 − 1
b+c+d

DX
5

1
a 0 1

a 0 1
a + 1

d −1
d

DX
6 0 − 1

b+c+d 0 − 1
b+c+d −1

d
1
d − 1

b+c+d

Proof. To obtain our statement, we insert lij = 1, for all i = 0, 1, 2, j = 1, 2, and the
following values into the formulas from [3, Prop. 5.4.2.1], cf. [17, Sum. 7.7]

m01 = a, m02 = b, m11 = 0,
m12 = c, m21 = 0, m22 = d,
m+ = a+ 1, m− = b+ c+ d.

Proposition 3.5.13. Consider a full intrinsic quadric surface X = X(P¸) of Picard
number three with P¸ as in Theorem 3.4.5. Then the anticanonical self intersection of X
is given by

K2
X = 4

º+ + 4
º−
, ¸ ∈ S11(3, º), K2

X = 4
º+ + 2

º−
, ¸ ∈ S12(3, º),

K2
X = 2

º+ + 4
º−
, ¸ ∈ S21(3, º), K2

X = 2
º+ + 2

º−
, ¸ ∈ S22(3, º).

Proof. Remark 1.2.10 gives us the anticanonical divisor as

−KX = DX
3 +DX

4 +DX
5 +DX

6 .

We use the intersection numbers from Lemma 3.5.12 and this yields

K2
X =

(

DX
3 +DX

4 +DX
5 +DX

6

)2
= 4

a − 4
b+c+d .

We derive a description of a, b, c, d in terms of the local Gorenstein indices of X(P ) from
Theorem 3.4.5, i.e.

(a, b+ c+ d) =































(

º+,−º−) , if ¸ ∈ S11(3, º),
(

º+,−2º−
)

, if ¸ ∈ S12(3, º),
(

2º+,−º−) , if ¸ ∈ S21(3, º),
(

2º+,−2º−
)

, if ¸ ∈ S22(3, º).

This yields the claim.
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Proposition 3.5.14. Consider a full intrinsic quadric surface X = X(P¸) of Picard
number three with P¸ as in Theorem 3.4.5. Then the anticanonical self intersection of X
is bounded by

K2
X f 4 + 4

º , ¸ ∈ S11(3, º), K2
X f 4 + 2

º , ¸ ∈ S12(3, º),

K2
X f 2 + 4

º , ¸ ∈ S21(3, º), K2
X f 2 + 2

º , ¸ ∈ S22(3, º),

The bounds are attained in each case if and only if º+ = 1.

Proof. We begin with treating the case (º+, º−, c, d) ∈ S11(3, º). Then we have 1 f º+ f º−.
Therefore º− − 1 f º+(º− − 1). We add º+ + 1 to get

º+ + º− f º+º− + 1. (3.5.14.1)

Together with the represenation of K2
X from Proposition 3.5.13 and with and the inequal-

ity 1
º+º−

f 1
º we get

K2
X = 4

º+ + 4
º−

= 4º++4º−

º+º−
f 4º+º−+4

º+º−
f 4 + 4

º .

We obtain equality in the first inequality if and only if º− − 1 = º+(º− − 1). Equality
for the second inequality holds if and only if lcm(º+, º−) = º+º−. Consequently both
inequalities are attained if and only if º+ = 1.

Next, we treat the case (º+, º−, c, d) ∈ S12(3, º). We obtain 1 f º+ f 2º−. Hence
4º− − 2 f º+(4º− − 2). We add 2º+ + 2 to obtain 2º+ + 4º− f 4º+º− + 2. By combining
this with Proposition 3.5.13 and with and the inequality 1

º+º−
f 1

º we conclude

K2
X = 4

º+ + 2
º−

= 4º−+2º+

º+º−
f 4º+º−+2

º+º−
f 4 + 2

º .

Equality in the first inequality holds if and only if 4º− −2 = º+(4º− −2). Further, equality
for the second inequality holds if and only if lcm(º+, º−) = º+º−. Then both conditions
hold if and only if º+ = 1.

The case (º+, º−, c, d) ∈ S21(3, º) works analogously. We have 2 f 2º+ f º− and
thus 4(º+ − 1) f 2º−(º+ − 1). Therefore 4º+ + 2º− f 2º+º− + 4. Again by using
Proposition 3.5.13 and the inequality 1

º+º−
f 1

º we obtain

K2
X = 2

º+ + 4
º−

= 2º−+4º+

º+º−
f 2º+º−+4

º+º−
f 2 + 4

º .

Equality for both inequalities holds if and only if 4(º+−1) = 2º−(º+−1) and lcm(º+, º−) =
º+º−. This is equivalent to º+ = 1.

Lastly, let (º+, º−, c, d) ∈ S22(3, º). Then we get 1 f º+ f º−. We combine Proposi-
tion 3.5.13, the inequality 1

º+º−
f 1

º and (3.5.14.1) to obtain

K2
X = 2

º+ + 2
º−

= 2º−+2º+

º+º−
f 2º+º−+2

º+º−
f 2 + 2

º .

Equality holds if and only if º− − 1 = º+(º− − 1) and lcm(º+, º−) = º+º−. Hence this
holds if and only if º+ = 1.
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3.5. Geometry of full intrinsic quadric surfaces

For convenience we also provide a series of exlicit maximizers in Picard number three.

Example 3.5.15. Let i be an odd integer. Consider the generator matrices

c11(i) := − i−1
2 , c12(i) := −i,

P11(i) :=





−1 −1 1 1 0 0
−1 −1 0 0 1 1
1 − i−1

2 0 − i−1
2 0 −1



 , P12(i) :=





−1 −1 1 1 0 0
−1 −1 0 0 1 1
1 −i+ 1 0 −i 0 −1



 ,

c21(i) := − i+1
2 , c22(i) := −i,

P21(i) :=





−1 −1 1 1 0 0
−1 −1 0 0 1 1
2 − i

2 + 3
2 0 − i+1

2 0 −1



 , P22(i) :=





−1 −1 1 1 0 0
−1 −1 0 0 1 1
2 −i+ 1 0 −i 0 −1



 .

Then we have (1, i, cij(i),−1) ∈ Sij(3, º). Set Xij(i) := X(Pij(i)) for the corresponding
full intrinsic quadric surfaces of Picard number three. Then the Gorenstein index of the
surface Xij(i) is º = i and the surfaces are of the following degree

K2
X11(i) = 4 + 4

º , K2
X12(i) = 4 + 2

º ,

K2
X21(i) = 2 + 4

º , K2
X22(i) = 2 + 2

º .

3.5.2. Singularities and resolution • We turn to the singularities of full intrinsic
quadric surfaces and determine their canonical resolution of singularities in the sense
of [36, Sec. 3.2]; see also [3, Sec. 5.4.3].

Recall that the nodes of the resolution graph represent the irreducible components of
the exceptional divisor over the corresponding singularity. For two curves we join the
corresponding nodes with an edge if the curves intersect.

Theorem 3.5.16. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as
in Theorem 3.2.5, Theorem 3.3.5 or Theorem 3.4.5 and its canonical resolution of
singularities. Then the possible singularities x+, x−, x0, x1, x2 ∈ X have the following
resolution graphs:

Ä = 1 : x+, 3 x−, 3 x0, ε

S11(1,ι) −1−ι
+

−2 −2
−1−ι

−
−2 −2 −2 −2 −2

ε=ι
++ι

−

−1

S12(1,ι) −1−ι
+

−2 −2
−1−

ι
−

2
−2 −2 −2 −2 −2

ε=ι
++ ι

−

2
−1

S21(1,ι) −1−

ι
+

2
−2 −2

−1−ι
−

−2 −2 −2 −2 −2

ε= ι
+

2
+ι

−

−1

S22(1,ι) −1−

ι
+

2
−2 −2

−1−

ι
−

2
−2 −2 −2 −2 −2

ε= ι
+

2
+ ι

−

2
−1
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Ä = 2 : x+, 2 x−, 2 x0, ι
++ι

−

2
+c−1+ε x1, −1−c

S11(2,ι) −

1
2

−

ι
+

2
−2

−

1
2

−

ι
−

2
−2 −2 −2 −2

ε=0

−2 −2 −2

S12(2,ι) −

1
2

−

ι
+

2
−2

−

1
2

−

3ι
−

2
−2 −2 −2 −2

ε=ι
−

−2 −2 −2

S21(2,ι) −

1
2

−

3ι
+

2
−2

−

1
2

−

ι
−

2
−2 −2 −2 −2

ε=ι
+

−2 −2 −2

S22(2,ι) −

1
2

−

3ι
+

2
−2

−

1
2

−

3ι
−

2
−2 −2 −2 −2

ε=ι
++ι

−

−2 −2 −2

Ä = 3 : x+, 1 x−, 1 x0, ι++ι−+c+d−1+ε x1, −1−c x2, −1−d

S11(3,ι) −ι
+

−ι
−

−2 −2 −2

ε=0

−2 −2 −2 −2 −2 −2

S12(3,ι) −ι
+

−2ι
−

−2 −2 −2

ε=ι
−

−2 −2 −2 −2 −2 −2

S21(3,ι) −2ι
+

−ι
−

−2 −2 −2

ε=ι
+

−2 −2 −2 −2 −2 −2

S22(3,ι) −2ι
+

−2ι
−

−2 −2 −2

ε=ι
++ι

−

−2 −2 −2 −2 −2 −2

Next to x±, xi we place the number of exceptional curves, and the weights of the vertices
are the self intersection numbers of the corresponding exceptional curves. The canonical
resolution is minimal unless x+ ∈ X is smooth, where the latter happens if and only if

º+ = 1, ¸ ∈ S11(2, º) ∪ S12(2, º) ∪ S11(3, º) ∪ S12(3, º).

We recall the necessary background for the proof. The tropical variety of a full
intrinsic quadric surface is given as

trop(X) = Ä0 ∪ Ä1 ∪ Ä2,

where its leaves are given by

Ä0 := cone(e0) + lin(e3), Ä1 := cone(e1) + lin(e3), Ä2 := cone(e2) + lin(e3).

Construction 3.5.17 (Canonical resolution of singularities; see also [3, Constr. 3.4.4.3,
Constr. 5.4.3.2]). Let X be a K∗-surface with generator matrix P as in Construction 1.2.1.

(i) Tropical step: We add v+ := e3 and v− := −e3 as new columns to the generator
matrix P to obtain a new generator matrix P ′. Let Σ′ be the fan in Z3 hav-
ing P ′ as generator matrix and trop(X) as its support. Then we have a canonical
morphism X ′ → X.
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3.5. Geometry of full intrinsic quadric surfaces

(ii) Toric step: Let Σ′′ be the coarsest regular subdivision of Σ′ with generator matrix
P ′′. Then the corresponding surface X ′′ is smooth and we have a canonical
morphism X ′′ → X ′.

(iii) The composition X ′′ → X of the tropical and the toric step yields the canonical
resolution of singularities of X.

Remark 3.5.18 ([3, Rem. 5.4.3.3]). The tropical step replaces the elliptic fixed points
with parabolic fixed point curves. According to [3, Prop. 3.4.4.6], the resulting surface X ′

is locally toric and hence admits at most toric singularities, each resolved by a chain of
rational curves.

In the following we denote the prime divisors on X obtained by cutting down the
toric divisors of the ambient toric variety Z by DX

ij , D
X′

ij , D
X′′

ij in order to match the

notation of the references [3, 17]. Similarily, we denote by DX′

± , DX′′

± the prime divisors
corresponding to the columns v± of the generator matrices P ′, P ′′.

Proposition 3.5.19. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Let X ′′ → X be its canonical resolution of singularities and let X ′′ = X(P ′′) with the
generator matrix P ′′. Then the following statements hold:

(i) The matrix P ′′ is given by

P ′′ =





−1 −1 . . . −1 −1 1 2 1 0 0 0 0 0
−1 −1 . . . −1 −1 0 0 0 1 2 1 0 0
a a− 1 . . . b+ 1 b 1 1 0 1 1 0 1 −1



.

(ii) We have the following self intersection numbers

DX′′

ij ·DX′′

ij = −2, for all i = 0, 1, 2, j = 2, . . . , ni − 1,

DX′′

+ ·DX′′

+ = −a− 2,

DX′′

− ·DX′′

− = b.

(iii) The resolution graph of the possible singularities x+, x−, x0 ∈ X looks as follows

x+, 3 x−, 3 x0, a−b+1

−a−2−2 −2 b−2 −2 −2 −2 −2

Proof. First, we show (i). To this end, we construct the new fan Σ′ supported on the
tropical variety from Construction 3.5.17 (i). We intersect the maximal cones Ã+, Ã−, Ä0

of Σ from Construction 3.3.1 with the tropical variety and obtain the maximal cones
of Σ′ given by

cone (v1, e3) , cone (v2,−e3) , cone (v3,±e3) , cone (v4,±e3) , cone (v1, v2) .
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As corresponding new generator matrix we get

P ′ :=
[

v′
01, v

′
02, v

′
11, v

′
21, v

+, v−
]

:=







−1 −1 2 0 0 0
−1 −1 0 2 0 0
a b 1 1 1 −1






.

Set X ′ := X(P ′). Then we have no elliptic fixed points in X ′ and instead we have
two fixed point curves DX′

± . The only possible singular parabolic fixed points are the
following:

x+
01 ∈ DX′

+ ∩ DX′

01 , x−
02 ∈ DX′

− ∩ DX′

02 ,

x+
11 ∈ DX′

+ ∩ DX′

11 , x−
11 ∈ DX′

− ∩ DX′

11 ,

x+
21 ∈ DX′

+ ∩ DX′

21 , x−
21 ∈ DX′

− ∩ DX′

21 .

Moreover, the hyperbolic fixed point x0 can be singular. According to [3, Prop. 3.4.4.6]
and [17, Sum. 7.1] a point x+

01, x
−
02, x

+
11, x

−
11, x

+
21, x

−
21, x0 is singular if and only if its

associated determinant
∣

∣

∣

∣

0 1
1 a

∣

∣

∣

∣

,

∣

∣

∣

∣

1 0
b −1

∣

∣

∣

∣

,

∣

∣

∣

∣

0 2
1 1

∣

∣

∣

∣

,

∣

∣

∣

∣

2 0
1 −1

∣

∣

∣

∣

,

∣

∣

∣

∣

0 2
1 1

∣

∣

∣

∣

,

∣

∣

∣

∣

2 0
1 −1

∣

∣

∣

∣

,

∣

∣

∣

∣

1 1
a b

∣

∣

∣

∣

differs from ±1. The new columns of the matrix P ′′, that means those not occurring
in P ′, arise from resolving the singular points by regular subdivision of the associated
cone:

x+
11 : cone((2, 0, 1), (0, 0, 1)) = cone((2, 0, 1), (1, 0, 1)) ∪ cone((1, 0, 1), (0, 0, 1)),
x−

11 : cone((2, 0, 1), (0, 0,−1)) = cone((2, 0, 1), (1, 0, 0)) ∪ cone((1, 0, 0), (0, 0,−1)),
x+

21 : cone((0, 2, 1), (0, 0, 1)) = cone((0, 2, 1), (0, 1, 1)) ∪ cone((0, 1, 1), (0, 0, 1)),
x−

21 : cone((0, 2, 1), (0, 0,−1)) = cone((0, 2, 1), (0, 1, 0)), ∪ cone((0, 1, 0), (0, 0,−1)),

x0 : cone((−1,−1, a), (−1,−1, b)) =
⋃a−b

k=1 ((−1,−1, a+ 1 − k), (−1,−1, a− k)) .

Next, we prove (ii). The self intersection numbers of the exceptional curves DX′′

ij ,

i = 0, 1, 2, j = 2, . . . , ni − 1 and DX′′

± are obtained by inserting the following values into
the formulas from [3, Prop. 5.4.2.1] resp. from [17, Sum 7.7]

l0j = 1, j = 1, . . . , a− b+ 1,
m0j = a+ 1 − j, j = 1, . . . , a− b+ 1,
l11 = 1, l12 = 2, l13 = 1,
l21 = 1, l22 = 2, l23 = 1,
m11 = 1, m12 = 1

2 , m13 = 0,
m21 = 1, m22 = 1

2 , m23 = 0.

Lastly, the statement (iii) follows from combining (i) and (ii).

Proposition 3.5.20. Consider a full intrinsic quadric surface X as in Construction 3.3.1.
Let X ′′ → X be its canonical resolution of singularities and let X ′′ = X(P ′′) with the
generator matrix P ′′. Then the following statements hold:
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3.5. Geometry of full intrinsic quadric surfaces

(i) The matrix P ′′ is given by

P ′′ :=





−1 −1 . . . −1 −1 1 1 . . . 1 1 0 0 0 0 0
−1 −1 . . . −1 −1 0 0 . . . 0 0 1 2 1 0 0
a a− 1 . . . b+ 1 b 0 −1 . . . c+ 1 c 1 1 0 1 −1



.

(ii) We have the following self intersection numbers

DX′′

ij ·DX′′

ij = −2, for all i = 0, 1, 2, j = 2, . . . , ni − 1,

DX′′

+ ·DX′′

+ = −a− 1,

DX′′

− ·DX′′

− = b+ c.

(iii) The resolution graph of the possible singularities x+, x−, x0, x1 ∈ X looks as follows

x+, 2 x−, 2 x0, a−b−1 x1, −1−c

−a−1−2 b+c−2 −2 −2 −2 −2 −2 −2

Proof. We begin by proving (i). The fan Σ′ from Construction 3.5.17 (i) is constructed
by intersecting the maximal cones Ã+, Ã−, Ä0, Ä1 of Σ from Construction 3.3.1 with the
tropical variety. This yields the maximal cones of Σ′ given by

cone (v1, e3) , cone (v3, e3) , cone (v2,−e3) , cone (v4,−e3) , cone (v5,±e3) ,
cone (v1, v2) , cone (v3, v4) .

Then we obtain the generator matrix corresponding to Σ′ given as

P ′ :=
[

v01, v02, v11, v12, v21, v
+, v−

]

:=







−1 −1 1 1 0 0 0
−1 −1 0 0 2 0 0
a b 0 c 1 1 −1






.

Set X ′ := X(P ′). Then we have two fixed point curves DX′

± in X ′ and six possibly singular
fixed points:

x+
01 ∈ DX′

+ ∩ DX′

01 , x−
02 ∈ DX′

− ∩ DX′

02 ,

x+
11 ∈ DX′

+ ∩ DX′

11 , x−
12 ∈ DX′

− ∩ DX′

12 ,

x+
21 ∈ DX′

+ ∩ DX′

21 , x−
21 ∈ DX′

− ∩ DX′

21 .

Further, the hyperbolic fixed points x0, x1 are possibly singular. [3, Prop. 3.4.4.6] and
[17, Sum. 7.1] tell us that x+

01, x
−
02, x

+
11, x

−
12, x

+
21, x

−
21, x0, x1 are smooth if and only if the

following determinants

∣

∣

∣

∣

0 1
1 a

∣

∣

∣

∣

,

∣

∣

∣

∣

1 0
b −1

∣

∣

∣

∣

,

∣

∣

∣

∣

0 1
1 0

∣

∣

∣

∣

,

∣

∣

∣

∣

1 0
c −1

∣

∣

∣

∣

,

∣

∣

∣

∣

0 2
1 1

∣

∣

∣

∣

,

∣

∣

∣

∣

2 0
1 −1

∣

∣

∣

∣

,

∣

∣

∣

∣

1 1
a b

∣

∣

∣

∣

,

∣

∣

∣

∣

1 1
0 c

∣

∣

∣

∣
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equal ±1. We obtain P ′′ by adding new columns to P ′ which arise from regular subdivision
of the cones corresponding to the singularities:

x+
21 : cone((0, 2, 1), (0, 0, 1)) = cone((0, 2, 1), (0, 1, 1)) ∪ cone((0, 1, 1), (0, 0, 1)),
x−

21 : cone((0, 2, 1), (0, 0,−1)) = cone((0, 2, 1), (0, 1, 0)), ∪ cone((0, 1, 0), (0, 0,−1)),

x0 : cone((−1,−1, a), (−1,−1, b)) =
⋃a−b

k=1 ((−1,−1, a+ 1 − k), (−1,−1, a− k)) ,

x1 : cone((1, 0, 0), (1, 0, c)) =
⋃

−c

k=0 ((1, 0,−k), (1, 0,−k + 1)) .

Next, we show (ii). We apply the formulas from [3, Prop. 5.4.2.1], see also [17, Sum 7.7],
and get the desired self intersection numbers by plugging in the values

l0j = l1k = 1, j = 1, . . . , a− b+ 1, k = 1, . . . ,−c+ 1,
m0j = a+ 1 − j, j = 1, . . . , a− b+ 1,
m1j = −c+ 1 − j, j = 1, . . . ,−c,
l21 = 1, l22 = 2, l23 = 1,
m21 = 1, m22 = 1

2 , m23 = 0.

Furthermore, (iii) is a consequence of (i) and (ii).

Proposition 3.5.21. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Let X ′′ → X be its canonical resolution of singularities and let X ′′ = X(P ′′) with the
generator matrix P ′′. Then the following statements hold:

(i) The matrix P ′′ is given by

P ′′ :=





−1 −1 . . . −1 −1 1 . . . 1 1 0 . . . 0 0 0 0
−1 −1 . . . −1 −1 0 . . . 0 0 1 . . . 1 1 0 0
a a− 1 . . . b+ 1 b 0 . . . c+ 1 c 0 . . . d+ 1 d 1 −1



.

(ii) We have the following self intersection numbers

DX′′

ij ·DX′′

ij = −2, for all i = 0, 1, 2, j = 2, . . . , ni − 1,

DX′′

+ ·DX′′

+ = −a,
DX′′

− ·DX′′

− = b+ c+ d.

(iii) The resolution graph of the possible singularities x+, x−, x0, x1x2 ∈ X looks as
follows

x+, 1 x−, 1 x0, a−b−1 x1, −1−c x2, −1−d

−a b+c+d −2 −2 −2 −2 −2 −2 −2 −2 −2

Proof. First, we prove (i). The maximal cones Ã+, Ã−, Ä0, Ä1, Ä2 of the fan Σ are given
by Construction 3.4.1. We intersect them with the tropical variety to obtain the fan Σ′

from the tropical step of the resolution. The maximal cones of Σ′ are given by

cone (v1, e3) , cone (v3, e3) , cone (v5, e3) ,
cone (v2,−e3) , cone (v4,−e3) , cone (v6,−e3) ,
cone (v1, v2) , cone (v3, v4) , cone (v5, v6) .
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Further, we denote the resulting generator matrix of Σ′ by

P ′ :=
[

v01, v02, v11, v12, v21, v22, v
+, v−

]

:=







−1 −1 1 1 0 0 0 0
−1 −1 0 0 1 1 0 0
a b 0 c 0 d 1 −1






.

and by X ′ := X(P ′) the corresponding K∗-surface. This subdivision of the cones replaces
the two elliptic fixed points of X with two parabolic fixed point curves where the following
six points are possibly singular

x+
i1 ∈ DX′

+ ∩ DX′

i1 , x−
i2 ∈ DX′

− ∩ DX′

i2 , i = 0, 1, 2.

[3, Prop. 3.4.4.6] and [17, Sum. 7.1] yield smoothness of the points x+
01, x

−
02, x

+
11, x

−
12, x

+
21,

x−
22 and the hyperbolic fixed points x0, x1, x2 if and only if the corresponding determinants

∣

∣

∣

∣

0 1
1 a

∣

∣

∣

∣

,

∣

∣

∣

∣

1 0
b −1

∣

∣

∣

∣

,

∣

∣

∣

∣

0 1
1 0

∣

∣

∣

∣

,

∣

∣

∣

∣

1 0
c −1

∣

∣

∣

∣

,

∣

∣

∣

∣

0 1
1 0

∣

∣

∣

∣

,

∣

∣

∣

∣

1 0
d −1

∣

∣

∣

∣

,

∣

∣

∣

∣

1 1
a b

∣

∣

∣

∣

,

∣

∣

∣

∣

1 1
0 c

∣

∣

∣

∣

,

∣

∣

∣

∣

1 1
0 d

∣

∣

∣

∣

differ from ±1. We obtain the new columns of the matrix P ′′, i.e. those that do not
appear in P ′, by regular subdivision of the cones associated to the singular points :

x0 : cone((−1,−1, a), (−1,−1, b)) =
⋃a−b

k=1 ((−1,−1, a+ 1 − k), (−1,−1, a− k)) .
x1 : cone((1, 0, 0), (1, 0, c)) =

⋃−c
k=0 ((1, 0,−k), (1, 0,−k + 1)) ,

x2 : cone((1, 0, 0), (1, 0, d)) =
⋃−d

k=0 ((1, 0,−k), (1, 0,−k + 1)) .

For the statement (ii) we use the formulas from [3, Prop. 5.4.2.1], cf. [17, Sum 7.7], and
insert

lij = 1, i = 0, 1, 2, j = 1, . . . , ni,
m0j = a+ 1 − j, j = 1, . . . , a− b+ 1,
m1j = −c+ 1 − j, j = 1, . . . ,−c,
m2j = −d+ 1 − j, j = 1, . . . ,−d.

Lastly, (i) and (ii) imply (iii).

Proof of Theorem 3.5.16. The resolution graphs are given by Proposition 3.5.19, Propo-
sition 3.5.20 and Proposition 3.5.21.

The values a, b, c, d are given in terms of the respective local Gorenstein indices by
Theorem 3.2.5, Theorem 3.3.5 and Theorem 3.4.5. We use this representation to obtain
the statement.

Remark 3.5.22. Theorem 3.5.16 tells us in particular the following about the singularities
of the Gorenstein full intrinsic quadric surfaces from Example 3.2.6, 3.3.6, and 3.4.6.

(i) On X from Example 3.2.6, the points x+, x− are singularities of type A3 and x0 is
a singularity of type A1.
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(ii) On X from Example 3.3.6, the points x+, x0, x1 are smooth and x− is a singularity
of type A2.

(iii) On X ′ from Example 3.3.6, the points x+, x− are singularities of type A2, the
point x1 is a singularity of type A1 and x0 is smooth.

(iv) On X from Example 3.4.6, the points x− is a singularity of type A1 and x+, x0, x1, x2

are smooth.
(v) On X ′ from Example 3.4.6, the points x+, x−, x0 are singularities of type A1

and x1, x2 are smooth.

The singularity types of the Gorenstein log del Pezzo surfaces are well known and we
find those of our examples just discussed also in classification results, as for instance [3,
Thms. 5.4.4.2 to 5.4.4.5].

3.5.3. The anticanonical complex • Recall that for any normal variety X with
a Q-Cartier canonical divisor KX and any resolution of singularities Ã : X ′ → X, the
associated ramification formula is given by

KX′ = Ã∗KX +
n
∑

i=1

aEi
Ei.

Here, Ei, i = 1, . . . , n are the exceptional prime divisors and the aEi
∈ Q are the so-called

discrepancies of Ã : X ′ → X. One speaks of log terminal (log canonical) singularities
if aEi

> −1 for each i = 1, . . . , n (aEi
g −1 for each i = 1, . . . , n). By the log canonicity

of a log terminal projective surface X, we mean the number εX := aE + 1, where aE

is the minimal possible discrepancy appearing among the exceptional divisors E of its
minimal resolution of singularities. Note that 1/ºX is bounded by the log canonicity.
Alexeev’s results [1] show in particular that bounding the log canonicity gives finiteness
for log del Pezzo surfaces.

Theorem 3.5.23. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as in
Theorem 3.2.5, 3.3.5 or 3.4.5. Then the log canonicity εX of X is given by

Ä = 1 : εX = 1
º−
, ¸ ∈ S11(1, º) ∪ S21(1, º), εX = 2

º−
, ¸ ∈ S12(1, º) ∪ S22(1, º),

Ä = 2 : εX = 3
º−
, ¸ ∈ S11(2, º) ∪ S21(2, º), εX = 1

º−
, ¸ ∈ S12(2, º) ∪ S22(2, º),

Ä = 3 : εX = 2
º−
, ¸ ∈ S11(3, º) ∪ S21(3, º), εX = 1

º−
, ¸ ∈ S12(3, º) ∪ S22(3, º).

In particular, we obtain the following upper and lower bounds for the log canonicity εX

of X:

Ä = 1 : 1
º f εX f 2√

º
, Ä = 2 : 1

º f εX f 3√
º
, Ä = 3 : 1

º f εX f 2√
º
.

In the proof, we make use of the anticanonical complex AX introduced in [5] for
varieties X with a torus action of complexity one. The anticanonical complex can be
constructed in higher dimension as well in higher complexity. We refer to [31, Sec. 3] and
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3.5. Geometry of full intrinsic quadric surfaces

[17, Sec. 9] for more background. It is a polyhedral complex supported on the tropical
variety. The anticanonical complex AX is bounded if and only if X is log terminal and
in this case, the discrepancy of a divisor E on the minimal resolution of X can be stated
explicitly.

Proposition 3.5.24. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as in
Theorem 3.2.5, 3.3.5 or 3.4.5. Then the anticanonical complex and its cells are given as

Ä = 1 : ṽ+ = (a+ 1)e3, ṽ
− = (b+ 1)e3,

conv(0, ṽ+, v1), conv(0, v1, v2), conv(0, v2, ṽ
−),

conv(0, ṽ+, v3), conv(0, v3, ṽ
−),

conv(0, ṽ+, v4), conv(0, v4, ṽ
−),

Ä = 2 : ṽ+ = 2a+1
3 e3, ṽ

− = 2b+2c+1
3 e3,

conv(0, ṽ+, v1), conv(0, v1, v2), conv(0, v2, ṽ
−),

conv(0, ṽ+, v3), conv(0, v3, v4), conv(0, v4, ṽ
−),

conv(0, ṽ+, v5), conv(0, v5, ṽ
−),

Ä = 3 : ṽ+ = a
2e3, ṽ

− = b+c+d
2 e3,

conv(0, ṽ+, v1), conv(0, v1, v2), conv(0, v2, ṽ
−),

conv(0, ṽ+, v3), conv(0, v3, v4), conv(0, v4, ṽ
−),

conv(0, ṽ+, v5), conv(0, v5, v6), conv(0, v6, ṽ
−).

Proof. [17, Thm. 9.17 (i) and (ii)] yield the maximal cells of AX .

Lemma 3.5.25 ([17, Prop. 9.17 (iv)]). Consider a full intrinsic quadric surface X = X(P¸)
with P¸ as in Theorem 3.2.5, 3.3.5 or 3.4.5 and its anticanonical complex AX . Then the
discrepancy along an exceptional divisor Eϱ of its minimal resolution of singularities is
given by

aE =
∥vϱ∥
∥v′

ϱ∥ − 1,

where ϱ ¦ Q3 is the ray corresponding to E, the vector vϱ is the primitive lattice vector
in ϱ and v′

ϱ is the intersection point of ϱ and the boundary of AX .

Proof of Theorem 3.5.23. Proposition 3.5.24 gives us the respective cells of AX . Now
Lemma 3.5.25 tells us that the discrepancies of the exceptional divisors E+, E− given by
the rays through e3, −e3 are given for Ä = 1, 2, 3 by

1
a+1 − 1, 1

−b−1 − 1, 3
2a+1 − 1, − 3

2b+2c+1 − 1, 2
a − 1, − 2

b+c+d − 1.

Proposition 3.5.24 tells us that vϱ and v′
ϱ coincide for the other exceptional divisors

Eϱ ̸= E+, E−. Hence, due to Lemma 3.5.25, the other discrepancies are zero.

This implies that the discrepancies of E± are the minimal discrepancies of the
canonical resolution and equal εX . Inserting the values of a, b, c, d from Theorem 3.2.5,
Theorem 3.3.5 and Theorem 3.4.5, we arrive at the assertion.
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Remark 3.5.26. By Theorem 3.5.23, the surfaces X from Example 3.2.6, 3.3.6 and 3.4.6
are all of log canonicity εX = 1 in accordance with the fact that they are Gorenstein.

3.5.4. The Picard index • The Picard index pX of a normal variety X is the
index [Cl(X) : Pic(X)] of its Picard group in its divisor class group. Note that the
Gorenstein index always divides the Picard index. Bounding the Picard index yields
finiteness for del Pezzo surfaces of Picard number one with torus action [37]; see also [21]
for a higher dimensional analogue in the special case of divisor class group Z.

For the proof of the following theorem see Proposition 3.5.29, Proposition 3.5.30 and
Proposition 3.5.31.

Theorem 3.5.27. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as in
Theorem 3.2.5, 3.3.5 or 3.4.5. Then, according to the Picard number Ä = Ä(X), the
Picard index p = pX of X is given by

Ä = 1 :

p = 8º+º−(º++º−)
gcd(2º+, º++º−)

, ¸ ∈ S11(1,º), p = 4º+º−(2º++º−)
gcd(4º+, 2º++º−)

, ¸ ∈ S12(1,º),

p = 4º+º−(º++2º−)
gcd(2º+, º++2º−)

, ¸ ∈ S21(1,º), p = 2º+º−(º++º−)
gcd(2º+, º++º−)

, ¸ ∈ S22(1,º),

Ä = 2 :

p = − cº+º−(º++º−+2c)
gcd(2º+, º++º−, 2c)

, ¸ ∈ S11(2,º), p = − 3cº+º−(º++3º−+2c)
gcd(2º+, º++3º−, 2c)

, ¸ ∈ S12(2,º),

p = − 3cº+º−(3º++º−+2c)
gcd(6º+, 3º++º−, 2c)

, ¸ ∈ S21(2,º), p = − 9cº+º−(3º++3º−+2c)
gcd(6º+, 3º++3º−, 2c)

, ¸ ∈ S22(2,º),

Ä = 3 :

p = cdº+º−(º++º−+c+d)
gcd(º+, º−, c, d)

, ¸ ∈ S11(3,º), p = 2cdº+º−(º++2º−+c+d)
gcd(º+, 2º−, c, d)

, ¸ ∈ S12(3,º),

p = 2cdº+º−(2º++º−+c+d)
gcd(2º+, º−, c, d)

, ¸ ∈ S21(3,º), p = 4cdº+º−(2º++2º−+c+d)
gcd(2º+, 2º−, c, d)

, ¸ ∈ S22(3,º),

where º is the Gorenstein index of X, º± the local Gorenstein index of x± ∈ X, −c the
local class group order of x1 ∈ X, and −d the local class group order of x2 ∈ X. In
particular, we obtain the following upper and lower bounds:

Ä = 1 : º f p f 8º2,

Ä = 2 : º f p f 27
2 º

3(3º− 1),

Ä = 3 : º f p f 32
3 º

3(2º− 1)2.

Proposition 3.5.28 ([37, Thm. 1.1]). The Picard index of a normal rational projec-
tive K∗-surface X is given by

[Cl(X) : Pic(X)] = 1
|Cl(X)tors|

∏

x∈Xsing

|Cl(X,x)| .
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3.5. Geometry of full intrinsic quadric surfaces

Proposition 3.5.29. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as
in Theorem 3.2.5. Then the following statements hold for the Picard index p = pX

(i) We have

p = 8º+º−(º++º−)
gcd(2º+, º++º−)

, ¸ ∈ S11(1, º), p = 4º+º−(2º++º−)
gcd(4º+, 2º++º−)

, ¸ ∈ S12(1, º),

p = 4º+º−(º++2º−)
gcd(2º+, º++2º−)

, ¸ ∈ S21(1, º), p = 2º+º−(º++º−)
gcd(2º+, º++º−)

, ¸ ∈ S22(1, º).

(ii) The following upper and lower bounds hold

º f p f 8º2, ¸ ∈ S11(1, º), º f p f 2º2, ¸ ∈ S12(1, º),

º f p f 4º2, ¸ ∈ S21(1, º), º f p f 4º2, ¸ ∈ S22(1, º).

Proof. We begin by showing (i). Proposition 3.2.3 yields Cl(X)tors = 2 gcd(2a+ 2, a− b)
and the local class group order of the fixed points are given in Proposition 3.2.3 as

cl(X,x+) = 4a+ 4, cl(X,x−) = −4b− 4, cl(X,x0) = a− b.

Then Proposition 3.5.28 implies

p = −8(a+1)(b+1)(a−b)
gcd(2a+2,a−b) .

By using the representation of the entries a, b in terms of local Gorenstein indices from
Theorem 3.2.5 we obtain the assertion.

To show the lower bounds of (ii) we use º = lcm(º+, º−) f º+º−. For the upper bounds
we note

gcd (v, w) = vw
lcm(v,w) (3.5.29.1)

for all v, w ∈ Zg1. Let (º+, º−) ∈ S11(1, º). We use (i) and (3.5.29.1) to get

p = 8º+º−(º++º−)
gcd(2º+,º++º−)

= 8º+º−(º++º−)lcm(2º+,º++º−)
2º+(º++º−)

= 4º−lcm(2º+, º+ + º−).

Note that º+ + º− is even for (º+, º−) ∈ S11(1, º). Together with º+ f º− we obtain

p = 8º−lcm
(

º+, º++º−

2

)

f 8º−lcm
(

º+, º−
)

f 8º2.

Next, we treat the case (º+, º−) ∈ S12(1, º). Then (i) and (3.5.29.1) imply

p = 4º+º−(2º++º−)
gcd(4º+,2º++º−)

= 4º+º−(2º++º−)lcm(4º+,2º++º−)
4º+(2º++º−)

= º−lcm(4º+, 2º+ + º−).

Since º+ is odd and since 4 | º− we have that º+ + º−

2 is odd. Hence

p = 2º−lcm(2º+, º+ + º−

2 ) = 2º−lcm(º+, º+ + º−

2 ).

134



Using 2º+ f º− we conclude lcm(º+, º++ º−

2 ) f lcm(º+, º−). We incorporate this inequality
into our considerations about the Picard index:

p = 2º−lcm(º+, º+ + º−

2 ) f 2º−lcm(º+, º−) f 2º2.

Let (º+, º−) ∈ S21(1, º). Due to (i) and (3.5.29.1) we get

p = 4º+º−(º++2º−)
gcd(2º+, º++2º−)

= 4º+º−(º++2º−)lcm(2º+,º++2º−)
2º+(º++2º−)

= 2º−lcm(2º+, º+ + 2º−).

Note that º+ is even, º− is odd and º+ f 2º−. This implies

p = 4º−lcm(º+, º+

2 + º−) f 4º−lcm(º+, 2º−) f 4º2.

Lastly, we treat the case (º+, º−) ∈ S22(1, º). The statement (i) and (3.5.29.1) yield

p = 2º+º−(º++º−)
gcd(2º+, º++º−)

= 2º+º−(º++º−)lcm(2º+, º++º−)
2º+(º++º−)

= º−lcm(2º+, º+ + º−).

Since º+ and º− are both even and since º+ f º−, we have

p = 4º−lcm
(

º+

2 ,
º++º−

2

)

f 4º−lcm
(

º+

2 , º
−
)

f 4º2.

Proposition 3.5.30. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as
in Theorem 3.3.5. Then the following statements hold for the Picard index p = pX

(i) We have

p = − cº+º−(º++º−+2c)
gcd(2º+, º++º−, 2c)

, ¸ ∈ S11(2, º), p = − 3cº+º−(º++3º−+2c)
gcd(2º+, º++3º−, 2c)

, ¸ ∈ S12(2, º),

p = − 3cº+º−(3º++º−+2c)
gcd(6º+, 3º++º−, 2c)

, ¸ ∈ S21(2, º), p = − 9cº+º−(3º++3º−+2c)
gcd(6º+, 3º++3º−, 2c)

, ¸ ∈ S22(2, º).

(ii) The following upper and lower bounds hold

º f p f º3(º−1)
2 , ¸ ∈ S11(2, º), º f p f 9

2 º
3(3º− 1), ¸ ∈ S12(2, º),

º f p f 3
2 º

3(º− 1), ¸ ∈ S21(2, º), º f p f 27
2 º

3(3º− 1), ¸ ∈ S22(2, º).

Proof. For (i), we insert Cl(X)tors = gcd(2a+ 1, a− b,−c) from Construction 3.3.1 and
the local class group orders

cl(X,x+) = 1 + 2a, cl(X,x−) = −1 − 2b− 2c, cl(X,x0) = a− b, cl(X,x1) = −c.

from Proposition 3.3.3 into the formula of Proposition 3.5.28. This yields

c(1+2a)(1+2b+2c)(a−b)
gcd(1+2a,a−b,c) .

135



3.5. Geometry of full intrinsic quadric surfaces

Theorem 3.3.5 gives us a representation of the entries a, b in terms of local Gorenstein
indices and c, which yields the claim.

Next, we show the second assertion. Let (º+, º−, c) ∈ S11(2, º). Then we have c f
− º++º−

4 and 1 f º+ f º−. Consequently, we get

º+ + º− + 2c f º++º−

2 f º−.

Moreover, (º+, º−, c) ∈ S11(2, º) implies 1 − º++º−

2 f c. Hence

−c f º++º−

2 − 1 f º− − 1.

We use (i), the two inequalities above and that º+ and º− are odd to obtain

p = − cº+º−(º++º−+2c)
gcd(2º+, º++º−, 2c)

f º+º−º−(º−−1)

2 gcd

(

º+, º++º−

2
, c

) f º3(º−1)
2 .

Next, we treat the case (º+, º−, c) ∈ S12(2, º). We get c f − º++3º−

4 and º+ f 3º−. Hence,
we obtain

º+ + 3º− + 2c f º++3º−

2 f 3º−.

Further, (º+, º−, c) ∈ S12(2, º) implies 1 − º++3º−

2 f c. So we get

−c f º++3º−

2 − 1 f 3º− − 1.

Because º+ and º− are both odd, one has º++3º−

2 ∈ Z. Together with (i) and the two
inequalities above we conclude

p = − 3cº+º−(º++3º−+2c)
gcd(2º+, º++3º−, −2c)

f 3º+º−3º−(3º−−1)

2 gcd

(

º+,
º++3º−

2 , −c

) f 9
2 º

3(3º− 1).

We proceed with (º+, º−, c) ∈ S21(2, º). Then we obtain c f −3º++º−

4 and 3º+ f º−. We
put this together as follows

3º+ + º− + 2c f 3º++º−

2 f º−.

In addition, (º+, º−, c) ∈ S21(2, º) yields 1 − 3º++º−

2 f c. Thus, we get

−c f º++3º−

2 − 1 f º− − 1

Since º+, º− are both odd, we have 3º++º−

2 ∈ Z. Thus, together with the inequalities from
above and with (i), we obtain

p = − 3cº+º−(3º++º−+2c)
gcd(6º+, 3º++º−, 2c)

f 3º+º−º−(º−−1)
2 f 3

2 º
3(º− 1).
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Lastly, let (º+, º−, c) ∈ S22(2, º). Then we have c f −3º++3º−

4 and º+ f º− and we
conclude

3º+ + 3º− + 2c f 3º++3º−

2 f 3º−.

Note that (º+, º−, c) ∈ S22(2, º) yields 1 − 3º++3º−

2 f c. Consequently, we get

−c f 3º++3º−

2 − 1 f 3º− − 1.

We have that º+, º− are both odd, hence 3º++3º−

2 ∈ Z. Thus, by combining this and (i)
one obtains

p = − 9cº+º−(3º++3º−+2c)
gcd(6º+, 3º++3º−, 2c)

f 9º+º−3º−(3º−−1)
2 f 27

2 º
3(3º− 1).

Proposition 3.5.31. Consider a full intrinsic quadric surface X = X(P¸) with P¸ as
in Theorem 3.4.5. Then the following statements hold for the Picard index p = pX

(i) We have

p = cdº+º−(º++º−+c+d)
gcd(º+, º−, c, d)

, ¸ ∈ S11(3, º), p = 2cdº+º−(º++2º−+c+d)
gcd(º+, 2º−, c, d)

, ¸ ∈ S12(3, º),

p = 2cdº+º−(2º++º−+c+d)
gcd(2º+, º−, c, d)

, ¸ ∈ S21(3, º), p = 4cdº+º−(2º++2º−+c+d)
gcd(2º+, 2º−, c, d)

, ¸ ∈ S22(3, º),

(ii) The following upper and lower bounds hold

º f p f 3º3(º− 1)2, ¸ ∈ S11(3, º), º f p f º3(3º− 1)(3º− 2), ¸ ∈ S12(3, º),

º f p f 2º3(º− 1)(3º− 1), ¸ ∈ S21(3, º), º f p f 32
3 º

3(2º− 1)2, ¸ ∈ S22(3, º).

Proof. We show (i). Construction 3.4.1 yields Cl(X)tors = gcd(a, b, c, d) and the local
class group orders are given by Proposition 3.4.3 as

cl(X,x+) = a, cl(X,x−) = −b− c− d,

cl(X,x0) = a− b, cl(X,x1) = −c, cl(X,x2) = −d.
Then using the formula from Proposition 3.5.28 we obtain

−acd(b+c+d)(a−b)
gcd(a,b,c,d) .

Theorem 3.4.5 gives us a description of a, b in terms of the local Gorenstein indices and
in terms of c, d. This yields the assertion.

Next, we prove (ii). We begin with (º+, º−, c, d) ∈ S11(3, º). Then we get c f d f −1,
−º+ − º− f 2c+ d and º+ f º−. This yields

º+ + º− + c+ d f º+ + º− − 2 f 2º− − 2 f 2º− 2.
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3.5. Geometry of full intrinsic quadric surfaces

Further, we observe

−2º f −2º− f −º+ − º− f 2c+ d f 2c− 1.

Thus, we conclude −c f º− 1
2 . Since c must be integer, we infer −c f º− 1. Analogously,

we conclude −2º f 3d and hence −d f 2
3 º. Thus, together with (i) we obtain

p = cdº+º−(º++º−+c+d)
gcd(º+, º−, c, d)

f 3º3(º− 1)2.

Now let (º+, º−, c, d) ∈ S12(3, º). So we obtain c f d f −1, −º+ − 2º− f 2c + d
and º+ f 2º−. Consequently, one gets

º+ + 2º− + c+ d f º+ + 2º− − 2 f 3º− 2 f 3º− 2.

Moreover, one has
−3º f −º+ − 2º− f 2c+ d f 2c− 1.

This implies −c f 3
2 º − 1

2 . Similarily, we get −3º− f 3d and thus −d f º. Then the
description of the Picard index from (i) and the inequalities above yield

p = 2cdº+º−(º++2º−+c+d)
gcd(º+, 2º−, c, d)

f º3(3º− 1)(3º− 2).

Next, we treat the case (º+, º−, c, d) ∈ S21(3, º). We have c f d f −1, −2º+ − º− f 2c+ d
and 2º+ f º−. Hence we get

2º+ + º− + c+ d f 2º− − 2 f 2º− 2

and
−3º f −2º+ − º− f 2c+ d f 2c− 1.

We obtain −c f 3
2 º − 1

2 and −3º− f 3d. Hence one gets −d f º. Then, we use the
statement from (i) and the inequalities above to get

p = 2cdº+º−(2º++º−+c+d)
gcd(2º+, º−, c, d)

f 2º3(º− 1)(3º− 1).

Lastly, let (º+, º−, c, d) ∈ S22(3, º). Then one has c f d f −1, −2º+ − 2º− f 2c+ d and
º+ f º−. From this we infer

2º+ + 2º− + c+ d f 2º+ + 2º− − 2 f 4º− − 2 f 4º− 2.

Moreover, we have

−4º f −4º− f −2º+ − 2º− f 2c+ d f 2c− 1.

Thus, we conclude −c f 2º− 1
2 . Since c must be integer, we infer −c f 2º− 1. Similarily,

we get −4º− f 3d and hence −d f 4
3 º. Together with (i) we obtain

p = 4cdº+º−(2º++2º−+c+d)
gcd(2º+, 2º−, c, d)

f 32
3 º

3(2º− 1)2.
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3.5.5. Kähler-Einstein metrics • A Kähler-Einstein metric on a rational projective
del Pezzo surface is a Kähler orbifold metric g such that the associated Kähler form Ég

equals its Ricci form Ric(Ég). The smooth del Pezzo surfaces with a Kähler-Einstein
metric are P2, its blowing up in k = 3, . . . , 8 points in general position and P1 × P1;
see [38,39]. The case of quasismooth del Pezzo surfaces coming anticanonically embedded
into a three-dimensional weighted projective space is understood as well; see [2, 7, 8, 33].
We settle the case of full intrinsic quadric surfaces.

Theorem 3.5.32. Let X be a complex full intrinsic quadric surface admitting a Kähler-
Einstein metric. Then X ∼= X(P ) for precisely one P from the following:

Ä = 1, 2 ∤ º : Ä = 3, 2 ∤ º, −2º f 2c+ d,
c f d f −1, c+ d f −º− 1 :





−1 −1 2 0
−1 −1 0 2
º− 1 −º− 1 1 1



 ,





−1 −1 1 1 0 0
−1 −1 0 0 1 1
º −º− c− d 0 c 0 d



 ,

Ä = 1, 4 | º :
Ä = 3, −4º f 2c+ d, c f d f −1,
c+ d f −2º− 1 :





−1 −1 2 0
−1 −1 0 2

ι
2 − 1 − ι

2 − 1 1 1



 ,





−1 −1 1 1 0 0
−1 −1 0 0 1 1
2º −2º− c− d 0 c 0 d



 ,

where Ä denotes the Picard number and º the Gorenstein index of X(P ). Conversely,
each X(P ) with P from the above list admits a Kähler-Einstein metric.

We will verify existence or non-existence of Kähler-Einstein metrics via K-stability.
Let us give an idea of the approach; we refer to Section 1.3 and [18] for more background.
For a full intrinsic quadric X = X(P ) ¦ Z arising from Construction 3.2.1, 3.3.1 or 3.4.1,
consider the varieties X» ¦ Z × C, » = 0, 1, 2, given by the equations

» = 0 » = 1 » = 2

Ä = 1 : ST1T2+T 2
3 +T 2

4 T1T2+ST 2
3 +T 2

4 T1T2+T 2
3 +ST 2

4

Ä = 2 : ST1T2+T3T4+T 2
5 T1T2+ST3T4+T 2

5 T1T2+T3T4+ST 2
5

Ä = 3 : ST1T2+T3T4+T5T6 T1T2+ST3T4+T5T6 T1T2+T3T4+ST5T6

where T1, . . . , T6 are the homogeneous coordinates on Z and S is the standard coordinate
on C. The projection Z×C → C induces a flat family X» → C. The fiber X»,1 over 1 ∈ C
is our full intrinsic quadric surface and the fiber X»,0 over 0 ∈ C, given by a binomial
equation, is a toric surface. Recall that » is called special if the corresponding fiber X»,0

is a normal variety. Consider the sublattices

N» := Z · e» + Z · e3, » = 0, 1, 2, e0 := −e1 − e2.
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3.5. Geometry of full intrinsic quadric surfaces

The fan ∆» associated with the toric degeneration X»,0 of X is obtained by restricting
the fan of Z ×C to N». It turns out that X»,0 is normal in all cases except (Ä, ») = (1, 0),
where ∆0 describes the normalization. The families X» → C are so-called equivariant test
configurations and we are provided with the following combinatorial K-stability criterion,
characterizing existence of Kähler-Einstein metrics in terms of the barycenters b» of the
moment polytopes B» associated with the toric degenerations X»,0.

Proposition 3.5.33 ([18, Thm. 6.2]). Consider a complex full intrinsic quadric surface X
as in Construction 3.2.1, 3.3.1 or 3.4.1. Then X admits a Kähler-Einstein metric if
and only if the coordinates of the barycenter of the moment polytope b» ∈ B» ¦ Q2

satisfy b»,1 = 0 for all » = 0, 1, 2 and b»,2 > 0 for all special » = 0, 1, 2.

Proposition 3.5.34. Consider a complex full intrinsic quadric surface X as in Con-
struction 3.2.1 admitting a Kähler-Einstein metric. Then X ∼= X(P ) for precisely one P
from the following

2 ∤ º : 4 | º :






−1 −1 2 0
−1 −1 0 2
º− 1 −º− 1 1 1






,







−1 −1 2 0
−1 −1 0 2

º
2 − 1 − º

2 − 1 1 1






,

where º denotes the Gorenstein index of X. Conversely, each X with generator matrix P
from the above list admits a Kähler-Einstein metric.

Lemma 3.5.35. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Then the fibers X1,0 and X2,0 are normal whereas the fiber X0,0 is not.

Proof. This follows directly from l01 = l02 = 1, l11 = l21 = 2 and Proposition 1.3.7 (iv).

Remark 3.5.36. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
The generator matrix of the anticanonical cone over X is given by Proposition 1.2.11 as

P̃ := [ṽ1, ṽ2, ṽ3, ṽ4] :=











−1 −1 2 0
−1 −1 0 2
a b 1 1
0 0 1 1











.

Moreover, we denote by Ã̃ the cone over all columns of P̃ . Since det(P̃ ) = 4a− 4b > 0,
the cone Ã̃ is a simplicial cone of full dimension in Z4.

Lemma 3.5.37. Consider a full intrinsic quadric surface X as in Construction 3.2.1,
let » = 1, 2 and let Ä̃» be as in Construction 1.3.11. Then the primitive generators of Ä̃»

are given by

u1 := (2a+ 1, 1, 2), u2 := (2b+ 1, 1, 2), u3 := (1, 1,−2).
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Proof. We follow Construction 1.3.11 to determine the generators of Ä̃». Let ṽ1, ṽ2, ṽ3, ṽ4

and Ã̃ be as in Remark 3.5.36. Set e0 := (−1,−1, 0, 0). Next, we prove

Ã := cone(ṽ1, ṽ2, ṽ4) ∩ lin(e1, e3, e4) = cone((−2, 0, 2a+ 1, 1), (−2, 0, 2b+ 1, 1)).

For the inclusion ’¦’ let w := (w1, w2, w3, w4) ∈ Ã. Then we can present w as

w = ¼1ṽ1 + ¼2ṽ2 + ¼4ṽ4

with some ¼i ∈ Qg1. We derive w2 = 0 from w ∈ lin(e1, e3, e4). Hence ¼1 + ¼2 = 2¼4.
This implies ¼1 f 2¼4 and ¼1 f 2¼4. We substitute ¼2 and obtain

w = ¼1ṽ1 + (2¼4ṽ2 − ¼1ṽ2) + ¼4ṽ4.

After arranging the summands suitably, we get

w = ¼1ṽ1 + (2¼4ṽ2 − ¼1ṽ2) + ¼4ṽ4 + ¼1
2 ṽ1 − ¼1

2 ṽ1

= ¼1
2 (2ṽ1 + ṽ4) +

(

¼4 − ¼1
2

)

(2ṽ2 + ṽ4) .

This represents a positive linear combination of 2ṽ1 + ṽ4 and 2ṽ2 + ṽ4, where

2ṽ1 + ṽ4 = (−2, 0, 2a+ 1, 1), 2ṽ2 + ṽ4 = (−2, 0, 2b+ 1, 1).

The inclusion ’§’ is clear. Moreover, we have ṽ3 ∈ lin(e1, e3, e4). This implies

Ã̃ ∩ lin(e1, e3, e4) = cone ((−2, 0, 2a+ 1, 1), (−2, 0, 2b+ 1, 1), (2, 0, 1, 1)) .

Analogously, we obtain

Ã̃ ∩ lin(e2, e3, e4) = cone ((0,−2, 2a+ 1, 1), (0,−2, 2b+ 1, 1), (0, 2, 1, 1)) .

Since b < a both cones have three generators. Let ¸1 : Z3 −→ Z4 and ¸2 : Z3 −→ Z4 be
the maps given by

¸1 =











0 0 −1
0 0 0
1 0 0
0 1 0











, ¸2 =











0 0 0
0 0 −1
1 0 0
0 1 0











.

Then the two cones Ä̃», » = 1, 2 are given by

Ä̃1 := ¸−1
1 (Ã̃ ∩ lin(e1, e3, e4))

= cone
(

¸−1
1 (−2, 0, 2a+ 1, 1), ¸−1

1 (−2, 0, 2b+ 1, 1), ¸−1
1 (2, 0, 1, 1)

)

= cone ((2a+ 1, 1, 2), (2b+ 1, 1, 2), (1, 1,−2)) ,

Ä̃2 := ¸−1
2 (Ã̃ ∩ lin(e2, e3, e4))

= cone
(

¸−1
2 (0,−2, 2a+ 1, 1), ¸−1

2 (0,−2, 2b+ 1, 1), ¸−1
2 (0, 2, 1, 1)

)

= cone ((2a+ 1, 1, 2), (2b+ 1, 1, 2), (1, 1,−2)) .
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3.5. Geometry of full intrinsic quadric surfaces

Lemma 3.5.38. Consider a full intrinsic quadric surface X as in Construction 3.2.1,
let » = 1, 2 and let Ä̃» be as in Lemma 3.5.37. Then the primitive generators of É̃» := (Ä̃»)(

are given by

(0, 2,−1), 1
gcd(2,b)(2,−2b− 2,−b), 1

gcd(2,a)(−2, 2 + 2a, a).

Proof. The generators u1, u2, u3 of Ä̃» are given by Lemma 3.5.37. Then we have

(0, 2,−1) · [u1, u2, u3] = (0, 0, 4)¦,
1

gcd(2,b)(2,−2b− 2,−b) · [u1, u2, u3] = 1
gcd(2,b)(4a− 4b, 0, 0)¦,

1
gcd(2,a)(−2, 2 + 2a, a) · [u1, u2, u3] = 1

gcd(2,a)(0, 4a− 4b, 0)¦.

According to Construction 3.2.1 we have b < a. Hence, the non zero entries on the right
hand side are all positive. Thus, the vectors listed in the assertion are ray generators
of É̃», since each of them evaluates to zero on two of the rays of Ä̃» and evaluates positively
on the third.

Lemma 3.5.39. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Then for » = 1, 2 the moment polytopes are given by

B» = conv
((

0,−1
2

)

,
(

− 1
b+1 ,

b
2b+2

)

,
(

− 1
a+1 ,

a
2a+2

))

.

Proof. The generators of É̃» are given by Lemma 3.5.38. Moreover, let

º : Q2 −→ Q3, u 7→ (u1, 1, u2).

Then the polytope C» is given as

C» := º−1 (conv(É̃»))

= º−1
(

conv
(

(0, 2,−1), 1
gcd(2,b)(2,−2b− 2,−b), 1

gcd(2,a)(−2, 2 + 2a, a).
))

= conv
(

º−1
(

0, 1,−1
2

)

, º−1
(

− 2
2b+2 , 1,

b
2b+2

)

, º−1
(

− 2
2a+2 , 1,

a
2a+2

))

= conv
((

0,−1
2

)

,
(

− 1
b+1 ,

b
2b+2

)

,
(

− 1
a+1 ,

a
2a+2

))

.

Since b < 0 f a the unique interior point of C» is (0, 0). Then Construction 1.3.11
provides us with B» = C».

Lemma 3.5.40. Consider a full intrinsic quadric surface X as in Construction 3.2.1
and let Ä̃0 be as in Construction 1.3.11. Then the primitive generators of Ä̃0 are given by

u1 := (a, 0,−1), u2 := (b, 0,−1), u3 := (1, 1, 1).
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Proof. By following Construction 1.3.11 we determine Ä̃0. Let ṽ1, ṽ2, ṽ3, ṽ4 and Ã̃ be as
in Remark 3.5.36. Set e0 := (−1,−1, 0, 0). We have ṽ1, ṽ2 ∈ lin(e0, e3, e4) and

cone(ṽ3, ṽ4) ∩ lin(e0, e3, e4) = cone((2, 2, 2, 2)).

Because of b < a we obtain the following three pairwise distinct ray generators

Ã̃ ∩ lin(e0, e3, e4) = cone ((−1,−1, a, 0), (−1,−1, b, 0), (1, 1, 1, 1)) .

Let ¸0 : Z3 −→ Z4 be the map given by

¸0 =











0 0 1
0 0 1
1 0 0
0 1 0











.

Hence one gets

Ä̃0 = ¸−1
0 (Ã̃ ∩ lin(e0, e3, e4))

= cone
(

¸−1
0 (−1,−1, a, 0), ¸−1

0 (−1,−1, b, 0), ¸−1
0 (1, 1, 1, 1)

)

= cone ((a, 0,−1), (b, 0,−1), (2, 2, 2)) .

Lemma 3.5.41. Consider a full intrinsic quadric surface X as in Construction 3.2.1
and let Ä̃0 be as in Lemma 3.5.40. Then the primitive generators of É̃0 := (Ä̃0)( are given
by

(0, 1, 0), (−1, a+ 1,−a), (1,−b− 1, b).

Proof. In order to see that the above vectors are ray generators of É̃0 it suffices to show
that each of them cuts out a facet of Ä̃0 and evaluates positively on the complementary
ray. The generators u1, u2, u3 of Ä̃0 are given in Lemma 3.5.40. We obtain

(0, 1, 0) · [u1, u2, u3] = (0, 0, 1)¦,

(−1, a+ 1,−a) · [u1, u2, u3] = (0, a− b, 0)¦,

(1,−b− 1, b) · [u1, u2, u3] = (a− b, 0, 0)¦.

By Construction 3.2.1 we know that b f −2 and 0 f a f −b− 2. Hence, the non zero
entries in the terms on the right hand side are positive.

Lemma 3.5.42. Consider a full intrinsic quadric surface X as in Construction 3.2.1.
Then the moment polytope B0 is given by

B0 = conv
(

(0, 0),
(

−1
a+1 ,

−a
a+1

)

,
(

−1
b+1 ,

−b
b+1

))

.
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3.5. Geometry of full intrinsic quadric surfaces

Proof. The primitive generators of the cone É̃0 are given by Lemma 3.5.41. Further, set

º : Q2 −→ Q3, u 7→ (u1, 1, u2).

Then we have

C0 := º−1 (conv(É̃0))

= º−1
(

conv
(

(0, 1, 0),
(

−1
a+1 , 1,

−a
a+1

)

,
(

−1
b+1 , 1,

−b
b+1

)))

= conv
(

º−1(0, 1, 0), º−1
(

−1
a+1 , 1,

−a
a+1

)

, º−1
(

−1
b+1 , 1,

−b
b+1

))

= conv
(

(0, 0),
(

−1
a+1 ,

−a
a+1

)

,
(

−1
b+1 ,

−b
b+1

))

.

Furthermore, Lemma 3.5.35 yields that » = 0 is not special. Hence, Construction 1.3.11
tells us that the moment polytope is given by B0 = C0.

Proof of Proposition 3.5.34. For » = 1, 2 the moment polytopes B» are given by Lem-
ma 3.5.39. Then, in both cases we compute their barycenters b» as

B» = conv
((

0,−1
2

)

,
(

−1
1+a ,

a
2+2a

)

,
(

−1
1+b ,

b
2+2b

))

,

b» =
(

− a+b+2
3(a+1)(b+1) ,

ab−1
6(1+a)(1+b)

)

.

Moreover, the moment polytope B0 is given by Lemma 3.5.42 and its barycenter can be
computed as

B0 = conv
(

(0, 0),
(

−1
a+1 ,

−a
a+1

)

,
(

−1
b+1 ,

−b
b+1

))

,

b0 =
(

− 2+a+b
3(1+a)(1+b) , − a+b+2ab

3(1+a)(1+b)

)

.

Observe that b»,1 vanishes for all » = 0, 1, 2 if and only if b = −2 − a. In this case, we
have b»,2 = 1/6 > 0 for » = 1, 2. Finally, Proposition 3.5.33 tells us that X(P ) admits a
Kähler-Einstein metric if and only if b = −2 − a. Comparing with Theorem 3.2.5 and
inserting the condition b = −2 − a, the cases S12(1, º), S21(1, º) are ruled out since º+

and º− have to be both even or both odd. Hence we arrive at the shapes given by S11(1, º)
and S22(1, º) and at º+ = º−.

Proposition 3.5.43. Let X be a complex full intrinsic quadric surface of Picard number
two as in Construction 3.3.1. Then X doesn’t admit a Kähler-Einstein metric.

Lemma 3.5.44. Consider a full intrinsic quadric surface X as in Construction 3.3.1.
Then the fibers X»,0 are normal for all » = 0, 1, 2.

Proof. This follows directly from l01 = l02 = l11 = l12 = 1, l21 = 2 and Proposi-
tion 1.3.7 (iv).

Lemma 3.5.45. Consider a full intrinsic quadric surface X as in Construction 3.3.1
and let Ä̃2 be as in Construction 1.3.11. Then the primitive generators of Ä̃2 are given by

u1 := (1, 1,−2) , u2 := (a, 1, 1) , u3 := (b+ c, 1, 1) .
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Proof. We follow Construction 1.3.11 to determine Ä̃2. Proposition 1.2.11 provides us
with the generator matrix

P̃ := [ṽ1, ṽ2, ṽ3, ṽ4, ṽ5] :=











−1 −1 1 1 0
−1 −1 0 0 2
a b 0 c 1
0 0 1 1 1











of the anticanonical cone of X. We denote by Ã̃ ¦ R4 the cone over all five columns.
First, we show

Ã := cone(ṽ1, ṽ2, ṽ3, ṽ4) ∩ lin(e2, e3, e4) = cone((0,−1, a, 1), (0,−1, b, 1)). (3.5.45.1)

We begin with the inclusion ’¦’. Let w := (w1, w2, w3, w4) ∈ Ã. Then one has a
representation

w = ¼1ṽ1 + ¼2ṽ2 + ¼3ṽ3 + ¼4ṽ4 ∈ Z4

with ¼i ∈ Qg0. Since (w1, w2, w3, w4) ∈ lin(e2, e3, e4) we get w1 = 0. Hence ¼1 + ¼2 =
¼3 + ¼4. Substituting ¼4 according to the aforementioned equation yields

w = ¼1ṽ1 + ¼2ṽ2 + ¼3ṽ3 + (¼1ṽ4 + ¼2ṽ4 − ¼3ṽ4) .

Because of ¼1 + ¼2 = ¼3 + ¼4, we conclude that ¼1 g ¼3 or ¼2 g ¼3 holds. We may
assume ¼1 g ¼3. Then, by rearranging the summands, one gets a linear combination
with positive coefficients

w = (¼1 − ¼3)ṽ1 + ¼3ṽ1 + ¼2ṽ2 + ¼3ṽ3 + (¼1ṽ4 + ¼2ṽ4 − ¼3ṽ4)

= (¼1 − ¼3)(ṽ1 + ṽ4) + ¼3(ṽ1 + ṽ3) + ¼2(ṽ2 + ṽ4).

Altogether, any vector w ∈ Ã is a positive linear combination of ṽ1 + ṽ4, ṽ1 + ṽ3, ṽ2 + ṽ4.
Analogously, ¼2 g ¼3 yields that any vector w ∈ Ã is a positive linear combination
of ṽ2 + ṽ4, ṽ2 + ṽ3, ṽ1 + ṽ4. In other words, w is a positive linear combination of

ṽ1 + ṽ3 = (0,−1, a, 1), ṽ1 + ṽ4 = (0,−1, a+ c, 1),
ṽ2 + ṽ3 = (0,−1, b, 1), ṽ2 + ṽ4 = (0,−1, b+ c, 1).

Construction 3.3.1 provides us with the conditions b+ c < c f a+ c < a. Whence the
vectors (0,−1, a+c, 1) and (0,−1, b, 1) are contained in cone((0,−1, a, 1), (0,−1, b+c, 1)).
This yields the desired inclusion. The inclusion ’§’ is clear. Altogether, (3.5.45.1) follows.
Further, we note ṽ5 ∈ lin(e2, e3, e4). Hence

Ã̃ ∩ lin(e2, e3, e4) = cone ((0,−1, a, 1), (0,−1, b+ c, 1), (0, 2, 1, 1)) .

Let ¸2 : Z3 −→ Z4 be the map given by

¸2 =











0 0 0
0 0 −1
1 0 0
0 1 0











.
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3.5. Geometry of full intrinsic quadric surfaces

This yields

Ä̃2 := ¸−1
2 (Ã̃ ∩ lin(e2, e3, e4))

= ¸−1
2 (cone ((0,−1, a, 1), (0,−1, b+ c, 1), (0, 2, 1, 1)))

= cone ((a, 1, 1), (b+ c, 1, 1), (1, 1,−2)) .

Construction 3.3.1 yields the inequality det((a, 1, 1), (b+c, 1, 1), (1, 1,−2)) = 3(b+c−a) <
0, hence the cone is three-dimensional and requires all three generators. The assertion
follows.

Lemma 3.5.46. Consider a full intrinsic quadric surface X as in Construction 3.3.1
and let Ä̃2 be given by Lemma 3.5.45. Then the dual cone É̃2 := Ä̃(

2 has the primitive
generators

(0, 1,−1) , 1
gcd(3,1−b−c) (3,−1 − 2b− 2c, 1 − b− c) , 1

gcd(3,a−1) (−3, 1 + 2a, a− 1) .

Proof. We prove that each of the listed ray generators cuts out a facet of Ä̃2 and evaluates
positively on the complementary ray. Let u1, u2, u3 be as in Lemma 3.5.45. Then we
check

(0, 1,−1) · [u1, u2, u3] = (3, 0, 0)¦,
1

gcd(3,1−b−c) (3,−1 − 2b− 2c, 1 − b− c) · [u1, u2, u3] = 1
gcd(3,1−b−c)(0, 3a− 3b− 3c, 0)¦,

1
gcd(3,a−1) (−3, 1 + 2a, a− 1) · [u1, u2, u3] = 1

gcd(3,a−1)(0, 0, 3a− 3b− 3c)¦.

Moreover, Construction 3.3.1 yields a− b− c > 0. Thus, all entries are positive or equal
to zero.

Lemma 3.5.47. Consider a full intrinsic quadric surface X as in Construction 3.3.1.
Then the moment polytope B2 is given by

B2 = conv
((

−3
2a+1 ,

a−1
2a+1

)

,
(

3
−1−2b−2c ,

1−b−c
−1−2b−2c

)

, (0,−1)
)

.

Proof. We set

º : Q2 −→ Q3, u 7→ (u1, 1, u2).

Moreover, let É̃2 be the cone given by Lemma 3.5.46. Then one gets

C2 := º−1 (conv(É̃2))

= conv
(

º−1 (0, 1,−1) , º−1
(

− 3
1+2b+2c , 1,

1−b−c
−1−2b−2c

)

, º−1
(

− 3
1+2a , 1,

a−1
2a+1

))

= conv
(

(0,−1) ,
(

3
−1−2b−2c ,

1−b−c
−1−2b−2c

)

,
(

−3
2a+1 ,

a−1
2a+1

))

.

By Construction 3.2.1 we know that −1 − b− c g 0 and a g 0. Hence the unique interior
point of C» is (0, 0). Then, Construction 1.3.11 yields B2 = C2.
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Proof of Proposition 3.5.43. The moment polytope B2 is given by Lemma 3.5.47. and
its barycenter b2 is

b2 =
(

−2 a+b+c+1
(2a+1)(2b+2c+1) , − a+b+c+1

(2a+1)(2b+2c+1)

)

.

In particular, we have b2,1 = 0 if and only if b2,2 = 0. Moreover, Proposition 1.3.7 (iv)
tells us that » = 2 is special. Hence, Proposition 3.5.33 yields that X doesn’t admit a
Kähler-Einstein metric.

Proposition 3.5.48. Let X be a complex full intrinsic quadric surface of Picard number
three as in Construction 3.4.1 admitting a Kähler-Einstein metric. Then X ∼= X(P ) for
precisely one P from the following

2 ∤ º, −2º f 2c+ d, − 4º f 2c+ d, c f d f −1,

c f d f −1, c+ d f −º− 1 : c+ d f −2º− 1 :






−1 −1 1 1 0 0
−1 −1 0 0 1 1
º −º− c− d 0 c 0 d






,







−1 −1 1 1 0 0
−1 −1 0 0 1 1
2º −2º− c− d 0 c 0 d






,

where º denotes the Gorenstein index of X. Conversely, each X with generator matrix P
from the above list admits a Kähler-Einstein metric.

Lemma 3.5.49. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the fibers X»,0 are normal for all » = 0, 1, 2.

Proof. This follows directly from lij = 1 for all i = 0, 1, 2, j = 1, 2 and Proposi-
tion 1.3.7 (iv).

Remark 3.5.50. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
According to Proposition 1.2.11 the generator matrix of the anticanonical cone over X is

P̃ := [ṽ1, ṽ2, ṽ3, ṽ4, ṽ5, ṽ6] :=











−1 −1 1 1 0 0
−1 −1 0 0 1 1
a b 0 c 0 d
0 0 1 1 1 1











.

In the following we denote by Ã̃ the cone over all six columns.

The proof of the following lemmata is completely analogous to Lemma 3.5.45,
Lemma 3.5.46 and Lemma 3.5.47, but for convenience of the reader we give them
in detail.

Lemma 3.5.51. Consider a full intrinsic quadric surface X as in Construction 3.4.1
and let Ä̃0 be as in Construction 1.3.11. Then the primitive generators of Ä̃0 are given by

u1 := (0, 2, 1) , u2 := (a, 0,−1) , u3 := (b, 0,−1) , u4 := (c+ d, 2, 1) .
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3.5. Geometry of full intrinsic quadric surfaces

Proof. We compute the generators of Ä̃0 according to Construction 1.3.11. Let ṽi,
i = 1, . . . , 6 and Ã̃ be as in Remark 3.5.50. First, we prove

Ã := cone(ṽ3, ṽ4, ṽ5, ṽ6) ∩ lin(e0, e3, e4) = cone ((1, 1, 0, 2), (1, 1, c+ d, 2)) . (3.5.51.1)

We begin by showing ’¦’. Let w := (w1, w2, w3, w4) ∈ Ã. Then w is given as

w = ¼3ṽ3 + ¼4ṽ4 + ¼5ṽ5 + ¼6ṽ6 ∈ Z4

with ¼i ∈ Qg0. Because of (w1, w2, w3, w4) ∈ lin(e0, e3, e4) we obtain w1 = w2. Conse-
quently, one has ¼3 + ¼4 = ¼5 + ¼6. By substituting ¼6 we get

w = ¼3ṽ3 + ¼4ṽ4 + ¼5ṽ5 + (¼3ṽ6 + ¼4ṽ6 − ¼5ṽ6).

Since ¼3 + ¼4 = ¼5 + ¼6, we have ¼3 g ¼5 or ¼4 g ¼5. We may assume ¼3 g ¼5. Then,
we rearrange the summands such that

w = (¼3 − ¼5)ṽ3 + ¼5ṽ3 + ¼4ṽ4 + ¼5ṽ5 + (¼3ṽ6 + ¼4ṽ6 − ¼5ṽ6)

= (¼3 − ¼5)(ṽ3 + ṽ6) + ¼5(ṽ3 + ṽ5) + ¼4(ṽ4 + ṽ6).

Note that this is a linear combination with positive coefficients. The case ¼4 g ¼5 results
in a similar way in a representation of w as a positive linear combination of ṽ4 + ṽ6,
ṽ4 + ṽ5 and ṽ3 + ṽ6. Thus, any vector w ∈ Ã is a positive linear combination of

ṽ3+ṽ5 = (1, 1, 0, 2), ṽ3+ṽ6 = (1, 1, d, 2), ṽ4+ṽ5 = (1, 1, c, 2), ṽ4+ṽ6 = (1, 1, c+d, 2).

Construction 3.4.1 yields c + d < c f d < 0. Hence cone((1, 1, 0, 2), (1, 1, c + d, 2))
contains (1, 1, c, 2) and (1, 1, d, 2). The inclusion ’§’ is clear. This proves (3.5.51.1).
Moreover, we have ṽ1, ṽ2 ∈ lin(e0, e3, e4). This leads to

Ã̃ ∩ lin(e0, e3, e4) = cone ((1, 1, 0, 2), (1, 1, c+ d, 2), (−1,−1, a, 0), (−1,−1, b, 0)) .

Furthermore, let ¸0 : Z3 −→ Z4 be the map given by

¸0 =











0 0 1
0 0 1
1 0 0
0 1 0











.

Then, we get

Ä̃0 := ¸−1
0 (Ã̃ ∩ lin(e2, e3, e4))

= ¸−1
0 (cone ((1, 1, 0, 2), (1, 1, c+ d, 2), (−1,−1, a, 0), (−1,−1, b, 0)))

= cone ((0, 2, 1), (c+ d, 2, 1), (a, 0,−1), (b, 0,−1)) .

Lastly, due to Construction 3.4.1 we have b < a. Thus, each of the four generators of Ä̃0

cannot be represented as a positive linear combination of the other three.
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Lemma 3.5.52. Consider a full intrinsic quadric surface X as in Construction 3.4.1 and
let Ä̃0 be as in Lemma 3.5.51. Then the dual cone É̃0 := Ä̃(

0 has the primitive generators

(0, 1, 0) , 1
gcd(2,a) (−2, a,−2a) , (0, 1,−2) , 1

gcd(2,b−c−d) (2,−b− c− d, 2b) .

Proof. In order to see that the vectors listed above are ray generators of É̃0 we show that
each of them cuts out a facet of Ä̃0 and evaluates positively on the two complementary
rays. We denote by P̃ the matrix whose columns are the primitive generators of Ä̃0 given
by Lemma 3.5.51. Then we obtain

(0, 1, 0) · P̃ = (2, 0, 0, 2)¦ ,
1

gcd(2,a) (−2, a,−2a) · P̃ = 1
gcd(2,a) (0, 0, 2a− 2b,−2c− 2d)¦ ,

(0, 1,−2) · P̃ = (0, 2, 2, 0)¦ ,
1

gcd(2,b−c−d) (2,−b− c− d, 2b) · P̃ = 1
gcd(2,b−c−d) (−2c− 2d, 2a− 2b, 0, 0)¦ .

We recall from Construction 3.4.1 that a > b and c, d < 0 and hence the non zero entries
are all positive.

Lemma 3.5.53. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the moment polytope B0 is given by

B0 = conv
(

(0, 1) ,
(

− 2
a ,−1

)

, (0,−1) ,
(

− 2
b+c+d ,− 2

b+c+d

))

.

Proof. We set

º : Q2 −→ Q3, u 7→ (u1, 1, u2).

Moreover, let É̃0 be the cone given by Lemma 3.5.52. Then one gets

C0 := º−1 (conv(É̃0))

= º−1(conv
(

(0, 1, 0) , 1
gcd(2,a) (−2, a,−2a) , (0, 1,−2) , 1

gcd(2,b−c−d) (2,−b− c− d, 2b)
))

= conv
(

(0, 0) ,
(

− 2
a ,−2

)

, (0,−2) ,
(

− 2
b+c+d ,− 2b

b+c+d

))

.

Construction 3.4.1 yields b+ c+ d < 0 and 0 < a. Hence the unique interior point of C0

is (0,−1). It follows from Construction 1.3.11 that B0 = C0 + (0, 1).

Lemma 3.5.54. Consider a full intrinsic quadric surface X as in Construction 3.4.1
and let Ä̃1 be as in Construction 1.3.11. Then the primitive generators of Ä̃1 are given by

u1 := (0, 1,−1) , u2 := (a, 1, 1) , u3 := (b+ d, 1, 1) , u4 := (c, 1,−1) .
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3.5. Geometry of full intrinsic quadric surfaces

Proof. We determine Ä̃1 by following Construction 1.3.11. Let ṽi, i = 1, . . . , 6 and Ã̃ be
as in Remark 3.5.50. In a first step, we show

Ã := cone(ṽ1, ṽ2, ṽ5, ṽ6) ∩ lin(e1, e3, e4) = cone ((−1, 0, a, 1), (−1, 0, b+ d, 1)) .

We begin by showing ’¦’. Let w := (w1, w2, w3, w4) ∈ Ã. Then w can be represented as

w = ¼1ṽ1 + ¼2ṽ2 + ¼5ṽ5 + ¼6ṽ6 ∈ Z4

with some ¼i ∈ Qg0. Since (w1, w2, w3, w4) ∈ lin(e1, e3, e4) we get w2 = 0. Thus, we have
¼1 + ¼2 = ¼5 + ¼6. By substituting ¼6 accordingly we get

w = ¼1ṽ1 + ¼2ṽ2 + ¼5ṽ5 + (¼1ṽ6 + ¼2ṽ6 − ¼5ṽ6).

Since ¼1 + ¼2 = ¼5 + ¼6, we have ¼1 g ¼5 or ¼2 g ¼5. We may assume ¼1 g ¼5. Further,
we rearrange the summands such that

w = (¼1 − ¼5)(ṽ1 + ṽ6) + ¼5(ṽ1 + ṽ5) + ¼2(ṽ2 + ṽ6).

Note that the linear combination has positive coefficients. Hence every w ∈ Ã is a positive
linear combination of ṽ1 + ṽ6, ṽ1 + ṽ5, ṽ2 + ṽ6. Analogously, we represent w as a positive
linear combination of ṽ2 + ṽ6, ṽ2 + ṽ5, ṽ1 + ṽ6 if we have ¼2 g ¼5. In other words, w is a
positive linear combination of

ṽ1 + ṽ5 = (−1, 0, a, 1), ṽ1 + ṽ6 = (−1, 0, a+ d, 1),
ṽ2 + ṽ5 = (−1, 0, b, 1), ṽ2 + ṽ6 = (−1, 0, b+ d, 1).

Construction 3.4.1 yields b+ d < b f a+ d < a. Hence cone((−1, 0, a, 1), (−1, 0, b+ d, 1))
contains (−1, 0, a + d, 1) and (−1, 0, b, 1). The inclusion ’§’ is clear. Moreover, we
have ṽ3, ṽ4 ∈ lin(e1, e3, e4). Therefore we obtain

Ã̃ ∩ lin(e1, e3, e4) = cone ((−1, 0, a, 1), (−1, 0, b+ d, 1), ṽ3, ṽ4) .

Furthermore, let ¸1 : Z3 −→ Z4 be the map given by

¸1 =











0 0 −1
0 0 0
1 0 0
0 1 0











.

Hence one obtains

Ä̃1 := ¸−1
1 (Ã̃ ∩ lin(e1, e3, e4))

= ¸−1
1 (cone ((−1, 0, a, 1), (−1, 0, b+ d, 1), (1, 0, 0, 1), (1, 0, c, 1)))

= cone ((a, 1, 1), (b+ d, 1, 1), (0, 1,−1), (c, 1,−1)) .

Lastly, we note 0 < c. Thus, each of the four generators of Ä̃1 cannot be represented as a
positive linear combination of the other three.
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Lemma 3.5.55. Consider a full intrinsic quadric surface X as in Construction 3.4.1 and
let Ä̃1 be as in Lemma 3.5.54. Then the dual cone É̃1 := Ä̃(

1 has the primitive generators

(0, 1,−1) , 1
gcd(2,a) (−2, a, a) , (0, 1, 1) , 1

gcd(2,c−b−d) (2,−b− c− d, c− b− d) .

Proof. By showing that each of the vectors listed above cuts out a facet of Ä̃1 and evaluates
positively on the two complementary rays we prove that they are generators of É̃1. Let
P̃ be the matrix whose columns are the primitive generators of Ä̃1. Then, we observe

(0, 1,−1) · P̃ = (2, 0, 0, 2)¦ ,
1

gcd(2,a) (−2, a, a) · P̃ = 1
gcd(2,a) (2a− 2b− 2d, 0, 0,−2c)¦ ,

(0, 1, 1) · P̃ = (0, 2, 2, 0)¦ ,
1

gcd(2,c−b−d) (2,−b− c− d, c− b− d) · P̃ = 1
gcd(2,c−b−d) (−2c, 2a− 2 − b− 2d, 0, 0)¦ .

According to Construction 3.4.1 we have a > b and c, d < 0. Thus, the entries are positive
or equal to zero.

Lemma 3.5.56. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the moment polytope B1 is given by

B1 = conv
(

(0,−1) ,
(

− 2
a , 1

)

, (0, 1) ,
(

− 2
b+c+d ,− c−b−d

b+c+d

))

.

Proof. Let

º : Q2 −→ Q3, u 7→ (u1, 1, u2)

and let É̃1 be the cone given by Lemma 3.5.55. This leads to

C1 := º−1 (conv(É̃1))

= º−1(conv
(

(0, 1,−1) , 1
gcd(2,a) (−2, a, a) , (0, 1, 1) , 1

gcd(2,b−c−d) (2,−b− c− d, c− b− d)
))

= conv
(

(0,−1) ,
(

− 2
a , 1

)

, (0, 1) ,
(

− 2
b+c+d ,− c−b−d

b+c+d

))

.

Moreover, we have b + c + d < 0 and 0 < a due to Construction 3.4.1. Thus, the
polytope C1 is such that its unique interior point is (0, 0). Hence, we derive B1 = C1 from
Construction 1.3.11.

Lemma 3.5.57. Consider a full intrinsic quadric surface X as in Construction 3.4.1
and let Ä̃2 be as in Construction 1.3.11. Then the primitive generators of Ä̃2 are given by

u1 := (0, 1,−1) , u2 := (a, 1, 1) , u3 := (b+ c, 1, 1) , u4 := (d, 1,−1) .
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3.5. Geometry of full intrinsic quadric surfaces

Proof. We determine Ä̃2 by following Construction 1.3.11. Let ṽi, i = 1, . . . , 6 and Ã̃ be
as in Remark 3.5.50. We begin by showing

Ã := cone(ṽ1, ṽ2, ṽ3, ṽ4) ∩ lin(e2, e3, e4) = cone ((0,−1, a, 1), (0,−1, b+ c, 1)) .

First of all, we prove ’¦’. Let w := (w1, w2, w3, w4) ∈ Ã. Then w can be represented as

w = ¼1ṽ1 + ¼2ṽ2 + ¼3ṽ3 + ¼4ṽ4 ∈ Z4

with some ¼i ∈ Qg0. Since (w1, w2, w3, w4) ∈ lin(e2, e3, e4) we get w1 = 0. Thus, we have
¼1 + ¼2 = ¼3 + ¼4. We substitute ¼4 to obtain

w = ¼1ṽ1 + ¼2ṽ2 + ¼3ṽ3 + (¼1ṽ4 + ¼2ṽ4 − ¼3ṽ4).

Since ¼1 + ¼2 = ¼3 + ¼4, we have ¼1 g ¼3 or ¼2 g ¼3. We may assume ¼1 g ¼3. Further,
we rearrange the summands such that

w = (¼1 − ¼3)(ṽ1 + ṽ4) + ¼3(ṽ1 + ṽ3) + ¼2(ṽ2 + ṽ4).

This yields a linear combination with positive coefficients. Hence every w ∈ Ã is a positive
linear combination of ṽ1 + ṽ4, ṽ1 + ṽ3, ṽ2 + ṽ4. For ¼2 g ¼3 rearranging analogously shows
that w is a positive linear combination of ṽ2 + ṽ4, ṽ2 + ṽ3, ṽ1 + ṽ4. In other words, w is a
positive linear combination of

ṽ1 + ṽ3 = (0,−1, a, 1), ṽ1 + ṽ4 = (0,−1, a+ c, 1),
ṽ2 + ṽ3 = (0,−1, b, 1), ṽ2 + ṽ4 = (0,−1, b+ c, 1).

Construction 3.4.1 yields b+ c < b f a+ c < a. Hence cone((0,−1, a, 1), (0,−1, b+ c, 1))
contains (0,−1, a + c, 1) and (0,−1, b, 1). The inclusion ’§’ is clear. Moreover, we
have ṽ5, ṽ6 ∈ lin(e2, e3, e4). It follows

Ã̃ ∩ lin(e2, e3, e4) = cone ((0,−1, a, 1), (0,−1, b+ c, 1), ṽ5, ṽ6) .

Moreover, let ¸2 : Z3 −→ Z4 be the map given by

¸2 =











0 0 0
0 0 −1
1 0 0
0 1 0











.

We put this together to

Ä̃2 := ¸−1
2 (Ã̃ ∩ lin(e2, e3, e4))

= ¸−1
2 (cone ((0,−1, a, 1), (0,−1, b+ c, 1), (0, 1, 0, 1), (0, 1, d, 1)))

= cone ((a, 1, 1), (b+ c, 1, 1), (0, 1,−1), (d, 1,−1)) .

Further, Construction 3.4.1 provides us with 0 > d. Thus, none of the four generators
of Ä̃2 lies inside the cone spanned by the other three generators.

152



Lemma 3.5.58. Consider a full intrinsic quadric surface X as in Construction 3.4.1 and
let Ä̃2 be as in Lemma 3.5.57. Then the dual cone É̃2 := Ä̃(

2 has the primitive generators

(0, 1,−1) , 1
gcd(2,a) (−2, a, a) , (0, 1, 1) , 1

gcd(2,d−b−c) (2,−b− c− d, d− b− c) .

Proof. In order to see that the vectors listed above are ray generators of É̃2, we show that
each of them cuts out a facet of Ä̃2 and evaluates positively on the two complementary
rays. Denote by P̃ the matrix which columns are the primitive generators of Ä̃2. Then
we check

(0, 1,−1) · P̃ = (2, 0, 0, 2)¦ ,
1

gcd(2,a) (−2, a, a) · P̃ = 1
gcd(2,a) (2a− 2b− 2c, 0, 0,−2d)¦ ,

(0, 1, 1) · P̃ = (0, 2, 2, 0)¦ ,
1

gcd(2,d−b−c) (2,−b− c− d, d− b− c) · P̃ = 1
gcd(2,d−b−c) (−2d, 2a− 2 − b− 2c, 0, 0)¦ .

According to Construction 3.4.1 we get a > b and c, d < 0. This implies that the non
zero entries are all positive.

Lemma 3.5.59. Consider a full intrinsic quadric surface X as in Construction 3.4.1.
Then the moment polytope B2 is given by

B2 = conv
(

(0,−1) ,
(

− 2
a , 1

)

, (0, 1) ,
(

− 2
b+c+d ,−d−b−c

b+c+d

))

.

Proof. Set

º : Q2 −→ Q3, u 7→ (u1, 1, u2).

Further, let É̃2 be the cone given by Lemma 3.5.58. Then one gets

C2 := º−1 (conv(É̃2))

= º−1(conv
(

(0, 1,−1) , 1
gcd(2,a) (−2, a, a) , (0, 1, 1) , 1

gcd(2,b−c−d) (2,−b− c− d, d− b− c)
))

= conv
(

(0,−1) ,
(

− 2
a , 1

)

, (0, 1) ,
(

− 2
b+c+d ,−d−b−c

b+c+d

))

.

Construction 3.4.1 provides us with b+ c+ d < 0 and 0 < a. Consequently, the unique
interior point of C2 is (0, 0). Then, we infer from Construction 1.3.11 that B2 = C2.

Proof of Proposition 3.5.48. Lemma 3.5.53, Lemma 3.5.56 and Lemma 3.5.59 yield the
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3.5. Geometry of full intrinsic quadric surfaces

following moment polytopes and barycenters

B0 = conv
(

(0,−1),
(

− 2
b+c+d ,

c+d−b
b+c+d

)

, (0, 1),
(

− 2
a ,−1

))

,

b0 =
(

−2(a+b+c+d)
3a(b+c+d) ,

(b+2c+2d−a)b+(c+a+d)(c+d))
3(a−b−c−d)(b+c+d)

)

,

B1 = conv
(

(0,−1),
(

− 2
b+c+d ,

b+d−c
b+c+d

)

, (0, 1),
(

− 2
a , 1

))

,

b1 =
(

−2(a+b+c+d)
3a(b+c+d) ,

(a−b−2c−2d)b−(a+c+2d)c+(a−d)d)
3(a−b−c−d)(b+c+d)

)

,

B2 = conv
(

(0,−1),
(

− 2
b+c+d ,

b+c−d
b+c+d

)

, (0, 1),
(

− 2
a , 1

))

,

b2 =
(

−2(a+b+c+d)
3a(b+c+d) ,

(a−b−2c−2d)b+(a−c−2d)c−(a+d)d
3(a−b−c−d)(b+c+d)

)

.

We conclude that X(P ) admits a Kähler-Einstein metric if and only if we have d =
−a− b− c, reflecting b»,1 = 0, and conditions

b > 0, if » = 0,

b+ d < 0, if » = 1,

a+ d > 0, if » = 2,

reflecting b»,2 > 0. Substituting d = −a− b− c, and a, b with the corresponding entries
from Theorem 3.4.5, we arrive at

º+ = º−, º+ = 2º−, 2º+ = º−, º+ = º−,

according to the shapes defined by S11(3, º), S12(3, º), S21(3, º) and S22(3, º). Note
that S12(3, º), S21(3, º) are ruled out by º+, º− being odd, respectively.

Remark 3.5.60. Let X = X(P ) arise from Construction 3.2.1, 3.3.1 or 3.4.1. Set
Ä = Ä(X). Then, for (Ä, ») ̸= (1, 0), the toric degeneration X»,0 is a normal projective
toric del Pezzo surface and, according to the constellations (Ä, »), the generator matrix
of its defining complete fan ∆» is given by

(1,1)
[

1 1+2a 1+2b

−2 2 2

]

(1,2)
[

1 1+2a 1+2b

−2 2 2

]

(2,0)
[

a b 1 2c+1

−1 −1 2 2

]

(2,1)
[

0 c 2a+1 2b+1

−1 −1 2 2

]

(2,2)
[

1 a b+c

−2 1 1

]

(3,0)
[

0 c+d b a

1 1 −1 −1

]

(3,1)
[

a b+d c 0

1 1 −1 −1

]

(3,2)
[

a b+c d 0

1 1 −1 −1

]
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The above presentation of the primitive ray generators of ∆» in Z2 is done with respect
to the antitropical coordinates introduced in Construction 1.3.4. Note that the columns
of the above matrices are precisely the vertices of the associated Fano polytopes A»; see
also Lemma 3.5.45, Lemma 3.5.51, Lemma 3.5.54 and Lemma 3.5.57.

Remark 3.5.61. Among the surfaces discussed in Example 3.2.6, 3.3.6, 3.4.6 only the
surface X from Example 3.2.6 admits a Kähler-Einstein metric, due to Theorem 3.5.32.
Let wX ∈ Cl(X) be the anticanonical class. Then the anticanoncial ring of X is a
Veronese subalgebra of its Cox ring:

S(X) :=
⊕

k∈Z

Γ(X,−KX) ∼=
⊕

k∈Z

RkwX
(X).

Using, for instance, the software package [23], we can explicitly compute a minimal
homogeneous generator system that has the generator degrees 1, 1, 1, 2 and a single
defining relation in degree 4. This identifies X from Example 3.2.6 as the second sporadic
case in the list of [33, Thm. 8].

3.6 On the anticanoncial embedding

The main result of this section provides the anticanonical embedding for full intrinsic
quadric surfaces with Kähler-Einstein metric in Picard number one and odd Gorenstein
index; the Gorenstein case was already mentioned in Remark 3.5.61.

Theorem 3.6.1. Let X be a full intrinsic quadric surface of Picard number one and of
Gorenstein index º admitting a Kähler-Einstein metric.

(i) If º = 1, then X is anticanonically embedded as a surface into P(1, 1, 1, 2) with
defining equation g of the degree 4 given in homogeneous coordinates as

g = −U1U2U4 + U4
3 + 2U2

3U4 + U2
4 .

(ii) If º g 3 is odd, then X is anticanonically embedded as a complete intersection
into P (1, 2, 2, º, º) with two defining equations, g of degree 4 and h degree 2º, given
in homogeneous coordinates as

g = U4
1 − U2U3,

h =
(

2U2
1 + U2 + U3

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
2U

º−1−k
3

− (U2 − U3)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
2U

º−2−k
3 − U4U5.

For the case of full intrinsic quadric surfaces of Picard number one and even Gorenstein
index a series of computer experiments leads us to the following.
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3.6. On the anticanoncial embedding

Conjecture 3.6.2. Let X be a full intrinsic quadric surface of Picard number one
admitting a Kähler-Einstein metric. If the Gorenstein index º of X is even, then X is
anticanonically embedded as a non-complete intersection into the weighted projective space

P
(

1, 2, 2, º
2 + 1, º

2 + 1, º
2 + 1, º

2 + 1, º, º
)

with twenty defining homogeneous equations: one in degree 4, four in degree º
2 + 3, ten in

degree º+ 2, four in degree 3º
2 + 3 and one in degree 2º.

Let us give an outline of the proof. Theorem 3.6.1 (i) is about one particular
case which can be explicitly computed using for instance the software package [23].
For Theorem 3.6.1 (ii) we provide an explicit isomorphism. Let wX ∈ Cl(X) be the
anticanonical class. Then the anticanoncial ring of X is the Veronese subalgebra of its
Cox ring given by

S(X) :=
⊕

dg0

R(X)dwX
¦ R(X).

Consider a complex full intrinsic quadric surface X of Picard number one and of odd
Gorenstein index º g 3 admitting a Kähler-Einstein metric. Let T1, T2, T3, T4 ∈ R(X) be
the generators of the Cox ring. Then, we establish the following isomorphism of graded
rings

È : K[U1, U5, U6, U7, U8]/ ïg, hð −→ S(X),

U1 7−→ Ũ1 := T3T4,

U5 7−→ Ũ5 := T 4
3 ,

U6 7−→ Ũ6 := T 4
4 ,

U7 7−→ Ũ7 := T 2º
1 ,

U8 7−→ Ũ8 := T 2º
2 ,

where the polynomials g, h are as in Theorem 3.6.1 (ii) and the Z-grading for both rings
is given by

[deg(Ui)] =
[

deg(Ũi)
]

= [1, 2, 2, º, º] .

Subsection 3.6.1: We provide a toric embedding X̃ ¦ Z̃ of the anticanonical cone over
X ¦ Z and give an explicit description of the weight cone É̃ of Z̃.

Subsection 3.6.2: We determine the Hilbert basis H(É̃) = {u1, . . . , u8} of the additive
monoid É̃ ∩ Z4. This provides us with a surjective ring homomorphism

ȷ∗ : K[U1, . . . , U8] −→ K[É̃ ∩ Z4] = O(Z̃), Ui 7→ Çũi .

Subsection 3.6.3: We establish a commutative diagram of epimorphisms which provides
us in particular with generators of the anticanonical ring:
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K[U1, . . . , U8] S(X)
⊕

ng0 R(X)nwX

K[É̃ ∩ Z4] S(Z)
⊕

ng0 R(Z)nwX

φ

ȷ∗Ui 7→Çũi

∼=
p̃∗ : Çu 7→ÇP̃

∗
u

h 7→h

Subsection 3.6.4: In a last step, we determine generators g1, . . . , g5 of the ideal of relations
between the generators Ui.

g1 := 2U3 + U4 + U5 − U6,

g2 := 2U2 + U4 − U5 + U6,

g3 := 2U2
1 − U4 + U5 + U6,

g4 := U2
4 − 2U4U5 + U2

5 − 2U4U6 − 2U5U6 + U2
6 ,

g5 :=
(

2U2
1 + U5 + U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
5U

º−1−k
6 − (U5 − U6)2

º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
5U

º−2−k
6 − U7U8.

Then Theorem 3.6.1 follows by eliminating the variables U2, U3 and U4 and renumbering
the remaining ones.

3.6.1. The embedded anticanonical cone • In Proposition 3.6.4 we explicitly

determine the embedded anticanonical cone X̃ ¦ Z̃ over the embedded X ¦ Z for any
full intrinsic quadric of Picard number one. Moreover, in Proposition 3.6.5 we provide
first relations between the generators of the anticanonical ring. We begin by fixing the
setting.

Setting 3.6.3. Let X be a full intrisic quadric of Picard number one arising from
Construction 3.2.1, that means X = X(P ) with

P := [v1, v2, v3, v4] :=







−1 −1 2 0
−1 −1 0 2
a b 1 1






, b f −2, 0 f a f −b− 2.

Let Z be the toric variety arising from the projective fan in Z3 with generator matrix P .
Then we obtain a normal, non-toric, rational, projective surface

X := X(P ) := V (h) ¦ Z, h := 1 + U1 + U2 ∈ O(T3).

Let P ∗ be the transpose of P and set K := Z4/im(P ∗). For the divisor class group of X,
we have

Cl(X) ∼= K ∼= Z · Z / 2 gcd(2a+ 2, a− b)Z.

Moreover, denoting by Q : Z4 → K the projection, we obtain the following description of
the Cox ring of X as a graded algebra:

R(X) ∼= K[T1, . . . , T4]/ïT1T2 + T 2
3 + T 2

4 ð, wi := deg(Ti) = Q(ei) = [DX
i ],
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3.6. On the anticanoncial embedding

where DX
i ¦ X is the prime divisor on X obtained by intersecting X with the toric

prime divisor of Z given by the ray through vi and [DX
i ] ∈ Cl(X) denotes its class.

Proposition 3.6.4. Let X = X(P ) be as in Setting 3.6.3. Then the anticanonical cone
over X is the 3-dimensional affine variety X̃ with 2-torus action given by the defining
matrix

P̃ := [ṽ1, ṽ2, ṽ3, ṽ4] :=











−1 −1 2 0
−1 −1 0 2
a b 1 1
0 0 1 1











.

The columns ṽ1, ṽ2, ṽ3, ṽ4 of P̃ are the primitive generators of a polyhedral cone Ã̃ of full
dimension in Z4 and we have

X̃ = V (1 + S1 + S2) ¦ Z̃,

where Z̃ is the affine toric 4-fold associated with Ã̃. Moreover, the dual cone É̃ := Ã̃( has
the primitive generators

1
gcd(b,2) [b, b, 2,−2b− 2], 1

gcd(a,2) [−a,−a,−2, 2a+ 2], [1,−1, 0, 2], [−1, 1, 0, 2].

Proof. The statement that the anticanonical cone over X is given by P̃ is a direct
consequence of Construction 1.3.11.

We turn to the statement on the dual cone É̃ of Ã̃. First note that P̃ has determi-
nant 4a− 4b > 0 and hence Ã̃ is a simplicial cone. Next, observe that the four vectors
listed in the assertion are indeed primitive. Now in order to see that they are ray
generators of É̃ we show that each of them cuts out a facet of Ã̃ and evaluates positively
on the remaining ray:

[b, b, 2,−2b− 2] · P̃ = [−2b+ 4, 0, 0, 0]T ,

[−a,−a,−2, 2a+ 2] · P̃ = [0, 6a+ 4, 0, 0]T ,

[1,−1, 0, 2] · P̃ = [0, 0, a− b+ 2, 0]T ,

[−1, 1, 0, 2] · P̃ = [0, 0, 0, 2]T .

Setting 3.6.3 yields b f −2 and 0 f a f −b− 2. Consequently, the non-zero entries on
the right hand side are positive.

Proposition 3.6.5. Consider X as in Setting 3.6.3, its anticanonical class wX and the
anticanonical algebra

S(X) =
⊕

dg0

R(X)dwX
¦ R(X).

Then, in terms of the Cox ring generators T1, T2, T3, T4 ∈ R(X), we find the following
elements of S(X) which are the generators of R(X)dwX

:

d = 1 : Ũ1 := T3T4,

d = 2 : Ũ2 := T1T2T
2
4 , Ũ3 := T1T2T

2
3 , Ũ4 := T 2

1 T
2
2 , Ũ5 := T 4

3 , Ũ6 := T 4
4 .
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Among the elements Ũ1, . . . , Ũ6, we find the following trinomal relations in degree d = 2
of the anticaonical ring:

Ũ2 + Ũ3 + Ũ4 = 0, Ũ2
1 + Ũ2 + Ũ6 = 0, Ũ2

1 + Ũ3 + Ũ5 = 0.

Moreover, in the anticanonical degree d = 4, we encounter the following three binomial
relations

Ũ2
1 Ũ4 = Ũ2Ũ3, Ũ2

1 Ũ3 = Ũ2Ũ5, Ũ2
1 Ũ2 = Ũ3Ũ6.

Lemma 3.6.6. Let X = X(P ) arise from Setting 3.6.3. Then the degree µX ∈ K of the
defining relation T1T2 + T 2

3 + T 2
4 and the anticanonical class wX ∈ K are given by

µX = w1 + w2 = 2w3 = 2w4, wX = w1 + w2 + w3 + w4 − µX = w3 + w4.

Furthermore, the relation degree µX ∈ K differs from the anticanonical class wX ∈ K.

Proof. The representations of µX are due to the homogeneity of the defining quadric and
the representations of the anticanonical class follow from Remark 1.2.10.

To show the second claim, assume µX = wX . Then we get 2w3 = w3 + w4 and
w3 − w4 = 0. Further, we denote by Q : Z4 → Z4/im(P ∗) = Cl(X) the projection from
Setting 3.6.3. Hence we have Q(e3 − e4) = w3 − w4 = 0. In other words e3 − e4 belongs
to the kernel of Q which in turn is spanned by the rows of the matrix P . On the other
hand, P ∗ · x = e3 − e4 is uniquely solved by (1/2,−1/2, 0). Consequently, e3 − e4 cannot
be presented as an integer linear combination over the rows of P and thus does not lie in
the kernel.

Lemma 3.6.7. Let X arise from Setting 3.6.3 and let wX be the anticanonical class.
Then all positive linear combinations of 2wX ∈ K in terms of w1, w2, w3, w4 are given by

2wX = w1 + w2 + 2w3 = w1 + w2 + 2w4 = 2w1 + 2w2 = 4w3 = 4w4.

Proof. We have to insert each of the equations

µX = w1 + w2 = 2w3 = 2w4,

from Lemma 3.6.6 into

2wX = 2w1 + 2w2 + 2w3 + 2w4 − µX

and combine the equations with each other in all the possible ways that we can. Then,
there are exactly five combinations with positive coefficients.
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3.6. On the anticanoncial embedding

Proof of Proposition 3.6.5. Using the representations from Lemma 3.6.6 we immediately
see Ũ1 := T3T4 ∈ R(X)wX

. Moreover, Lemma 3.6.6 provides us with the following
equations

deg(Ũ2) = deg(T1T2T
2
3 ) = w1 + w2 + 2w3 = 2w4 + 2w3 = 2wX ,

deg(Ũ3) = deg(T1T2T
2
4 ) = w1 + w2 + 2w4 = 2w3 + 2w4 = 2wX ,

deg(Ũ4) = deg(T 2
1 T

2
2 ) = 2w1 + 2w2 = 2w3 + 2w4 = 2wX ,

deg(Ũ5) = deg(T 4
4 ) = 4w4 = 2w3 + 2w4 = 2wX ,

deg(Ũ6) = deg(T 4
3 ) = 4w3 = 2w3 + 2w4 = 2wX ,

showing Ũ2 . . . , Ũ6 ∈ R(X)2wX
. Moreover, Lemma 3.6.7 yields that every element

inside R(X)2wX
is a linear combination of the monomials Ũ2 . . . , Ũ6. Hence, Ũ2 . . . , Ũ6

generate R(X)2wX
. The binomial relations among the Ũi follow directly from their

definitions. As we have T1T2 + T 2
3 + T 2

4 = 0 in R(X), we obtain the desired trinomial
relations as follows

Ũ2 + Ũ3 + Ũ4 = T1T2T
2
4 + T1T2T

2
3 + T 2

1 T
2
2 = (T1T2 + T 2

3 + T 2
4 )T1T2 = 0,

Ũ2
1 + Ũ2 + Ũ6 = T 2

3 T
2
4 + T1T2T

2
4 + T 4

4 = (T1T2 + T 2
3 + T 2

4 )T 2
4 = 0,

Ũ2
1 + Ũ3 + Ũ5 = T 2

3 T
2
4 + T1T2T

2
3 + T 4

3 = (T1T2 + T 2
3 + T 2

4 )T 2
3 = 0.

3.6.2. Computing the Hilbert basis • Now we enter the Kähler-Einstein case.
The main results of this section are Proposition 3.6.10, where we determine the grading
matrix of X, and Proposition 3.6.12, where we compute the Hilbert basis of the dual cone
É̃ of the cone Ã̃ from Proposition 3.6.4. First, we adapt Setting 3.6.3 and Proposition 3.6.4
to the Kähler-Einstein case.

Setting 3.6.8. Let X = X(P ) be a complex full intrinsic quadric surface of Picard
number one as in Setting 3.6.3 admitting a Kähler-Einstein metric and let the Gorenstein
index º of X be odd and differ from one. By Theorem 3.5.32 we can work with a defining
matrix of the form

P = [v1, v2, v3, v4] =







−1 −1 2 0
−1 −1 0 2
º− 1 −º− 1 1 1







and the divisor class group of X is given by

Cl(X) = Z4/im(P ∗) = Z · Z / 4ºZ.

Moreover, we recall

P̃ = [ṽ1, ṽ2, ṽ3, ṽ4] =











−1 −1 2 0
−1 −1 0 2
º− 1 −º− 1 1 1

0 0 1 1











,
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the cone Ã̃ := cone(ṽ1, ṽ2, ṽ3, ṽ4) and É̃ := Ã̃( from Proposition 3.6.4. We have a
corresponding 3-dimensional affine variety

X̃ = V (1 + S1 + S2) ¦ Z̃,

where Z̃ is the affine toric 4-fold associated with Ã̃. Further, the cone É̃ has the primitive
generators

1
2 [−º− 1,−º− 1, 2, 2º], 1

2 [1 − º, 1 − º,−2, 2º], [1,−1, 0, 2], [−1, 1, 0, 2].

Remark 3.6.9. Consider a degree matrix Q in Z·Z/µZ and a 3×4 projective generator
matrix P sharing the same fake weight vector. Then Lemma 2.6.1 says that Q and P
correspond to each other if and only if Q annihilates the rows of P .

Proposition 3.6.10. Let X = X(P ) be as in Setting 3.6.8 and consider the projec-
tion the projection Q : Z4 → Z4/im(P ∗) = Z · Z/4ºZ. Then after applying a suitable
automorphism we obtain

Q =

[

1 1 1 1
0̄ 2̄ 1̄ 2̄º̄+ 1̄

]

.

Proof. We use l1 = l2 = 2 and d0 = −2º, d1 = 1, d2 = 2º− 1 to determine the fake weight
vector w(P ) as in Proposition 1.4.3. That is

w(P ) = (4º, 4º, 4º, 4º).

We derive from Remark 1.1.8 that Cl(X) = Z·Z/4ºZ and from Proposition 2.2.1 that Q
is of the form

Q = [w1, w2, w3, w4] :=

[

1 1 1 1
¯̧0 ¯̧1 ¯̧2 ¯̧3

]

.

According to Remark 2.2.9 we can add multiples of the upper to the lower row and scale
the lower row by units without changing the isomorphy type. By adding multiples of the
first row to the second we can achieve ¯̧0 = 0̄. Then, Remark 3.6.9 yields the equations

¯̧1 = 2¯̧2, ¯̧1 = 2¯̧3,
(

º̄+ 1̄
)

¯̧1 = ¯̧2 + ¯̧3. (3.6.10.1)

Consequently, we get

Q =

[

1 1 1 1
0̄ 2̄¯̧2 ¯̧2 ¯̧3

]

.

Since Q is a degree matrix, three of the columns wi generate Cl(X) = Z · Z/4ºZ. Thus,
one of the ¯̧i must be a unit. We have ¯̧1 = 2̄¯̧2 /∈ (Z/4ºZ)∗ since gcd(¸1, 4º) g 2 holds
for any representant ¸1. Further, we may assume ¯̧2 ∈ (Z/4ºZ)∗. By multiplying the
second row with a unit, we obtain

Q =

[

1 1 1 1
0̄ 2̄ 1̄ ¯̧3

]

.
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3.6. On the anticanoncial embedding

Then, the last equation from (3.6.10.1) provides us with

1̄ + ¯̧3 =
(

º̄+ 1̄
)

2̄ = 2̄º̄+ 2̄.

Hence, ¯̧3 = 2̄º̄+ 1̄ and the claim follows.

Corollary 3.6.11. Let X = X(P ) be as in Setting 3.6.8. Then the anticanonical class
wX ∈ Z · Z/4ºZ satisfies

wX =
(

2, 2̄º̄+ 2̄
)

, º · wX =
(

2º, 0̄
)

.

Proof. According to Proposition 3.6.10 the projection Q : Z4 → Z4/im(P ∗) = Z · Z/4ºZ
is given as

Q = [w1, w2, w3, w4] =

[

1 1 1 1
0̄ 2̄ 1̄ 2̄º̄+ 1̄

]

.

Then Lemma 3.6.6 yields the anticanonical class

wX = w3 + w4 =
(

2, 2̄º̄+ 2̄
)

.

Since º is odd, we conclude º̄ · 2̄º̄ = 2̄º̄ ∈ Z/4ºZ. Consequently, one gets

º · wX =
(

2º, 2̄ (º̄)2 + 2̄º̄
)

=
(

2º, 2̄º̄+ 2̄º̄
)

=
(

2º, 0̄
)

.

Consider a pointed lattice cone É in Zn and the associated monoid S(É) := É ∩ Zn.
A non-zero element u ∈ S(É) is called indecomposable, if u = v + v′ with v, v′ ∈ S(É)
implies v = u or v′ = u. The Hilbert basis H(É) is the set of all indecomposable elements
of S(É). Recall that H(É) is the unique minimal generator system of the monoid S(É).

Proposition 3.6.12. Let É̃ be as in Setting 3.6.8. Then the Hilbert basis H (É̃) of S(É̃)
is the set of the column vectors of:

G := [ũ1, . . . , ũ8] :=











0 −1 0 −1 1 −1 − º+1
2 − º−1

2
0 0 −1 −1 −1 1 − º+1

2 − º−1
2

0 0 0 0 0 0 1 −1
1 2 2 2 2 2 º º











.

Proof. In order to show that H (É̃) = {ũ1, . . . , ũ8} is the Hilbert basis of S(É̃) it suffices
to present any lattice point of the form

w = (w1, w2, w3, w4) = ¼5ũ5 + ¼6ũ6 + ¼7ũ7 + ¼8ũ8 ∈ Z4 with 0 f ¼i f 1

as an integer positive linear combination over H (É̃). Note that w3 = ¼7 − ¼8 ∈ Z.
Thus ¼7, ¼8 ∈ [0, 1] implies w3 = −1, 0, 1. We proceed according to these three cases.
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Case 1: w3 = −1. Then we get ¼7 = 0 and ¼8 = 1. So, the vector w can be represented
as

w =
(

− º−1
2 − ¼6 + ¼5, − º−1

2 + ¼6 − ¼5, −1, º+ 2¼5 + 2¼6

)

∈ Z4.

Since w1,
º−1

2 ∈ Z and ¼5, ¼6 ∈ [0, 1] hold, we conclude ¼5 − ¼6 = −1, 0, 1. This leads to
the following subcases.

Case 1.1: ¼5 − ¼6 = 1. We obtain ¼5 = 1, ¼6 = 0. This implies w = ũ5 + ũ8 which is the
desired presentation as an integer positive linear combination.

Case 1.2: ¼5−¼6 = 0. Then 4¼5 = w4−º ∈ Z, hence ¼5 = 0, 1
4 ,

1
2 ,

3
4 , 1 holds. In total, this

yields the desired presentation as integer positive linear combination w = ũ8 + 4¼5ũ1.

Case 1.3: ¼5 − ¼6 = −1. So we get ¼5 = 0 and ¼6 = 1. Therefore w = ũ6 + ũ8.

Case 2: w3 = 1. Then we obtain ¼7 = 1 and ¼8 = 0. Thus, the vector w can be
represented as

w =
(

− º+1
2 − ¼6 + ¼5, − º+1

2 + ¼6 − ¼5, 1, º+ 2¼5 + 2¼6

)

∈ Z4.

Because of w1,
º+1

2 ∈ Z and ¼5, ¼6 ∈ [0, 1], we get ¼5−¼6 = −1, 0, 1. Again, we distinguish
between these three cases.

Case 2.1: ¼5 − ¼6 = 1. We see ¼5 = 1 and ¼6 = 0. In total, we arrive at w = ũ5 + ũ7.

Case 2.2: ¼5 −¼6 = 0. Then we have 4¼5 = w4 − º ∈ Z and hence ¼5 = 0, 1
4 ,

1
2 ,

3
4 , 1. Thus

we receive the desired positive integer linear combinations w = ũ7 + 4¼5ũ1.

Case 2.3: ¼5 − ¼6 = −1. One obtains ¼6 = 1, ¼5 = 0 and finally w = ũ6 + ũ7.

Case 3: w3 = 0. Then one gets ¼7 = ¼8. It follows that w can be represented as

w = (−¼7º− ¼6 + ¼5, −¼7º+ ¼6 − ¼5, 0, 2¼7º+ 2¼5 + 2¼6) ∈ Z4.

Hence we have w2 − w1 = 2(¼6 − ¼5) ∈ Z and 2w1 + w4 = 4¼5 ∈ Z. Consequently, one
gets ¼5, ¼6 = 0, 1

4 ,
1
2 ,

3
4 , 1. We proceed according to these cases.

Case 3.1: ¼5 = ¼6. We obtain w1 = −¼7º ∈ Z. Because of ¼5 = 0, 1
4 ,

1
2 ,

3
4 , 1, we obtain a

presentation with positive integer coefficients w = 4¼5ũ1 + ¼7ºũ4.

Case 3.2: ¼6 = 0. Then 2¼5 = w1 −w2 ∈ Z holds, whence ¼5 = 0, 1
2 , 1. So we distinguish

between these cases. It suffices to treat the cases ¼5 ̸= ¼6.

Case 3.2.1: ¼5 = 1
2 . Then we have −¼7º+ 1

2 = w1 ∈ Zf0 and

w = (w1, w1 − 1, 0, −2w1 + 2) = (0,−1, 0, 2) − w1(−1,−1, 0, 2) = ũ3 − w1ũ4,

which is the desired presentation with positive coefficients.
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3.6. On the anticanoncial embedding

Case 3.2.2: ¼5 = 1. One obtains −¼7º+ 1 = w1 ∈ Zf1 and hence

w = (w1, w1 − 2, 0, −2w1 + 4)

= (1 − w1)(−1,−1, 0, 2) + (1,−1, 0, 2)

= (1 − w1)ũ4 + ũ5.

Case 3.3: ¼6 = 1
4 . Then we get 1

2 −2¼5 = w2 −w1 ∈ Z. We conclude ¼5 = 1
4 ,

3
4 . It suffices

to treat the case ¼5 ̸= ¼6, i.e. let ¼5 = 3
4 . Then the desired positive linear combination is

given by

w = (w1, w1 − 1, 0, −2w1 + 3)

= (0, 0, 0, 1) + (0,−1, 0, 2) − w1(−1,−1, 0, 2)

= ũ1 + ũ3 − w1ũ4.

Case 3.4: ¼6 = 1
2 . Then 1 − 2¼5 = w2 − w1 =∈ Z holds. This yields ¼5 = 0, 1

2 , 1. We
treat the cases ¼5 ̸= ¼6.

Case 3.4.1: ¼5 = 0. We obtain −¼7º− 1
2 = w1 ∈ Zf−1 and a representation

w = (w1, w1 + 1, 0, −2w1)

= (−1, 0, 0, 2) + (−w1 − 1)(−1,−1, 0, 2)

= ũ2 + (−w1 − 1)ũ4.

Case 3.4.2: ¼5 = 1. Then we have −¼7º+ 1
2 = w1 ∈ Zf0 and the representation

w = (w1, w1 − 1, 0, −2w1 + 4)

= (0, 0, 0, 2) + (0,−1, 0, 2) − w1(−1,−1, 0, 2)

= 2ũ1 + ũ3 − w1ũ4.

Case 3.5: ¼6 = 3
4 . Then we have −2¼5 + 3

2 = w2 − w1 ∈ Z. This implies ¼5 = 1
4 ,

3
4 . It

suffices to proceed with ¼5 ≠ ¼6, that is ¼5 = 1
4 . Thus, we have w1 = −¼7º − 1

2 f −1.
Consequently, we get a positive linear combination

w = (w1, w1 + 1, 0, −2w1 + 1)

= (0, 0, 0, 1) + (−1, 0, 0, 2) + (−w1 − 1)(−1,−1, 0, 2)

= ũ1 + ũ2 + (−w1 − 1)ũ4.

Case 3.6: ¼6 = 1. We obtain 2¼5 − 2 = w1 − w2 ∈ Z. This yields ¼5 = 0, 1
2 , 1. We only

deal with the case ¼5 ̸= ¼6.

Case 3.6.1: ¼5 = 0. Then we get w1 = −¼7º− 1 f −1 and the representation

w = (w1, w1 + 2, 0, −2w1)

= (−w1 − 1)(−1,−1, 0, 2) + (−1, 1, 0, 2)

= (−w1 − 1)ũ4 + ũ6.
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Case 3.6.2: ¼5 = 1
2 . Then w1 = −¼7º − 1

2 f −1 holds and hence we get the desired
representation of w as

w = (w1, w1 + 1, 0, −2w1 + 2)

= (0, 0, 0, 2) + (−1, 0, 0, 2) + (−w1 − 1)(−1,−1, 0, 2)

= 2ũ1 + ũ2 + (−w1 − 1)ũ4.

Lastly, we show that ũ1, . . . , ũ8 are indecomposable. The elements ũ5, ũ6, ũ7, ũ8 are
indecomposable since they are the primitive ray generators of É̃. So it suffices to show
the claim for ũ1, ũ2, ũ3, ũ4.

In order to show that ũ1 is indecomposable, we show that G · x = ũ1 has only one
solution in Z8

g0, namely x = e1. The solutions in K8 are the vectors x of the form

(1 + 2t4 − 2t3 − 2t2 + 2ºt1, −t4 + t3 − t2 − ºt1, −t4 − t3 + t2 − ºt1, t4, t3, t2, t1, t1) ,

where the parameters t1, t2, t3, t4 ∈ K can be freely chosen. Now we determine the
solutions such that x = (x1, . . . , x8) ∈ Z8

g0. This yields

0 f x2 + x3 = −2t4 − 2ºt1, 0 f x8 = t1, 0 f x4 = t4.

We conclude t1 = t4 = 0. Further, we have

0 f x1 = 1 − 2t3 − 2t2, 0 f x6 = t2, 0 f x5 = t3.

Therefore, t2 = t3 = 0. In total, the vector x = (1, 0, . . . , 0) is the only solution
of G · x = ũ1 such that x = (x1, . . . , x8) ∈ Z8

g0. Thus, ũ1 is indecomposable.

Analogously, the solutions in K8 of G · x = ũ2 are the vectors x of the form

(2t4 − 2t3 − 2t2 + 2ºt1, 1 − t4 + t3 − t2 − ºt1,−t4 − t3 + t2 − ºt1, t4, t3, t2, t1, t1) ,

where the parameters t1, t2, t3, t4 ∈ K can be freely chosen. If x = (x1, . . . , x8) ∈ Z8
g0

then we obtain

0 f x2 + x3 = −2t4 − 2ºt1, 0 f t1, t4.

This implies t1 = t4 = 0. Moreover, we have

0 f x1 = 1 − 2t3 − 2t2, 0 f t2, t3.

Consequently, we get t2 = t3 = 0. That means x = (0, 1, 0 . . . , 0) and ũ2 is indecompos-
able.

The solutions in K8 of G · x = ũ3 are the vectors x of the form

(2t4 − 2t3 − 2t2 + 2ºt1,−t4 + t3 − t2 − ºt1, 1 − t4 − t3 + t2 − ºt1, t4, t3, t2, t1, t1) ,
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3.6. On the anticanoncial embedding

where the parameters t1, t2, t3, t4 ∈ K can be freely chosen. We pick out the solutions
such that x = (x1, . . . , x8) ∈ Z8

g0. This leads to

0 f x2 + x3 = −2t4 − 2ºt1, 0 f x8 = t1, 0 f x4 = t4.

We conclude t1 = t4 = 0. Further, the conditions

0 f x1 = 1 − 2t3 − 2t2, 0 f t2, t3

then yield t2 = t3 = 0. Hence, x = (0, 0, 1, 0 . . . , 0) and ũ3 is indecomposable.

Lastly, the solutions in K8 of G · x = ũ4 are the vectors x of the form

(−2 + 2t4 − 2t3 − 2t2 + 2ºt1, 1 − t4 + t3 − t2 − ºt1, 1 − t4 − t3 + t2 − ºt1, t4, t3, t2, t1, t1)

where the parameters t1, t2, t3, t4 ∈ K can be freely chosen. We demand x = (x1, . . . , x8) ∈
Z8

g0. This implies

0 f x1 + x2 + x3 = −2t2 − 2t3, 0 f x6 = t2, 0 f x5 = t3.

Thus, we get t2 = t3 = 0. Further, one has

0 f x2 + x3 = 2 − 2t4 − 2ºt1, 0 f t1, t4.

Since º g 3, this yields t1 = 0 and t4 = 1. We conclude that x = (0, 0, 0, 1, 0 . . . , 0) is the
only solution of G ·x = ũ4 with positive integer entries. That means, ũ4 is irreducible.

Corollary 3.6.13. Consider the cone É̃ as in Setting 3.6.8 and the Hilbert basis H (É̃)
of S(É̃) as in Proposition 3.6.12. Then, we obtain an epimorphism

ȷ∗ : K[U1, . . . , U8] −→ K[S(É̃)], Ui 7→ Çũi .

Proof. The ũ1, . . . , ũ8 generate S(É̃) as a monoid due to Proposition 3.6.12. Hence
the Çũ1 , . . . , Çũ8 generate the affine algebra K[É̃ ∩ Z4].

3.6.3. Generators for the anticanonical ring • The results of this section are
Proposition 3.6.14, where we provide an epimorphism K[U1, . . . , U8] → S(X), Proposi-
tion 3.6.20 and Remark 3.6.21, where we identify the generators of S(X) with restrictions

of character functions ÇP̃ ∗u and Proposition 3.6.22, where we identify a further relation
in the anticanonical ring.

Proposition 3.6.14. Let X ¦ Z and X̃ ¦ Z̃ arise from Setting 3.6.8 and let º be the
Gorenstein index of X. Consider the Z-graded polynomial algebra

K[U1, . . . , U8], [deg(U1), . . .deg(U8)] = [1, 2, 2, 2, 2, 2, º, º] .

Further, let É̃ be as in Setting 3.6.8 and denote by {ũ1, . . . , ũ8} the Hilbert basis of S(É̃)
given by Proposition 3.6.12. Then we obtain a commutative diagram
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K[U1, . . . , U8] S(X)
⊕

ng0 R(X)nwX

K[S(É̃)] S(Z)
⊕

ng0 R(Z)nwX

φ

ȷ∗Ui 7→Çũi

∼=
p̃∗ : Çu 7→ÇP̃

∗
u

h 7→h

where we endow K[S(É̃)] with the Z-grading deg (Çu) = u4 and where φ is a surjection
given by

φ(U1) = T3T4, φ(U2) = T1T2T
2
4 , φ(U3) = T1T2T

2
3 , φ(U4) = T 2

1 T
2
2 ,

φ(U5) = T 4
3 , φ(U6) = T 4

4 , φ(U7) = T 2º
1 , φ(U8) = T 2º

2 .

Construction 3.6.15. Consider X ¦ Z arising from the generator matrix P and X̃ ¦ Z̃
arising from the generator matrix P̃ as in Setting 3.6.8. Then we have commutative
diagrams

Z4 Z4

Z3

P

P̃

PR

(z1
,z2

,z3
)

7→z
Ẑ Z̃

Z

p

//H

p̃

//H̃

//H/H̃

pr

where p, p̃ are the quotients by the actions of the characteristic quasitori H, H̃ respectively,
where Z̃ → Z is the cone over Z for the ample divisor DZ

3 +DZ
4 on Z, and where X̃ → X

is the cone over X for the anticanonical divisor DX
3 +DX

4 on X.

Proposition 3.6.16. Consider X ¦ Z and p̃ : Ẑ → Z̃ as in Construction 3.6.15 and
let wX be the anticanonical class of X. Further, let É̃ be as in Setting 3.6.8 and denote
by {ũ1, . . . , ũ8} the Hilbert basis of S(É̃) given by Proposition 3.6.12. Then we have

p̃∗ (K[S(É̃)]) =
⊕

n∈Z

R(Z)nwX
.

and we obtain

p̃∗
(

Çũ1

)

∈ R(Z)1·wX
,

p̃∗
(

Çũ2

)

, p̃∗
(

Çũ3

)

, p̃∗
(

Çũ4

)

, p̃∗
(

Çũ5

)

, p̃∗
(

Çũ6

)

∈ R(Z)2·wX
,

p̃∗
(

Çũ7

)

, p̃∗
(

Çũ8

)

∈ R(Z)º·wX
.

Lemma 3.6.17. Consider X ¦ Z, p : Ẑ → Z and P as in Construction 3.6.15 and and
let wX be the anticanonical class of X. We set DZ := DZ

3 +DZ
4 and

φ : Γ(Z,O(n ·DZ)) −→ R(Z)nwX

Çu 7−→ p∗ (Çu)Tn
3 T

n
4 ,

Çw 7−→ T u,

where w ∈ Z3 is the unique element such that P ∗w = u − ne3 − ne4. Then φ is a
well-defined isomorphism.
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3.6. On the anticanoncial embedding

Proof. We check the well-definedness of both assignments. Let Çu ∈ Γ(Z,O(n ·DZ)) be
a character. Then, we obtain

p∗
(

div (Çu) + n ·DZ
)

= p∗ (div (Çu)) + n · p∗
(

DZ
)

= div (p∗ (Çu)) + n · p∗
(

DZ
3

)

+ n · p∗
(

DZ
4

)

.

Since p∗
(

DZ
i

)

= VẐ (Ti) = div (Ti), we get

div (p∗ (Çu)) + n · p∗
(

DZ
3

)

+ n · p∗
(

DZ
4

)

= div (p∗ (Çu)) + n · div (T3) + n · div (T4)

= div (p∗ (Çu)Tn
3 T

n
4 ) .

Because of Çu ∈ Γ(Z,O(n ·DZ)), we obtain

div (Çu) + n ·DZ g 0.

This yields p∗
(

div (Çu) + n ·DZ
)

g 0. Hence div (p∗ (Çu)Tn
3 T

n
4 ) g 0. This is equivalent

to p∗ (Çu)Tn
3 T

n
4 ∈ O(Ẑ). Moreover, let P be as in Construction 3.6.15 and let Q : Z4 →

Z4/im(P ∗) be the the projection. Then, we have p∗ (Çu) = ÇP ∗u and

Q (P ∗u+ ne3 + ne4) = Q(ne3 + ne4) = nwX .

Since Q is the grading matrix of Ẑ one obtains p∗ (Çu)Tn
3 T

n
4 ∈ O(Ẑ)nwX

. Due to
R(Z) = O(Ẑ) we get p∗ (Çu)Tn

3 T
n
4 ∈ R(Z)nwX

.

Next, consider T u ∈ R(Z)nwX
with u ∈ Z4. Then we have Q(u) = nwX . We set

T û := T u

T n

3
T n

4

and û := u− ne3 − ne4. Because of

Q (u− ne3 − ne4) = Q(u) − nQ(e3 + e4) = nwX − nwX = 0

and since ker(Q) = P ∗(Z3), there exists an w ∈ Z3 such that TP ∗w = T û. Because P ∗ is
injective, w is unique with this property. Hence, the assignment T u 7→ Çw is well defined.
Moreover, because of T u ∈ R(Z) = O(Ẑ) we have

div (T u) = div
(

T ûTn
3 T

n
4

)

= div
(

T û
)

+ div (Tn
3 ) + div (Tn

4 ) g 0.

In other words, one gets

p∗ (div (Çw)) = div
(

TP ∗w
)

= div
(

T û
)

g −div (Tn
3 )−div (Tn

4 ) = −np∗
(

DZ
3 +DZ

4

)

,

where we used p∗
(

DZ
i

)

= VẐ (Ti). Then, we obtain

div (Çw) g −DZ
3 −DZ

4 .

Thus, Çw ∈ Γ(Z,O(n · DZ)) and the inverse function is well-defined as well. Since we
explicitly specify the inverse function of φ, the statement about bijectivity is clear.
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Lemma 3.6.18. Consider P̃ from Setting 3.6.8 and the Hilbert basis {ũ1, . . . , ũ8} of S(É̃)
from Proposition 3.6.12. Then we have

P̃ ∗ũ1 = (0, 0, 1, 1), P̃ ∗ũ2 = (1, 1, 0, 2), P̃ ∗ũ3 = (1, 1, 2, 0), P̃ ∗ũ4 = (2, 2, 0, 0),

P̃ ∗ũ5 = (0, 0, 4, 0), P̃ ∗ũ6 = (0, 0, 0, 4), P̃ ∗ũ7 = (2º, 0, 0, 0), P̃ ∗ũ8 = (0, 2º, 0, 0).

Proof. This assertion results from a direct computation. Recall that P̃ ∗ from Setting 3.6.8
and ũi from Proposition 3.6.12 are given by











−1 −1 º− 1 0
−1 −1 −º− 1 0
2 0 1 1
0 2 1 1











, [ũ1, . . . , ũ8] =











0 −1 0 −1 1 −1 − º+1
2 − º−1

2
0 0 −1 −1 −1 1 − º+1

2 − º−1
2

0 0 0 0 0 0 1 −1
1 2 2 2 2 2 º º











.

Proof of Proposition 3.6.16. We begin by showing ’¦’. By using the projection Q : Z4 →
Z · Z/4ºZ

Q =

[

1 1 1 1
0̄ 2̄ 1̄ 2̄º̄+ 1̄

]

from Proposition 3.6.10 and by using the identities for P̃ ∗ũi from Lemma 3.6.18, we
obtain

Q ◦ P̃ ∗ (ũ1) =
(

2, 2̄º̄+ 2̄
)

,

Q ◦ P̃ ∗ (ũ2) = Q ◦ P̃ ∗ (ũ3) = Q ◦ P̃ ∗ (ũ4) = Q ◦ P̃ ∗ (ũ5) = Q ◦ P̃ ∗ (ũ6) =
(

4, 4̄
)

,

Q ◦ P̃ ∗ (ũ7) = Q ◦ P̃ ∗ (ũ8) =
(

2º, 0̄
)

.

Moreover, we derive wX =
(

2, 2̄º̄+ 2̄
)

, 2wX =
(

4, 4̄
)

and º · wX =
(

2º, 0̄
)

from Corol-
lary 3.6.11.

Furthermore, Construction 3.6.15 provides us with the good quotient of affine vari-
eties p̃ : Ẑ → Z̃. Then, we get the injective ring homomorphism

p̃∗ : K[S(É̃)] −→ O(Ẑ) Çu 7−→ ÇP̃ ∗u.

Thus, we have

p̃∗
(

Çũ1

)

∈ R(Z)1·wX
,

p̃∗
(

Çũ2

)

, p̃∗
(

Çũ3

)

, p̃∗
(

Çũ4

)

, p̃∗
(

Çũ5

)

, p̃∗
(

Çũ6

)

∈ R(Z)2·wX
,

p̃∗
(

Çũ7

)

, p̃∗
(

Çũ8

)

∈ R(Z)º·wX
.

Next, we show the inclusion ’§’. Let DZ := DZ
3 +DZ

4 . We get the commutative diagram
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3.6. On the anticanoncial embedding

R(Z)nwX
O(Z̃)n = Γ(Z̃,O(n · pr∗DZ))

Γ(Z,O(n ·DZ))

p̃∗

ÇP̃
∗

u 7→Çu

φp ∗

(Ç u
)T n

3 T n
4 7→Ç u

pr∗

Ç
u 7→Ç

PR
∗ u

where φ is the isomorphism from Lemma 3.6.17. The diagram is commutative since the
corresponding diagram of matrices and quotients from Construction 3.6.15 is commutative.
Since φ is an isomorphism, for any T u ∈ R(Z)nwX

there exists a w ∈ Z3 such that
T u = p̃∗(Çw) with Çw ∈ O(Z̃) = K[É̃ ∩ Z4].

Corollary 3.6.19. Consider X ¦ Z and É̃ as in Setting 3.6.8 and let {ũ1, . . . ũ8} be the
Hilbert basis of S(É̃) from Proposition 3.6.12. Then we have

p̃∗
(

Çũ1

)

∈ R(X)1·wX
,

p̃∗
(

Çũ2

)

, p̃∗
(

Çũ3

)

, p̃∗
(

Çũ4

)

, p̃∗
(

Çũ5

)

, p̃∗
(

Çũ6

)

, ∈ R(X)2·wX
,

p̃∗
(

Çũ7

)

, p̃∗
(

Çũ8

)

∈ R(X)º·wX
.

Proof. The closed embeddings X̂ ↪→ Ẑ of the characteristic spaces induce a diagram

⊕

[D]∈Cl(Z) R(Z)[D]

h 7→h

��

O(Ẑ)

h 7→h|
X̂

��
⊕

[D]∈Cl(X) R(X)[D] O(X̂)

where the downwards arrows are surjective. Then the claim follows from Proposition 3.6.16.

Proposition 3.6.20. Consider X, É̃ and P̃ from Setting 3.6.8 and the Hilbert ba-
sis {ũ1, . . . , ũ8} of S(É̃) from Proposition 3.6.12. Then Ũ1, . . . , Ũ6 ∈ S(X) from Proposi-
tion 3.6.5 are given by

Ũi = ÇP̃ ∗ũi .

Proof. In Lemma 3.6.18 we computed P̃ ∗ũi for i = 1, . . . , 6. Using the latter, we obtain

ÇP̃ ∗ũ1 = Ç(0,0,1,1) = T3T4 = Ũ1, ÇP̃ ∗ũ2 = Ç(1,1,0,2) = T1T2T
2
4 = Ũ2,

ÇP̃ ∗ũ3 = Ç(1,1,2,0) = T1T2T
2
3 = Ũ3, ÇP̃ ∗ũ4 = Ç(2,2,0,0) = T 2

1 T
2
2 = Ũ4,

ÇP̃ ∗ũ5 = Ç(0,0,4,0) = T 4
3 = Ũ5, ÇP̃ ∗ũ6 = Ç(0,0,0,4) = T 4

4 = Ũ6.
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Remark 3.6.21. We set Ũ7 := ÇP̃ ∗ũ7 and Ũ8 := ÇP̃ ∗ũ8 . Then, Lemma 3.6.18 provides
us with

Ũ7 = ÇP̃ ∗ũ7 = Ç(2º,0,0,0) = T 2º
1 , Ũ8 = ÇP̃ ∗ũ8 = Ç(0,2º,0,0) = T 2º

2 .

Proposition 3.6.22. Consider X, the Gorenstein index º of X as in Setting 3.6.8 and
let {ũ1, . . . ũ8} be the Hilbert basis from Proposition 3.6.12 and let Ũi = ÇP̃ ∗ũi. Then we
obtain the following relation in R(X)4º·wX

:

Ũ2º
1 Ũ7Ũ8 − Ũ º

2Ũ
º
3 = 0.

Proof. We derive the degrees of ÇP̃ ∗ũi from Corollary 3.6.19 and obtain

deg(Ũ1) = wX , deg(Ũ2) = 2wX , deg(Ũ3) = 2wX ,

deg(Ũ7) = ºwX , deg(Ũ8) = ºwX .

This implies Ũ º
2Ũ

º
3 ∈ R(X)4º·wX

and Ũ2º
1 Ũ7Ũ8 ∈ R(X)4º·wX

. Moreover, with the ũi given
as in Proposition 3.6.12 we directly compute

2ºũ1 + ũ7 + ũ8 = ºũ2 + ºũ3.

Consequently, we get

Ũ2º
1 Ũ7Ũ8 − Ũ º

2Ũ
º
3 =

(

ÇP̃ ∗ũ1

)2º
· ÇP̃ ∗ũ7 · ÇP̃ ∗ũ8 −

(

ÇP̃ ∗ũ2

)º
·
(

ÇP̃ ∗ũ3

)º
= 0.

Thus, the claim follows.

Proof of Proposition 3.6.14. The commutativity of the diagram follows from Proposi-
tion 3.6.20 and from Remark 3.6.21.

Due to Corollary 3.6.13 the map ȷ∗ is surjective. According to Proposition 3.6.16
the map p̃∗ from the diagram is surjective. Further, it is clear that S(Z) → S(X) is
surjective. Hence, the commutative diagram yields that φ is surjective.

3.6.4. Relations of the anticanonical ring • We continue to examine the map φ
from Proposition 3.6.14. The main result of this section is Proposition 3.6.24, where we
determine the generators of the ideal ker(φ).

Setting 3.6.23. Consider X = X(P ), the cone É̃ ¦ Q4 and the monoid S(É̃) = É̃∩Z4 as
in Setting 3.6.8. The Hilbert basis H(É̃) = {ũ1, . . . , ũ8} of S(É̃) from Proposition 3.6.12
yields the epimorphism

ȷ∗ : K[U1, . . . , U8] −→ K[S(É̃)], Ui 7→ Çũi .
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Let º ∈ Zg0. Then, we set

g1 := 2U3 + U4 + U5 − U6,

g2 := 2U2 + U4 − U5 + U6,

g3 := 2U2
1 − U4 + U5 + U6,

g4 := U2
4 − 2U4U5 + U2

5 − 2U4U6 − 2U5U6 + U2
6 ,

g5 :=
(

2U2
1 + U5 + U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
5U

º−1−k
6 − (U5 − U6)2

º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
5U

º−2−k
6 − U7U8

and define the ideals

I :=
〈

U2
1U4 − U2U3, U

2
1U3 − U2U5, U

2
1U2 − U3U6, U2 + U3 + U4

〉

,

Î := ïg1, g2, g3, g4ð ,
J := Î +

〈

U2º
1 U7U8 − U º

2U
º
3

〉

,

K := Î + ïg5ð

and their extensions

U−1I, U−1Î , U−1K,U−1J ⊴ K[U±1
1 , . . . , U±1

8 ],

Û−1I, Û−1Î , Û−1K, Û−1J ⊴

(

U2
1 + U3

)−1
K[U±1

1 , . . . , U±1
8 ].

Proposition 3.6.24. Consider the ideal K as in Setting 3.6.23 and consider the epimor-
phism φ : K[U1, . . . , U8] → S(X) from Proposition 3.6.14. Then we have K = ker(φ).

The proof of Proposition 3.6.24 is given at the end of this section. In a first major
preparation step we show Û−1K ¦ Û−1 ker(φ). The second step is Proposition 3.6.33,
where we prove VK8(K) = VK8(ker(φ)), and the last step is Corollary 3.6.36, where we
show that K is a prime ideal.

Proposition 3.6.25. Consider the epimorphism ȷ∗ and the ideals J,K ⊴ K[U1, . . . , U8]
from Setting 3.6.23 and the epimorphism φ from Proposition 3.6.14. Then the following
statements hold:

(i) In the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ] we have Û−1K ¦ Û−1J .

(ii) In K[U±
1 , . . . , U

±
6 , U7, U8] we have (U1 · · ·U6)−1 J ¦ (U1 · · ·U6)−1 ker(ȷ∗).

(iii) In K[U1, . . . , U8] we have ker(ȷ∗) ¦ ker(φ).

Lemma 3.6.26. Consider the homomorphism ȷ∗ and the ideals I, Î ⊴ K[U1, . . . , U6]
from Setting 3.6.23. Set Ũ := U1 · · ·U6. Then Î is the saturation of I with respect to ïŨð
and we have

Ũ−1I = Ũ−1Î ¦ Ũ−1 ker(ȷ∗) ⊴ K[U±1
1 , . . . , U±1

6 , U7, U8].
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Proof. The fact that Î is a saturation of I can be directly checked by means of a computer
algebra system, for instance Singular. In other words, we have

Ũ−1I = Ũ−1Î

in K[U±1
1 , . . . , U±1

6 ]. Furthermore, Proposition 3.6.5 provides us with I ¦ ker (ȷ∗). Then
the claim follows from

Ũ−1Î = Ũ−1I ¦ Ũ−1 ker(ȷ∗).

Proposition 3.6.27. Consider the ideal J ⊴ K[U1, . . . , U8] and the polynomial g5 as in

Setting 3.6.23. Then in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ] we have g5 ∈ Û−1J .

The proof of this proposition is a consequence of the following five lemmata. We
successively substitute the variables U5, U6, U7 and U2 in g5 with rational functions taken
from Û−1J .

Lemma 3.6.28. Let º ∈ Zg0. Then in K[U−1
1 , U3] the following holds

(

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

1 + U3

U2

1

)2k
−
(

2 + U3

U2

1

)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

1 + U3

U2

1

)2k
)

=
(

U3

U2

1

)2º−2
.

Proof. With x := 1 + U3U
−2
1 we reformulate the equation from the assertion as follows:

º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k − (1 + x)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

x2k = (x− 1)2º−2.

For the left hand side of this equation we obtain

º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k − (1 + x)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

x2k

=
º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k − (1 + 2x+ x2)
º−2
∑

k=0

1
2

(2º−2
2k+1

)

x2k

=
º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k −
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(x2k + x2k+2) −
º−2
∑

k=0

(2º−2
2k+1

)

x2k+1.

For the right hand side of the reformulated equation from the assertion we have

(x− 1)2º−2 =
2º−2
∑

k=0

(2º−2
k

)

xk(−1)2º−2−k =
º−1
∑

k=0

(2º−2
2k

)

x2k −
º−2
∑

k=0

(2º−2
2k+1

)

x2k+1.
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So it remains to show

º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k −
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(x2k + x2k+2) =
º−1
∑

k=0

(2º−2
2k

)

x2k.

Then, for the left hand side of this equation we get

º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k −
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(x2k + x2k+2)

=
º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k −
º−2
∑

k=0

1
2

(2º−2
2k+1

)

x2k −
º−2
∑

k=0

1
2

(2º−2
2k+1

)

x2k+2

=
º−1
∑

k=0

1
2

( 2º
2k+1

)

x2k −
º−2
∑

k=0

1
2

(2º−2
2k+1

)

x2k −
º−1
∑

k=1

1
2

(2º−2
2k−1

)

x2k.

Hence it suffices to verify the following three identities

1
2

( 2º
2k+1

)− 1
2

(2º−2
2k+1

)

=
(2º−2

2k

)

, k = 0,

1
2

( 2º
2k+1

)− 1
2

(2º−2
2k+1

)− 1
2

(2º−2
2k−1

)

=
(2º−2

2k

)

, k = 1, . . . , º− 2,

1
2

( 2º
2k+1

)− 1
2

(2º−2
2k−1

)

=
(2º−2

2k

)

, k = º− 1.

The first and the third identity are clear by definition. Moreover, for k = 1, . . . , º− 2 we
have

( 2º
2k+1

)

= (2º)!
(2k+1)!(2º−2k−1)! = 2º(2º−1)

(2k+1)(2º−2k−1)
(2º−2)!

(2k)!(2º−2k−2)! = 2º(2º−1)
(2k+1)(2º−2k−1)

(2º−2
2k

)

,
(2º−2

2k+1

)

= (2º−2)!
(2k+1)!(2º−2k−3)! = 2º−2k−2

2k+1
(2º−2)!

(2k)!(2º−2k−2)! = 2º−2k−2
2k+1

(2º−2
2k

)

,
(2º−2

2k−1

)

= (2º−2)!
(2k−1)!(2º−2k−1)! = 2k

2º−2k−1
(2º−2)!

(2k)!(2º−2k−2)! = 2k
2º−2k−1

(2º−2
2k

)

.

Thus, the second identity follows from

2º(2º−1)
(2k+1)(2º−2k−1) − 2º−2k−2

2k+1 − 2k
2º−2k−1 = 2.

Lemma 3.6.29. In the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ] we have

0 = − U4ι−4

1
U2

3

(U2

1
+U3)

ι

(

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

1 + U3

U2

1

)2k

−
(

2 + U3

U2

1

)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

1 + U3

U2

1

)2k
)

+
U2ι

3

(U2

1
+U3)

ι .
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Proof. Obviously, we have

− U4ι−4

1
U2

3

(U2

1
+U3)

ι

(

U3

U2

1

)2º−2
+

U2ι

3

(U2

1
+U3)

ι = 0.

Lemma 3.6.28 provides us with the identity

(

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

1 + U3

U2

1

)2k
−
(

2 + U3

U2

1

)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

1 + U3

U2

1

)2k
)

=
(

U3

U2

1

)2º−2
.

Substituting this in the first equation gives the assertion.

Lemma 3.6.30. Consider the ideal J ⊴ K[U1, . . . , U8] as in Setting 3.6.23 and

f := U2º
1

U ι−2

2

U ι

3

(

(U2 + U3)2
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k

−
(

U2

3
−U2

2

U2

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U ι

2
U ι

3

U2ι

1

.

Then in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ] we have f ∈ Û−1J .

Proof. Lemma 3.6.26 yields U−1I = U−1Î in K[U±1
1 , . . . , U±

8 ]. In particular, we obtain

Û−1I = Û−1Î in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ]. By definition we have

J = Î +
〈

U2º
1 U7U8 − U º

2U
º
3

〉

and thus obtain

Û−1I = Û−1Î ¦ Û−1J.

Recall U2
1U2 −U3U6 ∈ I from Setting 3.6.23. In particular, we have U2

1U2 −U3U6 ∈ Û−1I
and consequently

U2

1
U2

U3
− U6 ∈ Û−1J.

Further, we recall from Setting 3.6.23 that

g2 = 2U2 + U4 − U5 + U6 ∈ I, g3 = 2U2
1 − U4 + U5 + U6 ∈ I.

Hence, U2
1 + U2 + U6 = 1

2 (g2 + g3) ∈ Û−1I ¦ Û−1J . Writing U6 =
U2

1
U2

U3
+ h6 with

h6 ∈ Û−1J and substituting U6 accordingly in U2
1 + U2 + U6 we arrive at

U2
1U3 + U2U3 + U2

1U2 ∈ Û−1J.

This implies

U2 +
U2

1
U3

U2

1
+U3

∈ Û−1J.
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Let h2 ∈ Û−1J be such that − U2

1
U3

U2

1
+U3

= U2 + h2. Using this identity and using that º is

odd we obtain the following

− U2ι−4

1

(U2

1
+U3)

ι−2
U2

3

= − U2ι−4

1
U ι−2

3

(U2

1
+U3)

ι−2
U ι

3

=
U ι−2

2

U ι

3

, (3.6.30.1)

U3

U2

1
+U3

= − U2

1
U3

U2

1
+U3

+
U3(U2

1
+U3)

U2

1
+U3

= U2 + U3, (3.6.30.2)

(

1 + U3

U2

1

)2
=

(

U3(U2

1
+U3)

U2

1
U3

)2

=
(

U3

U2

)2
, (3.6.30.3)

− U2ι

3

(U2

1
+U3)

ι =
−U2ι

1
U ι

3
U ι

3

U2ι

1 (U2

1
+U3)

ι =
U ι

2
U ι

3

U2ι

1

(3.6.30.4)

in the factor ring (U2
1 + U3)−1K[U±1

1 , . . . , U±1
8 ]/Û−1J . Moreover, in this factor ring we

have

(

U2

3
−U2

2

U2

)2
=









U2

3
−
(

− U2

1
U3

U2

1
+U3

)2

− U2

1
U3

U2

1
+U3









2

=

((

U2
3 −

(

− U2

1
U3

U2

1
+U3

)2
)

−(U2

1
+U3)

U2

1
U3

)2

=

(

U3
−(U2

1
+U3)

U2

1

+
(

U2

1
U3

U2

1
+U3

)2 (U2

1
+U3)

U2

1
U3

)2

=
(

U3
−(U2

1
+U3)

U2

1

+
U2

1
U3

U2

1
+U3

)2

=
(

−U3 − U2

3

U2

1

+
U2

1
U3

U2

1
+U3

)2

=

(

−U3U2

1 (U2

1
+U3)

U2

1 (U2

1
+U3)

− U2

3 (U2

1
+U3)

U2

1 (U2

1
+U3)

+
U2

1
U3U2

1

U2

1 (U2

1
+U3)

)2

=
(−U3U2

1 (U2

1
+U3)−U2

3 (U2

1
+U3)+U4

1
U3)

2

U4

1 (U2

1
+U3)

2

=
(−U3U4

1
−U2

3
U2

1
−U2

3
U2

1
−U3

3
+U4

1
U3)

2

U4

1 (U2

1
+U3)

2

=
(U2

3 (−U3−2U2

1 ))
2

U4

1 (U2

1
+U3)

2

=
U4

3 (2U2

1
+U3)

2

U4

1 (U2

1
+U3)

2

=
U4

3

(U2

1
+U3)

2

(2U2

1
+U3)

2

U4

1

=
U4

3

(U2

1
+U3)

2

(

2 + U3

U2

1

)2
. (3.6.30.5)
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Further, we recall from Lemma 3.6.29

g = − U4ι−4

1
U2

3

(U2

1
+U3)

ι

(

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

1 + U3

U2

1

)2k

−
(

2 + U3

U2

1

)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

1 + U3

U2

1

)2k
)

+
U2ι

3

(U2

1
+U3)

ι ∈ Û−1J.

By moving the term
U4

3

(U2

1
+U3)

2 into the parenthesis we bring g into the form

g = −U2º
1

U2ι−4

1

(U2

1
+U3)

ι−2
U2

3

(

(

U3

U2

1
+U3

)2
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

1 + U3

U2

1

)2k

− U4

3

(U2

1
+U3)

2

(

2 + U3

U2

1

)2
º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

1 + U3

U2

1

)2k
)

+
U2ι

3

(U2

1
+U3)

ι .

This in turn allows us to plug in directly the identities (3.6.30.1) to (3.6.30.5) into g,
which yields

0 = g = f = U2º
1

U ι−2

2

U ι

3

(

(U2 + U3)2
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k

−
(

U2

3
−U2

2

U2

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U ι

2
U ι

3

U2ι

1

∈
(

U2
1 + U3

)−1
K[U±1

1 , . . . , U±1
8 ]/Û−1J.

Consequently, we get f ∈ Û−1J .

Lemma 3.6.31. Consider the ideal J ⊴ K[U1, . . . , U8] as in Setting 3.6.23 and

f := U2º
1

U ι−2

2

U ι

3

(

(U2 + U3)2
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k

−
(

U2

3
−U2

2

U2

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U7U8.

Then in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ] we have f ∈ Û−1J .

Proof. By defintion we have J = Î +
〈

U2º
1 U7U8 − U º

2U
º
3

〉

. Hence, we get

U2º
1 U7U8 − U º

2U
º
3 ∈ Û−1J

in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ]. This implies U7U8 − U ι

2
U ι

3

U2ι

1

∈ Û−1J . This

provides us with h78 ∈ Û−1J such that
U ι

2
U ι

3

U2ι

1

= U7U8 + h78. Hence, by accordingly

substituting
U ι

2
U ι

3

U2ι

1

in the Laurent polynomial from Lemma 3.6.30, we obtain the desired

claim.
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Lemma 3.6.32. Consider the ideal J ⊴ K[U1, . . . , U8] as in Setting 3.6.23 and the
Laurent polynomial

f :=
(

2U2
1 +

U2

1
U3

U2
+ U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U2

1
U3

U2

)k
U º−1−k

6

−
(

U2

1
U3

U2
− U6

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U2

1
U3

U2

)k
U º−2−k

6 − U7U8.

Then in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ] we have f ∈ Û−1J .

Proof. Lemma 3.6.26 provides us with U−1I = U−1Î in K[U±1
1 , . . . , U±1

8 ]. In particular,

we obtain Û−1I = Û−1Î in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ]. By definition

we have J = Î +
〈

U2º
1 U7U8 − U º

2U
º
3

〉

. Thus, we get

Û−1I = Û−1Î ¦ Û−1J.

Recall U2
1U2 −U3U6 ∈ I from Setting 3.6.23. In particular, on has U2

1U2 −U3U6 ∈ Û−1J .
Consequently, we get

U2

1
U2

U3
− U6 ∈ Û−1J.

Then, there exists h6 ∈ Û−1J such that
U2

1
U2

U3
= U6 + h6. Furthermore, we simply

rearrange the terms of the following Laurent polynomial

U2º
1

U ι−2

2

U ι

3

(

(U2 + U3)2
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k
−
(

U2

3
−U2

2

U2

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U7U8

= U2º
1

(

U2

U3

)º−2
(

(U2+U3)2

U2

3

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k
−
(

U2

3
−U2

2

U2U3

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U7U8

= U2º
1

(

U2

U3

)º−2
(

(U2+U3)2

U2U3

U2

U3

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k
−
(

U2

3
−U2

2

U2U3

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U7U8

= U2º−2+2
1

(U2+U3)2

U2U3

(

U2

U3

)º−1
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k

− U2º−4+4
1

(

U2

U3

)º−2 (U2

3
−U2

2

U2U3

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
− U7U8
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= U2º−2
1

(

U2

U3

)º−1 (2U2

1
U2U3+U2

1
U2

3
+U2

1
U2

2

U2U3

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k

− U2º−4
1

(

U2

U3

)º−2 (U2

1
U2

3
−U2

1
U2

2

U2U3

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
− U7U8

=
(

2U2

1
U2U3+U2

1
U2

3
+U2

1
U2

2

U2U3

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U2

1
U3

U2

)k (U2

1
U2

U3

)º−1−k

−
(

U2

1
U2

3
−U2

1
U2

2

U2U3

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U2

1
U3

U2

)k (U2

1
U2

U3

)º−2−k
− U7U8

=
(

2U2
1 +

U2

1
U3

U2
+

U2

1
U2

U3

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U2

1
U3

U2

)k (U2

1
U2

U3

)º−1−k

−
(

U2

1
U3

U2
− U2

1
U2

U3

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U2

1
U3

U2

)k (U2

1
U2

U3

)º−2−k
− U7U8.

Moreover, according to Lemma 3.6.31 we have

U2º
1

U ι−2

2

U ι

3

(

(U2 + U3)2
º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U3

U2

)2k

−
(

U2

3
−U2

2

U2

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U3

U2

)2k
)

− U7U8 ∈ Û−1J.

By substituting
U2

1
U2

U3
= U6 + h6 in the rearranged polynomial from above, the claim

follows.

Proof of Proposition 3.6.27. Due to Lemma 3.6.26 we have U−1I = U−1Î inside the ring
K[U±1

1 , . . . , U±1
8 ]. Hence Û−1I = Û−1Î in the localization

(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ].

By definition, we have J = Î +
〈

U2º
1 U7U8 − U º

2U
º
3

〉

. Then, we get

Û−1I = Û−1Î ¦ Û−1J.

Since U2
1U3 − U2U5 is a generator of I, we obtain U2

1U3 − U2U5 ∈ Û−1J inside the ring

K[U±1
1 , . . . , U±1

8 ]. This implies
U2

1
U3

U2
−U5 ∈ Û−1J . Hence there is a h5 ∈ Û−1J such that

U2

1
U3

U2
= U5 + h5.
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Further, due to Lemma 3.6.32 we have

f :=
(

2U2
1 +

U2

1
U3

U2
+ U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

(

U2

1
U3

U2

)k
U º−1−k

6

−
(

U2

1
U3

U2
− U6

)2 º−2
∑

k=0

1
2

(2º−2
2k+1

)

(

U2

1
U3

U2

)k
U º−2−k

6 − U7U8 ∈ Û−1J

in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ]. By substituting

U2

1
U3

U2
= U5 + h5 accord-

ingly in the polynomial f , we obtain that the desired polynomial

g5 =
(

2U2
1 + U5 + U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
5U

º−1−k
6 − (U5 − U6)2

º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
5U

º−2−k
6 − U7U8

lies in the ideal Û−1J .

Proof of Proposition 3.6.25. We recall J = Î+
〈

U2º
1 U7U8 − U º

2U
º
3

〉

and K = Î+ ïg5ð from
Setting 3.6.23. According to Proposition 3.6.27 we have g5 ∈ Û−1J in the localization
(

U2
1 + U3

)−1
K[U±

1 , . . . , U
±
8 ]. This implies

Û−1K ¦ Û−1J

and we obtain (i). We proceed showing (ii). We set Ũ := (U1 · · ·U6). Due to Lemma 3.6.26
we have

Ũ−1Î ¦ Ũ−1 ker(ȷ∗)

in K[U±1
1 , . . . , U±1

6 , U7, U8]. It is left to check U2º
1 U7U8 − U º

2U
º
3 ∈ Ũ−1 ker (ȷ∗). With

the ũi given as in Proposition 3.6.12 we directly compute

2ºũ1 + ũ7 + ũ8 = ºũ2 + ºũ3.

From Setting 3.6.23 we recall the epimorphism

ȷ∗ : K[U1, . . . , U8] −→ K[S(É̃)], Ui 7→ Çũi .

Then, we get
U2º

1 U7U8 − U º
2U

º
3 ∈ ker (ȷ∗) .

In particular, we have

Ũ−1J = Ũ−1Î + Ũ−1
〈

U2º
1 U7U8 − U º

2U
º
3

〉

¦ Ũ−1 ker(ȷ∗)

in K[U±1
1 , . . . , U±1

6 , U7, U8] and the statement (ii) follows. The statement (iii), that is
ker(ȷ) ¦ ker(φ), follows directly from the commutative diagram in Proposition 3.6.14.

Proposition 3.6.33. Let the ideal K ⊴ K[U1, . . . , U8] be as in Setting 3.6.23 and let
φ : K[U1, . . . , U8] → S(X) be as in Proposition 3.6.14. Then we have

VK8 (K) = VK8 (ker (φ)) .
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Lemma 3.6.34. Consider the ideal the ideal K = ïg1, g2, g3, g4, g5ð ⊴ K[U1, . . . , U8] with

g1 = 2U3 + U4 + U5 − U6,

g2 = 2U2 + U4 − U5 + U6,

g3 = 2U2
1 − U4 + U5 + U6,

g4 = U2
4 − 2U4U5 + U2

5 − 2U4U6 − 2U5U6 + U2
6 ,

g5 =
(

2U2
1 + U5 + U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
5U

º−1−k
6 − (U5 − U6)2

º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
5U

º−2−k
6 − U7U8.

as in Setting 3.6.23. Then, with g := U4
1 −U5U6, we get an isomorphism of graded rings

K[U1, . . . , U8]/K ∼= K[U1, U5, U6, U7, U8]/ ïg, g5ð ,

where the degrees of the remaining Ui are as before.

Proof. We consider the following epimorphisms

φ1 : K[U1, . . . , U8] −→ K[U1, U2, U3, U5, U6, U7, U8],

Ui 7−→
{

Ui, i ̸= 4,
−U2 − U3, i = 4,

φ2 : K[U1, U2, U3, U5, U6, U7, U8] −→ K[U1, U3, U5, U6, U7, U8],

Ui 7−→
{

Ui, i ̸= 2,
U3 + U5 − U6, i = 2,

φ3 : K[U1, U3, U5, U6, U7, U8] −→ K[U1, U5, U6, U7, U8],

Ui 7−→
{

Ui, i ̸= 3,
−U2

1 − U5, i = 3.

We observe

ker(φ1) = ïU2 + U3 + U4ð , ker(φ2) = ïU2 − U3 − U5 + U6ð ,
ker(φ3) =

〈

U3 + U2
1 + U5

〉

.

Next, we set

f1 := U2 + U3 + U4, f2 := U2 − U3 − U5 + U6, f3 := U3 + U2
1 + U5.

Then we get an isomorphism

K[U1, . . . , U8]/ ïf1, f2, f3ð −→ K[U1, U5, U6, U7, U8].

This provides us with an isomorphism

K[U1, . . . , U8]/
〈

f1, f2, f3, U
4
1 − U5U6

〉

−→ K[U1, U5, U6, U7, U8]/
〈

U4
1 − U5U6

〉

.
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3.6. On the anticanoncial embedding

Further, using the computer algebra system Singular we compute the Gröbnerbasis
of
〈

f1, f2, f3, U
4
1 − U5U6

〉

. It is given by (f1, g1, g3, g4). Because of

2f1 − g1 = 2 (U2 + U3 + U4) − 2U3 − U4 − U5 + U6 = 2U2 + U4 − U5 + U6 = g2

we obtain

〈

f1, f2, f3, U
4
1 − U5U6

〉

= ïf1, g1, g3, g4ð = ïg1, g2, g3, g4ð .

Hence, we have an isomorphism

K[U1, . . . , U8]/ ïg1, g2, g3, g4ð −→ K[U1, U5, U6, U7, U8]/
〈

U4
1 − U5U6

〉

.

Since g5 does only depend on the variables U1, U5, U6, U7 and U8, this yields the claim.

Proposition 3.6.35. Consider the polynomials

g = U4
1 − U5U6,

g5 =
(

2U2
1 + U5 + U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
5U

º−1−k
6 − (U5 − U6)2

º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
5U

º−2−k
6 − U7U8.

Then the zero set VK5(g, g5) is normal, irreducible and a complete intersection.

Proof. In a first step we show that the zero set Y := VK5(g, g5) is connected and that
each irreducible component contains the origin. Lemma 3.6.34 provides us with the
grading of the ring K[U1, U5, U6, U7, U8]

[deg(U1),deg(U5),deg(U6),deg(U7),deg(U8)] = [1, 2, 2, º, º] .

The corresponding K∗-action on K5 is given as

t · (z1, . . . , z5) =
(

tz1, t
2z2, t

2z3, t
ºz4, t

ºz5

)

.

The polynomials g and g5 are homogeneous and thus the K∗-action restricts to Y .
Moreover, every irreducible component of Y is K∗-invariant and the closure of every
K∗-orbit contains zero. Consequently, every irreducible component contains zero and Y
must be connected.

In a second step, we show that Y is a normal complete intersection that means all
local rings OY,y, where y ∈ Y , are normal and that I(Y ) = ïg, g5ð. The Jacobian of
(g, g5) is

J(g,g5) =

[

4U3
1 −U6 −U5 0 0

∂g5

∂U1

∂g5

∂U5

∂g5

∂U6
−U8 −U7

]

.
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Let z ∈ Y . If we have rkJ(g,g5)(z) < 2 then every 2 × 2 minor of J(g,g5)(z) has to have
determinant equal to zero. This yields

{

z ∈ VK5(g, g5); rkJ(g,g5) < 2
}

¦ V (g, g5) ∩
(

(

V (U5) ∪ V (U7, U8)
)

∩
(

V (U6) ∪ V (U7, U8)
)

∩
(

V (U1) ∪ V (U7, U8)
)

)

.

Thus, the set of all points where the Jacobian is not of full rank is of codimension g 2.
Then Serre’s criterion for normality [35, AI, Sec. 6.2] yields that Y is a normal complete
intersection, that is I(Y ) = ïg, g5ð . Consequently, we get

ïg, g5ð = I(Y ) =
√

ïg, g5ð.

Finally, observe that Y is irreducible. Otherwise, at least two irreducible components
contain the origin. Thus, OY,0 can’t be a normal ring. This contradicts the second step.
Consequently Y is irreducible and I(Y ) = ïg, g5ð is a prime ideal.

Corollary 3.6.36. Let K ⊴ K[U1, . . . , U8] be as in Setting 3.6.23. Then VK8(K) is
normal, irreducible and a complete intersection.

Proof. Let g = U4
1 − U5U6. Then, Lemma 3.6.34 yields that VK8(K) is isomorphic

to VK5 (g, g5). Hence Proposition 3.6.35 yields the assertion.

Lemma 3.6.37. Let the ideal K ⊴ K[U1, . . . , U8] be as in Setting 3.6.23. Then we
have dim (VK8(K)) = 3.

Proof. Due to Corollary 3.6.36 the null set VK8(K) is an irreducible, normal, complete
intersection. Consequently, we obtain dim (VK8(K)) = 3.

Proof of Proposition 3.6.33. We derive from Proposition 3.6.14 that φ is surjective.
Hence, the map Spec(φ) : X̃ ↪→ K8 is a closed embedding. Thus, we obtain ker(φ) =
IK8(X̃). This implies

VK8(ker(φ)) = VK8(IK8(X̃)) = Spec(φ)
(

X̃
)

.

By using Lemma 3.6.37 one obtains

dim (VK8(K)) = 3 = dim
(

X̃
)

= dim (VK8(ker(φ))) .

Due to Proposition 3.6.25 we have Û−1K ¦ Û−1 ker(φ). This provides us with the
following inclusion on an open subset of K8

VT8\V (U2

1
+U3) (ker(φ)) ¦ VT8\V (U2

1
+U3)(K).
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3.6. On the anticanoncial embedding

Hence, we get VK8 (ker(φ)) ¦ VK8(K). Altogether, since the two closed sets are contained
in each other and have the same dimension, we conclude VK8(K) = VK8(ker(φ)).

Proof of Proposition 3.6.24. According to Proposition 3.6.33 we have
VK8(K) = VK8(ker(φ)). This implies

√
K = I (VK8(K)) = I (VK8(ker(φ))) =

√

ker(φ) = ker(φ).

Further, Corollary 3.6.36 tells us that K is a prime ideal. Then we obtain K = ker(φ).

Proof of Theorem 3.6.1. For (i), we use MDSpackage [23] to compute a minimal homoge-
neous generator system for S(X), see that the generator degrees are 1, 1, 1, 2 and that
the ideal of relations is generated by a single polynomial of degree 4 as in (i). We show
the second assertion. Consider the Z-graded polynomial algebra

K[U1, . . . , U8], [deg(U1), . . .deg(U8)] = [1, 2, 2, 2, 2, 2, º, º] .

According to Proposition 3.6.14 we have an epimorphism of graded rings onto the
anticanonical ring φ : K[U1, . . . , U8] → S(X), given by

φ(U1) = T3T4, φ(U2) = T1T2T
2
4 , φ(U3) = T1T2T

2
3 , φ(U4) = T 2

1 T
2
2 ,

φ(U5) = T 4
3 , φ(U6) = T 4

4 , φ(U7) = T 2º
1 , φ(U8) = T 2º

2 .

This induces an isomorphism of graded rings K[U1, . . . , U8]/ ker(φ) ∼= S(X). Due to
Proposition 3.6.24, the main result of Subsection 3.6.4, the kernel of φ is generated by
the polynomials

g1 := 2U3 + U4 + U5 − U6,

g2 := 2U2 + U4 − U5 + U6,

g3 := 2U2
1 − U4 + U5 + U6,

g4 := U2
4 − 2U4U5 + U2

5 − 2U4U6 − 2U5U6 + U2
6 ,

g5 :=
(

2U2
1 + U5 + U6

)

º−1
∑

k=0

1
2

( 2º
2k+1

)

Uk
5U

º−1−k
6 − (U5 − U6)2

º−2
∑

k=0

1
2

(2º−2
2k+1

)

Uk
5U

º−2−k
6 − U7U8.

Lemma 3.6.34 allows us to eliminate the variables U2, U3 and U4 such that we arrive at
an isomorphism of graded rings

K[U1, U5, U6, U7, U8]/ ïg, g5ð ∼= K[U1, . . . , U8]/ ker(φ) ∼= S(X),

where g = U4
1 − U5U6 and where the degrees of the remaining Ui are as before. After

suitably renumbering the variables, we obtain the assertion.
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