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Abstract

Graphs are a powerful data representation to model complex interactions between entities. They
are ubiquitous across various domains, such as social networks, molecular biology, and traffic
modeling. Message-passing Graph Neural Networks (GNNs) have recently emerged as effective
tools for graph learning, demonstrating state-of-the-art performance in applications including drug
discovery, weather forecasting, and recommender systems. Nevertheless, they suffer from both
theoretical and practical limitations. Theoretical analyses have revealed that the expressive power of
GNN architectures is constrained by the WL-� isomorphism test [��, ���], indicating an inability to
distinguish certain graph structures. Their expressivity is also limited by issues such oversmoothing
[���] and oversquazing [�, ��], which in practice, impose limitations on architecture complexity,
for instance, the number of layers. Additionally, theoretical and empirical results—including those
in this thesis and previous works—expose that the performance of GNNs depends on the task at
hand and nature of the graph. Practical challenges further limit the efficacy of GNNs, including
limited data availability, local optima in stochastic gradient descent, and a vast hyperparameter
space. Consequently, GNNs often do not obtain successful results out of the box and require
extensive customization for specific tasks. This explains the existence of dozens of architectures
and training procedures tailored to individual settings. Consequently, practitioners must invest
significant computational resources and time into cross-validation of GNN architectures and
hyperparameters to achieve competitive performance. All of this highlights the important role of
explicitly incorporating inductive biases into GNN algorithms to tailor solutions to specific tasks.

This thesis introduces novel designs of inductive biases in GNNs to address practical limitations
across three pivotal domains: efficient architecture search, causal inference, and inherent inter-
pretability. The proposed models are backed with theory and/or extensive empirical evaluation.
Moreover, we provide open-source implementations.

First, we propose L-CAT to address the computational complexity associated with architecture
cross-validation. We show for the first time in the GNN community that learning to interpolate
reduces the need for cross-validation of the GNN architectures. The proposed approach introduces
minimal overhead, with only two extra learnable parameters per layer, and exhibits robustness
to network initialization and input noise. These aspects make L-CAT a preferable approach in
practice.

Next, we introduce VACA—a novel model based graph variational autoencoders—to perform
approximate causal inference with GNNs. We first show that off-the-shelf GNN architectures are
not suitable for causal inference tasks. However, we show that by leveraging the causal graph to
impose constraints on the GNN architecture, causal inference queries can be approximated. As a
specific application, we illustrate how VACA can be used to assess counterfactual fairness and to
train a counterfactually fair classifier.

Finally, we introduce CORES to address inherently interpretable graph classification. In particular,
we aim to achieve interpretability through sparsity in the input graph. We argue that the less
information in the input given to the model, the easier the understanding of the prediction becomes.
To find minimal informative subgraphs, we design a reinforcement learning pipeline that integrate
conformal predictions in the design of the reward function to improve quality of the rewards and
thus ease the optimization. Then, CORES jointly optimizing for sparsity and performance in a



bi-level fashion. We show empirically that CORES achieves competitive performance while using
smaller input graphs compared to competing methods.

Collectively, the work presented in this thesis highlights the importance of explicit inductive biases in
GNN to narrow the search space and guide optimization towards solutions that achieve competitive
performance in target tasks. Our proposed GNN-based methodologies contribute to advancing
the field across three domains crucial for real-world applications with potential socio-economic
impact.
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Zusammenfassung

Graphen sind eine leistungsstarke Datenrepräsentation, um komplexe Interaktionen zwischen
Entitäten zu modellieren. Sie sind in verschiedenen Bereichen allgegenwärtig, wie z.B. in sozialen
Netzwerken, der Molekularbiologie und der Verkehrsmodellierung. Message-Passing-Graph-
Neural-Networks (GNNs) sind kürzlich als effektive Werkzeuge für das Lernen auf Graphen
hervorgetreten und zeigen Spitzenleistungen in Anwendungen wie der Wirkstoffentdeckung, der
Wettervorhersage und Empfehlungssystemen. Dennoch weisen sie sowohl theoretische als auch
praktische Einschränkungen auf. Theoretische Analysen haben gezeigt, dass die Ausdruckskraft
von GNN-Architekturen durch den WL-�-Isomorphism-Test beschränkt ist [��, ���], was auf eine
Unfähigkeit hinweist, bestimmte Graphstrukturen zu unterscheiden. Ihre Ausdruckskraft ist auch
durch Probleme wie Oversmoothing [���] und Oversquazing [�, ��] eingeschränkt, die in der Praxis
die Komplexität der Architektur, beispielsweise die Anzahl der Schichten, begrenzen. Darüber hinaus
zeigen theoretische und empirische Ergebnisse—einschließlich der in dieser Arbeit und früheren
Arbeiten—dass die Leistung von GNNs von der jeweiligen Aufgabe und der Art des Graphen
abhängt. Praktische Herausforderungen beschränken zudem die Effizienz von GNNs, einschließlich
begrenzter Datenverfügbarkeit, lokaler Optima beim stochastischen Gradientenabstieg und einem
riesigen Hyperparameterraum. Folglich erzielen GNNs oft nicht sofort erfolgreiche Ergebnisse
und erfordern umfangreiche Anpassungen für spezifische Aufgaben. Dies erklärt die Existenz
zahlreicher Architekturen und Trainingsverfahren, die auf individuelle Einstellungen zugeschnitten
sind. Infolgedessen müssen Praktiker erhebliche Rechenressourcen und Zeit in die Kreuzvalidierung
von GNN-Architekturen und Hyperparametern investieren, um wettbewerbsfähige Leistungen
zu erzielen. All dies unterstreicht die wichtige Rolle der expliziten Einbindung von induktiven
Vorannahmen in GNN-Algorithmen, um Lösungen auf spezifische Aufgaben zuzuschneiden.

Diese Dissertation stellt neuartige Designs von induktiven Vorannahmen in GNNs vor, um prak-
tische Einschränkungen in drei zentralen Bereichen zu adressieren: effiziente Architektursuche,
kausale Inferenz und inhärente Interpretierbarkeit. Die vorgeschlagenen Modelle sind theoretisch
untermauert und/oder durch umfangreiche empirische Evaluierungen gestützt. Zudem bieten wir
Open-Source-Implementierungen an.

Zunächst schlagen wir L-CAT vor, um die mit der Kreuzvalidierung von Architekturen verbundene
Rechenkomplexität zu reduzieren. Wir zeigen erstmals in der GNN-Gemeinschaft, dass das
Lernen zur Interpolation den Bedarf an Kreuzvalidierung der GNN-Architekturen reduziert.
Der vorgeschlagene Ansatz führt nur zu minimalem Overhead, mit lediglich zwei zusätzlichen
lernbaren Parametern pro Schicht, und zeigt Robustheit gegenüber Netzwerkinitialisierung und
Eingaberauschen. Diese Aspekte machen L-CAT in der Praxis zu einem bevorzugten Ansatz.

Als nächstes führen wir VACA ein—ein neuartiges Modell basierend auf graphvariationalen
Autoencodern—um eine approximative kausale Inferenz mit GNNs durchzuführen. Zunächst
zeigen wir, dass herkömmliche GNN-Architekturen für kausale Inferenzaufgaben nicht geeignet sind.
Wir zeigen jedoch, dass durch die Nutzung des Kausalgraphen zur Auferlegung von Beschränkungen
auf die GNN-Architektur kausale Inferenzabfragen approximiert werden können. Als spezifische
Anwendung illustrieren wir, wie VACA zur Bewertung von kontrafaktischer Fairness und zum
Training eines kontrafaktisch fairen Klassifikators verwendet werden kann.



Schließlich stellen wir CORES vor, um eine inhärent interpretierbare Graphklassifikation zu ermög-
lichen. Insbesondere zielen wir darauf ab, Interpretierbarkeit durch Sparsamkeit im Eingabegraphen
zu erreichen. Wir argumentieren, dass je weniger Informationen das Modell in der Eingabe erhält,
desto einfacher wird das Verständnis der Vorhersage. Um minimale informative Teilgraphen zu
finden, entwerfen wir eine Verstärkungslern-Pipeline, die konforme Vorhersagen in das Design
der Belohnungsfunktion integriert, um die Qualität der Belohnungen zu verbessern und somit die
Optimierung zu erleichtern. Dann optimiert CORES gleichzeitig für Sparsamkeit und Leistung
in einer zweistufigen Weise. Wir zeigen empirisch, dass CORES wettbewerbsfähige Leistungen
erzielt, während kleinere Eingabegraphen im Vergleich zu konkurrierenden Methoden verwendet
werden.

Insgesamt unterstreicht die in dieser Dissertation vorgestellte Arbeit die Bedeutung expliziter
induktiver Vorannahmen in GNNs, um den Suchraum einzugrenzen und die Optimierung hin
zu Lösungen zu lenken, die in Zielaufgaben wettbewerbsfähige Leistungen erzielen. Unsere
vorgeschlagenen GNN-basierten Methoden tragen zur Weiterentwicklung des Feldes in drei
für reale Anwendungen entscheidenden Bereichen bei, die ein potenzielles sozioökonomisches
Auswirkungen haben.
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1.1 Introduction

Over the past decade, deep learning [��] has emerged as a trans-
formative force in artificial intelligence. This is mainly attributed
to its capacity to automatically discover complex patterns and
and useful representations when having access to vast amounts of
data. Initially, Convolutional Neural Networks (CNNs) [��] were
introduced to tackle tasks within the image domain, including
but not limited to image generation [���], and image in-painting
[��]. Similarly, Recurrent Neural Networks (RNNs) [��, ���] have
played an extensive role in advancing temporal series tasks such
as speech recognition [��] and weather forecasting [��], among
others.

Another ubiquitous domain is graphs, a data structure consisting
of nodes (also known as vertices) connected by edges, with inherent
applications across multiple fields. For instance, in social networks,
individuals and their relationships can be modeled as nodes and
edges within a graph. Similarly, in biology, proteins are represented
as nodes, with edges denoting their interactions. In transportation
networks, cities serve as nodes, while edges depict the routes
linking them.

In recent years, Graph Neural Networks (GNNs) [���], particu-
larly those based on the message passing paradigm [��, ��], have
emerged as a successful approach in graph learning, establishing
themselves as the standard methodology across numerous set-
tings [���]. They have demonstrated remarkable performance in
addressing complex tasks such as link prediction in recommender
systems [���], neural machine translation [��] traffic forecasting
[��, ���], weather forecasting [��] and drug discovery [��, ��].
However, both theoretical analyses and empirical observations
have revealed certain limitations inherent in these models.

Theoretical research has studied the expressive power of GNN
architecture, focusing on their ability to discern between different
graph structures. Many of these studies rely on the Weisfeiler-
Lehman (WL) test of graph isomorphism framework [���] for such
analysis. This test efficiently determines whether two graphs are
topologically identical across a broad class of graphs [�]. Intuitively,
a GNN should only assign the same embedding to two nodes if
they have identical local subgraphs and matching node features.
However, studies have revealed limitations in the expressivity of



2 Chapter 1 Overview

GNNs: they can capture the difference between certain types of
graph structures, specifically what is known as WL-� isomorphism
classes [��, ���]. This means that for some graphs that are very
similar in structure, GNNs might not be able to distinguish them
correctly. Additionally, they suffer other important issues such
as oversquashing, characterized by the loss of information from
distant nodes due to the exponential expansion of a node’s receptive
field resulting in numerous messages being “squashed” into fixed-
size vectors [�, ��]; and oversmoothing, involving the loss of
information due to repetitive feature mixing [���]. Some of these
issues can be alleviated in practice, for example, by performing
graph rewiring [�] or by adding noise to the optimization process
[���].

Additionally, theoretical analyses (from previous work and this
thesis) have shown that the performance of GNN architectures
depends on the task at hand and the nature of the graphs [��, ��, ��,
��], which is challenging to know a priori. This observation is also
recurrent in empirical findings [��] when comparing various GNN
architectures proposed in the literature [��, ��, ��, ��, ��, ���]. In
essence, there is no consistent winner that outperforms all others
in every scenario, thus computationally intensive cross-validation
is required.

These findings highlight the importance of explicitly introducing
inductive biases—i.e., set of assumptions into the model before
seeing any data—in GNN-based methodologies in order to be
able to achieve high performance in practice. This is evidenced
by the overwhelming number of GNN papers proposing distinct
designs and methodological approaches tailored to specific tasks,
as outlined in numerous surveys [��, ��, ��, ��, ��, ��, ���, ���].
Moreover, other practical challenges such as i) limited data (e.g.,
certain molecule classification datasets contain only a few hundred
examples [��]), ii) local optima resulting from stochastic gradi-
ent descent during training, and iii) constrained computational
resources limiting the number of learnable parameters and hyper-
parameter configurations for cross-validation, further contribute
to the variability in GNN performance.

While GNNs hold promise for a wide range of tasks, it becomes
apparent that the meticulous design of inductive biases for GNN
architectures and optimization procedures is paramount to achiev-
ing competitive performance within resource limitations. In line
with these considerations, this thesis seeks to address the following
research questions:
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(Q�) How can we reduce the need for GNN architecture cross-
validation?

(Q�) How to design GNN-based models for causal inference?

(Q�) How to improve inherently interpretable GNN graph classi-
fication?

My interest in these research questions arises from the implications
they can have on the deployment of GNNs Reducing the need for
GNN architecture cross-validation Q � can speed up experimenta-
tion, enabling practitioners to allocate time to other critical tasks,
such as literature review and idea generation. It also democratizes
the use of GNNs by lowering the requirements for computational
resources. Developing a GNN-based model for causal inference
Q � can improve various aspects of handling interventional and
counterfactual queries, including quality and inference speed.
These queries are crucial for decision-making processes in fields
like medicine. Finally, improving GNN interpretability Q � aims
to increase transparency, thereby fostering greater acceptance and
deployment of GNNs in real-world scenarios.

Altogether, in this thesis, we propose GNN-based methodologies
backed by theory and/or extensive empirical evaluation, contribut-
ing to the advancement of the GNN field. We aim to highlight the
significance and potential of careful GNN design in addressing
relevant and timely topics such as efficient architecture search (Q �),
causal inference (Q �) and inherent interpretability (Q �). These
are three aspects are especially important when the GNN-based
models are used in the real-world and thus, in order to GNNs to
have an impact on the economy and society.

1.2 Outline

This thesis contains three main parts, each consisting of multi-
ple chapters. Part I provides a comprehensive overview of the
background knowledge that is relevant herein. Part II offers pre-
liminaries, an extended abstract, and future work of the main
scientific contributions presented in this dissertation. Part III dis-
cusses the impact of the work, outlines promising future directions
of the GNN field, and concludes with some final remarks. Addi-
tionally, Appendix A contains the complete text—both the main
manuscripts and appendices—of the publications included in this
thesis.

Part I contains a description of the most relevant concepts required
for understanding the scientific contributions presented herein.
Chapter � contains an introduction to graphs, that constitute the
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ground data structure for our work. Section �.� introduces the
graph theory concepts that are used in Part II. Section �.� outlines
some of the main challenges of working with graph data. Chapter �
introduces message-passing graph neural networks (GNNs), the
foundational tool used in this thesis, and outlines their main
practical limitations.

Part II tackles the primary objective of this dissertation: design
inductive biases in GNNs to solve practical problems. Concretely,
we address the i) computational complexity of architecture cross-
validation; ii) violation of causal paths due to the message-passing
scheme; and iii) black-box nature of GNNs. We tackle these chal-
lenges via the three research publications included in this thesis.
Chapter � centers on the design of inductive biases that minimize
the necessity for cross-validation of the architecture. It is based
on the peer-reviewed publication Javaloy et al. [��]—presented at
ICLR ����—and aims to tackle Q �. Chapter � descripts how to
design a variational graph autoencoder [��] to enable approximate
causal inference. This chapter, based on the peer-reviewed article
Sánchez-Martín et al. [���]—presented at AAAI ����—aims to
address Q �. Chapter � focuses on designing an algorithm aimed at
providing interpretable and faithful predictions in graph classifica-
tion by using only relevant information from the input graph. This
chapter, based on Sanchez-Martin et al. [���]—preprint available
at ArXiV—aims to address Q �.

Part III synthesizes the main findings of this thesis, aligning them
with the research questions posed in Section �.�. Additionally,
we present the impact of the presented work within the GNN
field and suggest interesting future research directions based on
the developed resarch. Finally, personal concluding remarks are
provided.
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1.3 List of Publications

The content presented in this thesis is mainly based on the following
publications �:

Peer-reviewed publications

Pablo Sánchez-Martín?, Miriam Rateike? and Isabel Valera.
“VACA: Designing Variational Graph Autoencoders for
Causal Queries.” Conference on Artificial Intelligence
(AAAI). ���� [���]
Paper - GitHub

Adrián Javaloy?, Pablo Sánchez-Martín?, Amit Levi and
Isabel Valera. “Learnable Graph Convolutional Attention
Networks.” Internacional Conference on Learning Repre-
sentations (ICLR). ���� [��]
Paper - GitHub

ArXiv publications

Pablo Sánchez-Martín, Kinaan Aamir Khan and Isabel
Valera. “Improving the interpretability of GNN predic-
tions through conformal-based graph sparsification.” ArXiv.
���� [���]
Paper - GitHub

During the course of my doctorate, I made substantial contributions
to additional works that have been accepted at conferences but are
not included within this thesis.

Peer-reviewed publications

Batuhan Koyuncu, Pablo Sánchez-Martín, Ignacio Peis,
Pablo M. Olmos and Isabel Valera. “Variational Mixture of
HyperGenerators for Learning Distributions Over Func-
tions.” International Conference on Machine Learning
(ICML). ���� [��]
Paper - GitHub

Adriań Javaloy, Pablo Sánchez-Martín and Isabel Valera.
“Causal normalizing flows: from theory to practice.” Con-
ference on Neural Information Processing Systems (Oral at
NeurIPS). ���� [��]
Paper - GitHub

� Note that a superscript asterisk (?) next to the name of an author indicates
equal contribution

https://ojs.aaai.org/index.php/AAAI/article/view/20789/20548
https://github.com/psanch21/VACA
https://openreview.net/forum?id=WsUMeHPo-2
https://github.com/psanch21/l-cat
https://arxiv.org/abs/2404.12356
https://github.com/psanch21/CORES
https://openreview.net/forum?id=CV9ovb5fxg
https://github.com/bkoyuncu/vamoh
https://openreview.net/forum?id=QIFoCI7ca1
https://github.com/psanch21/causal-flows
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Venues All the peer-reviewed publications introduced here have
been accepted in leading conference venues in the field of artificial
intelligence and machine learning, consistently ranking within
the top � in terms of impact factor as measured by the H� index.
Sánchez-Martín et al. [���] has been accepted at the AAAI Con-
ference on Artificial Intelligence, established in ����. Javaloy et al.
[��] has been accepted at the International Conference on Learning
Representations (ICLR), founded in ����. Koyuncu et al. [��] has
been accepted at the International Conference on Machine Learning
(ICML), established in ����. Javaloy et al. [��] has been accepted at
the Conference on Neural Information Processing Systems (NeurIPS) for
oral presentation (awarded only to the top �.�% of the submitted
papers), inaugurated in ����.

1.4 Personal contributions

Table �.� outlines my scientific contributions to each paper. The con-
tributions are divided in generation of ideas (Ideas), involvement
in the experimental component (Exper.), analysis of the results
(Analysis), and writing (Writing). The contribution follow this
allocation:

I Primary Contributor (PC): leading research contributions
with > 50%.

I Major Contributor (MC): significant shared contributions
(25%, 50%] that play a substantial role in the research.

I Co-contributor (CC): meaningful but lesser co-authorship
contributions, i.e.,  25%.

Table �.�: Breakdown of scientific
contributions. This thesis incorpo-
rates the top three papers, while
the two bottom papers are excluded.
The names of the proposed models
are indicated in the leftmost column.

Paper Ideas Exper. Analysis Writing

VACA [���] PC PC PC MC
L-CAT [��] MC PC MC MC
CORES [���] PC PC PC PC

VaMoH [��] MC MC MC MC
CausalFlows [��] MC PC MC CC

Below we outline the contributions of the author to the papers
included and excluded in this dissertation.

1.4.1 Contribution to included papers

In Sánchez-Martín et al. [���] I was first co-author, contributing
the several key aspects of the manuscript. These included the
definition of the core idea, development and implementation
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of the proposed model, implementation of one of the baselines,
creation and preparation of datasets. I also built the pipeline for
conducting comparison and ablation analyses. Furthermore, I
engaged in the literature review, gathering relevant previous work
and synthesizing their insights. Additionally, I played a significant
role in drafting the “Variational Causal Autoencoder (VACA)” and
“Evaluation” sections, as well as refining the overall manuscript
and some of the accompanying appendices. Moreover, I played
a central role in the derivation of the proofs presented in the
appendix.

In Javaloy et al. [��] I served as the first co-author, contributing sig-
nificantly to all stages of manuscript development. This included
shaping the idea, implementing the proposed models (CAT and
L-CAT), and performing synthetic experiments. While not respon-
sible for the theoretical framework, I reviewed all the steps in the
proofs and conducted the empirical confirmation of the theoretical
results. I also conducted the comparative analysis across the eleven
small-scale node classification tasks.

In Sanchez-Martin et al. [���] I was the first author and made
substantial contributions across all aspects of the manuscript.
I played a central role in conceiving the idea and conducting
the literature review. I was also the main responsible for the
implementation of the proposed methodology and the creating of
the experimental pipeline. Moreover, I took primary responsibility
for writing the manuscript.

1.4.2 Contribution to excluded papers

In Koyuncu et al. [��], I was the second author. I initiated the project
with a foundational idea and developed a prototype implementa-
tion of the proposed model. This idea and implementation was
subsequently refined by the coauthors. Additionally, I contributed
to the writing of the paper and conducted the experiments for the
baseline models.

In Javaloy et al. [��], I was the second author. I was involved
from the inception of the project. I played a significant role in all
of the aspects. However, my presence was more pronounced in
the experimental part, and I was less involved in the theoretical
part and writing, where my focus primarily lay in crafting the
appendices.
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2.1 Introduction

Graphs are ubiquitous in many domains due to their suitability
in representing complex relationships. In sociology, graphs are
used to model social networks and analyze patterns of interac-
tion between individuals [���]. Traffic prediction uses graphs to
represent road networks and forecast congestion patterns [���].
Weather analysis relies on graphs to model atmospheric conditions
and predict weather patterns [��]. Recommender systems use
graphs to represent user-item interactions and generate person-
alized recommendations [��]. Also, graph-based approaches are
employed in fraud detection to detect anomalous patterns and
connections indicative of fraudulent activities [��]. In this chapter,
our objective is to delve into the foundational principles of graph
theory, providing an overview of its key concepts related to work
conducted on this dissertation.

2.2 Fundamentals

A graph is formally defined as a tupleG ⇤ (V , E), comprising a set of
n nodes V ⇤ [n] and edges connecting node pairs (i , j) 2 E ✓ V⇥V ,
where i refers to the source node and j represents the destination
node. Alternatively, the connectivities can be represented using
the adjacency matrix A 2 0, 1n⇥n , where Aij ⇤ 1 if (i , j) 2 E , and
Aij ⇤ 0 otherwise. The collection of nodes directly linked to a node
i is named the neighborhood set of i, denoted as Ni ⇤ { j : ( j, i) 2 E}.
Each node can be associated with a feature vector x 2 Rd (e.g.,
features associated with individuals), while each edge can likewise
possess a feature vector e i j 2 Rd0 (e.g., representing the nature of
connections).

2.2.1 Types of Graphs

Graphs can be categorized depending on the presence or absence
of edge directionality and weights.
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Graph types based on directionality Directed graphs are char-
acterized by directed edges, indicating one-way relationships
between nodes. For instance, consider a social media network
where edges represent "follows" relationships. Node i follows node
j, but node j might not necessarily follow node i. Another example
of a directed graph is a web page network where edges represent
hyperlinks. If page i has a hyperlink pointing to page j, it does
not necessarily imply that page j has a hyperlink pointing back to
page i. In contrast, undirected graphs lack edge directionality, indi-
cating symmetric relationships. An example could be a friendship
network, where edges represent mutual friendships. If node i is
friends with node j, then node j is also friends with node i. Another
example of an undirected graph could be a co-authorship network,
where edges represent collaborations between researchers.

Type of graphs based on weighted edges Graphs can be clas-
sified into weighted and unweighted based on the presence of
numerical values associated with edges. In weighted graphs, edges
are assigned numerical values representing the strength or cost
of the relationship between nodes. For example, in a transporta-
tion network, the weight of an edge could represent the distance
between two cities or the time it takes to travel between them.
Conversely, unweighted graphs have edges with no associated
weight, denoted by binary values. For instance, in a social network
where edges represent friendships, the absence or presence of
an edge between two individuals signifies either no friendship
(Aij ⇤ 0) or friendship (Aij ⇤ 1), respectively.

2.2.2 Important Properties

There exist numerous quantities that can be computed on graphs
which collectively characterize them and help in their analysis.
Herein, we outline the most relevant metrics for the research
conducted in this dissertation.

Size The size of a grap corresponds to the total number of nodes
(|V |) or edges (|E |) in the graph.

Density The graph density quantifies the ratio of actual edges to
the total possible edges within the graph. For undirected graphs it
is computed as:

� ⇤
2 ⇥ |E |

|V | (|V | � 1) , (�.�)
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and for directed graphs it is computed as:

� ⇤
|E |

|V | (|V | � 1) . (�.�)

Node Degree The node degree is the number of edges incoming
(in-degree) or outgoing (out-degree) to a node. For a node v 2 V ,
its in-degree di(v) is calculated as:

di(v) ⇤ |{u 2 V : (u , v) 2 E}|, (�.�)

and its out-degree do(v) is calculated as:

do(v) ⇤ |{u 2 V : (v , u) 2 E}|. (�.�)

Note that for undirected graphs we simply compute the node
degree dn .

Paths and Cyles A path P ⇤ (e1 , . . . , ek) of size k in a directed
graph is a sequence of of edges ei ⇤ (ui�1 , ui) directed in the same
direction such that all the nodes are distinct. A cycle of size k is a
path that has u1 ⇤ uk . The analysis of paths and cycles within a
graph offers insights into its structural properties and connectivity
patterns.

Connected components A connected component of a graph is a
set of vertices that are linked to each other by paths.

Shortest path between nodes The shortest path between two
nodes u and v is denoted as Puv and refers to the path between u
and v with the minimal number of edges.

Distance between nodes The distance duv ⇤ |Puv | between two
nodes u and v is size of the shortest path.

Eccentricity The eccentricity ✏(v) of a node v is the greatest
distance between v and any other node in the graph:

✏(v) ⇤ max
u2V

dvu . (�.�)
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Figure �.�: Example of two graphs
indistinguishable by the WL-�
test.

G1 G2

Diameter The diameter of a graph, denoted as d, represents the
maximum distance between any pair of nodes within the graph. It
is computed as:

d ⇤ max
u2V
✏(u). (�.�)

The diameter computation involves initially determining the short-
est path between each pair of nodes and subsequently identifying
the path with the longest length, thus indicating the diameter of
the graph.

2.2.3 Graph Isomorphism

Graph isomorphism is the task of determining whether two graphs have
identical structures despite differences in node labels or ordering. In the
field of graph theory, two graphs G1 ⇤ (V1 , E1) and G2 ⇤ (V2 , E2)
are said to be isomorphic if there exists a bĳection (a one-to-one
correspondence) between their node sets V1 and V2, denoted as

f : V1 7! V2 , (�.�)

where for any pair of nodes u , v 2 V1, u and v are adjacent in
E1 if and only if f(u) and f(v) are adjacent in E2. In essence, the
structure of the graphs remains unchanged under the bĳection.
This preservation can be expressed symbolically as:

8u , v 2 V1 , (u , v) 2 E1 () (f(u), f(v)) 2 E2. (�.�)

The task of testing for the existence of isomorphism between
two graphs is known to be computationally challenging, falling
within the family of NP-hard problems. However, heuristics offer
practical solutions. One popular heuristic is the Wiesfeiler-Leman
(WL) graph isomorphism test [��]. The WL test iteratively refines
node labels using the local graph structures. It operates under
the assumption that isomorphic graphs should exhibit similar
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“neighborhood subgraphs” after several iterations of the labeling
process. In other words, isomorphic graphs should produce the
same sets of labels for their nodes. In particular, the �-WL test
considers the �-hop neighborhoods of nodes, refining their labels
based on the labels of their immediate neighbors, and iteratively
checks if two graphs can be distinguished by comparing these
refined labels. The algorithm runs in polynomial time, making it
practical for comparing large-scale graphs, and it is widely use to
analyze the expressive power of GNN architectures. However, the
�-WL test does not guarantee to always produce the correct results.
For example, the non-isomorphic graphs shown in Figure �.�
are "�-WL indistinguishable" graphs because their nodes have
identical connectivity (i.e., two neighbors), producing identical
labels through all iterations. Consequently, the �-WL test may yield
false positives, erroneously identifying non-isomorphic graphs as
isomorphic.

2.2.4 Operations on Graphs

Generally speaking, graph operations typically fall into two cat-
egories: permutation invariant and permutation equivariant op-
erations. Let us consider a function f that takes n inputs x ⇤

{x1 , x2 , . . . , xn}.

Permutation invariance A function f is permutation invariant if,
for any permutation ⇡, it satisfies:

f(x⇡) ⇤ f(x). (�.�)

In essence, rearranging the inputs in any order does not changes
the output of the operation. Examples of such functions include
summation, maximum, and mean operations.

Permutation equivariance A function f is permutation equivari-
ant if, for any permutation ⇡, it holds that:

f(x⇡) ⇤ f(x)⇡ . (�.��)

In simpler terms, rearranging the inputs in any order results in the
output of the operation being rearranged in the same manner. An
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example of such a function is the graph Laplacian matrix L which
is defined as:

L ⇤ D � A, where Dij ⇤

(
di if i ⇤ j
0 otherwise

(�.��)

The matrix D is known as the degree matrix of the graph given by
A.

2.2.5 Tasks on Graphs

Tasks on graphs can be classified based on the available infor-
mation during training (a.k.a. learning process) and the scope of
predictions.

Availability of information Tasks are distinguished as transduc-
tive or inductive depending on the information accessible during
training. Transductive tasks focus on predicting labels or properties
for data points within a given graph, using information solely from
the provided graph. This approach aims to predict exclusively for
the data points present in the training set without extending to
unseen data points. Conversely, inductive tasks focus on extrapo-
lating patterns and relationships learned from the training data to
predict for unseen data points, potentially on entirely novel graphs.
Inductive learning aims to make predictions beyond the scope of
the training set.

Scope of prediction Tasks are further categorized into graph,
node, and edge-level tasks. Graph-level tasks involve predicting
characteristics of the entire graph and are typically inductive.
Node-level tasks may be inductive or transductive, focusing on pre-
dicting attributes or labels of individual nodes. Similarly, edge-level
tasks can also be inductive or transductive, targeting predictions
concerning relationships between pairs of nodes.

2.3 Challenges in graph learning

Graph learning poses several challenges due to the inherent charac-
teristics of graphs and the complexity of real-world applications.
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Irregular structure The irregular structure of graphs, such as
unfixed grids, poses challenges for standard neural networks
designed for regular data structures like tabular data, images or
sequences.

Scalability Real-world graphs, such as social networks, can con-
tain millions or even billions of nodes, making scalability a signifi-
cant challenge for graph learning algorithms.

Heterogeneous graphs Real-world graphs often exhibit hetero-
geneity, involving different types of node and edge information. For
example, in social networks where nodes represent users, features
may include both continuous (e.g., income) and discrete (e.g., place
of birth) attributes. Similarly, edges may represent various types of
connections such as friendship, work collaboration, etc.

Data Sparsity Graphs are typically sparse (i.e., have low density
�), meaning that only a small fraction of all possible edges are
present. This sparsity poses challenges for learning algorithms,
especially when distant nodes in the graph may be relevant for
solving certain tasks. Graphs exhibiting such characteristics are
known as heterophilous graphs, where linked nodes are prone to
have different labels or dissimilar features. For instance, in social
network graphs, automated bots tend to establish connections with
users rather than with other bots [��].
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This chapter provides an introduction to message-passing graph
neural networks (GNNs). Section �.� describes the general formu-
lation for a GNN layer. Section �.� explores the most prominent
families of GNN architectures. Finally, Section �.� introduces the
most important limitations inherent in GNNs.

3.1 Introduction

Message-passing Graph Neural Networks (GNNs) [��, ��] are
designed for graph-structured data processing. Let us consider
a graph G ⇤ (V , E) with n ⇤ |V |. Each node v 2 V has a feature
vector h ⇤ h

�, and a GNN layer transforms these features using
neighborhood information. Formally, a GNN performs L update
rounds, updating each node’ s feature vector h

l
i at step 1  l  L:

h
l
i ⇤ f✓u

 
h

l-�
i ,

M
j2N
�i jf✓m (hl-�

i , h
l-�
j )

!
. (�.�)

Here, f✓u and f✓m are differentiable, parameterized functions (e.g.,
mutilayer perceptrons), Ni represents node i’s neighbors,

L
de-

notes permutation invariant operations (i.e., sum, mean, or max),
and �i j is the attention coefficient of the message from node j to
node i. First, node i receives a message f✓m (hl-�

i , h
l-�
j ) from each

of its neighbors j 2 Ni . Then, these messages are aggregated
via

L
. Finally, h

l
i is computed as a function f✓u of the node’s

previous state h
l-�
i and the aggregated message. After L steps,

we obtain the final node representations h
L
i 8i 2 V . For graph-

level prediction tasks, a permutation-invariant readout function
z ⇤ R���O��

�{h
L
i : i 2 V}� is employed that ensures the output

is node order independent. For a more complete description of
other modules composing a GNN layers (e.g., dropout, pooling,
batch normalization) please refer to Zhou et al. [���].
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Definition �.� (Receptive field from Topping et al. [���]) Let
G be an undirected, connected graph and Pi j be the shortest
path between nodes i and j. Then we define the receptive field
Br (i) of node i of an L-layer GNN as

Br (i) ⇤ { j 2 V :
��Pi j

��  L}. (�.�)

Basically, this indicates that a GNN comprising L layers imposes
constraints on the flow of information to each node. Specifically,
node i can only receive information from node j through paths
with lengths

��P ji
��  L. This implies that at the final layer of a

GNN, for a node i information from node j is accessible if and
only if the shortest path between them has a length less than or
equal to the number of GNN layers L. Additionally, the longest the
shortest distance between two nodes is, the less information will
generally flow between them. Therefore, when designing a GNN
architecture, it is crucial to take into account the dependencies
among nodes required by the task at hand. This consideration is
particularly significant in the development of VACA in Chapter �.

3.2 Types of architectures

There are many different types of architectures proposed in the
literature, each of them is mainly characterized by the way that we
define the different components of Equation (�.�). Depending on
the way the coefficients �i j (see Equation (�.�)) are computed, we
identify different GNN architectures.

Graph convolutional networks (GCNs) [��] are simple yet effec-
tive. In short, GCNs define the message as f✓m (hl-�

i , h
l-�
j ) ⇤ h

l-�
j and

compute the average of the messages, i.e., they assign the same
coefficient �i j ⇤ 1/|N?i | to every neighbor:

h
l
i ⇤ f✓u

©≠
´

1
|N?i |

X
j2N?i

W v h
l-�
j
™Æ
¨
, (�.�)

where N?i ⇤ Ni [ { i}.

Graph attention networks take a different approach. Instead of
assigning a fixed value to each coefficient �i j , they compute it as a
function of the sender and receiver nodes. A general formulation
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for these models can be written as follows:

h
l
i ⇤ f✓u

©≠
´

1
|N?i |

X
j2N?i

�i jW v h
l-�
j
™Æ
¨
�i j ⇤

exp( (h i , h j))P
`2N ⇤

i
exp( (h i , h`))

(�.�)

Here, (h i , h j) ⇤ ↵(W q h i ,W k h j) is known as the score function
(or attention architecture), and provides a score value between
the messages h i and h j (or more generally, between a learnable
mapping of the messages). From these scores, the (attention)
coefficients are obtained by normalizing them, such that

P
j �i j ⇤ 1.

We can find in the literature different attention layers which differ
in the way they define the score function. Throughout this work,
particularly in Chapter �, we focus on the original GAT [���] and
its extension GATv� [��]:

GAT:  (h i , h j) ⇤ LeakyRelu
�
a
>[W q h i | |W k h j]

�
, (�.�)

GATv�:  (h i , h j) ⇤ a
>LeakyRelu

�
W q h i + W k h j

�
, (�.�)

where the learnable parameters are now the attention vector a; and
the matrices W q , W k , and W v . Following previous work [��, ���],
we assume that these matrices are coupled, i.e., W q ⇤ W k ⇤ W v .
Note that the difference between the two layers lies in the position
of the vector a. Brody et al. [��] showed that by taking a out of the
nonlinearity increases the expressiveness since the product of a

and a weight matrix does not collapse into another vector.

3.3 Limitations

GNNs have emerged as powerful tools for learning representations
from graph-structured data. However, despite their effectiveness,
GNNs are not without limitations. In this section, we discuss tho
of the main limitations: oversmoothing and oversquashing.

Definition �.� (Oversmoothing adapted from Rusch et al.
[���]) Let G be an undirected, connected graph and H

l 2 Rn⇥d

denote the l-th layer hidden features of a L-layer GNN defined
on G. Moreover, we call µ : Rn⇥d 7! R�0 a node-similarity
measure if it satisfies the following axioms:

�. 9c 2 Rd with h
l
i ⇤ c for all nodes i 2 V () µ

⇣
H

l
⌘
⇤ 0,

for H
l 2 Rn⇥d .

�. µ (X + Y )  µ (X) + µ (Y ), for all X , Y 2 Rn⇥d .
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We then measure over-smoothing with respect to µ as the laye-
wise exponential convergence of the node-similarity measure µ
to zero, i.e.,

�. µ
⇣
H

l
⌘

 C1e�C2 l , for l ⇤ 0, . . . , L with some constants
C1 , C2 > 0.

In simple terms, oversmoothing refers to the phenomenon where
the node representations in a GNN become indistinguishable from
each other after multiple layers of aggregation [���]: µ

⇣
H

l
⌘
! 0 as

l increases. As indicated in Condition � in Definition �.�, the
issue increases expontentially as we evaluate µ on deeper layers. This
indicates that excessive information propagation can lead to loss
of discriminative power in the learned representations. Some
methods for reducing oversmoothing include normalization and
regularization, such as node-wise normalization of the feature
vectors [���] or randomly dropping edges during traning [���].
Other methods directly modify the dynamics of the message-
passing propagation [���] or add residual connections [��].

Definition �.� (Oversquashing adapted from Di Giovanni et
al. [��]) Let G be an undirected, connected graph and h

l
i 2 Rd

denote the hidden feature at the l-th layer for node i in a L-layer
GNN defined on G. Let us also consider two nodes i, j 2 V
separated by distance di j ⇤ r. We then measure oversquashing
by the exponential decay of the norm of the derivative of h

r
i

with respect to h
�
j , which is upper bounded by:

�����
@h

r
i

@h
�
j

�����
L1

 cr
⇣
Ã

r
⌘

i j
. (�.�)

A small derivative of h
r
i with respect to h

�
j indicates that after r

layers, the feature at node i is mostly insensitive to the informa-
tion initially contained at node j, suggesting ineffective message
propagation. This decay is attributed to two primary factors: a
model-dependent constant c, influenced by the architectural choices
of the GNN (e.g., feature dimensionality d and choice of the non-
linear activation functions), and graph topology factor Ã, which
represents a function of the adjacency matrix A. The latter factor
is important. Note that the power of the adjacency matrix rep-
resents the count of paths of a certain length between pairs of
nodes in a graph, which decreases exponentially with the exponent.
This means that oversquashing happens at an exponential rate
with the distance between the nodes in the graph. Remarkably, it
happens independently of the GNN model. Strategies to mitigate
oversquashing often involve modifying the structure of the graph,
e.g., through graph rewiring, to improve the interconnectivity of
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nodes [��]. However, such modifications (e.g. adding non-existent
links) can distort the inherent meaning of the graph, particularly
in domains where graph topology has precise functionality, such
as molecular structures.

The identified limitations of oversmoothing and oversquashing
pose significant challenges for the successful application of GNNs.
In particular, in causal inference, when information transfer be-
tween nodes is compromised interventions on specific graph re-
gions (e.g., through graph surgery) may have negligible impact.
This scenario undermines the capacity of GNNs to accurately
model effects of such interventions since the GNN fails to encap-
sulate the true causal dependencies of the system. In Chapter �,
we elaborate more on this issue.



Part II

Mitigating Practical Limitations of GNNs
through Explicit Inductive Biases
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In this chapter, we present our work Javaloy et al. [��] whose
objective is to reduce the need for cross-validation of the GNN
architectures, thus tackling research question Q �. Full paper can
be found in Appendix A.

4.1 Extended Abstract

Existing Graph Neural Networks (GNNs) compute the message ex-
change between nodes by either aggregating uniformly (convolving)
the features of all the neighboring nodes, or by applying a non-
uniform score (paying attention) to the features. This results in two
very broad families of GNNs, namely GCNs [��] and GATs [���].
Previous works have shown the strengths and limitations of both
approaches from a theoretical [��, ��, ��], and empirical [��] point
of view. These works showed scenarios for which GCNs can be
beneficial in the absence of noise, and that GAT can outperform
GCNs in other scenarios, leaving open the question of which archi-
tecture is preferable in terms of performance. In short, these works
have shown that their performance depends on the nature of the
data at hand (i.e., the graph and the features). As a consequence,
the standard approach in practice is to select between GCNs and
GATs via computationally demanding cross-validation. Moreover,
the type of layer is usually shared along the GNN, as selecting an
architecture for each layer in the GNN results in a combinatorial
number of choices.

In Javaloy et al. [��], we aim to exploit the benefits of both convolu-
tion and attention operations in the design of GNN architectures.
To this end, we first introduce a novel graph convolutional attention
layer (CAT), which extends existing attention layers by taking the
convolved features as inputs of the score function:

 (h i , h j) ⇤ ↵(W h̃ i ,W h̃ j) where h̃ i ⇤
1

|N⇤
i |

X
`2N⇤

i

h` . (�.�)

Following Fountoulakis et al. [��], we propose a graph generative
model G ⇠ CSBM(n , p , q , µ, �2)—based on contextual stochastic
block model [��]—to theoretically compare GCN, GAT, and CAT
architectures (i.e., GNNs architectures using either convolution,
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attention, or convolutional attention operations in all their GNN
layers).

Importantly, the parameters µ 2 Rd
�0 and 0 < q < 1 change the

difficulty of the problem with respect to the node features and
graph topology, respectively. Our theoretical analysis shows that,
unfortunately, there is no free lunch among these GNN architectures.
Their performance is fully data-dependent, i.e., depends on the
graph and features of the nodes. Figure �.� empirically validates
our theoretical results on a node classification task using the
synthetic data sampled from the generative model introduced in
the previous paragraph. The top row plots show the accuracy for
hard (left, kµk ⇤ 0.1) and easy (right, kµk ⇤ 4.3) regimes based
on node features µ as q varies. In the hard regime, GAT (pink
line) fails to achieve perfect performance, whereas CAT (blue line)
achieves perfect performance when q is sufficiently small. The
bottom row plots show the accuracy for hard (left, q ⇤ 0.3) and
easy (right, q ⇤ 0.1) regimes based on graph topology q as kµk
varies. We observe a transition in the accuracy of both GAT and
CAT as a function of kµk. Depending on kµk, either GAT or CAT is
preferable. When kµk is large enough, both architectures achieve
perfect performance. These experimental results corroborate our
theoretical findings that no free lunch exists among GCN, GAT, and
CAT architectures.

We argue that this issue can be easily overcome by learning to inter-
polate between the three. First, note that GCN (see Equation (�.�))
and GAT (see Equation (�.�)) only differ in that GCN weighs all
neighbors equally and GAT weights them using the coefficients �i j .
Also note that the more similar the attention scores (h i , h j) are,
the more uniform the coefficients �i j are. Thus, we can interpolate
between GCN and GAT by introducing a learnable parameter,
namely �1 2 [0, 1]. Similarly, the formulation of GAT and CAT dif-
fer in the convolution within the score, which can be interpolated
with another learnable parameter, namely �2 2 [0, 1].

Following these observations, we propose the learnable convolutional
attention layer (L-CAT), which can be formulated as an attention
layer with the following score:

 (h i , h j) ⇤ �1 · ↵(W h̃ i ,W h̃ j) where h̃ i ⇤
h i + �2

P
`2Ni h`

1 + �2 |Ni |
.

(�.�)

where �1 , �2 2 [0, 1] are two learnable parameters. This formula-
tion lets L-CAT learn to interpolate between GCN (�1 ⇤ 0), GAT
(�1 ⇤ 1 and �2 ⇤ 0), and CAT (�1 ⇤ 1 and �2 ⇤ 1) and enables
a number of non-trivial benefits. Not only can it switch between
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Figure �.�: Empirical validation of
theoretical results using synthetic
data. The top-row plots show accu-
racy as we vary the noise level q
for kµk ⇤ 0.1 and kµk ⇤ 4.3. The
bottom-row plots show the accuracy
as we change the norm of the means
kµk for q ⇤ 0.1 and q ⇤ 0.3. We use
two vertical lines to present the clas-
sification threshold stated in the the-
orems of the paper, for GAT (solid
line) and for CAT (dashed line). We
observe that these is not family of
architectures that achieves the best
performance in all the scenarios.
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existing layers, but it also learns the amount of attention necessary
for each use-case. Moreover, by comprising the three layers in
a single learnable formulation, it removes the necessity of cross-
validating the type of layer, as their performance is data-dependent,
as mentioned before. Remarkably, it allows to easily combine dif-
ferent layer types within the same architecture, a process that was
prohibitively expensive prior to this work.

We conduct a thorough empirical analysis, that can be reproduced
using the code at https://github.com/psanch21/LCAT. Firstly,
we validate our theoretical findings on synthetic data. Secondly,
we show through �� small-scale node classification tasks that L-
CAT is as competitive as the baseline models. Then, we move to
more demanding scenarios from the Open Graph Benchmark [��],
demonstrating that L-CAT is a more flexible and robust alternative
to its baseline methods that reduces the need for cross-validating
without giving up on performance. Finally, we analyze the capabil-
ities of L-CAT considering two important aspects for real-world
applications. First, we explore the robustness of the proposed mod-
els to different levels of noise, i.e., we attempt to simulate scenarios
where there exist measurement inaccuracies in the input features
and edges. Figure �.� summarizes the results. We can observe that
L-CAT (green line) consistently outperforms the other architec-
tures across all noise levels (x-axis) for both types of noise. Second,
we explore the robustness of L-CAT to network initialization, i.e.,
the ability to obtain satisfying performance independently of the
initial parameters. We show that L-CAT consistently obtains high

https://github.com/psanch21/LCAT
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(a) E ⇤ E [ Ep (b) x ⇤ x +N (0, I�)

Figure �.�: Robustness to noise re-
sults. Figure �.�a shows the results
adding random edges Ep with prob-
ability p. Figure �.�b shows the re-
sults with noise level � added to
node features.

accuracy in all scenarios and runs, which in turn reduces the need
of cross-validating the initialization strategy. As a result, L-CAT
proved to be a viable drop-in replacement that removes the need
to cross-validate the layer type.

4.2 Discussion

During the last years, the field of GNNs has experienced a drastic
increase in the number of GNN architectures proposed, nowadays
ranging in the dozens [���]. In practice, this means that whenever
we face a new problem we aim to tackle with a GNN, it is com-
putationally unfeasible to try all the available GNN architectures
thus the practitioner has to make a selection of those that seem
more promising, which in many cases simplifies to those that are
more familiar or more famous.

In Javaloy et al. [��], we studied how to combine the strengths of
two of the most famous families of architectures, convolution [��]
and attention [���] GNN layers, aiming at reducing the amount
of architecture cross-validation. First, we introduced CAT, which
computes attention with respect to the convolved features, and
analyzed its advantages and limitations on a new synthetic dataset.
This analysis revealed different regimes where one model is pre-
ferred over the others, reinforcing the idea that selecting between
GCNs, GATs, and now CATs is a difficult task, as their performance
depends directly on the data. For this reason, we proposed L-CAT,
a model that interpolates between the three via two learnable
parameters (per layer). We showed the effectiveness of L-CAT with
extensive experimental results, yielding competitive performance
while being more robust than other architectures.

As a result, L-CAT proved to be a viable drop-in replacement that
removes the need to cross-validate the layer type.
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Future work

Exploring the application of L-CAT to other GNN families beyond
GCN and GIN is an interesting direction for research. Since L-CAT
simply interpolates between two different adjacency matrices, it
is easily adaptable to other GNN architectures, such as Principal
Neighborhood Aggregation (PNA) [��] and Graph Convolutional
Network II (GCNII) [��]. We are confident that the incorporation
of learnable interpolation mechanisms can enhance performance
and, in particular, reduce the need for expensive and extensive
cross-validation. We hope that our work on L-CAT will inspire
new and exciting research.



VACA: Designing Variational
Graph Autoencoders for Causal

Queries 5
5.1 Preliminaries . . . . . . 27
5.2 Extended Abstract . . . 30
5.3 Discussion . . . . . . . 33

In this chapter, we present our work Sánchez-Martín et al. [���],
where our goal is to carefully design a variational graph autoen-
coder capable of performing causal inference. Specifically, we aim
to answer interventional and counterfactual queries, thus to answer
research question Q �.

5.1 Preliminaries

In this section, we introduce the related concepts important for
the understanding of the chapter. Firstly, we offer an introduc-
tion to causal inference, specifically within the framework of the
structural causal model (SCM) [���, ���]. Our focus lies on defining
an SCM and introducing the distributions we can model with
the framework, namely observational, interventional, and counter-
factual distributions. Subsequently, we introduce the variational
graph autoencoder, the foundational model used in constructing
VACA.

5.1.1 Causal inference

Causal inference refers to the process of identifying and quantifying
causal relationships among observed variables. It involves the study
of methods to address interventional questions, such as How will
doubling the dose of medication affect the patient’s blood pressure?, and
counterfactual questions, such asIf I had bought that beach house
instead of that suburban house, how would my lifestyle have changed?. A
popular framework for performing causal inference is the structural
causal model (SCM) [���, ���].

Structural Causal Model

A SCM is a tuple M ⇤ (f̃, Pu) describing a data-generating process
that transforms a set of d exogenous random variables, u ⇠ Pu,
into a set of d (observed) endogenous random variables, x, through
the structural equations f̃ ⇤ { f̃i}d

i⇤1. Specifically, the endogenous
variables are computed as follows:

u B (u1 , u2 , . . . , ud) ⇠ Pu , xi ⇤ f̃i(xpai
, ui) , for i ⇤ 1, 2, . . . , d .

(�.�)
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Figure �.�: chain SCM. Figure �.�a
illustrates a chain SCM with three
endogenous variables x and fully
factorized exogenous variable dis-
tribution p(u) ⇤

Q
i p(ui) (causal

sufficiency). Figure �.�b depicts the
same SCM under the intervention
do(x2 ⇤ ↵).

u1 x1

u2 x2

u3 x3

(a) chain SCM

u1 x1

u2 ↵

u3 x3

(b) Intervened chain SCM

In essence, each i component of f̃ maps the i exogenous variable ui
to the i endogenous variable xi , given the subset of endogenous
variables directly causing xi , i.e., the causal parents xpai

. Here,
the exogenous variables represent factors external to the model,
whose causes are not considered within the scope of the model.
A common assumption is causal sufficiency, where the exogenous
distribution is factorized over the dimensions Pu ⇤

Q
i p(ui).

An SCM also induces a causal graph G B (V , E), a graphical
representation of the causal model. V 2 [d] represents the set
of endogenous and exogenous variables, and (i , j) 2 E indicates
the causal parent-child relationship between variables [���]. In
this work, we assume the causal graph to be a Directed Acyclic
Graph (DAG). Furthermore, we define the ancestors of xi (denoted
as ani) as the direct and indirect causes. Refer to Figure �.�a for an
illustration of the causal graph of a chain, a specific SCM where
x1 ⇤ f̃i(u1), x2 ⇤ f̃i(x1 , u2), and x3 ⇤ f̃i(x2 , u3). Here, for instance,
x1 is a parent of x2, and an2 ⇤ {u2 , x1 , u1}. The causal graph
aids in visually identifying (conditional) independence relations
between variables, although it does not contain information about
the mechanism of causation. In addition, an SCM induces a joint
distribution over the endogenous variables p(x) ⇤ Q

i p(xi |xpai
, ui),

on which we want to answer causal queries.

Interventional and counterfactual queries

Given an SCM, there are two types of causal queries of general
interest: interventional queries, e.g., “What would happen to the
population X, if variable xi would be set to a fixed value ↵?”,
and counterfactual queries, e.g.,“What would have happened to a
specific factual sample xf 2 X, had xi been set to a value ↵?”.

Interventional queries A interventional query aims to evaluate
the effect at the population level of a specific intervention on,
or equivalently manipulations of, a subset of the endogenous
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variables I ✓ [d] :⇤ {1, . . . , d}. Interventions on an SCM M are
often represented with the do-operator do(xi ⇤ ↵) [���] and lead to
a modified SCM MI which induces a new distribution over the
set of endogenous variables p(x | do(xi ⇤ ↵)), which is referred
to as the interventional distribution. In G an intervention removes
incoming edges to node i and sets xi ⇤ ↵, see Figure �.�b for
an illustration with the chain SCM. This is usually refered to as
perform graph surgery.

Intervention versus conditioning When we intervene, we
change the system, and the values of other variables often
change as a result. When we condition on a variable, we change
nothing; we merely narrow our focus to the subset of cases in
which the variable takes the value we are interested in. To further
illustrate, consider a medical scenario involving a doctor and
patient treatments:

I Intervention: A doctor tests if a new medication lowers
blood pressure by prescribing it to one group of patients and
a placebo to another. By comparing blood pressure levels,
the doctor observes the medication’s effects. Here, the doctor
actively changes the treatment, altering the system.

I Conditioning: A doctor studies the blood pressure of pa-
tients already taking a specific medication by examining their
medical records. The doctor does not change any treatments
but focuses on patients who meet the condition of taking the
medication. This is conditioning, where the system remains
unchanged.

Counterfactual queries A counterfactual query for a given factual
instance xf aims to estimate what would have happened had xi
instead taken value ↵. This effect is captured by the counterfactual
distribution p(xcf | xf , do(xi ⇤ ↵)), which can be computed using
the abduction-action-prediction procedure by Pearl [���].

Counterfactual Fairness

An SCM also allows us to study a notion of fairness called coun-
terfactual fairness, which tells us whether a decision is fair to an
individual if the outcome in reality is the same as it would be
in a “counterfactual” world in which the individual belongs to
a different demographic, e.g., would I have been selected if I were
female?.
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Definition �.� (Counterfactual unfairness [��]) Let us consider
S 2 [d] to be a sensitive attribute (e.g., gender) such that xS 2
{0, 1}. Then, we can measure counterfactual unfairness (��) of a
binary classifier  : X ! {0, 1} as

�� ⇤ Exf
⇥
P((xcf) ⇤ 1 | do(xS ⇤ 1), xf) � P((xcf) ⇤ 1 | do(xS ⇤ 0), xf)

⇤
(�.�)

where xcf is a counterfactual sample coming from the distribution
P(xcf | xf , do(xS ⇤ s)), for s 2 {0, 1}.

Then, the classifier  is counterfactually fair [��] if �� ⇤ 0.

5.1.2 Variational Graph Autoencoder

Variational Autoencoders (VAEs) [��] are powerful latent variable
models based on neural networks (NNs) for jointly i) learning
expressive density estimators p(x) ⇡

Ø
p✓(x | z)p(z)dz, where

the likelihood function (a.k.a. decoder) is parameterized using a
NN with parameters ✓, and ii) performing approximate posterior
inference over the latent variables z is possible via a variational
distribution (a.k.a. encoder) q� (z | x) parameterized using a NN
with parameters �. The parameters ✓ and � can be learned by
maximizing a lower bound on the log-evidence [��, ���, ���, ���].

Kipf and Welling [��] extend VAEs to account for prior graph
structure information on the data [���], introducing the Varia-
tional Graph Autoencoders (VGAEs). VGAEs define a (potentially
multidimensional) latent variable zi per observed variable xi , i.e.,
z :⇤ {z1 , . . . , zd}. Additionally, VGAEs rely on an adjacency matrix
A, which is used by two GNNs, one for the encoder and one for
the decoder, to enforce structure on the posterior approximation
q�(z | x,A) and the likelihood p✓(x | z,A). Hence, A determines
which variables xi influence z j 8i , j 2 [d] and vice versa.

5.2 Extended Abstract

Deep generative models are receiving increasing attention for
causal queries in complex data [��, ���]. Existing approaches for
causal inference focus on i) estimating the Average Treatment Effect
(ATE)–a specific type of group-level causal queries–by assuming
a fixed causal graph that includes a treatment variable [��, ��,
���, ���, ���, ���]; ii) discovering and intervening on the causal
latent structure of the (e.g., image) data [��, ���, ���, ���, ���]; or
iii) addressing interventional and/or counterfactual queries by
fitting a conditional model for each observed variable given its
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causal parents [��, ��, ��, ���, ���]. Within the scope of causality,
GNNs have predominantly been used for causal discovery [���,
���] and only very recently, concurrently with us, exploited to
answer interventional queries [���].

In Sánchez-Martín et al. [���], we investigate to which extent the
inductive bias of GNNs—encoding the causal graph information—
can be exploited to answer interventional and counterfactual
queries. More specifically, to approximate the interventional and
counterfactual distributions induced by interventions on a casual
model. We assume i) causal sufficiency–i.e., absence of hidden
confounders; and, ii) access to observational data and the true
causal graph. We stress that the causal graph can often be inferred
from expert knowledge [���] or via one of the approaches for
causal discovery [��, ���]. We describe the architectural design
conditions that a variational graph autoencoder (VGAE) must
fulfill so that it can approximate causal interventions (do-operator)
and abduction-action-prediction steps [���].

The resulting variational causal graph autoencoder, referred to
as VACA, enables approximating the observational, interventional
and counterfactual distributions induced by a causal model with
unknown structural equations. Furthermore, VACA optimizes the
observational distribution for all observed variables simultane-
ously to mitigate error propagation along the Markov factorization.
We remark that parametric assumptions on the structural causal
equations are in general not testable, thus may not hold in practice
[���], and may lead to inaccurate results, if misspecified. VACA
addresses this limitation by including uncertainty, i.e., a proba-
bilistic model, in the estimation of the causal-parent relationships.
Also, we carefully design the GNN networks of VACA, which
parametrize the likelihood and approximate posterior distributions,
to allow handling several aspects that often appear in real-world
applications [��, ��]: partial causal knowledge and heterogeneous
endogenous variables.

Partial causal knowledge. In some application domains the rela-
tionships between a subset of ki endogenous variables x may be
unknown, or they may be affected by hidden confounders. In such
cases, we assume that set of ki variables to be correlated and model
them as one multidimensional and potentially heterogeneous node
xi ⇤ {xi1 , . . . , xiki } that share the same latent random variable zi .
This allows us to deal with a large variety of graphs in practice.

Heterogeneous endogenous variables. Heterogeneous causal
nodes require us to model different functions for each node, i.e.
nodes may now contain a mix of continuous/discrete variables.
In general, GNNs are parametrized such that the parameters of
the message function f✓m and update function f✓u are shared for
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Table �.�: Counterfactual unfairness
(uf ) and f�-score (f�) of a Support
Vector Machine over �� VACA seeds.
Values multiplied by ���.

Metric full unaware fair-x fair-z

" f� ��.�� ��.�� ��.�� ��.�� ± �.��
# uf ��.�� ± �.�� ��.�� ± �.�� �.�� ± �.�� �.�� ± �.��

all the nodes and edges in the graph. However, similar to the
structural equations, we can define a unique set of parameters
✓mij for each message, so that we can model a different function
for every edge in the causal graph. Further, we can also assume
different update functions f✓ui for each node i, by introducing
different update parameters ✓ui . As a result, VACA fulfills the
conditions to be a Neural Causal Model (NCM) Type � (Coll. � in
Zečević et al. [���]) and thereof can represent the observational,
interventional, and counterfactual distributions (Thm.� and Thm.
� in Xia et al. [���]).

We show in extensive synthetic experiments that VACA outper-
forms competing methods [��, ��] on complex datasets (in terms
of the number of nodes and complexity of the structural equa-
tions). Unlike previous studies that focused solely on estimating
the mean of the interventional/counterfactual distribution, VACA
accurately captures the overall distribution, measured in terms
of Maximum Mean Discrepancy [��]. Also, we analyze interven-
tions on both root and non-root nodes, which was not always
the case previously. Our code is publicly available at GitHub
https://github.com/psanch21/VACA. Finally, we show a practi-
cal use-case in which VACA is used to assess counterfactual fairness
of different classifiers trained on the real-world German Credit
dataset [��], as well as to learn counterfactually fair classifiers
without compromising performance.

Table �.� summarizes the results for the Support Vector Machine
(SVM) classifier. The full column presents outcomes when all fea-
tures of the German Credit dataset are used. Notably, the classifier
achieves the best f�-score of ��.�� (top row); however, the coun-
terfactual unfairness is also the highest at ��.�� ± �.�� (bottom
row). The unaware and fair-x columns reveal that excluding sensi-
tive features enhances fairness but at the expense of performance.
The unaware and fair-x columns show that by removing sensitive
features we can improve the fairness at the cost of loosing per-
formance. The right-most column, fair-z, uses the latent space of
VACA, achieving competitive performance (��.�� ± �.��) while
maintaining counterfactual fairness close to zero (�.�� ± �.��).

https://github.com/psanch21/VACA
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5.3 Discussion

Traditional statistical approaches uncover correlations (undirected
relationships), whereas causal inference aims to identify causal
relationships (directed relationships). The latter closely aligns with
human reasoning. For instance, instead of merely observing a
correlation between a treatment (T) and the curing of a disease (D),
experts aim to assess whether a causal link exists between them.
Causal inference [���], which involves answering interventional
(e.g., “how would imposing stricter environmental regulations
affect air quality in urban areas?”) and counterfactual (e.g., “would
this patient have different results if he received a different medi-
cation?” [���]) queries, is becoming more and more important. In
many cases, the functional relationships between variables (e.g.,
between the amount of environmental regulation and air quality)
are complex and unknown, making neural networks an attractive
choice for modeling them.

Our work Sánchez-Martín et al. [���] complements concurrent
research that theoretically studies the use of neural networks [���]
and, more recently, GNNs [���], for causal inference. Our main
contribution is the introduction of VACA, a variational causal
autoencoder based on GNNs. We meticulously design VACA to
capture the properties of SCMs by explicitly accounting for the
dependencies between exogenous and endogenous variables in
the causal graph induced by the SCM. Despite establishing a new
state-of-the-art model for causal inference, VACA has limitations.
Its ability to model complex structural equations, such as those
in biology [���], is constrained by the architecture of the GNN
encoder and decoder. For instance, aggregation functions may
limit expressiveness [��]. Additionally, accommodating long causal
paths would require increasing the depth of the decoder, potentially
compromising GNN performance due to challenges associated
with depth [��, ��, ��]. We expect VACA to benefit from advances
in the field.

Drawing from insights gained from VACA, I co-authored a follow-
up paper introducing CausalFlows [��]. This can be regarded as
the normalizing flow counterpart of VACA. Here, we demonstrate
that (partial) knowledge of the causal graph is crucial for designing
autoregressive normalizing flows [��, ���, ���] that are causally
consistency with the SCM, thereby enabling them to answer causal
queries. CausalFlows outperforms existing baselines, requires less
hyperparameter tuning, and is faster, thus establishing a new
benchmark.
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Future work

Future research directions for VACA include assessing its sensitivity
to i) errors in the assumed causal graphs and ii) the presence of
hidden confounders i.e., breaking the causal sufficiency assumption.
Extending VACA to handle more complex causal models, such
as non-DAGs, presents an exiting path for exploration. Also, it
would be interesting to perform ablation studies on available
GNNs architectures [���] for the encoder and decoder of VACA;
as well as investigating how the performance deteriorates as we
increase the length of the causal path and thus the required number
of GNN layers [��]. Finally, it could also be promising to apply
VACA to other causal questions such as privacy-preserving causal
inference [��] or explainable machine learning [��].
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This chapter is based on the publication Sanchez-Martin et al. [���].
Our objective is to advance the field of inherent interpretable and
faithful graph classification, addressing the research question out-
lined in Q �. In particular, we stick to the notion of interpretability
understood as sparsity. In other words, we aim to use the mini-
mal input information required to successfully tackle the task at
hand.

6.1 Preliminaries

In this section, we provide an introduction to the main two concepts
that we rely on to build the proposed model: (graph) reinforcement
learning and conformal predictions.

6.1.1 Reinforcement learning

Reinforcement Learning (RL) is a learning paradigm in which an
agent learns to optimize decisions by interacting with an environ-
ment [���]. Figure �.� illustrates this process. An RL problem is
typically modeled as a Markov Decision Process (MDP), defined
by a tuple (S ,A,P , R, �), where S and A denote the state and
action spaces, P the transition probability, R the reward function,
and � the discount factor. We are interested in a subfield of RL
algorithms whose objective is to find a policy ⇡� that maximizes
the expected cumulative reward.

Policy Gradient Methods Policy gradient methods directly opti-
mize the policy using gradient ascent on the expected cumulative
reward [���]. Proximal Policy Optimization (PPO) [���] is a policy
gradient method that introduces an objective function fostering
exploration while mitigating drastic policy updates. PPO aims to
solve the optimization problem:

LCLIP(�) ⇤ Et
⇥
min

�
rt(�)Ât , clip(rt(�), 1 � ✏, 1 + ✏)Ât

� ⇤
(�.�)

where � are the learnable parameters of the policy ⇡�(at |st),
rt(�) ⇤ ⇡�(at |st )

⇡�old (at |st ) is the ratio between the probability of the action
at time t using the old and the updated parameters of the policy
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Figure �.�: RL diagram. A
schematic representation of the
reinforcement learning loop. The
Agent, typically instantiated as a
policy ⇡� , receives a state s and
reward r, subsequently generating
the action a. The Environment
processes this action and provies
the agent with a new state and
reward.

Agent

Environment

state s

reward r action a

⇡, Ât an estimator of the advantage function � at time t, and ✏ � 0
a hyperparameter controlling the deviation from the old policy.

RL in graphs Graph Reinforcement Learning (GRL) integrates
graph learning with RL consisting on graph-structured environ-
ments. This combination introduces additional challenges in the
design of the state space, action space, reward funcion and policy
architecture [���]. In this setting, the state space usually refers
to a graph and the action space can refer to the nodes, edges,
or the entire graph. GNN have emerged as promising tools for
parameterizing policies as they are general enough to handle any
of these scenarios.

6.1.2 Conformal Predictions

Conformal prediction [�] is a framework that rigorously quanti-
fies uncertainty in machine learning predictions. Given a labeled
dataset {xi , yi}N

i⇤1, a heuristic measure of uncertainty of our pre-
dictor (e.g., softmax values from a classifier f✓), and a scoring
function s(x, y) 2 R that reflects prediction uncertainty, confor-
mal prediction generates a prediction set for a new input xtest as
follows:

C (xtest) ⇤
�

y : s
�
xtest , y

�  q̂
 
✓ [K]. (�.�)

Here, q̂ represents the d(n+1)(1�↵)e
n quantile of the calibration scores

{si ⇤ s(xi , yi)}n
i⇤1, where ↵ 2 [0, 1] is a predefined error rate. In

the context of classification tasks, one commonly used conformal

� The advantage function essentially measures how much better or worse it is to
take action a in state s compared to the average expected return of all actions in
state s under the policy ⇡.
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procedure is Adaptive Prediction Sets (APS) [�, ���], which defines
the scoring function as:

s(x, y) ⇤
kX

j⇤1
f✓(x)⇡ j(x), where y ⇤ ⇡k(x) (�.�)

Here, ⇡(x) represents the permutation of [K] that arranges the
softmax values f✓(x) from most likely to least likely.

6.2 Extended Abstract

GNN is a powerful family of deep learning models that has
achieved state-of-the-art performance in solving graph classifica-
tion tasks where the goal is learn a function f✓ : G 7! ŷ. However,
the fact that they are black box-models and that most GNN ar-
chitectures aggregate information from all nodes and edges in a
graph—regardless of their relevance to the task at hand—leads to
one of their principal shortcoming: a lack of human-interpretable
predictions. This opacity hinders their potential for practical, real-
world impact, as practitioners often require interpretable models
to inform decision-making, ensure trustworthiness, and comply
with regulations [��]. We argue that interpretability in this context
can be achieved with graph sparsity. That is, using a subgraph
Gs ⇢ G with a minimal set of nodes and edges from the graph G
for prediction.

This viewpoint of interpretability is exemplified in Figure �.� with
the synthetic BA�Shapes dataset [���]. In this dataset, a binary
classification task can be solved using only specific motifs of the
graphs (the house or the cycle motifs, i.e., yellow nodes), while
the original graphs contain additional irrelevant information for
the task at hand, i.e., purple nodes. A sparser graph reduces the
volume of information used for making predictions, rendering
it easier for humans to understand the GNN predictions. It is
crucial to note that interpretability is achieved through sparsity
only when the subgraph completely excludes information from the
omitted nodes and edges since only then the subgraph, and thus,
the explanation is faithful to the model prediction. This situation
does not arise, for example, if message passing [��] is applied to
obtain the node embeddings before finding the subgraph.

While most of explainability methods for GNNs are post-hoc [��,
���, ���, ���, ���, ���, ���], some existing approaches attempt to
identify the predictive subgraph during training [��, ��, ��, ��,
���, ���]. These methods, however, exhibit two primary limitations:
i) they often still rely on the entire graph for predictions [��, ��,



38 Chapter 6 Improving the interpretability of GNN predictions through conformal-based graph sparsi�cation

Figure �.�: CORES pipeline. Illus-
tration of the pipeline of CORES us-
ing the synthetic BA�Shapes. On the
left, we present two examples of orig-
inal graphs (G) corresponding to the
positive class (top, cycle motif) and
negative class (bottom, house motif).
The policy � of CORES takes G and
sparsifies it, resulting in the predic-
tive subgraph Gs , which retains only
the relevant information for the task,
i.e., the motifs. Finally, the graph
classifier ✓ takes Gs as input and
produces the prediction y 2 {0, 1}.

���], resulting in a lack of faithfulness to the model prediction
(as described above), and/or ii) they impose strong assumptions
concerning the structure of the predictive subgraph, such as a
pre-defined size [��, ��, ��, ���]. In practical scenarios, relaxing
assumptions on the subgraph structure is desirable. For instance,
Debnath et al. [��] observed that diverse “motifs” of chemical
elements are predictive of mutagenic effects in compounds.

In Sanchez-Martin et al. [���] we propose CORES a GNN training
approach that jointly i) finds the most predictive subgraph Gs ⇢ G
by removing edges and/or nodes—-without making assumptions
about the subgraph structure—while ii) optimizing the performance
of the graph classification task f✓ solely using the selected subgraph
Gs , thereby enhancing the interpretability of the classifier.

More concretely, given a labeled dataset D ⇤ {x i , yi}i , the main
goal of CORES is to identify a compact predictive subgraph Gs ✓ G
that maintains high performance for a graph classification task. To
this end, we use a bi-level optimization approach.

�⇤ ⇤ arg min
�

Lspa

⇣
✓?(�), �,Dval

⌘
(�.�)

s.t. ✓?(�) ⇤ arg min
✓

Lperf
�
✓, �,Dtr � . (�.�)

The performance optimization refers to Equation (�.�) which rep-
resents a standard graph-supervised problem. Here, the objective
is to minimize a loss function Lperf, e.g., the cross-entropy loss.
Thus the goal is to learn a function f✓ : Gs ! ŷ with parameters ✓
that minimizes the prediction loss. The sparsity optimization cor-
responds Equation (�.�). Here, we to learn a function ⇡� : G 7! Gs
responsible for identifying the predictive subgraph. This function
corresponds to the policy of the reinforcement learning component
of CORES. It presents a considerable challenge due to the combi-
natorial nature of the node and edge removal process. Specifically,
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we must determine which nodes (v 2 V) and/or edges ((u , v) 2 E)
should be removed. Drawing inspiration from SparRL [���], we
formulate the sparsification task as a Markov Decision Process
(MDP) and address it through the framework of graph reinforce-
ment learning [���]: we parameterize the policy ⇡� using a GNN.
GNN formulation is general enough to account for edge and node
removal. In contrast to prior approaches that rely on value-based
methods like Deep Q-Learning [��], we opt for the policy gradient
method Proximal Policy Optimization (PPO) [���] to capture the
inherent uncertainty in the sparsification process.

The reward function R plays a pivotal role in shaping the policy’s
behavior. It should provide positive rewards for predictive and
sparse subgraphs while penalizing those that negatively impact
the performance of the graph classifier. It is also important to
consider that the classifier makes errors, i.e., it does not achieve
perfect performance. Consequently, there are instances where a
subgraph may be genuinely predictive, but the classifier produces
an incorrect prediction. Our reward design accounts for this inher-
ent uncertainty through the use of conformal predictions [�]. We
define it as follows:

R ⇤

8>>><
>>>:

�Rp + (1 � �)Rs(Gs) if y 2 C (Gs) ^ |C (Gs)| ⇤ 1,
Rp

|C(Gs )| if y 2 C (Gs) ^ |C (Gs)| > 1,
�Rs(Gs) if y < C (Gs) .

(�.�)

Here, Rp refers to the performance component, Rs is the sparsity
promoting component and C (Gs) is the prediction set when using
Gs as input to the classifier. Our carefully designed reward function
allows us to introduce inductive biases toward either sparse or
high-performing solutions

We conduct an ablation study to show the impact of different values
of � and maximum desired ratio (d) on performance, as well as
the effect of the choice of base GNN architecture. We also perform
an empirical comparison on nine different graph classification
datasets to show that our method is competitive in performance
with the baselines while relying on significantly sparser subgraphs,
leading to more interpretable GNN-based predictions.

6.3 Discussion

Interpretability is becoming a critical aspect of deep learning,
particularly for models deployed in real-world decision-making
scenarios, such as drug re-purposing [���]. Graph Neural Networks
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(GNNs) have demonstrated remarkable performance in graph-level
tasks, such as estimating chemical properties of molecules [���].
However, their complexity often leads to interpretability challenges
and thus, a lack of deployment. In this context, the removal of
irrelevant information from the input—i.e. sparsifying the input—
improves interpretability. The underlying rationale behind this
approach is intuitive: reducing the input size reduces the cognitive
load on experts.

The main contribution of this thesis in this area is the introduction
of CORES in Sanchez-Martin et al. [���]. CORES is a novel GNN
training that provides faithful graph classification prediction using
minimal predictive subgraphs. CORES achieves this goal by simul-
taneously finding the irrelevant edges and/or nodes to be removed,
without imposing assumptions about subgraph structures; and
optimizing the performance of the graph classification task. The
key novelty behind CORES is the design of a reward function
that i) takes into account the uncertainty of the classifier in the
reward assignment and ii) allows practitioners to introduce induc-
tive biases towards either sparse or high-performing predictive
subgraphs. Our empirical evaluation, conducted on nine graph
classification datasets, provides evidence that our approach not
only matches the performance of baselines using complete graph
information but also relies on significantly sparser subgraphs.
Consequently, GNN-based predictions obtained with CORES are
more interpretable, addressing the primary motivation behind our
work.

Future work

Future research could focus on improving the efficiency of the
reinforcement learning module to accelerate the training and in-
ference process of CORES. Presently, training CORES involves
collecting batches of subgraphs for each original graph—i.e., col-
lect episodes—and performing gradient updates on the policy
parameters (i.e., the network responsible for identifying optimal
subgraphs) and graph classifier parameters. This involves two
independent backpropagation steps and results in a notable time
overhead of one or two orders of magnitudes compared to base-
lines not using reinforcement learning. Similarly, during inference,
CORES requires a forward pass on the policy to obtain the sub-
graph followed by a forward pass on the graph classifier to get the
final prediction. Here, thus, CORES also introduces a smaller yet
significant time overhead. Exploring methodologies to speed up
CORES presents an interesting avenue for future research, such as
improving the data efficiency of the reinforcement learning com-
ponent or parallelizing the computation of the graph sparsification
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for mini-batch selection.

Furthermore, alternative approaches to using reinforcement learn-
ing for subgraph finding, such as meta-heuristics [��], could be
explored. Although these approaches do not require gradient
updates (no training step needed), they typically exhibit slower
inference times. An additional interesting direction for future work
involves refining the current reward function to penalize specific
types of errors or undesirable graph structures, such as isolated
nodes.

Moreover, exploring the application of CORES to graph regression
tasks could be promising. The main change to the current setup
would be slight modifications in the reward function. Particularly,
finding a suitable conformal prediction method [�] and perfor-
mance component, e.g., measure proximity to the true value.

Finally, we hypothesize that the obtained subgraphs may mitigate
the oversquashing phenomenon, thus facilitating the more effective
capture of task-relevant information coming from interactions
among distant nodes. Nevertheless, this should be formally studied
and presents an interesting research direction.
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In this concluding chapter, we present a comprehensive overview
of the primary findings, insights, and contributions to the field
of GNNs provided by the three papers included in this thesis.
Then, we provide a summary of the key research areas and outline
interesting open questions that are promising for future research.
Lastly, we offer concluding remarks.

7.1 Overview of Findings & Impact

Graph Neural Networks have certainly revolutionized the field of
graph learning. Over the last decade, dozens of GNN architectures
have emerged [���, ���]. Unfortunately, as presented in Chapter �
of this dissertation, the effectiveness of these architectures de-
pends on the nature of the data and the task at hand, making it
challenging—if not infeasible—to determine a priori the optimal
choice. The search for optimal architectures requires extensive
cross-validation, which consumes significant hardware resources,
energy, and researcher time that could be spent on higher-value
tasks such as literature review or idea discussion. Additionally,
inherent issues such as oversmoothing [���] and oversquashing
[��], coupled with practical barriers such as data scarcity and
the stochasticity in gradient-based learning, further complicate
identifying optimal configurations.

Throughout this thesis, we have shown the importance of introduc-
ing explicit inductive biases in GNN-based models and optimization
processes in order to overcome these challenges. Such inductive
biases should aim to narrow the search space and steer optimiza-
tion towards solutions that achieve competitive performance in the
target task. Our overall objective has been to introduce practical
methodologies that advance GNN research in three pivotal do-
mains for the real-world implementation of GNN models: efficient
architecture search (Q �), causal inference (Q �), and inherent
interpretable models (Q �). Efficient architecture search is an im-
portant topic since we have limited resources. As machine learning
gains broader adoption, there is an increasing need to reduce the
energetic footprint of training ML models. Causality plays a pivotal
role as it enables reasoning about the consequences of changes
applied to the generative process of data (interventional reasoning)
and modeling the consequences of changes retrospectively while
accounting for what happened (counterfactual reasoning). These
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are tasks that statistical pattern recognition learning cannot tackle.
Finally, the significance of inherently interpretable models is that
they enable domain experts to grasp the process behind predic-
tions, while also helping to uncover systematic errors and biases
during training, i.e., before the models are deployed. Together,
these aspects should contribute to the widespread adoption of
GNNs for tasks where they have already achieved state-of-the-art
results or are a promising methodology.

Q 1 How can we reduce the need for GNN architecture
cross-validation?

One of the fundamental challenges in GNN research is the large
number of architectures and hyperparameters that need to be
cross-validated. This makes the search for optimal configurations
a tedious process, consuming significant time for researchers, as
well as computing resources.

With the introduction of L-CAT in Chapter �, we show—for the
first time in the GNN community—that learning to interpolate
reduces the need for cross-validation of the GNN architectures.
The proposed approach intervenes only in the adjacency matrix and
is therefore general enough to be extended beyond the considered
GNN architectures and to be used in a wide range of GNN-based
applications.

Q 2 How to design GNN-based models for causal inference?

Finding and quantifying cause and effect is closely related to
human reasoning and decision-making. GNNs provide a natural
framework for modeling directed graphs, making them suitable for
causal inference, i.e., answering interventional and counterfactual
queries. However, their off-the-shelf applicability is limited because
the message-passing procedure may introduce dependencies that
are not present in a given causal graph.

In Chapter �, we introduce VACA to address this limitation. We
carefully impose constraints and requirements on the GNN archi-
tectures that parameterize the approximate posterior distribution
and the likelihood distribution. This ensures that VACA captures
the correct dependencies given by the causal graph and is able to
approximate causal queries. This work represents the first com-
prehensive study of the design requirements of GNN architectures
tailored for causal inference. In the evaluation, we focus on two
important tasks of responsible machine learning: training counterfac-
tually fair classifiers and assessing the counterfactual fairness of
a classifiers. In my follow-up work Javaloy et al. [��] we go one
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step further and provide some identifiability results. However, it is
crucial to recognize that our work, like much of the causal inference
literature, relies on strong assumptions about the underlying causal
model, in particular the absence of hidden confounders (causal
sufficiency assumption). Thus, we emphasize the importance for
practitioners to rigorously validate model assumptions, especially
when using their model in real-world applications.

Q 3 How to improve inherently interpretable GNN graph
classi�cation?

Another important practical aspect is the development of GNN
models capable of providing inherently interpretable predictions for
domain experts. That is predictions that are generated in a way
that is consistent with the reasoning processes that individuals
knowledgeable in the specific domain would follow. However, the
black-box nature of GNNs often presents a significant challenge
in achieving interpretability. Also, quantifying the interpretability
of predictions is itself a complex problem that lacks sufficient con-
straints or information to determine a unique solution. Moreover,
interpretability is often a subjective matter, which adds to the
complexity of the problem [��].

In Chapter � we focus on a particular notion of interpretability that
is easy to quantify: we aim for sparsity. We argue that the more
information in the input to the model, the more challenging the
understanding of the prediction becomes. In other words, reducing
the information in the input makes the predictions easier to under-
stand. In particular, we focus on graph classification tasks. In this
setting, reducing the input means minimizing the number of edges
and/or nodes used by the model as input. To achieve this objective,
we propose a novel training procedure, which we call CORES, that
achieves competitive performance while using a small input graph.
The core of our approach lies in using reinforcement learning for se-
lecting the nodes/edges to keep. The effectiveness of this selection
process depends heavily on an informative reward assignment,
e.g. assigning high rewards to input graphs that are both minimal
and discriminative. To facilitate this, we carefully design a reward
function that leverages conformal predictions to ensure that high
rewards are assigned only when the classifier is certain that the
prediction is correct. The impact of this work lies in showing the
potential of combining concepts from different fields to address the
challenge of finding a predictive subgraph, an NP-hard problem,
in GNN-based graph classification tasks in order to improve the
interpretability of predictions. More generally, I hope that this work
will also contribute to increasing interdisciplinary collaboration. I
believe that fostering conversations between different communities
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has immense potential to overcome domain-specific challenges
and drive innovation.

7.2 GNNs Today and Open Challenges

Research on GNNs has been consistently featured in major ML
conferences such as NeurIPS, ICML, or ICLR, covering a wide
range of topics. Some of these include exploring higher-order
GNNs tailored for hypergraphs [��]; addressing oversmoothing
and oversquashing phenomena, namely understanding [��, ���]
or mitigating [�, ���] them; exploring temporal graph learning
[��]; integrating equivariance principles into GNNs [��]; studying
neural architecture search (NAS) for GNNs [���]; and incorporating
interpretability into GNNs [��, ���].

These represent focal areas that I have consistently and extensively
encountered throughout my recent years of research. Among these
topics and others, the GNN community still faces challenges, some
of which I faced during my PhD.

Reducing Hyperparameter Tuning

The challenge of reducing cross-validation not only posed Q � but
also was a recurring bottleneck throughout the research conducted
in this dissertation, hindering progress. The prevalent approach to
finding the optimal configuration of hyperparameters is grid search.
This process involves specifying the hyperparameter set and the
corresponding values for cross-validation—such as [1e�3 , 1e�2]
for the learning rate and [16, 32] for the dimension of the hidden
space—before exploring all possible combinations. Essentially, if
we have h different hyperparameters and want to explore v values
for each, this results in vh unique combinations. It is clear that
both h and v must be << 10 to effectively manage computational
resources.

Unfortunately, it is often not possible to meet these constraints.
Table �.� shows some of the most common hyperparameters and
their corresponding values that we, and the broader GNN com-
munity, typically need to cross-validate. Assuming a“good case
scenario” where only two values per hyperparameter need to
be cross-validated, there would be 216 potential combinations. It
becomes evident that cross-validating all these combinations, let
alone running different parameter initializations (a.k.a. runs or
seeds) for each, is not feasible. Note that training a single GNN
model can take anywhere from minutes to hours. While this dis-
sertation focuses on GNNs, this challenge is ubiquitous in deep
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Hyperparameter name Set of values

GNN architecture {GCN,GAT,GIN, PNA}
Parameter of the GNN architecture E.g., number of heads (GAT) or ✏ (GIN)

Number of hidden layers {0, 1, 2, 3, 4, 5}
Dimension of the hidden space {8, 16, 32, 64, 128, 256}
Skip-connection {True, False}
Global pooling type {mean, std,max,min, attention}
Dropout rate {0.0, 0.1, 0.2, 0.3, 0.4, 0.5}
Layer normalization {True, False}
Batch normalization {True, False}
Early stopping patience {1, 5, 10}
Early stopping delta {0.0, 0.001}
Batch size {16, 32, 64, 128}
Optimizer type {Adam , SGD}
Initial learning rate {1e�4 , 1e�3 , 1e�2 , 1e�1}
Scheduler type {ReduceLROnPlateau, ExponentialLR}
Parameter of the scheduler E.g., step size

Table �.�: Typical hyperparameters
cross-validated for GNN model
This table presents some (but not all)
of the hyperparameters that are usu-
ally cross-validated in experimental
analysis for GNN models.

learning. For instance, the PPO [���] has over � hyperparameters
that significantly impact performance and require cross-validation
[���].

In practice, practitioners must ultimately decide which hyperpa-
rameters to fix and which ones to cross-validate. Usually, this
process is somewhat subjective, relying on values deemed effective
by previous research without certainty regarding their optimality
for the given task. Frankly speaking: this procedure lacks scientific
rigor, consumes substantial economic resources (hardware and
energy), and demands significant researcher time. Therefore, I
believe that it is important for the GNN community to invest more
effort in developing and adopting methodologies to reduce this
burden. Yang and Shami [���] showed that using Hyperparameter
Optimization (HPO) techniques can lead to similar or better perfor-
mance in multiple machine learning tasks—such as classification
with Random Forest or Support Vector Machines— with up to ten
times less computing resources. HPO is standard in fields where
many hyperparameters significantly affect performance, such as
Reinforcement Learning [��]. Because of this, I believe that the
use of HPO algorithms holds significant promise in mitigating
computational burdens and advancing scientific progress in the
field of GNNs. Methods range from simple techniques like random
search [��] to more sophisticated Bayesian [���] or bandit-based
approaches [��]. Several publicly available tools, such as WandB
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Sweeps � or Optuna [�], can simplify the integration of HPO into
projects. Thus, I encourage the GNN community to explore these
methodologies.

Key challenges in interpretable machine learning

The interest in interpretability within GNNs has surged in recent
years, leading to a significant increase in research papers. Major
AI conferences frequently host workshops dedicated to this topic.
However, the field faces several fundamental challenges that need
to be addressed.

Clearly define what interpretability question is being addressed
Methods to address interpretability often involve mathematically
complex procedures, frequently requiring the definition of auxil-
iary models and training procedures [��, ���], and/or analysis of
gradients [���]. Additionally, interpretability covers a multitude
of facets open to study. As highlighted by Bordt and Luxburg
[��], interpretability questions can be broadly categorized into
non-technical, such as Is the model producing this output because it
has seen the Harry Potter novels during training?, and technical, such
as Is the explanation algorithm robust to perturbations? Although both
categories of interpretability questions are significant and valid,
rigorous analysis is typically only feasible for technical ones. In
addition, the lack of clarity regarding the specific interpretabil-
ity questions being addressed, combined with the complexity of
methodologies, can lead to misinterpretation of the generated
explanations (i.e., outputs). This hinders progress tracking and
slows down advancements in the field. Hence, I argue that the
precise definition of the interpretability question at hand is an area
where the community should invest greater effort.

Inherent interpretability Inherent interpretability, also known
as in-training interpretability, plays an important role in the de-
ployment of GNN models. By integrating interpretability directly
into the model architecture or training process, several benefits
can be achieved. First, it ensures that the predictions are faithful
to the model. Second, it facilitates the identification and miti-
gation of biases and errors during model development, thereby
enhancing fairness and accountability. Third, it fosters collabora-
tion between domain experts and researchers by making it easier
for domain experts to provide feedback and insights throughout
the model development process. Fourth, it removes a step in the
model deployment pipeline: the post-hoc interpretability step.

� https://docs.wandb.ai/guides/sweeps

https://docs.wandb.ai/guides/sweeps
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Finally, inherent interpretability often results in ML models that
can be more easily accepted and trusted by users and stakeholders
[�]. I find sparsity to be a simple and promising methodology.
However, I found several limitations when trying to achieve it
during the development of CORES (see Chapter �). On the one
hand, I encountered disparate behavior in the graph sparsification
component when slightly changing the definition of the reward
function. For instance, not penalizing keeping the original graph
sometimes resulted in the sparsification process removing nothing.
Intuitively, in such cases, the reward function incentivized solu-
tions that prioritized performance while neglecting sparsity. In
the graph reinforcement learning (GRL) community, it is widely
acknowledged that the choice of reward function significantly
impacts algorithmic success. It is also acknowledged the challenge
of crafting informative reward functions [���]. This task typically
requires significant domain expertise, iterative experimentation,
and usually lacks any theoretical guarantees. How can we automate
the design process of rewards? How do we ensure their robustness to
corner cases? Which additional information beyond downstream predictor
performance can we leverage? These questions remains unanswered
and represent interesting areas of research within the GRL com-
munity. On the other hand, subgraphs may not be interpretable by
a human. For example, in binary graph classification, one might
solve the task by keeping two nodes for the positive class and one
node for the negative class after graph sparsification. However,
this simplistic approach may lead to a classifier that simply learns
to count nodes, overlooking the valuable information contained
within the nodes themselves. Such an approach often provides
the wrong reasoning behind the predictions and leads to errors
in interpretation. Imposing constraints on the expected subgraph
cannot be easily automated, and presents an interesting area for
further research.

Evaluation of post-hoc interpretability The evaluation of post-
hoc interpretability methods presents significant challenges as
it relies on the quality of both the dataset and underlying GNN
predictor. On the one hand, we have dataset-related failure cases.
These can arise due to the presence of spurious correlations that do
not represent the underlying reasoning required for task resolution.
For instance, in a graph classification scenario, correlations between
graph density and labels may exist, where graphs from the positive
class exhibit higher density than those from the negative class.
Despite these correlations not constituting true reasoning for task
resolution, GNN models may wrongly learn to rely on them,
entangling the evaluation of post-hoc interpretability methods.
On the other hand, we have failure cases related to the GNN
predictor itself. For example, the model may lack the necessary
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expressive power to effectively solve the task, such as insufficient
layers, or may only be capable of capturing a single rationale, e.g.,
only be able to capture a certain graph structure. Additionally,
failures in optimization due to local stochastic optimization, further
entangle and complicate the evaluation of interpretability methods.
Determining whether interpretability methods effectively work
and yield conclusive results becomes inherently difficult if we
cannot assure that the underlying GNN relies on the correct
rationale. To address these challenges, it is crucial to isolate the
success or failure of post-hoc methods from the other parts of the
machine learning pipeline: the dataset and the black-box model.
One promising strategy is the development of synthetic datasets
and GNN predictors, which provide researchers complete control
over the involved components, enabling a more robust evaluation of
interpretability approaches. Further research in this direction holds
promise in enhancing the evaluation of post-hoc interpretability
methods, thereby advancing the field [�, ��].

Complexity overhead In Chapter �, we showed that CORES in-
troduces a notable time overhead when compared to baseline
models, affecting both training and inference processes. This chal-
lenge is ubiquitous across inherent interpretable GNN models [��]
and highlights the trade-off between interpretability, performance,
and computational efficiency. Addressing this trade-off remains an
open question in the field. In particular, how to enhance all three
aspects simultaneously. Advances in this regard are important for
the widespread deployment of interpretable models in real-world
applications. It is essential to note that interpretability often does
not directly translate into increased value for stakeholders—e.g., a
better content recommendation for end-users or increased profit for
investors. Therefore, it is important that interpretability methods
do not compromise performance or increase deployment costs.

Challenges in causal inference

Beyond causal sufficiency One of the prevailing assumptions
in causal inference is causal sufficiency, which means that exter-
nal causes (exogenous variables) are independent of each other.
However, this assumption often does not hold in real-world scenar-
ios. For instance, when studying the causal relationship between
education level and income, it is commonly accepted that higher
education leads to higher income. Nonetheless, hidden variables
can confound this direct cause-effect relationship. Factors such
as innate ability, family background, and access to resources may
influence both educational achievements and income levels. Failing
to account for these hidden variables can lead to wrong estimates of
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the direct causal effect of education on income. Relaxing the causal
sufficiency assumption and accounting for hidden confounders
constitutes a promising research direction.

Causal Inference with Temporal Data Temporal data inherently
provides some notion of causality. Let us define a time series as
ti ⇤ {ti1 , . . . , tiT}with T elements sorted by timestamp. Then, given
a set of time series {t1 , . . . , td}, we can compute the Granger causality
among them [���]. In other words, we can determine whether a time
series ti helps in forecasting another time series t j . In this context,
leveraging dynamic GNNs [��] holds considerable potential to
address causal queries. Analogous to the static counterpart setting
introduced in Chapter �, the effective design of GNN architectures
becomes crucial to ensure the dependencies within the assumed
(or discovered) causal graph are maintained. This presents an
interesting avenue for further research.

Uncertainty quanti�cation

Performance and certainty are two essential aspects of any predic-
tor, ideally exhibiting both properties simultaneously. However,
this is often challenging. High performance can be achieved by
embracing uncertainty, for instance, by providing all possible out-
comes as the prediction, albeit at the cost of usefulness, a.k.a.
efficiency. Finding a predictor that simultaneously achieves high
performance and certainty is nontrivial. In domains with high
stakes, such as autonomous driving, healthcare, and legal contexts,
uncertainty quantification holds paramount importance since pre-
dictions carry significant consequences for human life. For instance,
in legal contexts, predictive uncertainty can help determine guilt
or innocence in criminal cases. Similarly, in drug development,
accounting for uncertainty regarding drug effectiveness and poten-
tial side effects can lead to improved patient safety during clinical
trials and regulatory approval processes. What is more, regard-
less of its relevance to the task at hand, quantifying uncertainty
can provide insights into the inner workings of the model. For
instance, it can reveal that certain areas in the input domain (e.g.,
certain demographics) exhibit greater uncertainty, which exposes
discrimination issues. In recent years, interest in uncertainty quan-
tification has significantly increased [��, ��, ��, ��, ��, ��, ���, ���,
���, ���]. However, the focus on uncertainty quantification within
the GNNs field has been relatively limited [��, ���]. Conformal
predictions, as discussed in Chapter �, offer one approach for
uncertainty quantification, but further exploration in this area is
needed. Some interesting questions remain unanswered: How can
we develop conformal prediction methods for non-exchangeable data (e.g.,
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for link prediction tasks)? How can we train GNN models to achieve
desirable conformal prediction properties, e.g., efficiency or conditional
coverage? These offer interesting research directions.

Unexplored use-cases

During my PhD I mainly focused on standarized tasks within the
GNN community, such as graph or node classification. For evalu-
ating the proposed models on these tasks, I used widely accepted
datasets from Torch Geometric [��] and the Open Graph Bench-
mark [��]. Unfortunately, these datasets primarily cover a limited
set of domains. Datasets for graph classification mainly come from
the biomedical domain, while datasets for node classification are
predominantly from online shopping or academic research do-
mains. This narrow focus is surprising given the ubiquity of graph
data in diverse domains such as:

I Transportation Networks: Nodes represent stations, stops,
or intersections; edges represent routes or roads.

I Telecommunications: Nodes represent communication de-
vices (e.g., phones, computers) or servers; edges represent
communication links.

I Cybersecurity: Nodes represent computers, servers, or users;
edges represent connections, data flows, or known attacks.

I Supply Chain Networks: Nodes represent suppliers, manu-
facturers, distributors, or retailers; edges represent the flow
of goods or finances.

I Healthcare: Nodes represent patients, healthcare providers,
or medical entities; edges represent treatment interactions,
patient histories, or disease transmissions.

These domains (and others) are often overlooked when benchmark-
ing new GNN architectures, primarily due to the lack of available
datasets or the fact that available datasets are unknown within
the community. The limited focus on specific domains presents
challenges when attempting to explore new areas.

During my PhD, I studied ambient awareness, a concept unexplored
by the GNN community and more broadly by the Machine Learn-
ing and Data Science communities. Ambient awareness (AA) refers
to the development of awareness about who knows who and who
knows what that users of online social networks experience simply
by being exposed to a vast stream of pieces of digital information,
e.g., tweets on Twitter (recently rebranded as X.com) [��, ���].
Interestingly, AA happens in the absence of extensive one-to-one
communication and without the awareness being the ultimate
goal. These properties make AA a compelling mechanism for
information acquisition and an interesting subject of study.
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My work Sanchez-Martin et al. [���] was the first data-driven study
of AA. Previous research, based on user surveys [��], indicated
that individuals report ambient awareness only for parts of their
network. It was unclear whether this limitation was due to cognitive
capacity or limited exposure to diagnostic content (e.g., tweets).
My findings suggest that the latter is the primary constraint. This
research represents an initial step in the data-driven study of AA,
laying the groundwork for future investigations. However, it does
not present any “learning” as it is purely a data analysis work.

In unpublished follow-up work, I unsuccessfully attempted to use
GNN to predict the existence of ambient awareness between Twit-
ter users. I faced significant data-related challenges: identifying
relevant data, collecting and cleaning it, ensuring it contained
sufficient predictive information (high signal-to-noise ratio), and
selecting appropriate GNN architectures. These questions are typi-
cally already answered when developing new GNN architectures
for well-established tasks and domains.

Conducting research in a new use-case is challenging, especially
without available datasets and tested models. Establishing broader
standardized benchmarks across diverse domains in GNN research
can expand the impact of GNNs and uncover new interesting
research questions and limitations.

7.3 Closure

In this dissertation, we advanced the field of GNNs by introducing
practical approaches that tackle important challenges for the imple-
mentation of GNNs in real-world applications: efficient architecture
search, causal inference, and inherent interpretability. We introduced to
the community the potential of learnable interpolation to mitigate
cross-validation demands associated with the diversity of GNN
architectures, opening a new line of research in the efficient search
of GNN architectures, We also presented GNN-based solutions for
performing causal inference and generating interpretable and faith-
ful predictions for graph classification—two subfields that are
important for wider adoption of GNN models. Furthermore, we
offer open-source implementations of all proposed methods and
discuss the limitations of each of the approaches. We hope that
the methodologies discussed in this thesis will inspire future re-
search aimed at i) reducing computational resource requirements
and/or giving importance to the explicit inductive biases in the
development of GNN models.
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Publications A
Here, we include the complete publications (main manuscript and
appendices) that are part of this dissertation. In order, we include
the publications corresponding to L-CAT [��], VACA [���], and
CORES [���].
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Abstract

Existing Graph Neural Networks (GNNs) compute the message exchange
between nodes by either aggregating uniformly (convolving) the features of
all the neighboring nodes, or by applying a non-uniform score (attending)
to the features. Recent works have shown the strengths and weaknesses of
the resulting GNN architectures, respectively, GCNs and GATs. In this
work, we aim at exploiting the strengths of both approaches to their full
extent. To this end, we first introduce the graph convolutional attention
layer (CAT), which relies on convolutions to compute the attention scores.
Unfortunately, as in the case of GCNs and GATs, we show that there exists
no clear winner between the three—neither theoretically nor in practice—as
their performance directly depends on the nature of the data (i.e., of the
graph and features). This result brings us to the main contribution of our
work, the learnable graph convolutional attention network (L-CAT): a GNN
architecture that automatically interpolates between GCN, GAT and CAT
in each layer, by adding two scalar parameters. Our results demonstrate
that L-CAT is able to e!ciently combine di”erent GNN layers along the
network, outperforming competing methods in a wide range of datasets, and
resulting in a more robust model that reduces the need of cross-validating.

1 Introduction

In recent years, Graph Neural Networks (GNNs) (Scarselli et al., 2008) have become ubiqui-
tous in machine learning, emerging as the standard approach in many settings. For example,
they have been successfully applied for tasks such as topic prediction in citation networks (Sen
et al., 2008); molecule prediction (Gilmer et al., 2017); and link prediction in recommender
systems (Wu et al., 2020a). These applications typically make use of message-passing
GNNs (Gilmer et al., 2017), whose idea is fairly simple: in each layer, nodes are updated by
aggregating the information (messages) coming from their neighboring nodes.

Depending on how this aggregation is implemented, we can define di”erent types of GNN lay-
ers. Two important and widely adopted layers are graph convolutional networks (GCNs) (Kipf
& Welling, 2017), which uniformly average the neighboring information; and graph attention
networks (GATs) (Velickovic et al., 2018), which instead perform a weighted average, based
on an attention score between receiver and sender nodes. More recently, a number of works
have shown the strengths and limitations of both approaches from a theoretical (Fountoulakis
et al., 2022; Baranwal et al., 2021; 2022), and empirical (Knyazev et al., 2019) point of view.
These results show that their performance depends on the nature of the data at hand (i.e.,
the graph and the features), thus the standard approach is to select between GCNs and
GATs via computationally demanding cross-validation.

In this work, we aim to exploit the benefits of both convolution and attention operations in
the design of GNN architectures. To this end, we first introduce a novel graph convolutional
attention layer (CAT), which extends existing attention layers by taking the convolved

→
Equal contribution. Correspondence to: {ajavaloy,sanchez}@cs.uni-saarland.de.
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features as inputs of the score function. Following (Fountoulakis et al., 2022), we rely
on a contextual stochastic block model to theoretically compare GCN, GAT, and CAT
architectures. Our analysis shows that, unfortunately, no free lunch exists among these three
GNN architectures since their performance, as expected, is fully data-dependent.

This motivates the main contribution of the paper, the learnable graph convolutional attention
network (L-CAT): a novel GNN which, in each layer, automatically interpolates between the
three operations by introducing only two scalar parameters. As a result, L-CAT is able to
learn the proper operation to apply at each layer, thus combining di”erent layer types in the
same GNN architecture while overcoming the need to cross-validate—a process that was
prohibitively expensive prior to this work. Our extensive empirical analysis demonstrates
the capabilities of L-CAT on a wide range of datasets, outperforming existing baseline GNNs
in terms of both performance, and robustness to input noise and network initialization.

2 Preliminaries

Assume as input an undirected graph G = (V,E), where V = [n] denotes the set of vertices
of the graph, and E → V ↑ V the set of edges. Each node i ↓ [n] is represented by a
d-dimensional feature vector Xi ↓ Rd, and the goal is to produce a set of predictions {ŷi}ni=1.
To this end, a message-passing GNN layer yields a representation h̃i ↓ Rd→

for each node
i, by collecting and aggregating the information from each of its neighbors into a single
message; and using the aggregated message to update its representation from the previous
layer, hi ↓ Rd. For the purposes of this work, we can define this operation as the following:

h̃i = f(h↑
i) where h↑

i
def
=

∑

j↓N↑
i

ωijWvhj , (1)

where N→
i is the set of neighbors of node i (including i), Wv ↓ Rd→↔d a learnable matrix, f

an elementwise function, and ωij ↓ [0, 1] are coe!cients such that
∑

j ωij = 1 for each node i.

Let the input features be h0
i = Xi, and hL

i = ŷi the predictions, then we can readily define
a message-passing GNN (Gilmer et al., 2017) as a sequence of L layers as defined above.
Depending on the way the coe!cients ωij are computed, we identify di”erent GNN flavors.

Graph convolutional networks (GCNs) (Kipf & Welling, 2017) are simple yet e”ective.
In short, GCNs compute the average of the messages, i.e., they assign the same coe!cient
ωij = 1/|N→

i | to every neighbor:

h̃i = f(h↑
i) where h↑

i
def
=

1

|N→
i |

∑

j↓N↑
i

Wvhj , (2)

Graph attention networks take a di”erent approach. Instead of assigning a fixed value
to each coe!cient ωij , they compute it as a function of the sender and receiver nodes. A
general formulation for these models can be written as follows:

h̃i = f(h↑
i) where h↑

i
def
=

∑

j↓N↑
i

ωijWvhj and ωij
def
=

exp(#(hi,hj))∑
ω↓N↑

i
exp(#(hi,hω))

. (3)

Here, #(hi,hj)
def
= ε(Wqhi,Wkhj) is known as the score function (or attention architecture),

and provides a score value between the messages hi and hj (or more generally, between
a learnable mapping of the messages). From these scores, the (attention) coe!cients are
obtained by normalizing them, such that

∑
j ωij = 1. We can find in the literature di”erent

attention layers and, throughout this work, we focus on the original GAT (Velickovic et al.,
2018) and its extension GATv2 (Brody et al., 2022):

GAT: #(hi,hj) = LeakyRelu
(
a↗[Wqhi||Wkhj ]

)
, (4)

GATv2: #(hi,hj) = a↗LeakyRelu (Wqhi +Wkhj) , (5)

where the learnable parameters are now the attention vector a; and the matrices Wq, Wk,
and Wv. Following previous work (Velickovic et al., 2018; Brody et al., 2022), we assume
that these matrices are coupled, i.e., Wq = Wk = Wv. Note that the di”erence between the

2
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two layers lies in the position of the vector a: by taking it out of the nonlinearity, Brody
et al. (2022) increased the expressiveness of GATv2. Now, the product of a and a weight
matrix does not collapse into another vector. More importantly, the addition of two di”erent
attention layers will help us show the versatility of the proposed models later in §6.

3 Previous work

In recent years, there has been a surge of research in GNNs. Here, we discuss other GNN
models, attention mechanisms, and the recent findings on the limitations of GCNs and GATs.

The literature on GNNs is extensive (Wu et al., 2020b; Hamilton et al., 2017a; Battaglia
et al., 2018; Lee et al., 2019), and more abstract definitions of a message-passing GNN are
possible, leading to other lines of work trying di”erent ways to compute messages, aggregate
them, or update the final message (Hamilton et al., 2017b; Xu et al., 2019; Corso et al., 2020).
Alternatively, another line of work fully abandons message-passing, working instead with
higher-order interactions (Morris et al., 2019). While some of this work is orthogonal—or
directly applicable—to the proposed model, in the main paper we focus on convolutional
and attention graph layers, as they are the most widely used (and cited) as of today.

While we consider the original GAT (Velickovic et al., 2018) and GATv2 (Brody et al., 2022),
our work can be directly applied to any attention model that sticks to the formulation in
Eq. 3. For example, some works propose di”erent metrics for the score function, like the
dot-product (Brody et al., 2022), cosine similarity (Thekumparampil et al., 2018), or a
combination of various functions (Kim & Oh, 2021). Other works introduce transformer-
based mechanisms (Vaswani et al., 2017) based on positional encoding (Dwivedi & Bresson,
2020; Kreuzer et al., 2021) or on the set transformer (Wang et al., 2021a). Finally, there also
exist attention approaches designed for specific type of graphs, such as relational (Yun et al.,
2019; Busbridge et al., 2019) or heterogeneous graphs (Wang et al., 2019b; Hu et al., 2020b).

3.1 On the limitations of GCN and GAT networks

Baranwal et al. (2021) studied classification on a simple stochastic block model, showing
that, when the graph is neither too sparse nor noisy, applying one layer of graph convolution
increases the regime in which the data is linearly separable. However, this result is highly
sensitive to the graph structure, as convolutions essentially collapse the data to the same
value in the presence of enough noise. More recently, Fountoulakis et al. (2022) showed that
GAT is able to remedy the above issue, and provides perfect node separability regardless
of the noise level in the graph. However, a classical argument (see Anderson (2003)) states
that in this particular setting a linear classifier already achieves perfect separability. These
works, in summary, showed scenarios for which GCNs can be beneficial in the absence of
noise, and that GAT can outperform GCNs in other scenarios, leaving open the question of
which architecture is preferable in terms of performance.

4 Convolved attention: benefits and hurdles

In this section, we propose to combine attention with convolution operations. To motivate
it, we complement the results of Fountoulakis et al. (2022), providing a synthetic dataset for
which any 1-layer GCN fails, but 1-layer GAT does not. Thus, proving a clear distinction
between GAT and GCN layers. Besides, we show that convolution helps GAT as long as
the graph noise is reasonable. The proofs for the two statements in this section appear in
Appendix A and follow similar arguments as in Fountoulakis et al. (2022).

This dataset is based on the contextual stochastic block model (CSBM) (Deshpande et al.,
2018). Let ϑ1, . . . , ϑn be iid. uniform samples from {↔1, 0, 1}. Let Ck = {j ↓ [n] | ϑj = k}
for k ↓ {↔1, 0, 1}. We set the feature vector Xi ↗ N (ϑiµ, I · ϖ2) where µ ↓ Rd, ϖ ↓ R, and
I ↓ {0, 1}d↔d is the identity matrix. For a given pair p, q ↓ [0, 1] we consider the stochastic
adjacency matrix A ↓ {0, 1}n↔n defined as follows: for i, j ↓ [n] in the same class (intra-edge),
we set aij ↗ Ber(p);1 for i, j in di”erent classes (inter-edge), we set aij ↗ Ber(q). We denote

1
Ber(·) denote the Bernoulli distribution.
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by (X,A) ↗ CSBM(n, p, q,µ,ϖ2) a sample obtained according to the above random process.
Our task is then to distinguish (or separate) nodes from C0 vs. C↘1 ↘ C1.

Note that, in general, it is impossible to separate C0 from C↘1 ↘ C1 with a linear classifier
and, using one convolutional layer is detrimental for node classification on the CSBM:2

although the convolution brings the means closer and shrinks the variance, the geometric
structure of the problem does not change. On the other hand, we prove that GAT is able to
achieve perfect node separability when the graph is not too sparse:

Theorem 1. Suppose that p, q = $(log2 n/n) and ≃µ≃2 = ϱ(ϖ
⇐
log n). Then, there exists

a choice of attention architecture # such that, with probability at least 1 ↔ on(1) over the
data (X,A) ↗ CSBM(n, p, q,µ,ϖ2), GAT separates nodes C0 from C1 ↘ C↘1.

Moreover, we show using methods from Baranwal et al. (2021), that the above classification
threshold ≃µ≃ can be improved when the graph noise is reasonable. Specifically, by applying
convolution prior to the attention score, the variance of the data is greatly reduced, and if
the graph is not too noisy, the operation dramatically lowers the bound in Thm. 1. We
exploit this insight by introducing the graph convolutional attention layer (CAT):

#(hi,hj) = ε(Wh̃i,Wh̃j) where h̃i =
1

|N→
i |

∑

ω↓N↑
i

hω , (6)

where h̃i are the convolved features of the neighborhood of node i. As we show now, CAT
improves over GAT by combining convolutions with attention, when the graph noise is low.

Corollary 2. Suppose p, q = $(log2 n/n) and ≃µ≃ ⇒ ϱ
(
ϖ
√

(p+2q) logn
n(p↘q)2

)
. Then, there is a

choice of attention architecture # such that CAT separates nodes C0 from C1 ↘ C↘1, with
probability at least 1 ↔ o(1) over the data (X,A) ↗ CSBM(n, p, q,µ,ϖ2).

The above proposition shows that under the CSBM data model, convolving prior to attention
changes the regime for perfect node separability by a factor of |p ↔ q|

√
n/(p+ 2q). This is

desirable when |p↔ q|
√
n/(p+ 2q) > 1, since the regime for perfect classification is increased.

Otherwise, applying convolution prior to attention reduces the regime for perfect separability.
Therefore, it is not always clear whether convolving prior to attention is beneficial.

5 L-CAT: Learning to interpolate

From the previous analysis, we can conclude that it is hard to know a priori whether
attention, convolution, or convolved attention, will perform the best. In this section, we
argue that this issue can be easily overcome by learning to interpolate between the three.

First, note that GCN and GAT only di”er in that GCN weighs all neighbors equally (Eq. 2)
and, the more similar the attention scores are (Eq. 3), the more uniform the coe!cients ωij
are. Thus, we can interpolate between GCN and GAT by introducing a learnable parameter.
Similarly, the formulation of GAT (Eq. 3) and CAT (Eq. 6) di”er in the convolution within
the score, which can be interpolated with another learnable parameter.

Following this observation, we propose the learnable convolutional attention layer (L-CAT),
which can be formulated as an attention layer with the following score:

#(hi,hj) = ς1 · ε(Wh̃i,Wh̃j) where h̃i =
hi + ς2

∑
ω↓Ni

hω

1 + ς2|Ni|
, (7)

where ς1,ς2 ↓ [0, 1]. As mentioned before, this formulation lets L-CAT learn to interpolate
between GCN (ς1 = 0), GAT (ς1 = 1 and ς2 = 0), and CAT (ς1 = 1 and ς2 = 1).

L-CAT enables a number of non-trivial benefits. Not only can it switch between existing
layers, but it also learns the amount of attention necessary for each use-case. Moreover, by

2
We note that this problem can be easily solved by two layers of GCN (Baranwal et al., 2022).
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Figure 1: Synthetic data results. The left-most plots show accuracy as we vary the noise
level q for ≃µ≃ = 0.1 and ≃µ≃ = 4.3. The right-most plots show the accuracy as we change
the norm of the means ≃µ≃ for q = 0.1 and q = 0.3. We use two vertical lines to present the
classification threshold stated in Thm. 1 (solid line) and Cor. 2 (dashed line).

comprising the three layers in a single learnable formulation, it removes the necessity of
cross-validating the type of layer, as their performance is data-dependent (see §§3.1 and 4).
Remarkably, it allows to easily combine di”erent layer types within the same architecture.

While we focus on GCN, L-CAT can be easily used with other GNN architectures such as
PNA (Corso et al., 2020) and GCNII (Chen et al., 2020), as L-CAT interpolates between
two di”erent adjacency matrices. For further details and results, refer to App. F.

6 Experiments

In this section, we first validate our theoretical findings on synthetic data (§6.1). Then,
we show through various node classification tasks that (L-)CAT is as competitive as the
baseline models (§6.2). Lastly, we move to more demanding scenarios from the Open Graph
Benchmark (Hu et al., 2020a), demonstrating that L-CAT is a more flexible and robust
alternative to its baseline methods (§6.3) that reduces the need of cross-validating without
giving up on performance. Refer to Apps. B to F for details and additional results. The
code to reproduce the experiments can be found at https://github.com/psanch21/LCAT.

6.1 Synthetic data

First, we empirically validate our theoretical results (Thm. 1 and Cor. 2). We aim to better
understand the behavior of each layer as the properties of the data change, i.e., the noise
level q (proportion of inter-edges) and the distance between the means of consecutive classes
≃µ≃. We provide extra results and additional experiments in App. B.

Experimental setup. As data model, we use the proposed CSBM (see §4) with n = 10000,
p = 0.5, ϖ = 0.1, and d = n/

(
5 log2(n)

)
. All results are averaged over 50 runs, and

parameters are set as described in App. A. We conduct two experiments to assess the
sensitivity to structural noise. First, we vary the noise level q between 0 and 0.5, leaving the
mean vector µ fixed. We test two values of ≃µ≃: the first corresponds to the easy regime
(≃µ≃ = 10ϖ

⇐
2 log n) where classes are far apart; and the second correspond to the hard

regime (≃µ≃ = ϖ) where clusters are close. In the second experiment we instead sweep
≃µ≃ in the range

[
ϖ/20, 20ϖ

⇐
2 log n

]
, covering the transition from hard (small ≃µ≃) to easy

(large ≃µ≃) settings. Here, we fix q to 0.1 (low noise) and 0.3 (high noise). In both cases, we
compare the behavior of 1-layer GAT and CAT, and include GCN as the baseline.

Results. The two left-most plots of Fig. 1 show node classification performance for the hard
and easy regimes, respectively, as we vary the noise level q. In the hard regime, we observe
that GAT is unable to achieve separation for any value of q, whereas CAT achieves perfect
classification when q is small enough. This exemplifies the advantage of CAT over GAT as
stated in Cor. 2. When the distance between the means is large enough, we see that GAT
achieves perfect results independently of q, as stated in Thm. 1. In contrast, when CAT fails
to satisfy the condition in Cor. 2 (as we increase q), it achieves inferior performance.

The right-most part of Fig. 1 shows the results when we fix q and sweep ≃µ≃. In these two
plots, we can appreciate the transition in the accuracy of both GAT and CAT as a function
of ≃µ≃. We observe that GAT achieves perfect accuracy when the distance between the
means satisfies the condition in Thm. 1 (solid vertical line in Fig. 1). Moreover, we can see

5
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Table 1: Test accuracy (%) of the considered models for di”erent datasets (sorted by their
average node degree), and averaged over ten runs. Bold numbers are statistically di”erent to
their baseline model (ε = 0.05). Best average performance is underlined.

Dataset Amazon
Computers

Amazon
Photo GitHub Facebook

PagePage
Coauthor
Physics TwitchEN

Avg. Deg. 35.76 31.13 15.33 15.22 14.38 10.91

GCN 90.59 ± 0.36 95.13 ± 0.57 84.13 ± 0.44 94.76 ± 0.19 96.36 ± 0.10 57.83 ± 1.13

GAT 89.59 ± 0.61 94.02 ± 0.66 83.31 ± 0.18 94.16 ± 0.48 96.36 ± 0.10 57.59 ± 1.20
CAT 90.58 ± 0.40 94.77 ± 0.47 84.11 ± 0.66 94.71 ± 0.30 96.40 ± 0.10 58.09 ± 1.61
L-CAT 90.34 ± 0.47 94.93 ± 0.37 84.05 ± 0.70 94.81 ± 0.25 96.35 ± 0.10 57.88 ± 2.07

GATv2 89.49 ± 0.53 93.47 ± 0.62 82.92 ± 0.45 93.44 ± 0.30 96.24 ± 0.19 57.70 ± 1.17
CATv2 90.44 ± 0.46 94.81 ± 0.55 84.10 ± 0.88 94.27 ± 0.31 96.34 ± 0.12 57.99 ± 2.02
L-CATv2 90.33 ± 0.44 94.79 ± 0.61 84.31 ± 0.59 94.44 ± 0.39 96.29 ± 0.13 57.89 ± 1.53

the improvement CAT obtains over GAT. Indeed, when ≃µ≃ satisfies the conditions of Cor. 2
(dashed vertical line in Fig. 1), the classification threshold is improved. As we increase q we
see that the gap between the two vertical lines decreases, which means that the improvement
of CAT over GAT decreases as q increments, exactly as stated in Cor. 2.

6.2 Real data

We study now the performance of the proposed models in a comprehensive set of real-world
experiments, in order to gain further insights of the settings in which they excel. Specifically,
we found CAT and L-CAT to outperform their baselines as the average node degree increases.
For a detailed description of the datasets and additional results, refer to Apps. C, D and F.

Models. We consider as baselines a simple GCN layer (Kipf & Welling, 2017), the original
GAT layer (Velickovic et al., 2018) and its recent extension, GATv2 (Brody et al., 2022).
Based on the two attention models, we consider their CAT and L-CAT extensions. To
ensure fair comparisons, all layers use the same number of parameters and implementation.

Datasets. We consider six node classification datasets. The Facebook/GitHub/TwitchEN
datasets involve social-network graphs (Rozemberczki et al., 2021), whose nodes represent ver-
ified pages/developers/streamers; and where the task is to predict the topic/expertise/explicit-
language-use of the node. The Coauthor Physics dataset (Shchur et al., 2018) represents a
co-authorship network whose nodes represent authors, and the task is to infer their main
research field. The Amazon datasets represent two product-similarity graphs (Shchur et al.,
2018), where each node is a product, and the task is to infer its category.

Experimental setup. To ensure the best results, we cross-validate all optimization-related
hyperparameters for each model using GraphGym (You et al., 2020). All models use four
GNN layers with hidden size of 32, and thus have an equal number of parameters. For
evaluation, we take the best-validation configuration during training, and report test-set
performance. For further details, refer to App. D.

Results are presented in Table 1. In contrast with §6.1, we here find GCN to be a strong
contender, reinforcing its viability in real-world data despite its simplicity. We observe
both CAT and L-CAT not only holding up the performance with respect to their baselines
models for all datasets, but in most cases also improving the test accuracy in a statistically
significant manner. These results validate the e”ectiveness of CAT as a GNN layer, and
show the viability of L-CAT as a drop-in replacement, achieving good results on all datasets.

As explained in §4, CAT di”ers from a usual GAT in that
the score is computed with respect to the convolved features.
Intuitively, this means that CAT should excel in those settings
where nodes are better connected, allowing CAT to extract
more information from their neighborhoods. Indeed, in the
inset figure we can observe the improvement in accuracy of
CAT with respect to its baseline model, as a function of the
average node degree of the dataset, and the linear regression
fit of these results (dashed line). This plot includes all datasets
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Table 2: Test performance of the considered models on four OGB datasets, averaged over
five runs. Bold numbers are statistically di”erent to their baseline model (ε = 0.05). Best
average performance is underlined. Left table: accuracy (%); right table: AUC-ROC (%).

Dataset arxiv products mag

GCN 71.58 ± 0.20 74.12 ± 1.20 32.77 ± 0.36

GAT 71.58 ± 0.16 78.53 ± 0.91 32.15 ± 0.31
CAT 72.14 ± 0.21 77.38 ± 0.36 31.98 ± 0.46
L-CAT 71.99 ± 0.08 77.19 ± 1.11 32.47 ± 0.38

GATv2 71.73 ± 0.24 76.40 ± 0.71 32.76 ± 0.18
CATv2 72.03 ± 0.09 74.81 ± 1.12 32.43 ± 0.22

L-CATv2 71.97 ± 0.22 76.37 ± 0.92 32.68 ± 0.50

proteins

80.10 ± 0.55

79.08 ± 1.47
73.26 ± 1.65
79.63 ± 0.71

78.65 ± 1.44
74.33 ± 0.94
79.07 ± 0.98

(from the manuscript and App. D), and shows a positive trend between node connectivity
and improved performance achieved by CAT.

6.3 Open Graph Benchmark

In this section, we assess the robustness of the proposed models, in order to fully understand
their benefits. For further details and additional results, refer to App. E.

Datasets. We consider four datasets from the OGB suite (Hu et al., 2020a): proteins,
products, arxiv , and mag . Note that these datasets are significantly larger than those from
§6.2 and correspond to more di!cult tasks, e.g., arxiv is a 40-class classification problem
(see Table 5 in App. C for details). This makes them more suitable for the proposed analysis.

Experimental setup. We adopt the same experimental setup as Brody et al. (2022) for
the proteins , products , and mag datasets. For the arxiv dataset, we use instead the example
code from OGB (Hu et al., 2020a), as it yields better performance than that of Brody et al.
(2022). Just as in §6.2, we compare with GCN (Kipf & Welling, 2017), GAT (Velickovic
et al., 2018), GATv2 (Brody et al., 2022), and their CAT and L-CAT counterparts. We
cross-validate the number of heads (1 and 8), and select the best-validation models during
training. All models are identical except for their ς values.

Results are summarized in Table 2. Here we do not observe a clear preferred baseline: GCN
performs really well in proteins and mag ; GAT excels in products ; and GATv2 does well in
arxiv and mag . While CAT obtains the best results on arxiv , its performance on proteins
and products is significantly worse than the baseline model. Presumably, an excessive amount
of inter-edges could explain why convolving the features prior to computing the score is
harmful, as seen in §6.1. As we explore in §6.3.2, however, CAT improves over its baseline
for most proteins scenarios, specially with a single head. In stark contrast, L-CAT performs
remarkably well, improving the baseline models in all datasets but products—even on those
in which CAT fails—demonstrating the adaptability of L-CAT to di”erent scenarios.

To better understand the training dynamics of the models, we plot in Fig. 2a the test accuracy
of GCN and the GATv2 models during training on the arxiv dataset. Interestingly, despite
all models obtaining similar final results, CATv2 and L-CATv2 drastically improved their
convergence speed and stability with respect to GATv2, matching that of GCN. To understand
the behavior of L-CATv2, Fig. 2b shows the evolution of the ς parameters. We observe that,
to achieve these results, L-CATv2 converged to a GNN network that combines three types of
layers: the first layer is a CATv2 layer, taking advantage of the neighboring information; the
second layer is a quasi-GCN layer, in which scores are almost uniform and some neighboring
information is still used in the score computation; and the third layer is a pure GCN layer,
in which all scores are uniformly distributed. It is important to remark that these dynamics
are fairly consistent, as L-CATv2 reached the same ς values over all five runs.
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(a) Test accuracy. (b) Evolution of ω1,ω2.

Figure 2: Behavior of GCN and GATv2-based models during training on the arxiv dataset.
(a) CAT and L-CAT converge quicker and more stably than their baseline model. (b) L-CAT
consistently converges to the same architecture: a CAT ⇑quasi-GCN⇑GCN network.

6.3.1 Robustness to noise

One intrinsic aspect of real world data is the existence of noise. In this section, we explore
the robustness of the proposed models to di”erent levels of noise, i.e., we attempt to simulate
scenarios where there exist measurement inaccuracies in the input features and edges.

Experimental setup. We consider the arxiv dataset, and
the same experimental setup as in §6.3. We conduct two
experiments. First, we introduce to the node features
additive noise of the form N (0,1ϖ), and consider di”erent
levels of noise, ϖ ↓ {0, 0.25, 0.5, 0.75, 1}. Then, as in (Brody
et al., 2022), we simulate edge noise by adding fake edges
with probability Bern(p) for p ↓ {0, 0.1, 0.2, 0.3, 0.4, 0.5}.
Results are shown in the inset figures for feature (top) and
edge noise (bottom), summarizing the performance of all
models over five runs and two numbers of heads (1 and 8).
Baseline attention models are quite sensitive to feature noise,
but are more robust to edge noise, as they can drop inter-
class edges (see §3.1). GCNs, as expected, are instead more
robust to feature noise, but su”er more in the presence of
edge noise. In concordance with the synthetic experiments
(see §§4 and 6.1), CAT is able to leverage convolutions as
a variance-reduction technique, reducing the variance and
improving its robustness to feature noise. Remarkably, L-
CAT proves to be the most robust for both types of noise:
by adapting the amount of attention used in each layer, it
outperforms existing methods and reduces the variance.

6.3.2 Robustness to network initialization

Another important aspect for real-world applications is robustness to network initialization,
i.e., the ability to obtain satisfying performance independently of the initial parameters.
Otherwise, a practitioner can waste lots of resources trying initilizations or, even worse, give
up on a model just because they did not try the initial parameters that yield great results.

Experimental setup. We follow once again the same setup for proteins as in §6.3. We
consider two di”erent network initializations. The first one, uniform, uses uniform Glorot
initilization (Glorot & Bengio, 2010) with a gain of 1, which is the standard initialization
used throughout this work. The second one, normal , uses instead normal Glorot initializa-
tion (Glorot & Bengio, 2010) with a gain of

⇐
2. This is the initialization employed on the

original GATv2 paper (Brody et al., 2022) exclusively for the proteins dataset.

Results—segregated by number of heads—are shown in Table 3, while the results for GCN
appear in the inset table. These results show that the baseline models perform poorly on the
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Table 3: Test AUC-ROC (%) on the proteins dataset for attention models with two di”erent
network initializations (see §6.3.2), using 1 head (top) and 8 heads (bottom).

GAT CAT L-CAT GATv2 CATv2 L-CATv2

1h

uniform 59.73 ± 3.61 64.32 ± 2.33 77.77 ± 1.28 59.85 ± 2.73 64.32 ± 2.33 79.08 ± 0.95

normal 66.38 ± 6.94 73.26 ± 1.65 78.06 ± 1.25 69.13 ± 8.48 74.33 ± 0.94 79.07 ± 0.98

8h

uniform 72.23 ± 2.86 73.60 ± 1.14 78.85 ± 1.57 75.21 ± 1.61 74.16 ± 1.30 78.77 ± 0.97

normal 79.08 ± 1.47 74.67 ± 1.15 79.63 ± 0.71 78.65 ± 1.44 73.40 ± 0.56 79.30 ± 0.49

average 69.36 ± 8.52 73.93 ± 1.35 78.58 ± 1.48 70.71 ± 8.70 71.55 ± 4.54 79.05 ± 0.91

Figure 3: Distribution of ς1,ς2 on proteins dataset for L-CAT across initializations.

uniform initialization. However, this is somewhat alleviated when using 8 heads in the atten-
tion models. Moreover, all baselines significantly improve with normal initialization, being
GCN the best model, and attention models obtaining 79% accuracy on average with 8 heads.

GCN

uniform 61.08 ± 2.56
normal 80.10 ± 0.55

average 70.59 ± 10.21

Compared to the baselines, CAT does a good job and improves
the performance in all cases except for normal with 8 heads.
Remarkably, L-CAT consistently obtains high accuracy in all
scenarios and runs. To emphasize consistency, bottom row shows
the average accuracy across runs, showing that L-CAT is clearly
more robust to parameter initialization than competing models.

To understand this performance, we inspect the distribution of ς1,ς2 for L-CAT in Fig. 3.
Here, we can spot a few interesting patterns. Consistently, the first and last layers are always
GCNs, while the inner layers progressively admit less attention. Second, the number of
heads a”ects the amount of attention allowed in the network; the more heads, the more
expressive the layer tends to be, and more attention is permitted. Third, L-CAT adapts to
the initialization used: in uniform, it allows more attention in the second layer; in normal , it
allows more attention in the score inputs. These results consolidate the flexibility of L-CAT.

7 Conclusions and future work

In this work, we studied how to combine the strengths of convolution and attention layers in
GNNs. We proposed CAT, which computes attention with respect to the convolved features,
and analyzed its benefits and limitations on a new synthetic dataset. This analysis revealed
di”erent regimes where one model is preferred over the others, reinforcing the idea that
selecting between GCNs, GATs, and now CATs, is a di!cult task. For this reason, we
proposed L-CAT, a model which interpolates between the three via two learnable parameters.
Extensive experimental results demonstrated the e”ectiveness of L-CAT, yielding great
results while being more robust than other methods. As a result, L-CAT proved to be a
viable drop-in replacement that removes the need to cross-validate the layer type.

We strongly believe learnable interpolation can get us a long way, and we hope L-CAT to
motivate new and exciting work. Specially, we are eager to see L-CAT in real applications,
and thus finding out what combining di”erent GNN layers across a model (without the
hurdle of cross-validating all layer combinations) can lead to in the real-world.
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imer, Florence d’Alché-Buc, Emily B. Fox, and Roman Garnett (eds.), Advances in
Neural Information Processing Systems 32: Annual Conference on Neural Informa-
tion Processing Systems 2019, NeurIPS 2019, December 8-14, 2019, Vancouver, BC,
Canada, pp. 11960–11970, 2019. URL https://proceedings.neurips.cc/paper/2019/
hash/9d63484abb477c97640154d40595a3bb-Abstract.html. (page 3)

14



Published as a conference paper at ICLR 2023

Appendix

Table of Contents
A Theoretical results 16

A.1 A hard example for GCN . . . . . . . . . . . . . . . . . . . . . . . . . . 16

A.2 A solution for GAT and CAT . . . . . . . . . . . . . . . . . . . . . . . . 17

B Synthetic experiments 23

B.1 Other experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

C Dataset description 26

D Real data experiments 27

D.1 Experimental details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

D.2 Additional results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

E Open Graph Benchmark experiments 29

E.1 Experimental details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

E.2 Additional results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

F Extending L-CAT to other GNN models 32

F.1 PNA experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

F.2 GCNII experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

15



Published as a conference paper at ICLR 2023

A Theoretical results

A.1 A hard example for GCN

In this subsection, we present a dataset and classification task for which GCN performs
poorly. Note that we follow the similar techniques and notation as (Fountoulakis et al.,
2022), as described in the main paper.

We recall our data model. Fix n, d ↓ N and let ϑ1, . . . , ϑn be i.i.d uniformly sampled from
{↔1, 0, 1}. Let Ck = {j ↓ [n] | ϑj = k} for k ↓ {↔1, 0, 1}. For each index i ↓ [n], we set the
feature vector Xi ↓ Rd as Xi ↗ N (ϑi · µ, I · ϖ2), where µ ↓ Rd, ϖ ↓ R and I ↓ {0, 1}d↔d is
the identity matrix. For a given pair p, q ↓ [0, 1] we consider the stochastic adjacency matrix
A ↓ {0, 1}n↔n defined as follows. For i, j ↓ [n] in the same class, we set aij ↗ Ber(p), and
if i, j are in di”erent classes, we set aij ↗ Ber(q). We let D ↓ Rn↔n be a diagonal matrix
containing the degrees of the vertices. We denote by (X,A) ↗ CSBM(n, p, q,µ,ϖ2) a sample
obtained according to the above random process.

The task we wish to solve is classifying C0 vs C↘1 ↘ C1. Namely, we want our model φ to
satisfy φ(Xi) < 0 if and only if i ↓ C0. Moreover, note that the posed problem is not linearly
classifiable.

To this end, we start by stating an assumption on the choice of parameters. This assumption
is necessary to achieve degree concentration in the graph.

Assumption 1. p, q = $(log2 n/n) .

We now show the distribution of the convolved features. The following lemma can be easily
obtained using the techniques in Baranwal et al. (2021).

Lemma 3. Fix p, q satisfying Assumption 1. With probability at least 1 ↔ o(1) over A and
{ϑi}i,

(D↘1
AX)i ↗ N

(
ϑi · p ↔ q

p+ 2q
µ,

ϖ2

n(p+ 2q)

)
, ⇓i ↓ [n].

To prove the above lemma, we need the following definition of our high probability event.

Definition 1. We define the even E as the intersection of the following events over A and
{ϑi}i:
1. E1 is the event that |C0| = n

3 ± O(
⇐
n log n), |C1| = n

3 ± O(
⇐
n log n)

and |C↘1| = n
3 ± O(

⇐
n log n).

2. E2 is the event that for each i ↓ [n], Dii =
n(p+2q)

3

(
1 ± 10≃

logn

)
.

3. E3 is the event that for each i ↓ [n] and k ↓ {↔1, 0, 1},

|Ni ⇔ Ck| =





Dii · p

p+2q ·
(
1 ± 10≃

logn

)
if i ↓ Ck

Dii · q
p+2q ·

(
1 ± 10≃

logn

)
if i /↓ Ck

.

The following lemma is a direct application of Cherno” bound and a union bound.

Lemma 4. With probability at least 1 ↔ 1/poly(n) the event E holds.

Proof of Lemma 3. By applying Lemma 4, and conditioned on E , for any i ↓ [n]

(D↘1
AX)i =

1

Dii

∑

j↓Ni

Xj =
1

Dii




∑

j↓Ni⇐C↓1

Xj +
∑

j↓Ni⇐C0

Xj +
∑

j↓Ni⇐C1

Xj



 .

Using the definition of E and properties of Gaussian distributions the lemma follows.
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Lemma 3 shows that essentially, the convolution reduced the variance and moved the means
closer, but the structure of the problem stayed exactly the same. Therefore, one layer of
GCN cannot separate C0 from C↘1 ↘ C1 with high probability.

A.2 A solution for GAT and CAT

In what follows, we show that GAT is able to handle the above classification task easily
when the distance between the means is large enough. Then, we show how the additional
convolution on the inputs to the score function improves the regime of perfect classification
when the graph is not too noisy. Our main technical lemma considers a specific attention
architecture and characterize the attention scores for our data model.

Lemma 5. Suppose that p, q satisfy Assumption 1, ≃µ≃ ⇒ ϱ
(
ϖ
⇐
log n

)
, fix the LeakyRelu

constant ↼ ↓ (0, 1) and R ↓ R. Then, there exists a choice of attention architecture # such
that with probability at least 1 ↔ on(1) over the data (X,A) ↗ CSBM(n, p, q,µ,ϖ2) the
following holds.

#(Xi,Xj) =






10R↼≃µ≃(1 ± o(1)) if i, j ↓ C2
1

↔2R≃µ≃(1 + 2↼)(1 ± o(1)) if i, j ↓ C2
↘1

↔2R≃µ≃(1 + 5↼)(1 ± o(1)) if i ↓ C1, j ↓ C↘1

10R↼≃µ≃(1 ± o(1)) if i ↓ C↘1, j ↓ C1

↔R
2 ≃µ≃(1 ↔ 21↼)(1 ± o(1)) if i ↓ C0, j ↓ C1

↔R
2 ≃µ≃(1 ↔ 11↼)(1 ± o(1)) if i ↓ C0, j ↓ C↘1

↔R
2 ≃µ≃(1 ↔ 5↼)(1 ± o(1)) if i ↓ C1, j ↓ C0

↔R
2 ≃µ≃(1 ↔ 5↼)(1 ± o(1)) if i ↓ C↘1, j ↓ C0

2R↼≃µ≃(1 ± o(1)) if i, j ↓ C2
0

.

Proof. We consider as an ansatz the following two layer architecture #.

w̃
def
=

µ

≃µ≃ , S
def
=





1 1
↔1 ↔1
1 ↔1

↔1 1
0 1
1 0
0 ↔1

↔1 0





, b
def
=





↔3/2
↔3/2
↔3/2
↔3/2
↔1/2
↔1/2
↔1/2
↔1/2





· ≃µ≃, r
def
= R ·





2
↔2
↔2
2

↔1
↔1
↔1
↔1





,

where R > 0 is an arbitrary scaling parameter. The output of the attention model is defined
as

#(Xi,Xj)
def
= rT · LeakyRelu

(
S ·


w̃T

Xi

w̃T
Xj


+ b

)
.

Let !ij
def
= S ·


w̃T

Xi

w̃T
Xj


+ b ↓ R8, and note that for each element t ↓ [8] of !ij , we have that

(!ij)t = St,1w̃T
Xi + St,2w̃T

Xj + bt. Note that the random variable (!ij)t is distributed
as follows:

(!ij)t ↗






N
(
(St,1 + St,2)w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i, j ↓ C2

1

N
(
↔(St,1 + St,2)w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i, j ↓ C2

↘1

N
(
(St,1 ↔ St,2)w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i ↓ C1, j ↓ C↘1

N
(
↔(St,1 ↔ St,2)w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i ↓ C↘1, j ↓ C1

N
(
St,2w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i ↓ C0, j ↓ C1

N
(
↔St,2w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i ↓ C0, j ↓ C↘1

N
(
St,1w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i ↓ C1, j ↓ C0

N
(
↔St,1w̃Tµ+ bt, ≃St,→≃2ϖ2

)
if i ↓ C↘1, j ↓ C0

N
(
bt, ≃St,→≃2ϖ2

)
if i, j ↓ C2

0

.
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Therefore, for a fixed i, j ↓ [n]2 we have that the entries of !ij are distributed as follows
(where we use N y

x as abbreviation for the Gaussian N (x, y))

N 4ε2

↔µ↔
2

N 4ε2

↓7↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N ε2

↔µ↔
2

N ε2

↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↘ 3↔µ↔
2


for i, j ↓ C2

1 ,

N 4ε2

↘ 7↔µ↔
2

N 4ε2

↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↔µ↔
2

N ε2

↔µ↔
2


for i, j ↓ C2

↘1,

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↔µ↔
2

N 4ε2

↘ 7↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↔µ↔
2

N ε2

↔µ↔
2

N ε2

↘ 3↔µ↔
2


for i, j ↓ C1 ↑ C↘1,


N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 7↔µ↔
2

N 4ε2

↔µ↔
2

N ε2

↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↔µ↔
2


for i, j ↓ C↘1 ↑ C1,


N 4ε2

↘ ↔µ↔
2

N 4ε2

↘ 5↔µ↔
2

N 4ε2

↘ 5↔µ↔
2

N 4ε2

↘ ↔µ↔
2

N ε2

↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↘ ↔µ↔
2


for i, j ↓ C0 ↑ C1,


N 4ε2

↘ 5↔µ↔
2

N 4ε2

↘ ↔µ↔
2

N 4ε2

↘ ↔µ↔
2

N 4ε2

↘ 5↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↔µ↔
2

N ε2

↘ ↔µ↔
2


for i, j ↓ C0 ↑ C↘1,


N 4ε2

↘ ↔µ↔
2

N 4ε2

↘ 5↔µ↔
2

N 4ε2

↘ ↔µ↔
2

N 4ε2

↘ 5↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↘ 3↔µ↔
2


for i, j ↓ C1 ↑ C0,


N 4ε2

↘ 5↔µ↔
2

N 4ε2

↘ ↔µ↔
2

N 4ε2

↘ 5↔µ↔
2

N 4ε2

↘ ↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↘ 3↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↔µ↔
2


for i, j ↓ C↘1 ↑ C0,


N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N 4ε2

↘ 3↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↘ ↔µ↔
2

N ε2

↘ ↔µ↔
2


for i, j ↓ C2

0 ,

Next, we will use the following lemma regarding LeakyRelu concentration.

Lemma 6 (Lemma A.6 in Fountoulakis et al. (2022)). Fix s ↓ N, and let z1, . . . , zs be
jointly Gaussian random variables with marginals zi ↗ N (µi,ϖ2

i ). There exists an absolute
constant C > 0 such that with probability at least 1 ↔ os(1), we have

LeakyRelu(zi) = LeakyRelu (µi) ± Cϖi

√
log s, for all i ↓ [s].

Using Lemma 6 with the assumption on ≃µ≃ and a union bound, we have that with probability
at least 1 ↔ on(1), LeakyRelu(!ij) is (up to 1 ± o(1))


⇒µ⇒
2

↘7ϑ⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2

⇒µ⇒
2

⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2


for i, j ↓ C2

1 ,

↔ 7ϑ⇒µ⇒

2
⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2

⇒µ⇒
2

⇒µ⇒
2


for i, j ↓ C2

↘1,

↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2

⇒µ⇒
2 ↔ 7ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2

⇒µ⇒
2

⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2


for i, j ↓ C1 ↑ C↘1,


↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2 ↔ 7ϑ⇒µ⇒

2
⇒µ⇒
2

⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2

⇒µ⇒
2


for i, j ↓ C↘1 ↑ C1,


↔ϑ⇒µ⇒

2 ↔ 5ϑ⇒µ⇒
2 ↔ 5ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2

⇒µ⇒
2 ↔⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2 ↔⇒ϑµ⇒

2


for i, j ↓ C0 ↑ C1,


↔ 5ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2 ↔ϑ⇒µ⇒

2 ↔ 5ϑ⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2

⇒µ⇒
2 ↔ϑ⇒µ⇒

2


for i, j ↓ C0 ↑ C↘1,


↔ϑ⇒µ⇒

2 ↔ 5ϑ⇒µ⇒
2 ↔ϑ⇒µ⇒

2 ↔ 5ϑ⇒µ⇒
2 ↔ϑ⇒µ⇒

2
⇒µ⇒
2 ↔ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2


for i, j ↓ C1 ↑ C0,


↔ 5ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2 ↔ 5ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2 ↔ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2 ↔⇒ϑµ⇒

2
⇒µ⇒
2


for i, j ↓ C↘1 ↑ C0,


↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2 ↔ 3ϑ⇒µ⇒

2 ↔ 3ϑ⇒µ⇒
2 ↔ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2 ↔ϑ⇒µ⇒

2 ↔ϑ⇒µ⇒
2


for i, j ↓ C2

0 .
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Then,

rT · LeakyRelu(!ij) =






10R↼≃µ≃(1 ± o(1)) if i, j ↓ C2
1

↔2R≃µ≃(1 + 2↼)(1 ± o(1)) if i, j ↓ C2
↘1

↔2R≃µ≃(1 + 5↼)(1 ± o(1)) if i ↓ C1, j ↓ C↘1

10R↼≃µ≃(1 ± o(1)) if i ↓ C↘1, j ↓ C1

↔R
2 ≃µ≃(1 ↔ 21↼)(1 ± o(1)) if i ↓ C0, j ↓ C1

↔R
2 ≃µ≃(1 ↔ 11↼)(1 ± o(1)) if i ↓ C0, j ↓ C↘1

↔R
2 ≃µ≃(1 ↔ 5↼)(1 ± o(1)) if i ↓ C1, j ↓ C0

↔R
2 ≃µ≃(1 ↔ 5↼)(1 ± o(1)) if i ↓ C↘1, j ↓ C0

2R↼≃µ≃(1 ± o(1)) if i, j ↓ C2
0

,

and the proof is complete.

Next we will define our high probability event.

Definition 2. E ↑ def
= E ⇔E→, where E→ is the event that for a fixed w ↓ Rd, all i ↓ [n] satisfy

|wT
Xi ↔ E[wT

Xi]| ↖ 10ϖ≃w≃2
⇐
log n.

The following lemma is obtained by using Lemma 4 with standard Gaussian concentration
and a union bound.

Lemma 7. With probability at least 1 ↔ 1/poly(n) event E ↑ holds.

Corollary 8. Suppose that p, q satisfy Assumption 1, ≃µ≃ = ϱ(ϖ
⇐
log n) and fix R ↓ R.

Then, there exists a choice of attention architecture # such that with probability 1 ↔ on(1)
over (A,X) ↗ CSBM(n, p, q,µ,ϖ2) it holds that

ωij =






3
np (1 ± o(1)) if i, j ↓ C2

0 ↘ C2
1

3
nq (1 ± o(1)) if i, j ↓ C↘1 ↑ C1
3
nq exp(↔%(R≃µ≃)) if i, j ↓ C↘1 ↑ C↘1 ↘ C0
3
np exp(↔%(R≃µ≃)) otherwise

,

where R is a parameter of the architecture.

Proof. The proof is immediate. First applying the ansatz from Lemma 5 with ↼ < 1/25,
Lemma 7 and a union bound. Using the definition of ωij concludes the proof.

Next, we prove Thm. 1 that the model distinguish nodes from C0 for any choice of p, q
satisfying Assumption 1. We restate the theorem for convince.

Theorem 9 (Formal restatement of Thm. 1). Suppose that p, q satisfy Assumption 1 and
≃µ≃2 = ϱ(ϖ

⇐
log n). Then, there exists a choice of attention architecture # such that with

probability at least 1 ↔ on(1) over the data (X,A) ↗ CSBM(n, p, q,µ,ϖ2), the estimator

x̂i
def
=

∑

j↓Ni

ωijw̃
T
Xj + b where w̃ = µ/≃µ≃, b = ↔≃µ≃/2

satisfies x̂i < 0 if and only if i ↓ C0.

Proof. Let # be the architecture from Cor. 8 and let R satisfy R≃µ≃2 = ϱ(1). We will
compute the mean and variance of the estimator x̂i conditioned on E ↑. Suppose that i ↓ C0.
By using Cor. 8, Definition 2 and our assumption on ≃µ≃ and R, we have

max


3

np
exp(↔%(R≃µ≃)), 3

nq
exp(↔%(R≃µ≃))


= o

(
1

n(p+ 2q)

)
,
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and therefore

E
[
x̂i | E ↑] = E




∑

k↓{↘1,0,1}

∑

j↓Ni⇐Ck

ωijw̃
T
Xj | E ↑



 ↔ ≃µ≃
2

= E[|C0 ⇔ Ni| | E ↑]

(
± 3

np
(1 ± o(1)) · 10ϖ

√
log n

)

+E[|C1 ⇔ Ni| | E ↑]

(
o

(
1

n(p+ 2q)

)
· (≃µ≃ ± 10ϖ

√
log n)

)

+E[|C↘1 ⇔ Ni| | E ↑]

(
o

(
1

n(p+ 2q)

)
· (↔≃µ≃ ± 10ϖ

√
log n)

)
↔ ≃µ≃

2

= ↔≃µ≃
2

(1 ± o(1)).

By similar reasoning we have that for i ↓ C↘1 ↘ C1, E
[
x̂i | E ↑] = ⇒µ⇒

2 (1 ± o(1)).

Next, we claim that for each i ↓ [n] the random variable x̂i given E ↑ is sub-Gaussian with a
small sub-Gaussian constant compared to the above expectation. The following lemma is a
straightforward adaptation of Lemma A.11 in Fountoulakis et al. (2022), and we provide its
proof for completeness.

Lemma 10. Conditioned on E ↑, the random variables {x̂i}i are sub-Gaussian with parameter

ϖ̃2
i = O

(
ε2

np

)
if i ↓ C0 ↘ C1 and ϖ̃2

i = O
(

ε2

nq

)
otherwise.

Proof. Fix i ↓ [n], and write Xi = ϑiµ+ ϖgi where gi ↗ N (0, Id), and ϑi denotes the class
membership. Consider x̂i as a function of g = [g1 ↙ g2 ↙ · · · ↙ gn] ↓ Rnd, where ↙ denotes
vertical concatenation. Namely, consider the function

x̂i = fi(g)
def
=

∑

j↓Ni

ωij(g) w̃
T (ϑjµ+ ϖgj) ↔ ≃µ≃/2, i ↓ [n].

Since g ↗ N (0, Ind), proving that x̂i given E ↑ is sub-Gaussian for each i ↓ [n], reduces to
showing that the function fi : Rnd ⇑ R is Lipschitz over E → Rnd defined by E ↑ and the

relation Xi = ϑiµ+ϖgi. That is, E
def
=


g ↓ Rnd

 |w̃Tgi| ↖ 10
⇐
log n, ⇓i ↓ [n]


. Specifically,

we show that conditioning on the event E ↑ (which restricts g ↓ E), the Lipschitz constant

Lfi of fi satisfies Lfi = O
(

ε≃
np

)
for i ↓ C0 ↘ C1 and Lfi = O

(
ε
nq

)
otherwise, and hence

proving the claim.

First note that event E ↑ induce a transformation which transforms isotropic Gaussians to
truncated Gaussians vectors. Similarly to Fountoulakis et al. (2022), we can show that this
transformation can be obtained by a push-forward mapping whose Lipschitz constant is 1.

v̄ = M(v)
def
= [↽(v1), ↽(v2), . . . , ↽(vn)]

T (8)

where ↽(x)
def
= &↘1((1 ↔ 2c)&(x) + c) for c = &(↔10

⇐
log n).

To compute the Lipschitz constant of fi(g) for i ↓ [n], let us denote X = [X1 ↙X2 ↙ · · · ↙Xn]
and consider the function

f̃i(X)
def
=

∑

j↓Ni

ωij(X) w̃T
Xj , i ↓ [n]

Let us assume without loss of generality that i ↓ C0 (the cases for i ↓ C1 and i ↓ C↘1

are obtained identically). Conditioning on the event E ↑, which imposes the restriction that
X ↓ Ẽ where

Ẽ
def
=

{
X ↓ Rnd

 |Xi ↔ ϑiµ| ↖ 10ϖ
√
log n, ⇓i ↓ [n]

}
.
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Conditioning on E ↑ (which restricts X,X↑ ↓ Ẽ), using Cor. 8 and recalling that R satisfies
R≃µ≃2 = ϱ(1), we get3

f̃i(X) ↔ f̃i(X
↑)


∝



∑

j↓Ni⇐C0

3

np
w̃T (Xj ↔ X

↑
j) +

∑

j↓Ni⇐C1

3

np
· e↘!(R⇒µ⇒2)w̃T (Xj ↔ X

↑
j) +

∑

j↓Ni⇐C↓1

3

np
· e↘!(R⇒µ⇒2)w̃T (Xj ↔ X

↑
j)



=







3
np (1 ± o(1))w̃ if j ↓ Ni ⇔ C0
3
np exp(↔%(R≃µ≃2))(1 ± o(1))w̃ if j ↓ Ni ⇔ C1
3
np exp(↔%(R≃µ≃2))(1 ± o(1))w̃ if j ↓ Ni ⇔ C↘1

0 if j /↓ Ni





T

j↓[n]

(X ↔ X
↑)



↖

∥∥∥∥∥∥∥∥∥





3
np (1 ± o(1))w̃ if j ↓ Ni ⇔ C0
3
np exp(↔%(R≃µ≃2))(1 ± o(1))w̃ if j ↓ Ni ⇔ C1
3
np exp(↔%(R≃µ≃2))(1 ± o(1))w̃ if j ↓ Ni ⇔ C↘1

0 if j /↓ Ni





j↓[n]

∥∥∥∥∥∥∥∥∥
2

≃X ↔ X
↑≃2

↖
√

3

np
(1 + o(1))≃w̃≃2 ≃X ↔ X

↑≃2

=

√
3

np
(1 + o(1)) ≃X ↔ X

↑≃2 .

This shows the Lipschitz constant of f̃i(X) over Ẽ satisfies Lf̃i
= O

(
1≃
np

)
. On the other

hand, by viewing X as a function of g, it is straightforward to see that the function

h(g) : Rnd ⇑ Rnd defined by h(g)
def
= X(g) has Lipschitz constant Lh = ϖ, as

≃h(g) ↔ h(g↑)≃2 = ≃ωµ+ ϖg ↔ (ωµ+ ϖg↑)≃2 = ϖ≃g ↔ g↑≃2.
Therefore, since fi(g) = f̃i(h(g)) and g ↓ E if and only if X ↓ Ẽ, we have that, conditioning
on E ↑, the function x̂i = fi(g) is Lipschitz continuous with Lipschitz constant Lfi = Lf̃i

Lh =

O
(

ε≃
np

)
. Since g ↗ N (0, Ind), we know that x̂i is sub-Gaussian with sub-Gaussian constant

ϖ̃2 = L2
fi

= O
(

ε2

np

)
.

The following lemma will be used for bounding the misclassification probability.

Lemma 11 (Rigollet & Hütter (2015)). Let x1, . . . , xn be sub-Gaussian random variables
with the same mean and sub-Gaussian parameter ϖ̃2. Then,

E


max
i↓[n]

(xi ↔ E[xi])


↖ ϖ̃

√
2 log n.

Moreover, for any t > 0

Pr


max
i↓[n]

(xi ↔ E[xi]) > t


↖ 2n exp

(
↔ t2

2ϖ̃2

)
.

We bound the probability of misclassification

Pr


max
i↓C0

x̂i ⇒ 0


↖ Pr


max
i↓C0

x̂i > t+E[x̂i]


,

for t < |E[x̂i]| = ⇒µ⇒2

2 (1 ± o(1)). By Lemma 10, picking t = %
(
ϖ
√

log |C0|
)
and applying

Lemma 11 implies that the above probability is 1/poly(n).

3
We drop the (1±o(1)) in the first line of the computation for compactness and use → as notation.
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Similarly for class C1 ↘ C↘1 we have that the misclassification probability is

Pr


min

i↓C1⇑C↓1

x̂i ↖ 0


= Pr


↔ max

i↓C1⇑C↓1

(↔x̂i) ↖ 0


= Pr


max

i↓C1⇑C↓1

(↔x̂i) ⇒ 0



↖ Pr


max

i↓C1⇑C↓1

↔x̂i > t ↔ E[x̂i]


,

for t < E[x̂i]. Picking t = %
(
ϖ
√

log |C1 ↘ C↘1|
)
and applying Lemma 11 and a union bound

over the misclassification probabilities of both classes conclude the proof of the corollary.

Combining Thm. 9 with Lemma 3, we immediately get Cor. 2 which we restate below.

Corollary 12. Suppose p, q = $(log2 n/n) and ≃µ≃ ⇒ ϱ
(
ϖ
√

(p+2q) logn
n(p↘q)2

)
. Then, there is a

choice of attention architecture # such that, with probability at least 1 ↔ o(1) over the data
(X,A) ↗ CSBM(n, p, q,µ,ϖ2), CAT separates nodes C0 from C1 ↘ C↘1.
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B Synthetic experiments

In this section, we present the complete results for the synthetic data experiments of §6.1.
First, we describe the parameterization we use for the 1-layer GCN, GAT, and CAT models;
then, we verify the behavior of the normalized score function (ωij) matches that of the theory
presented in Cor. 8. In particular, we visualize the average of the following three groups of
gammas (Fig. 4):

• Gammas ωij included in i, j ↓ C2
0 ↘ C2

1 . Solid lines.

• Gammas ωij included in i, j ↓ C↘1 ↑ C1. Dashed lines.

• The rest of gammas. Dotted lines.

For completeness, we also include the empirical results that validate Thm. 1 and Cor. 2,
which were discussed already in §6.1.

Experimental setup. We assume the following parametrization for the 1-layer GCN, GAT,
and CAT:

h↑
i =




∑

j↓Ni

ωijw̃
T
Xj



 ↔ C · ≃µ≃/2 , (9)

where Ni are the set of neighbors of node i, Xj are the features of node j—obtained from
the CSBM described in §4, and h↑

i are the logits of the prediction of node i. Note that for
GCN we have ωij =

1
|N↑

i |
. Otherwise, we consider the following parameterization of the score

function #:

ωij =
exp (#(hi,hj))∑

k↓N↑
i
exp(#(hi,hk))

where (10)

#(hi,hj)
def
= rT · LeakyRelu

(
S ·


w̃Thi

w̃Thj


+ b

)
. (11)

For these experiments, we define the parameters w̃, S, b and r as in the proofs in App. A:

w̃
def
=

µ

≃µ≃ , S
def
=





1 1
↔1 ↔1
1 ↔1

↔1 1
0 1
1 0
0 ↔1

↔1 0





, b
def
=





↔3/2
↔3/2
↔3/2
↔3/2
↔1/2
↔1/2
↔1/2
↔1/2





· ≃µ≃ · C, r
def
= R ·





2
↔2
↔2
2

↔1
↔1
↔1
↔1





, (12)

where R > 0 and C > 0 are arbitrary scaling parameters. Both C and R and input to
the score function are set di”erent for each of the models, as indicated in Table 4. In
particular, we set R = 7

⇒µ⇒ for both GAT and CAT such that: i) all ωij are distinguishable

as we decrease ≃µ≃; and ii) we avoid numerical instabilities in the implementation when
computing the exponential of R↑ ≃µ≃ in order to obtain ωij (see Cor. 8), as the exponential
of small or large values leads to under/overflow issues. As for C, we set C = 1 for GAT and
C = (p ↔ q)/(p+ 2q) for CAT such that we counteract the fact that the distance between
classes shrink as we increase q, see Lemma 3:

Regarding the data model, we set (as described in §6.1) n = 10000, p = 0.5, ϖ = 0.1, and
d = n/

(
5 log2(n)

)
. We set the slope of the LeakyReLU activation to ↼ = 1/5 for the GAT

and ↼ = 0.01 for CAT, such that the proof of Cor. 8 is valid. As described in the main paper,
to assess the sensitivity to structural noise, we present the complete results for two sets of
experiments. First, we vary the noise level q between 0 and 0.5, fixing the mean vector µ. We
test two values of ≃µ≃: the first corresponds to the easy regime (≃µ≃ = 10ϖ

⇐
2 log n ′ 4.3)

where classes are far apart; and the second correspond to the hard regime (≃µ≃ = ϖ = 0.1)
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Table 4: Parameters for the synthetic experiments.

Model C R hi

GCN 0 ↔ ↔
GAT 1 7

⇒µ⇒ Xi

CAT p↘q
p+2q

7
⇒µ⇒

1
|N↑

i |
∑

k↓N↑
i
Xk
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Figure 4: Synthetic data results. On the top row, we show the node classification, and in
the following two rows we show the ωij values for GAT and CAT respectively. In the two
left-most figures, we show how the results vary with the noise level q for ≃µ≃ = 0.1 and
≃µ≃ = 4.3. In the two right-most figures, we show how the results vary with the norm of the
means ≃µ≃ for q = 0.1 and q = 0.3. We use two vertical lines to present the classification
threshold stated in Thm. 1 (solid line) and Cor. 2 (dashed line).

where the distance between the clusters is small. In the second experiment we modify
instead the distance between the means, sweeping ≃µ≃ in the range

[
ϖ/20, 20ϖ

⇐
2 log n

]

which corresponds to [0.005, 8.58], and thus covering the transition from the hard setting
(small ≃µ≃) to the easy one (large ≃µ≃). In these experiments, we fix q to 0.1 (low noise)
and 0.3 (high noise).

Results are summarized in Fig. 4. The top row contains the node classification performance
for each of the models (i.e., Fig. 1), the next two rows contain the ωij values for GAT and
CAT respectively. The two left-most columns of Fig. 4 show the results for the hard and
easy regimes, respectively, as we vary the noise level q. In the hard regime, we observe
that GAT is unable to achieve separation for any value of q, whereas CAT achieves perfect
classification when q is small enough. The gamma plots help shed some light on this question.
For GAT, we observe that the gammas represented with the dotted and solid lines collapse
for any value of q (see middle plot), while this does not happen for CAT when the noise
level is low (see bottom plot). This exemplifies the advantage of CAT over GAT as stated in
Cor. 2. When the distance between the means is large enough, we see that GAT achieves
perfect results independently of q, as stated in Thm. 1. We also observe that, in this case,
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Figure 5: Synthetic data results learning C, ς1 and ς2. On the top row, we show the node
classification accuracy, and in the bottom row we show the learned values of ς1 and ς2 for
L-CAT. In the two left-most figures, we show how the results vary with the noise level q for
≃µ≃ = 0.1 and ≃µ≃ = 4.3. In the two right-most figures, we show how the results vary with
the norm of the means ≃µ≃ for q = 0.1 and q = 0.3. We use two vertical lines to present the
classification threshold stated in Thm. 1 (solid line) and Cor. 2 (dashed line).

the gammas represented with the dotted and solid lines do not collapse for any value of
q. In contrast, as we increase q, CAT fails to satisfy the condition in Cor. 2, and therefore
achieves inferior performance. We note that the low performance is due to the fact that all
gammas collapse to the same value for large noise levels.

For the second set of experiments (two right-most columns of Fig. 1), where we fix q and
sweep ≃µ≃, we observe that, for both values of q, there exists a transition in the accuracy of
both GAT and CAT as a function of ≃µ≃. As shown in the main manuscript, GAT achieves
perfect accuracy when the distance between the means satisfies the condition in Thm. 1
(solid vertical line in Fig. 1). Moreover, we can see the improvement CAT obtains over
GAT. Indeed, when ≃µ≃ satisfies the conditions of Cor. 2 (dashed vertical line in Fig. 1),
the classification threshold is improved. As we increase q, we see that the gap between the
two vertical lines decreases, which means that the improvement decreases as q increments,
exactly as stated in Cor. 2. This transition from the hard regime to the easy regime is also
observed in the gamma plots: we observe the largest di”erence in value between the di”erent
groups of lambdas for values of ≃µ≃ that satisfy the condition in Thm. 1 (that is to the right
of the vertical lines).

B.1 Other experiments

In the following, we extend the results for the synthetic data presented above. In particular,
we aim to evaluate if L-CAT is able to achieve top performance regardless of the scenario.
That is, we want to evaluate if L-CAT consistently performs at least as good as the best-
performing model. We change the fixed-parameter setting of the previous section and,
instead, we evaluate the performance of GCN, GAT, CAT and L-CAT when we learn the
model-dependent parameters.

Experimental setup. We assume the same parametrization for the 1-layer GCN, GAT
and CAT described in Eq. 9 and Eq. 11. For L-CAT, we add the parameters ς1 and ς2, as
indicated in Eq. 7. We fix the parameters shared among the models, that is, w̃, S, b, r, and
R, with the values indicated in Eq. 12. Di”erent from previous experiments, we now learn C
and, for L-CAT, we also learn ς1 and ς2. We choose to fix part of the parameters (instead
of learning them all) to keep the problem as similar as possible to the theoretical analysis we
provided in §4 and App. A. If we instead learn all the parameters, it takes a single dimension
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of the features to be (close to) linearly separable to find a solution that achieves a similar
performance regardless of the model, which hinders the analysis. This is a consequence of
the probabilistic nature of the features. One way of solving this issue would be to make
n big enough. Instead, we opt to have a fixed n and reduce the degrees of freedom of the
models by fixing the parameters shared across all models. The rest of the experimental setup
matches the one from App. B. Additionally, we use the Adam optimizer (Kingma & Ba,
2015) with a learning rate of 0.05, and we train for 100.

Results are summarized in Fig. 5. The top row contains the node classification performance
for every model, while the bottom row contains the learned values of ς1 (solid line) and
ς2 (dashed line) with L-CAT. The two left-most columns of Fig. 5 show the results for the
hard and easy regimes, respectively, as we vary the noise level q. In the hard regime, we see
rather noisy results. Still, the behaviour is similar to that of Fig. 4: the performance of CAT
degrades as we increase q. We also observe that, on average, CAT outperforms GAT. In this
case, we observe that L-CAT achieves similar performance as CAT, which can be explained
by inspecting the learned values of lambda in the bottom row. We observe that ς1 = 1 and
ς2 ⇒ 0.5 on average for all values of q. This indicates that L-CAT is closer to CAT than to
GAT. When the distance between the means is large enough (i.e., ≃µ≃ = 4.3), we see that
GAT achieves perfect results independently of q while the performance of CAT deteriorates
with large values of q, the same trend as in Fig. 4. Remarkably, we observe that L-CAT
also achieves perfect results independently of q. If we inspect the lambda values, we first
see that ς = 1 for all q, thus the interpolation happens between CAT and GAT. Looking at
the values of ς2, we observe that, for small values of q, ς2 is pretty noisy, which is expected
since any solution achieves perfect performance. Interestingly, we have that ς2 = 0 for large
values of q, with negligible variance. This indicates that L-CAT learns that it must behave
like GAT in order to perform well.

For the second set of experiments (two right-most columns of Fig. 5), we fix q and sweep
≃µ≃ like we did in Fig. 4. Here, we observe a similar trend: for both values of q, there exists
a transition in the accuracy of both GAT and CAT as a function of ≃µ≃. Yet once again,
we observe that L-CAT consistently achieves a similar performance to the best-performing
model in every situation.

C Dataset description

We present further details about the datasets used in our experiments, summarized in Table 5.
All datasets are undirected (or transformed to undirected otherwise) and transductive.

The upper rows of the table refer to datasets used in §6.2 taken from the PyTorch Geometric
framework.4 The following paragraphs present a short description of such datasets.

Amazon Computers & Photos are datasets taken from Shchur et al. (2018), in which
nodes represent products, and edges indicate that the products are usually bought together.
The node features are a Bag of Words (BoW) representation of the product reviews. The
task is to predict the category of the products.

GitHub is a dataset introduced in Rozemberczki et al. (2021), in which nodes correspond
to developers, and edges indicate mutual follow relationship. Node features are embeddings
extracted from the developer’s starred repositories and profile information (e.g., location
or employer). The task is to infer whether a node relates to web or machine learning
development.

FacebookPagePage is a dataset introduced in Rozemberczki et al. (2021), where nodes
are Facebook pages, and edges imply mutual likes between the pages. Nodes features are
text embeddings extracted from the pages’ description. The task consist on identifying the
page’s category.

TwitchEN is a dataset introduced in Rozemberczki et al. (2021). Here, nodes correspond
to Twitch gamers, and links reveal mutual friendship. Node features are an embedding of

4https://pytorch-geometric.readthedocs.io/en/latest/modules/datasets.html
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games liked, location, and streaming habits. The task is to infer if a gamer uses explicit
content.

Coauthor Physics & CS are datasets introduced in Shchur et al. (2018). In this case,
nodes represent authors which are connected with an edge if they have co-authored a paper.
Node features are BoW representations of the keywords of the author’s papers. The task
consist on mapping each author to their corresponding field of study.

DBLP is a dataset introduced in Bojchevski & Günnemann (2018) that represents a citation
network. In this dataset, nodes represent papers and edges correspond to citations. Node
features are BoW representations of the keywords of the papers. The task is to predict the
research area of the papers.

PubMed, Cora & CiteSeer are citation networks introduced in Yang et al. (2016). Nodes
represent documents, and edges refer to citations between the documents. Node features are
BoW representations of the documents. The task is to infer the topic of the documents.

The bottom rows of Table 5 refer to the datasets from Open Graph Benchmark (OGB) (Hu
et al., 2020a) 5 used in §6.3. We include a short description of them in the paragraphs below.

ogbn-arxiv is a citation network of computer science papers in arXiv (Wang et al., 2020).
Nodes represent papers, and directed edges refer to citations among them. Node features
are embeddings of the title and abstract of the papers. The task is to predict the research
area of the nodes.

ogbn-products contains a co-purchasing network (Bhatia et al., 2016). Nodes represent
products, and links are present whenever two products are bought together. Node features
are embeddings of a BoW representation of the product description. The task is to infer the
category of the products.

ogbn-mag is a heterogeneous network formed from a subgraph of the Microsoft Academic
Graph (MAG) (Wang et al., 2020). Nodes can belong to one of these four types: authors,
papers, institutions and fields of study. Moreover, directed edges belong to one of the
following categories: “author is a!liated with an institution,” “author has written a paper,”
“paper cites a paper,” and “paper belongs to a research area.” Only nodes that are papers
contain node features, which are a text embedding of the document content. The task is to
predict the venue of the nodes that are papers.

ogbn-proteins is a network whose nodes represent proteins and edges indicate di”erent
types of associations among them. This dataset does not contain node features. The tasks
are to predict multiple protein functions, each of them being a binary classification problem.

D Real data experiments

D.1 Experimental details

Computational resources. We used CPU cores to run this set of experiments. In
particular, for each trial, we used 2 CPU cores and up to 16GB of memory. We ran the
experiments in parallel using a shared cluster with 10000 CPU cores approximately.

General experimental setup. As mentioned in §6.2, we repeat all experiments 10 times,
which correspond to 10 di”erent random initialization of the parameters of the GNNs. In
all cases, we choose the model parameters with the best validation performance during
training. In order to run the experiments and collect the results, we used the GraphGym
framework (You et al., 2020), which includes the data processing and loading of the datasets,
as well as the evaluation and collection of the results. We split the datasets in 70% training,
15% validation, and 15% test.

We cross-validate the number of message-passing layers in the network (2, 3, 4), as well as the
learning rate ([0.01, 0.005]). Then, we report the results of the best validation error among
the 4 possible combinations. However, in practice we found the best performance always to

5https://ogb.stanford.edu/docs/nodeprop

27



Published as a conference paper at ICLR 2023

Table 5: Dataset statistics. On the top part of the table, we show the datasets used in §6.2.
On the bottom part of the table, we show the datasets used in §6.3.

Name #Nodes #Edges Avg.

degree

#Node

feats.

#Edge

feats.
#Tasks Task Type

AmazonComp. 13,752 491,722 35.76 767 - 1 10-class clf.
AmazonPhoto 7,650 238,162 31.13 745 - 1 8-class clf.
GitHub 37,700 578,006 15.33 128 - 1 Binary clf.
FacebookP. 22,470 342,004 15.22 128 - 1 4-class clf.
CoauthorPh. 34,493 495,924 14.38 8415 - 1 5-class clf.
TwitchEN 7,126 77,774 10.91 128 - 1 Binary clf.
CoauthorCS 18,333 163,788 8.93 6805 - 1 15-class clf.
DBLP 17,716 105,734 5.97 1639 - 1 4-class clf.
PubMed 19,717 88,648 4.50 500 - 1 3-class clf.
Cora 2,708 10,556 3.90 1433 - 1 7-class clf.
CiteSeer 3,327 9,104 2.74 3703 - 1 6-class clf.

ogbn-arxiv 169,343 1,166,243 6.89 128 - 1 40-class clf.
ogbn-products 2,449,029 123,718,280 50.52 100 - 1 47-class clf.
ogbn-mag 1,939,743 21,111,007 18.61 128 4 1 349-class clf.
ogbn-proteins 132,534 79,122,504 597.00 - 8 112 Multi-task

use 4 message-passing layers, and thus the only di”erence in configuration lies in the learning
rate.

We use residual connections between the GNN layers, 4 heads in the attention models, and
the Parametric ReLU (PReLU) (He et al., 2015) as the nonlinear activation function. We do
not use batch normalization (Io”e & Szegedy, 2015), nor dropout (Srivastava et al., 2014).
We use the Adam optimizer (Kingma & Ba, 2015) with ↼ = (0.9, 0.999), and an exponential
learning-rate scheduler with ω = 0.998. We train all the models for 2500 epochs. Importantly,
we do not use weight decay, since this will bias the solution towards ς1 = 0 and ς2 = 1.

We use the Pytorch Geometric (Fey & Lenssen, 2019) implementation of L-CAT for all exper-
iments, switching between models by properly by setting ς1 and ς2. We parametrize ς1 and
ς2 as free-parameters in log-space that pass through a sigmoid function—i.e., sigmoid(10x)—
such that they are constrained to the unit interval, and they are learned quickly.

D.2 Additional results

Table 6 shows the results presented in the main paper (with the addition of a dense feed-
forward network), while Table 7 presents the results for the remaining datasets, with smaller
average degree.

If we focus on Table 7, we observe that all models perform equally well, yet in a few cases
CAT and L-CAT are significantly better than the baselines—e.g., L-CATv2 in CoauthorCS ,
or L-CAT in Cora. Following a similar discussion as the one presented in the main paper,
these results indicates that L-CAT achieves similar or better performance than baseline
models and thus, should be the preferred architecture.

Competitive performance without the graph. We also include in Tables 6 and 7 the
performance of a feed-forward network, referred to as Dense (first row). Note that the only
data available to this model are the node features, and thus no graph information is provided.
Therefore, we should expect a significant drop in performance, which indeed happens for
some datasets such as Amazon Computers (′ 7% drop), FacebookPagePage (′ 20% drop),
DBLP (′ 9% drop) and Cora (′ 14% drop). Still, we found that for other commonly
used datasets the performance is similar, e.g., Coauthor Physics and PubMed ; or it is even
better CoauthorCS . These results manifest the importance of a proper benchmarking, and of
carefully considering the datasets used to evaluate GNN models.
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Table 6: Test accuracy (%) of the considered convolution and attention models for di”erent
datasets (sorted by their average node degree), and averaged over ten runs. Bold numbers
are statistically di”erent to their baseline model (ε = 0.05). Best average performance is
underlined.

Dataset Amazon
Computers

Amazon
Photo GitHub Facebook

PagePage
Coauthor
Physics TwitchEN

Avg. Deg. 35.76 31.13 15.33 15.22 14.38 10.91

Dense 83.73 ± 0.34 91.74 ± 0.46 81.21 ± 0.30 75.89 ± 0.66 95.41 ± 0.14 56.26 ± 1.74

GCN 90.59 ± 0.36 95.13 ± 0.57 84.13 ± 0.44 94.76 ± 0.19 96.36 ± 0.10 57.83 ± 1.13

GAT 89.59 ± 0.61 94.02 ± 0.66 83.31 ± 0.18 94.16 ± 0.48 96.36 ± 0.10 57.59 ± 1.20
CAT 90.58 ± 0.40 94.77 ± 0.47 84.11 ± 0.66 94.71 ± 0.30 96.40 ± 0.10 58.09 ± 1.61
L-CAT 90.34 ± 0.47 94.93 ± 0.37 84.05 ± 0.70 94.81 ± 0.25 96.35 ± 0.10 57.88 ± 2.07

GATv2 89.49 ± 0.53 93.47 ± 0.62 82.92 ± 0.45 93.44 ± 0.30 96.24 ± 0.19 57.70 ± 1.17
CATv2 90.44 ± 0.46 94.81 ± 0.55 84.10 ± 0.88 94.27 ± 0.31 96.34 ± 0.12 57.99 ± 2.02
L-CATv2 90.33 ± 0.44 94.79 ± 0.61 84.31 ± 0.59 94.44 ± 0.39 96.29 ± 0.13 57.89 ± 1.53

Table 7: Test accuracy (%) of the considered convolution and attention models for di”erent
datasets (sorted by their average node degree), and averaged over ten runs. Bold numbers
are statistically di”erent to their baseline model (ε = 0.05). Best average performance is
underlined.

Dataset CoauthorCS DBLP PubMed Cora CiteSeer
Avg. Deg. 8.93 5.97 4.5 3.9 2.74

Dense 94.88 ± 0.21 75.46 ± 0.27 88.13 ± 0.33 72.75 ± 1.72 73.02 ± 1.01

GCN 93.85 ± 0.23 84.18 ± 0.40 88.50 ± 0.18 86.68 ± 0.78 75.76 ± 1.09

GAT 93.80 ± 0.38 84.15 ± 0.39 88.62 ± 0.18 85.95 ± 0.95 75.40 ± 1.43
CAT 93.70 ± 0.31 84.10 ± 0.29 88.58 ± 0.25 85.85 ± 0.79 75.64 ± 0.91
L-CAT 93.65 ± 0.23 84.13 ± 0.26 88.45 ± 0.32 86.66 ± 0.87 75.04 ± 1.12

GATv2 93.19 ± 0.64 84.33 ± 0.18 88.52 ± 0.27 85.65 ± 1.01 75.14 ± 1.20
CATv2 93.51 ± 0.34 84.15 ± 0.41 88.54 ± 0.29 85.50 ± 0.94 74.68 ± 1.30
L-CATv2 93.65 ± 0.20 84.31 ± 0.31 88.48 ± 0.24 85.75 ± 0.72 75.04 ± 1.30

E Open Graph Benchmark experiments

E.1 Experimental details

Computational resources. For this set of experiments, we had at our disposal a set of 16
Tesla V100-SXM GPUs with 160 CPU cores, shared among the rest of the department.

Statistical significance. For each CAT and L-CAT model, we highlight significant improve-
ments according to a two-sided paired t-test (ε = 0.05), with respect to its corresponding
baseline model. For example, for L-CATv2 with 8 heads we perform the test with respect to
GATv2 with 8 heads.

General experimental setup. As mentioned in §6.3, we repeat all experiments with OGB
datasets 5 times. In all cases, we choose the model parameters with the best validation
performance during training. Moreover, when we show the results without specifying the
number of heads, we take the model with the best validation error among the two models
with 1 and 8 heads.

We use the same implementation of L-CAT for all experiments, switching between models
by properly setting ς1 and ς2. Experiments on arxiv , mag , products use a version of L-CAT
implemented in Pytorch Geometric (Fey & Lenssen, 2019). Experiments on proteins use a
version of L-CAT implemented in DGL (Wang et al., 2019a). We parametrize ς1 and ς2 as
free-parameters in log-space that pass through a sigmoid function—i.e., sigmoid(10x)—such
that they are constrained to the unit interval, and they are learned quickly.
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ArXiv. As described in §6.3, we use the example code from the OGB framework (Hu
et al., 2020a). The network is composed of 3 GNN layers with a hidden size of 128. We use
batch normalization (Io”e & Szegedy, 2015) and a dropout (Srivastava et al., 2014) of 0.5
between the GNN layers, and Adam (Kingma & Ba, 2015) with a learning rate of 0.01. We
use the ReLU as activation function. For the initial experiments, we train for 1500 epochs,
while we train for 500 epochs for the noise experiments in §6.3.1. This is justified given the
convergence plots in Fig. 2.

MAG. We adapted the o!cial code from (Brody et al., 2022). The network is composed of
2 layers with 128 hidden channels. This time, we use layer normalization (Ba et al., 2016)
and a dropout of 0.5 between the layers. Again, we use ReLU as the activation function,
and add residual connections to the network. As with arxiv , we use Adam (Kingma & Ba,
2015) with learning rate 0.01. We set a batch size of 20000 and train for 100 epochs.

Products. We use the same setup as (Brody et al., 2022), with a network of 3 GNN layers and
128 hidden dimensions. We apply residual connections once again, with a dropout (Srivastava
et al., 2014) of 0.5 between layers. This time, we use ELU as the activation function. The
batch size is set to 256. Adam (Kingma & Ba, 2015) is again the optimizer in use, this time
with a learning rate of 0.001. We train for 100 epochs, although we apply early stopping
whenever the validation accuracy stops increasing for more than 10 epochs. Note the training
split of this dataset only contains 8% of the data.

Proteins. We follow once more the setup of (Brody et al., 2022). The network we use has
6 GNN layers of hidden size 64. Dropout (Srivastava et al., 2014) is set to 0.25 between
layers, with an input dropout of 0.1. At the beginning of the network, we place a linear
layer followed by a ReLU activation to encode the nodes, and a linear layer at the end of the
network to predict the class. Moreover, we use batch normalization (Io”e & Szegedy, 2015)
between layers and ReLU as the activation function. We train the model for 1200 epochs at
most, with early stopping after not improving for 10 epochs.

E.2 Additional results

We show in Tables 8 to 10 the results of the main paper for the arxiv , mag , products datasets,
respectively, without selecting the best configuration for each type of model. That is, we
show the results for both number of heads. Note that we already show the full table of
results for the protein datasets in the main paper (Table 3). All the trends discussed in the
main paper hold.

Table 8: Test accuracy on the arxiv dataset for attention models using 1 head and 8 heads.

GCN GAT CAT L-CAT GATv2 CATv2 L-CATv2

1h 71.58 ± 0.19 71.58 ± 0.15 72.04 ± 0.20 72.00 ± 0.11 71.70 ± 0.14 72.02 ± 0.08 71.96 ± 0.21
8h ↔ 71.63 ± 0.11 72.14 ± 0.20 71.98 ± 0.08 71.72 ± 0.24 71.76 ± 0.14 71.91 ± 0.16

Table 9: Test accuracy on the mag dataset for attention models using 1 head and 8 heads.

GCN GAT CAT L-CAT GATv2 CATv2 L-CATv2

1h 32.77 ± 0.36 32.35 ± 0.24 31.98 ± 0.46 32.47 ± 0.38 32.76 ± 0.18 32.43 ± 0.22 32.68 ± 0.50
8h ↔ 32.15 ± 0.31 31.58 ± 0.22 32.49 ± 0.21 32.85 ± 0.21 32.34 ± 0.18 32.38 ± 0.28

Table 10: Test accuracy on the products dataset for attention models using 1 head and 8
heads.

GCN GAT CAT L-CAT GATv2 CATv2 L-CATv2

1h 74.12 ± 1.20 78.53 ± 0.91 77.38 ± 0.36 77.19 ± 1.11 73.81 ± 0.39 74.81 ± 1.12 76.37 ± 0.92

8h ↔ 78.23 ± 0.25 76.63 ± 1.15 76.56 ± 0.45 76.40 ± 0.71 75.20 ± 0.92 74.70 ± 0.28

Extrapolation ablation study. Due to page constraints, these results were not added
to the main paper. Here, we study two questions. First, how important are ς1 and ς2 in
the formulation of L-CAT (Eq. 7)? For the sake of completeness, the second question we
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attempt to answer here is whether we can obtain similar performance by just interpolating
between GCN and GAT (fixing ς2 = 0)? Note that we theoretically showed in §§4 and 6.1
that CAT fills up a gap between GCN and GAT, making it preferable in certain settings.

To this end, we repeat the experiments for network-initialization robustness in §6.3.2, since
they showed to be the best ones to tell apart the performance across models. We include
three additional models: GCN-GAT, which interpolates between GCN and GAT (or GATv2)
by learning ς1 and fixing ς2 = 0; CAT-ς1 which interpolates between GCN and CAT by
learning ς1 and fixing ς2 = 1; and CAT-ς2, which interpolates between GAT and CAT by
learning ς2 and fixing ς1 = 1.

Results using GAT and shown in Table 11, and using GATv2 in Table 12. We can observe
that GCN-GAT obtains results in between GCN and GAT for all settings, despite being
able to interpolate between both layers in each of the six layers of the network. Regarding
learning ς1 and ς2, we can observe that there is a clear di”erence between learning boths
(L-CAT), and learning a single one. For both attention models, CAT-ς1 obtains better results
than CAT-ς2 in all settings, but uniform with 8 heads. Still, the results of both variants
are substantially worse than those of L-CAT in all cases, demonstrating the importance of
learning to interpolate between the three layer types.

Table 11: Test accuracy on the proteins dataset for GCN (Kipf & Welling, 2017) and
GAT (Velickovic et al., 2018) attention models using two network initializations, and two
numbers of heads (1 and 8).

GCN GCN-GAT GAT CAT L-CAT CAT-ς1 CAT-ς2

uniform initialization

1h 61.08 ± 2.86 70.44 ± 1.56 59.73 ± 4.04 74.19 ± 0.72 77.77 ± 1.44 71.97 ± 3.78 73.55 ± 1.36

8h ↔ 68.51 ± 0.91 72.23 ± 3.20 73.60 ± 1.27 78.85 ± 1.76 76.43 ± 2.47 72.76 ± 2.79

normal initialization

1h 80.10 ± 0.61 66.51 ± 3.23 66.38 ± 7.76 73.26 ± 1.84 78.06 ± 1.40 76.77 ± 1.91 73.39 ± 1.25
8h ↔ 69.93 ± 1.93 79.08 ± 1.64 74.67 ± 1.29 79.63 ± 0.79 78.86 ± 1.07 73.32 ± 1.15

Table 12: Test accuracy on the proteins dataset for GCN (Kipf & Welling, 2017) and
GATv2 (Brody et al., 2022) attention models using two network initializations, and two
numbers of heads (1 and 8).

GCN GCN-GATv2 GATv2 CATv2 L-CATv2 CATv2-ς1 CATv2-ς2

uniform initialization

1h 61.08 ± 2.86 69.69 ± 1.59 59.85 ± 3.05 64.32 ± 2.61 79.08 ± 1.06 63.24 ± 1.55 73.41 ± 0.34

8h ↔ 69.94 ± 1.62 75.21 ± 1.80 74.16 ± 1.45 78.77 ± 1.09 77.61 ± 1.32 73.96 ± 1.27

normal initialization

1h 80.10 ± 0.61 68.54 ± 1.63 69.13 ± 9.48 74.33 ± 1.06 79.07 ± 1.09 78.41 ± 0.93 74.07 ± 1.17
8h ↔ 68.71 ± 1.96 78.65 ± 1.61 73.40 ± 0.62 79.30 ± 0.55 78.76 ± 1.41 73.22 ± 0.77
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F Extending L-CAT to other GNN models

Due to their simplicity and popularity, in the manuscript we focus on the simplest form of
GCNs, as described in §2. However, we consider important to remark that L-CAT can be
e”ortless extended to a large range of existing GNN models. A more general formulation of
a message-passing GNN layer than the one given in Eq. 1 is the following:

h̃i = f(h↑
i) where h↑

i
def
=

⊕

j↓N↑
i

ω̂ijM (hi,hj ; ⇀M ) , (13)

where ω̂ij is a scalar value,
⊕

refers to any permutation invariant operation—e.g., sum,
mean, maximum, or minimum operations—and M is the message operator, which can be
parameterized, and produces a message based on the sender and receiver representations.
This formulation comprises most GNN architectures present in the current literature. For
example:

• GCN (Kipf & Welling, 2017): h↑
i =

∑
j↓N↑

i
ω̂ijWvhj where ω̂ij =

1
|N↑

i |
as consider in the

main paper, or ω̂ij = 1⇐
djdi

, where di is the number of neighbors of node i (including

self-loops), if we consider the symmetric normalized adjacency matrix instead.

• GIN (Xu et al., 2019): h↑
i = (1 + ϑ)ω̂iihi +

∑
j↓Ni

ω̂ijhj with ω̂ij = 1.

• PNA (Corso et al., 2020): h↑
i =

⊕
j↓N↑

i
ω̂ijM (hi,hj ; ⇀M ) where ω̂ij = 1, M is an

multi-layer perceptron, and
⊕

is a set of permutation invariant operations, e.g.,
⊕

=
[µ,ϖ,max,min].

• GCNII (Chen et al., 2020): h↑
i =

(
εh0

i + (1 ↔ ε)
∑

j↓N↑
i
ω̂ijhj

)
((1 ↔ ↼)I + ↼Wv) where,

just as in the GCN case, ω̂ij =
1⇐
djdi

, and 0 ↖ ε,↼ ↖ 1.

In all the models above, the values ω̂ij are taken from the adjacency matrix A (whose entries
are 1 if there exists an edge between nodes i and j, and 0 otherwise), or a matrix derived
from it, e.g., the symmetric normalized adjacency matrix.

Note that the attention coe!cients ωij defined in Eq. 3 can be understood as an attention-
equivalent of the adjacency matrix. Indeed, by defining Aatt as a matrix whose entries are
|N→

i |ωij , one can obtain a row-stochastic matrix that can substitute the adjacency matrix
of any GNN model. This technique to generalize attention models to GNN variants more
complex than a GCN has been successfully applied in prior literature (Wang et al., 2021b).

With this new interpretation of attention-models, the interpolation performed by L-CAT
(see Eq. 7) can similarly be re-interpreted. Indeed, L-CAT learns to interpolate between the
adjacency matrix A, and an attention-based adjacency matrix Aatt, which can be produced
by either GAT (Eq. 3) or CAT (Eq. 6), depending on the value of ς2.

F.1 PNA experiments

In Tables 13 and 14, we show the results—for the datasets described in App. C—using
L-CAT and CAT in conjunction with the PNA model (Corso et al., 2020). First, we note that
standard PNA works quite well in most cases. Second, if we focus on Table 13, we observe
that the standard attention models (i.e., PNAGAT and PNAGATv2) perform significantly
worse than the other approaches, in particular on datasets with large average degree, e.g.,
on Amazon Computers. Finally, we observe that the L-CAT models (i.e., L-PNACAT and
L-PNACATv2) drastically improve the performance of their attention counterparts and
achieve similar performance as the PNA model, with lower performance on the GitHub and
Facebook datasets and higher performance on Cora and CiteSeer .

To keep the same number of parameters, we reuse the PNA weights to compute the attention
scores (Wq = Wk = Wv). However, this could be detrimental, as the role of Wv is completely
di”erent from that of Wq and Wv. Tables 15 and 16 show the same experiments as before,
but using di”erent parameters to compute the keys and queries (i.e., Wq = Wk ∞= Wv). We
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observe that the increase of parameters generally helps both CAT and L-CAT models, now
outperform the base PNA model in some settings.

Table 13: Test accuracy (%) of the PNA (Corso et al., 2020) models for di”erent datasets
(sorted by average node degree), averaged over ten runs. Bold numbers are statistically
di”erent to their baseline model (ε = 0.05). Best average performance is underlined.

Dataset Amazon
Computers

Amazon
Photo GitHub Facebook

PagePage
Coauthor
Physics TwitchEN

Avg. Deg. 35.76 31.13 15.33 15.22 14.38 10.91

PNA 86.51 ± 1.22 93.23 ± 0.65 82.33 ± 0.51 94.28 ± 0.34 96.09 ± 0.14 59.25 ± 1.19

PNAGAT 57.59 ± 10.19 74.78 ± 8.74 72.77 ± 2.06 71.49 ± 11.23 96.05 ± 0.25 54.22 ± 3.02
PNACAT 81.48 ± 3.81 91.73 ± 1.24 75.55 ± 3.33 93.10 ± 0.41 96.16 ± 0.15 59.11 ± 1.94

L-PNACAT 86.45 ± 1.42 92.76 ± 0.74 78.74 ± 2.91 93.59 ± 0.39 96.24 ± 0.13 59.12 ± 2.74

PNAGATv2 36.93 ± 4.07 60.13 ± 4.81 73.93 ± 1.89 58.91 ± 3.42 95.61 ± 0.29 54.45 ± 1.60
PNACATv2 79.08 ± 2.62 88.61 ± 3.24 75.11 ± 2.79 92.77 ± 0.50 96.06 ± 0.18 56.72 ± 2.43

L-PNACATv2 85.10 ± 1.70 92.19 ± 0.55 79.79 ± 1.40 93.54 ± 0.36 96.03 ± 0.19 58.19 ± 1.53

Table 14: Test accuracy (%) of the PNA (Corso et al., 2020) models for di”erent datasets
(sorted by average node degree), averaged over ten runs. Bold numbers are statistically
di”erent to their baseline model (ε = 0.05). Best average performance is underlined.

Dataset CoauthorCS DBLP PubMed Cora CiteSeer
Avg. Deg. 8.93 5.97 4.5 3.9 2.74

PNA 93.30 ± 0.31 83.37 ± 0.32 88.37 ± 0.73 84.94 ± 1.19 73.92 ± 0.97

PNAGAT 92.46 ± 0.95 83.42 ± 0.39 88.40 ± 0.33 84.67 ± 0.69 74.64 ± 0.82
PNACAT 92.90 ± 0.24 83.35 ± 0.40 88.24 ± 0.30 85.58 ± 1.00 74.94 ± 1.68
L-PNACAT 93.11 ± 0.24 83.21 ± 0.55 88.22 ± 0.40 85.77 ± 1.01 75.08 ± 1.05

PNAGATv2 90.14 ± 0.82 83.37 ± 0.34 88.14 ± 0.45 85.04 ± 0.86 74.50 ± 1.18
PNACATv2 92.78 ± 0.27 83.22 ± 0.38 88.28 ± 0.30 85.41 ± 0.98 74.42 ± 1.11
L-PNACATv2 93.02 ± 0.37 83.54 ± 0.65 88.23 ± 0.58 85.48 ± 0.98 74.76 ± 1.57

Table 15: Test accuracy (%) of the PNA (Corso et al., 2020) extended models with Wq =
Wk ∞= Wv for di”erent datasets, averaged over ten runs. Bold numbers are statistically
di”erent to their baseline model (ε = 0.05). Best average performance is underlined.

Dataset Amazon
Computers

Amazon
Photo GitHub Facebook

PagePage
Coauthor
Physics TwitchEN

Avg. Deg. 35.76 31.13 15.33 15.22 14.38 10.91

PNA 86.51 ± 1.22 93.23 ± 0.65 82.33 ± 0.51 94.28 ± 0.34 96.09 ± 0.14 59.25 ± 1.19

PNAGAT 48.65 ± 19.25 68.01 ± 20.32 72.97 ± 1.07 70.17 ± 12.02 96.02 ± 0.34 53.27 ± 2.54
PNACAT 83.45 ± 2.60 91.62 ± 1.30 75.35 ± 2.71 93.31 ± 0.55 96.22 ± 0.13 59.23 ± 2.25

L-PNACAT 87.18 ± 1.22 92.79 ± 0.63 79.64 ± 2.54 93.78 ± 0.39 96.31 ± 0.17 59.09 ± 2.50

PNAGATv2 39.49 ± 4.09 62.19 ± 11.30 73.97 ± 1.67 63.00 ± 4.95 95.83 ± 0.36 55.21 ± 1.05
PNACATv2 81.20 ± 3.63 91.32 ± 0.80 74.57 ± 2.18 92.98 ± 0.36 96.14 ± 0.16 56.21 ± 2.01
L-PNACATv2 86.22 ± 0.83 92.98 ± 0.89 79.78 ± 2.48 93.44 ± 0.37 96.13 ± 0.12 60.26 ± 1.25
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Table 16: Test accuracy (%) of the PNA (Corso et al., 2020) extended models with Wq =
Wk ∞= Wv for di”erent datasets, averaged over ten runs. Bold numbers are statistically
di”erent to their baseline model (ε = 0.05). Best average performance is underlined.

Dataset CoauthorCS DBLP PubMed Cora CiteSeer
Avg. Deg. 8.93 5.97 4.5 3.9 2.74

PNA 93.30 ± 0.31 83.37 ± 0.32 88.37 ± 0.73 84.94 ± 1.19 73.92 ± 0.97

PNAGAT 92.50 ± 0.46 83.22 ± 0.45 88.43 ± 0.29 84.89 ± 1.15 75.76 ± 1.29
PNAGAT 92.97 ± 0.47 83.28 ± 0.59 88.27 ± 0.43 85.09 ± 0.70 75.44 ± 1.51
PNAGAT 93.17 ± 0.30 83.50 ± 0.29 88.54 ± 0.45 85.63 ± 0.92 75.22 ± 1.12

PNAGATv2 90.00 ± 1.01 83.40 ± 0.48 88.14 ± 0.31 85.16 ± 0.91 76.14 ± 1.33
PNAGATv2 92.74 ± 0.20 83.05 ± 0.49 88.38 ± 0.31 85.21 ± 0.83 75.80 ± 1.26
PNAGATv2 93.02 ± 0.30 83.24 ± 0.44 88.28 ± 0.35 85.04 ± 0.94 75.80 ± 1.19

Table 17: Test accuracy (%) of the GCNII (Chen et al., 2020) models for di”erent datasets,
averaged over ten runs. Bold numbers are statistically di”erent to their baseline model
(ε = 0.05). Best average performance is underlined.

Dataset Amazon
Computers

Amazon
Photo GitHub Facebook

PagePage
Coauthor
Physics TwitchEN

Avg. Deg. 35.76 31.13 15.33 15.22 14.38 10.91

GCNII 90.82 ± 0.20 95.51 ± 0.48 84.11 ± 0.76 94.03 ± 0.30 96.58 ± 0.11 60.94 ± 1.66

GCNIIGAT 89.04 ± 0.87 94.74 ± 0.57 82.34 ± 0.64 91.18 ± 0.82 96.69 ± 0.13 57.76 ± 1.76
GCNIICAT 89.83 ± 0.42 95.31 ± 0.25 83.15 ± 0.51 93.25 ± 0.37 96.69 ± 0.09 60.51 ± 1.12

L-GCNIICAT 90.03 ± 0.42 95.23 ± 0.39 83.50 ± 0.57 93.71 ± 0.33 96.87 ± 0.14 61.14 ± 1.64

GCNIIGATv2 84.26 ± 2.80 89.23 ± 5.30 81.23 ± 0.45 83.82 ± 1.24 96.14 ± 0.28 56.25 ± 1.56
GCNIICATv2 89.59 ± 0.45 95.03 ± 0.55 82.45 ± 0.30 92.55 ± 0.52 96.50 ± 0.09 59.04 ± 1.49

L-GCNIICATv2 89.81 ± 0.48 95.24 ± 0.35 83.05 ± 0.49 93.68 ± 0.35 96.75 ± 0.11 61.10 ± 1.11

F.2 GCNII experiments

Similarly, we have run the experiments from §6.2, this time combining GCNII (Chen et al.,
2020) with GAT, CAT, and L-CAT as explained above. Results are shown in Tables 17
and 18, in which we can observe that the baseline model obtains the best results so far in
the manuscript (in comparison with both GCN and PNA). And just as before, we observe
again that CAT and L-CAT always improve with respect to their base models, staying on
par with the baseline GNCII model and, sometimes, even outperforming the baseline model
on average (e.g., Coauthor Physics , TwitchEN ). As with the experiments for PNA, Tables 19
and 20 shows the results when the attention matrices are di”erent from the value matrix
(Wq = Wk ∞= Wv). We can similarly observe that most of the results are improved with the
additional parameters, beating the baseline model in di”erent datasets.

Table 18: Test accuracy (%) of the GCNII (Chen et al., 2020) models for di”erent datasets,
averaged over ten runs. Bold numbers are statistically di”erent to their baseline model
(ε = 0.05). Best average performance is underlined.

Dataset CoauthorCS DBLP PubMed Cora CiteSeer
Avg. Deg. 8.93 5.97 4.5 3.9 2.74

GCNII 95.36 ± 0.18 83.86 ± 0.14 89.05 ± 0.28 86.49 ± 0.79 76.46 ± 0.71

GCNIIGAT 95.32 ± 0.27 83.45 ± 0.60 88.24 ± 0.34 85.72 ± 1.05 75.78 ± 0.77
GCNIICAT 95.12 ± 0.25 83.86 ± 0.23 88.65 ± 0.40 85.51 ± 0.95 76.60 ± 0.50

L-GCNIICAT 95.30 ± 0.29 83.76 ± 0.26 88.72 ± 0.35 85.48 ± 0.96 76.76 ± 0.51

GCNIIGATv2 93.37 ± 0.73 83.70 ± 0.42 88.49 ± 0.34 85.82 ± 1.35 75.98 ± 0.71
GCNIICATv2 95.01 ± 0.32 83.93 ± 0.36 88.60 ± 0.27 85.72 ± 1.03 76.62 ± 0.63
L-GCNIICATv2 95.29 ± 0.23 83.93 ± 0.41 89.12 ± 0.35 85.73 ± 0.88 76.22 ± 0.98
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Table 19: Test accuracy (%) of the GCNII (Chen et al., 2020) extended models with
Wq = Wk ∞= Wv for di”erent datasets, averaged over ten runs. Bold numbers are statistically
di”erent to their baseline model (ε = 0.05). Best average performance is underlined.

Dataset Amazon
Computers

Amazon
Photo GitHub Facebook

PagePage
Coauthor
Physics TwitchEN

Avg. Deg. 35.76 31.13 15.33 15.22 14.38 10.91

GCNII 90.82 ± 0.20 95.51 ± 0.48 84.11 ± 0.76 94.03 ± 0.30 96.58 ± 0.11 60.94 ± 1.66

GCNIIGAT 89.24 ± 0.59 94.66 ± 0.59 82.45 ± 0.65 90.90 ± 0.71 96.90 ± 0.16 58.12 ± 2.02
GCNIICAT 89.94 ± 0.40 95.03 ± 0.37 83.12 ± 0.37 93.39 ± 0.31 96.59 ± 0.07 59.60 ± 0.76
L-GCNIICAT 90.35 ± 0.46 95.53 ± 0.35 83.48 ± 0.47 93.63 ± 0.39 96.80 ± 0.09 60.77 ± 2.15

GCNIIGATv2 85.70 ± 2.58 91.24 ± 2.43 81.43 ± 0.39 84.59 ± 0.79 96.55 ± 0.20 55.23 ± 2.15
GCNIICATv2 89.56 ± 0.67 95.46 ± 0.54 82.50 ± 0.47 93.04 ± 0.40 96.55 ± 0.10 59.57 ± 1.45

L-GCNIICATv2 90.24 ± 0.32 95.53 ± 0.28 83.34 ± 0.45 93.67 ± 0.47 96.73 ± 0.14 60.65 ± 1.13

Table 20: Test accuracy (%) of the GCNII (Chen et al., 2020) extended models with
Wq = Wk ∞= Wv for di”erent datasets, averaged over ten runs. Bold numbers are statistically
di”erent to their baseline model (ε = 0.05). Best average performance is underlined.

Dataset CoauthorCS DBLP PubMed Cora CiteSeer
Avg. Deg. 8.93 5.97 4.5 3.9 2.74

GCNII 95.36 ± 0.18 83.86 ± 0.14 89.05 ± 0.28 86.49 ± 0.79 76.46 ± 0.71

GCNIIGAT 95.36 ± 0.20 83.60 ± 0.32 88.33 ± 0.35 85.26 ± 1.19 76.30 ± 0.78
GCNIICAT 95.20 ± 0.12 83.89 ± 0.29 88.45 ± 0.29 86.44 ± 1.22 76.70 ± 0.60
L-GCNIICAT 95.47 ± 0.16 83.70 ± 0.40 88.08 ± 0.47 86.02 ± 1.43 76.54 ± 0.59

GCNIIGATv2 93.97 ± 0.57 83.67 ± 0.24 88.24 ± 0.16 85.28 ± 1.11 76.58 ± 0.64
GCNIICATv2 95.05 ± 0.33 83.78 ± 0.35 88.35 ± 0.34 86.49 ± 0.90 75.28 ± 0.84

L-GCNIICATv2 95.45 ± 0.18 83.86 ± 0.24 88.06 ± 0.32 86.49 ± 1.31 76.80 ± 0.42
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Abstract

In this paper, we introduce VACA, a novel class of vari-
ational graph autoencoders for causal inference in the ab-
sence of hidden confounders, when only observational data
and the causal graph are available. Without making any para-
metric assumptions, VACA mimics the necessary properties
of a Structural Causal Model (SCM) to provide a flexible
and practical framework for approximating interventions (do-
operator) and abduction-action-prediction steps. As a result,
and as shown by our empirical results, VACA accurately ap-
proximates the interventional and counterfactual distributions
on diverse SCMs. Finally, we apply VACA to evaluate coun-
terfactual fairness in fair classification problems, as well as to
learn fair classifiers without compromising performance.

1 Introduction
Graph Neural Networks (GNNs) are a powerful tool for
graph representation learning and have been proven to ex-
cel in practical complex problems like neural machine trans-
lation (Bastings et al. 2017), traffic forecasting (Derrow-
Pinion et al. 2021; Yu, Yin, and Zhu 2018) or drug discovery
(Gilmer et al. 2017).

In this work, we investigate to which extent the induc-
tive bias of GNNs–encoding the causal graph information–
can be exploited to answer interventional and counterfactual
queries. More specific, to approximate the interventional and
counterfactual distributions induced by interventions on a
casual model. To this end, we assume i) causal sufficiency–
i.e., absence of hidden confounders; and, ii) access to ob-
servational data and the true causal graph. We stress that
the causal graph can often be inferred from expert knowl-
edge (Zheng and Kleinberg 2019) or via one of the ap-
proaches for causal discovery (Glymour, Zhang, and Spirtes
2019; Vowels, Camgoz, and Bowden 2021). With this anal-
ysis we aim to complement the concurrent line of research
that theoretically studies the use of Neural Networks (NN)
(Xia et al. 2021), and more recently GNNs (Zečević et al.
2021), for causal inference.

To this end, we describe the architectural design con-
ditions that a variational graph autoencoder (VGAE)–as a

*These authors contributed equally
Copyright © 2022, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

density estimator that leverages a priori graph structure–
must fulfill so that it can approximate causal interventions
(do-operator) and abduction-action-prediction steps (Pearl
2009b). The resulting Variational Causal Graph Autoen-
coder, referred to as VACA, enables approximating the ob-
servational, interventional and counterfactual distributions
induced by a causal model with unknown structural equa-
tions. We remark that parametric assumptions on the struc-
tural causal equations are in general not testable, may thus
not hold in practice (Peters, Janzing, and Schölkopf 2017)
and may lead to inaccurate results, if misspecified. VACA
addresses this limitation by including uncertainty, i.e., a
probabilistic model, in the estimation of the causal-parent
relationships.

We show in extensive synthetic experiments that VACA
outperforms competing methods (Karimi et al. 2020; Khe-
makhem et al. 2021) on complex datasets at estimating not
only the mean of the interventional/counterfactual distribu-
tion (as in previous work), but also the overall distribution
(measured in terms of Maximum Mean Discrepancy (Gret-
ton et al. 2012)). Finally, we show a practical use-case in
which VACA is used to assess counterfactual fairness of dif-
ferent classifiers trained on the real-world German Credit
dataset (Dua and Graff 2017a), as well as to learn counter-
factually fair classifiers without compromising performance.

Related Work
Deep generative models are enjoying increasing attention
for causal queries in complex data (Moraffah et al. 2020;
Parafita and Vitria 2019a). Existing approaches for causal
inference focus on i) estimating the Average Treatment Ef-
fect (ATE)–a specific type of group-level causal queries–by
assuming a fixed causal graph that includes a treatment vari-
able (Kim et al. 2021; Louizos et al. 2017; Rakesh et al.
2018; Schwab, Linhardt, and Karlen 2018; Vowels, Camgoz,
and Bowden 2020; Zhang, Zhang, and Li 2020); ii) discover-
ing and intervening on the causal latent structure of the (e.g.,
image) data (Kim et al. 2021; Parafita and Vitria 2019a,b;
Shen et al. 2020; Yang et al. 2020); or iii) addressing in-
terventional and/or counterfactual queries by fitting a con-
ditional model for each observed variable given its causal
parents (Garrido et al. 2021; Karimi et al. 2020; Kocaoglu
et al. 2018; Parafita and Vitria 2020; Pawlowski, Coelho de
Castro, and Glocker 2020).



Within the scope of causality, GNNs have predominantly
been used for causal discovery (Yu et al. 2019; Zhang et al.
2019) and only very recently, concurrent with us, exploited
to answer interventional queries (Zečević et al. 2021).

Khemakhem et al. (2021) propose CAREFL, an autore-
gressive normalizing flow for both causal discovery and in-
ference. The authors focus on (multi-dimensional) bi-variate
graphs, but their approach can be extended to more general
directed acyclic graphs (DAGs) using e.g., neuronal spline
flows (Durkan et al. 2019). However, causal assumptions
in a graph are modeled not only by the direction of edges,
but also the absence of edges (Pearl 2009a). For the task of
causal inference CAREFL is unable to exploit the absence
of edges fully as it reduces a causal graph to its causal or-
dering (which may not be unique). Further, the authors only
evaluate interventions in root nodes (which reduces to con-
ditioning on the intervened-upon variable).

Karimi et al. (2020) answer interventional queries by fit-
ting a conditional variational autoencoder (CVAE) to each
conditional in the Markov factorization implied by the
causal graph. As each observed variable is independently
fitted, the mismatch between the true and generated distri-
bution can cause errors that propagate to the distribution of
its descendants. This can be problematic, especially for long
causal paths. Pawlowski, Coelho de Castro, and Glocker
(2020) propose an approach similar to Karimi et al. (2020),
and additionally propose an approach based on normalizing
flows to approximate the causal parent-child effect.

In contrast, VACA leverages i) GNNs to encode the
causal graph information (inductive bias), ii) the GNN mes-
sage passing algorithm to approximate the effect of inter-
ventions (do-operator (Pearl 2009b)) in the causal graph,
and iii) jointly optimizes the observational distribution for
all observed variables to avoid error propagation along the
Markov factorization. We thoroughly evaluate the perfor-
mance of VACA and compare it with related work, at ap-
proximating both interventional and counterfactual distribu-
tions induced by interventions on both root and non-root
nodes in a wide variety of causal models.

2 Background
In this section, we first provide a brief overview on SCMs
and then introduce the main building block of VACA, i.e.,
variational graph autoencoders.

Structural causal models
An SCM M = (p(U), F̃) determines how a set of d en-
dogenous (observed) random variables X := {X1, . . . Xd}
is generated from a set of exogenous (unobserved) ran-
dom variables U := {U1, . . . Ud} with prior distribution
p(U) via the set of structural equations F̃ = {Xi :=
f̃i
�
Xpa(i), Ui

�
}di=1. Here Xpa(i) refers to the set of vari-

ables directly causing Xi, i.e., parents of i. Similarly to
(Karimi et al. 2020; Khemakhem et al. 2021; Pearl 2009a),
we consider SCMs that are associated with a directed acyclic
causal graph (although Section 4 relaxes this assumption).
We here denote the causal graph by G := (V, E), where
each node i 2 V corresponds to an endogenous variable

Xi. The set of directed edges (j, i) 2 E represent the
causal parent-child relationship between endogenous vari-
ables (Pearl 2009a), i.e. Xj is a parent of Xi. E can be
represented by the adjacency matrix A 2 {0, 1}d⇥d, such
that Aij = 1 if (j, i) 2 E and Aij = 0, otherwise. We
also define the set of neighbors, a.k.a. parents, of node i as
pa(i) = Ni = {j}(j,i)2E and pa⇤(i) := pa(i) [ i.

Given an SCM, there are two types of causal queries of
general interest: interventional queries, e.g., “What would
happen to the population X, if variable Xi would be set
to a fixed value ↵?”, and counterfactual queries, e.g.,“What
would have happened to a specific factual sample x

F , had
Xi been set to a value ↵?”. In more detail, interventional
queries aim to evaluate the effect at the population level
(rung 2) of a specific intervention on, or equivalently ma-
nipulations of, a subset of the endogenous variables I ✓
[d] := {1, . . . , d}. Interventions on an SCM M are of-
ten represented with the do-operator do(Xi = ↵i) (Pearl
2009b) and lead to a modified SCM MI which induces
a new distribution over the set of endogenous variables
p(X | do(Xi = ↵i)), which is referred to as the interven-
tional distribution. In G an intervention removes incoming
edges to node i and sets Xi = ↵ (see Figure 1b). A coun-
terfactual query for a given factual instance xF aims to esti-
mate what would have happened had XI instead taken value
↵. This effect is captured by the counterfactual distribution
p(xCF | xF , do(XI = ↵)), which can be computed using
the abduction-action-prediction procedure by Pearl (2009b).
Refer to Section 3 for further details on the computation of
the interventional and counterfactual distributions within our
framework.

X1

X3X2

U1
U2

U3

(a) G without intervention

X1

X3↵ •

U1

U3

(b) G with intervention

Figure 1: triangle SCM M = {p(U), F̃}, U ⇠ p(U) with
d = |X| = 3 endogenous variables where X1 := f̃1(U1),
X2 := f̃2(X1, U2), X3 := f̃3(X1, X2, U3) with (a) the cor-
responding causal graph G and (b) the causal graph corre-
sponding to MI after intervention do(X2 = ↵). Blue (red)
arrows highlight the direct (indirect) causal path from X1 to
X3 (via X2).

Variational Graph Autoencoder and Graph Neural
Networks
Variational Autoencoders (VAEs). VAEs (Kingma and
Welling 2014) are powerful latent variable models based on
neural networks (NNs) for jointly i) learning expressive den-
sity estimators p(X) ⇡

R
p✓(X | Z)p(Z)dZ, where the

likelihood function (a.k.a. decoder) is parameterized using
a NN with parameters ✓, and ii) performing approximate
posterior inference over the latent variables Z made possi-
ble via a variational distribution (a.k.a. encoder) q� (Z | X)



parameterized using a NN with parameters �. The parame-
ters ✓ and � can be learned by maximizing a lower bound on
the log-evidence (Burda, Grosse, and Salakhutdinov 2016;
Nowozin 2018; Rainforth et al. 2018; Tucker et al. 2018).

Variational Graph Autoencoders (VGAEs). Kipf and
Welling (2016) extend VAEs to account for prior graph
structure information on the data (Yu et al. 2019). VGAEs
define a (potentially multidimensional) latent variable Zi per
observed variable Xi, i.e., Z := {Z1, . . . , Zd}. Additionally,
VGAEs rely on an adjacency matrix A, which is used by two
GNNs, one for the encoder and one for the decoder, to en-
force structure on the posterior approximation q�(Z | X,A)
and the likelihood p✓(X | Z,A). Hence, A–given as prior–
determines which variables Xi influence Zj 8i, j 2 [d].

Graph Neural Networks (GNNs). In its most general
form, a GNN is a composition of message passing layers
(Gilmer et al. 2017), where each layer updates the state of
each node in G. In particular, the state of node i at the output
of layer l, i.e., hl

i, is specified as:

h
l
i = fu

�
h
l�1
i , fa

�
{ml

ij}j2Ni

�
; ✓lu

�
. (1)

First, node i receives a message m
l
ij =

fm(hl�1
i ,hl�1

j ; ✓lm) from each of its neighbors j 2 Ni.
Then, these messages are aggregated via fa. Finally, hl

i is
computed as a function fu of the node’s previous state hl�1

i
and the aggregated message. Note, if a GNN has Nh hidden
layers, then the output for node i depends not only on its
direct neighbors Ni, but also on its neighbors up to order
Nh + 1 (hops). For example, if Nh = 0 (Nh = 1) then the
output for each node only depend on its direct neighbors,
i.e., parents (2-hop neighbors, i.e., grand-parents). For a
detailed description of GNNs, please refer to Appendix A.

3 Observational, interventional and
counterfactual distributions

In this section, we introduce the observational, interven-
tional and counterfactual distributions (triggered by any in-
tervention of the form do(XI = ↵)) that are induced by
an SCM M = {p(U), F̃}. Specifically, we summarize the
main properties of an SCM that will allow us to propose
a novel class of VGAEs, namely VACA, to compute ac-
curate estimates of these distributions using observational
data and a known causal graph. To this end, we assume
the absence of hidden confounders, i.e., we assume that
p(U) =

Qd
i=1 p(Ui).

Observational distribution. The SCM M determines
the observational distribution p(X) over the set of endoge-
nous variables X = {X1, . . . Xd}, which satisfies causal
factorization (Schölkopf 2019), i.e., p(X) =

Qd
i=1 p(Xi |

Xpa(i)).
That is, after marginalizing out the exogenous variables

U, the distribution of each endogenous variable Xi depends
only on its parents, i.e., Xpa(i). The observational distribu-
tion can alternatively be written only in terms of the exoge-
nous variables U as

p(X) = F#[p(U)], (2)

i.e., p(X) is the pushforward of P (U) through F. Here
F : U ! X corresponds to the set of structural equa-
tions, which directly transform the exogenous variables U

into the endogenous variables X. This is equivalent to F̃,
which takes as input both the exogenous variable and the
parent (endogenous) variables of a target endogenous vari-
ables to compute its value.

Let us denote by an(i) the set of indexes of the ancestors
of i, and an⇤(i) := an(i) [ {i}. Then, the causal factoriza-
tion induced by M leads to the following property of F(U):

Property 1 Each endogenous variable Xi can be expressed
as a function of its exogenous variable Ui and the ones of all
its causal ancestors, i.e., F(U)={Xi = fi({Uj}j2an⇤(i))}.
This, together with the causal sufficiency assumption, im-
plies that Xi is statistically independent of Uj , 8j /2 an⇤(i).

Interventional distribution. As stated in Section 2, inter-
ventions on a set of variables I can be performed using the
do-operator, which can be seen as a mapping do(XI = ↵) :
M 7! MI = (p(U), F̃I) where F̃

I = {f̃i}i 62I [ {↵i}i2I .
As above, we can represent the resulting set of intervened
structural equations as FI = {fi}i 62I [ {↵i}i2I , and thus
write the interventional distribution as:

p(X | do(XI = ↵)) = F
I
#[p(U)]. (3)

Property 2 After an intervention do(XI = ↵) on M, all
the causal paths from Uj 8j 2 an⇤(i) to Xi that include an
intervened-upon variable in XI (i.e., the causal paths where
XI is a mediator) are severed in F

I , while the rest of causal
paths remain untouched.

The above property is illustrated in Figure 1, where we
can observe that after an intervention do(X2 = ↵), the indi-
rect causal path (in red) from X1, and thus from U1, to X3

via X2 is severed, while the direct path (in blue) remains.
Counterfactual distribution. Assuming the SCM M =

{p(U), F̃} to be known, the following three steps defined by
Pearl (2009a) allow to compute counterfactuals xCF :

i) Abduction: infer the values of the exogenous variables
U for a factual sample x

F , i.e., compute p(U | x
F ); ii)

Action: intervene with do(XI = ↵) : M 7! MI =
(p(U), F̃I); and iii) Prediction: use the posterior distribu-
tion p(U | xF ) and the new structural equations F̃I to com-
pute p(xCF | xF ). The prediction step can alternatively be
computed using the new set of structural equations F

I de-
fined in terms of the exogenous variables U, so that we can
write the counterfactual distribution as:

p(xCF | xF , do(XI = ↵)) = F
I
#[p(U | xF )]. (4)

Importantly, the posterior distribution p(U | x
F ) satis-

fies:

Property 3 In the abduction step, statistical independence
implies that conditioned on the endogenous variables of the
factual sample x

F , each exogenous variable Ui is indepen-
dent of the factual value xF

j if j 6= i and the variable Xj is
not a parent of Xi, i.e., j 62pa⇤(i).



4 Variational Causal Autoencoder (VACA)
In this section, we present a novel variational causal graph
autoencoder (VACA) to approximate the observational (2),
interventional (3) and counterfactual (4) distributions. While
the underlying SCM M is unknown, we assume access to
the true causal graph G and observational data {xn}Nn=1, i.e.,
i.i.d. samples of the observational distribution induced by M
(in the absence of hidden confounders).

Definition 4.1 (VACA) . Given a causal graph G over a set
of endogenous variables X = {X1, . . . , Xd}, which estab-
lishes the set of parents pa(i) for each variable Xi (includ-
ing the i-th node), VACA is defined by:

• A causal adjacency matrix A, which is a d ⇥ d binary
matrix with elements Aij = 1 if j 2 pa⇤(i), i.e., when
i = j or j is a parent of i. Otherwise, Aij = 0.

• A prior distribution p(Z) =
Q

i p(Zi) over the set of la-
tent variables Z = {Z1, . . . , Zd}.

• A decoder p✓(X | Z,A), which is a GNN (parameter-
ized by ✓) that takes as input the set of latent variables
Z and the causal adjacency matrix A, and outputs the
parameters of the likelihood p✓(X | Z,A).

• An encoder q�(Z | X,A), which is a GNN (parameter-
ized by �) that takes as input the endogenous variables X
and the causal adjacency matrix A, and outputs the pa-
rameters of the posterior approximation q�(Z | X,A).

Next, we discuss how to design VACA such that it is able
to capture the observational, interventional, and counterfac-
tual distribution induced by an unknown SCM. Importantly,
we derive the necessary conditions on the design of both the
encoder and decoder GNNs such that VACA can mimic the
SCM properties introduced in Section 3.

Observational distribution
VACA approximates the observational distribution in (2) us-
ing the generative model as

p(X) ⇡
Z

p✓(X | Z,A)p(Z)dZ, (5)

where p✓(X | Z,A) =
Qd

i=1 p✓(Xi | Z,A). Figure 3a
depicts this generative process.

Relationship between Z and U. When comparing (5)
with the true observational distribution in (2), we observe
that the latent variables Z play a similar role to the exoge-
nous variables U, and the decoder p✓(X | Z,A) plays a
similar role to the structural equations F. We remark that Z
do not need to correspond to the true exogenous variables
(i.e., p(U) 6= p(Z)), and thus, the decoder does not aim
to approximate the causal structural equations. Yet, we as-
sume that there is one independent latent variable Zi for ev-
ery observed variable Xi capturing all the information of Xi

that cannot be explained by its parents. Thus, since Xi is
in turn a (deterministic) function of its parents pa(i) and
its exogenous variable Ui, the posterior p (Zi | Xi, pa(i))
aims to capture the information that Ui contributes to Xi

(i.e., the information of Xi not contributed by its parents).
That is–similar to p (Ui | Xi, pa(i)), the (true) posterior

X1

X2

X3

Z1

Z2

Z3

•h1

•h2

•h3

(a) Original

X1

X2

X3

Z1

Z2

Z3

•h1

•h2

•h3

(b) Intervened

Figure 2: VACA decoder (a) without and (b) with interven-
ing on X2. Message passing in the GNN correspond to direct
(blue) and indirect (red) causal paths in Figure 1.

distribution–p (Zi | Xi, pa(i)) should depend only on Xi

and parents pa(i).
Observational noise. VACA has observational noise that

is not present in the true SCM, where an observed variable
is assumed to be a deterministic transformation of its exoge-
nous variables and parents via the structural equations (SEs).
As VACA does not have access to the true SEs (nor to the
true distribution of the exogenous variables), the noise of the
likelihood p✓(X | Z,A) can be interpreted as an estimate of
the uncertainty on the estimated observational distribution
(due to the uncertainty on the true SCM).

Here, we seek to ensure that the p(X) induced by VACA
complies with causal factorization (Property 1 in Sec-
tion 3). To that end, the design of the decoder GNN must
assure that p✓(Xi | Z,A) = p✓(Xi | Zan⇤(i)). That is, that
Xi depends only on Zj if j = i or Xj is an ancestor of Xi

in the causal graph.
Proposition 1 (Causal factorization). VACA satisfies
causal factorization, p✓(X | Z,A) =

Q
i p✓i(Xi | Zan⇤(i)),

if and only if the number of hidden layers in the decoder is
greater or equal than � � 1, with � being the length of the
longest shortest path between any two endogenous nodes.

The above proposition (proved in Appendix B) is based on
the fact that, in a GNN with Nh hidden layers (and Nh + 1
layers in total), the output for the i-th node depends on its
neighbors of up to Nh + 1 hops. As an example, consider
the following chain causal graph: X1 ! X2 ! X3, such
that � = 2. In the decoder, the first layer yields a hidden
representation for the 3-rd node h1

3 := f(f(Z2), Z3) that
only depends on Z2 and Z3. Thus, we need a second layer
for its output h2

3 := f(h2, Z3) = f(f(f(Z1), Z2), Z3) to
depend on Z1 (note that X1 is an ancestor of X3).

Interventional distribution
VACA approximates the interventional distribution in (3) as
(illustrated Figure 2):

p(X | do(XI = ↵)) ⇡
Z Z

p✓(X | Z̃, Z̃I ,AI)

⇥ p(Z̃)q�(Z̃
I | AI ,XI)dZ̃dZ̃

I ,

(6)

where Z̃
I = {ZI

i }i2I is the subset of latent variables as-
sociated with the intervened-upon variables XI , and Z̃ =
{Zi}i 62I denotes the subset of latent variables associated
with the rest of the observed variables. Importantly, here
the do-operator is performed on the causal adjacency ma-
trix as do(XI = ↵) : A 7! A

I = {Aij} 8i 62I,j [ {Aij =



(a) Observational (b) Interventional (c) Counterfactual

Figure 3: VACA generation of (a) observational, (b) interventional, and (c) counterfactual samples. The ‘hat’ in X̂ and x̂
CF

indicates that they are sample estimates of the true random variables.

0} 8i2I,j . This ensures that Xi for i 2 I is independent of
Zj for all j 6= i. Note that in order for (6) to be able to
approximate the interventional distribution in (3), an inter-
vention on VACA should satisfy Property 2, i.e.:
Proposition 2 (Causal interventions). VACA captures
causal interventions if and only if the number of hidden
layers in its decoder is greater than or equal to � � 1, with
� being the length of the longest path between any two
endogenous nodes in G.

To illustrate this, Figure 2 depicts how messages are ex-
changed in a one-hidden-layer decoder GNN corresponding
to the causal graph G in Figure 1 (triangle with � = 2),
both (a) without and (b) with an intervention on X2. We
highlight in blue the direct messages (sent via direct causal
path in G), and in red the indirect messages (sent via indirect
causal path in G) from Z1 to X3. Observe that, similarly to
Figure 1, in (a) there is an indirect path (via h2) from Z1

to X3; while in (b) this path is severed. Hence, the hidden
layer (h1, h2, h3) allows to distinguish between direct and
indirect paths and thus to capture interventional effects. As
the condition in Proposition 2 is more restrictive than the
one in Proposition 1, VACA is able to approximate the ob-
servational and interventional distributions (as empirically
validated in Appendix D) if:

Design condition 1 (necessary condition) The decoder
GNN of VACA has at least as many hidden layers as � � 1,
with � being the longest directed path in the causal graph G.

Counterfactual distribution
VACA approximates the counterfactual distribution in (4) as
(illustrated in Figure 3c):

p(xCF | do(XI = ↵),xF ) ⇡
Z Z

p✓(X | Z̃F, Z̃I ,AI)q�(Z̃
I | xI ,AI)

| {z }
action

⇥ q�(Z̃
F | xF ,A)

| {z }
abduction

dZ̃IdZ̃F,

(7)

where x
F represents a sample from X for which we seek

to compute the distribution over counterfactual x
CF and

Z̃
F = {ZF

i }i 62I . Note that two different passes of the en-
coder are necessary: one for the abduction step of the factual
instance q�(Z̃F | x

F ,A); and another one for the action

step (intervention) q�(Z̃I | xI ,AI) with xI
i = ↵i 8i 2 I

(we remark that the rest of the values in x
I do not affect the

overall counterfactual computation).
We then evaluate the likelihood making sure that the re-

sulting counterfactual sample x
CF only depends on the Z̃

F

and Z̃
I . Importantly, in order for VACA to be able to approx-

imate the counterfactual distribution, we need its abduction
(and action) step(s) to comply with Property 3, i.e.:
Proposition 3 (Abduction). The abduction step of an ob-
served sample x = {x1, . . . , xd} in VACA satisfies that
for all i the posterior of Zi is independent on the subset
{xj}j 62pa⇤(i) ✓ x, if and only if the encoder GNN has no
hidden layers.

The above result (proved in Appendix B) can be shown
by the message passing algorithm computed by the encoder
GNN, and leads to the second design condition of VACA:

Design condition 2 (necessary condition): The encoder
GNN of VACA has no hidden layers.

In other words, from the definition of the SCM, the pos-
terior distribution of Ui only depends on the parents, i.e
Ui | Xpa(i). In order for VACA to mimic this property,
the GNN that parameterized the encoder contains no hidden
layers: in the message passing algorithm, in the k-th itera-
tion (layer), a node depends on its k-hop ancestors; requiring
k = 1 in the encoder refers to a GNN without hidden lay-
ers. Note that while the above condition may look restrictive
and limiting the capacity of our encoder, we may choose ar-
bitrarily complex NNs for the message fm and update fu

functions, as well as one or more aggregation functions fa,
e.g., sum or max, to model the encoder (Corso et al. 2020).

Practical considerations
Next, we briefly discuss practical implementation consider-
ations to handle complex causal models, which often appear
in real world applications (Dua and Graff 2017a,b) For fur-
ther details on VACA implementation, refer to Appendix C.

Heterogeneous causal nodes. So far, we have modeled
each endogenous variable Xi as a node in the causal graph
G, and thus in the VACA GNNs. Yet, in some application
domains the relationships between a subset of ki variables
may be unknown, or they may be affected by hidden con-
founders. In such cases, we assume that set of ki variables
to be correlated and model them as one multidimensional
and potentially heterogeneous node Xi = {Xi1, . . . , Xiki}



that share the same latent random variable Zi. This allows
us to deal with a large variety of graphs in practice.

Heterogeneous endogenous variables. Heterogeneous
causal nodes require us to model different functions for
each node, i.e. nodes may now contain a mix of continu-
ous/discrete variables. In general GNNs are parametrized
such that the parameters of the message function fm and
update function fu are shared for all the nodes and edges
in the graph. However, similar to the structural equations F,
we can define a unique set of parameters ✓mij for each fm

ij
(see (1)), so that we can model a different function for every
edge in the causal graph. Further, we can also assume dif-
ferent update functions fu

i for each node i, by introducing
different update parameters ✓ui. As a result, VACA fulfills
the conditions to be a Neural Causal Model (NCM) Type 2
(Coll. 1 in Zečević et al. (2021)) and thereof can represent
the observational, interventional, and counterfactual distri-
butions (Thm.1 and Thm. 3 in Xia et al. (2021)).

Non-identifiability. We highlight that certain counter-
factual queries are not identifiable from observational data
without making assumptions on the functional relationships
even under causal sufficiency (Pearl 2009a). Yet, we expect
(as confirmed by our empirical validation) that sufficiently
expressive GNNs will lead to accurate approximations of
counterfactual queries.

5 Evaluation
In this section, we evaluate the potential of VACA in approx-
imating the outcomes of causal queries and compare it to
two competing methods in synthetic experiments. The syn-
thetic setting allows us to have access the true SEs, which is
necessary to evaluate interventional distributions and espe-
cially counterfactuals. We consider interventions of the form
do(xi = ↵i) for several values of ↵i on both root and non-
root nodes. We compute all results over the same 10 ran-
dom seeds and report mean and standard deviation. Refer to
Appendix E for a complete description of the experimental
setup. Moreover, our code is publicly available at GitHub1.

Datasets. We consider 6 different synthetic causal graphs
that differ in the number of nodes d, diameter �, and longest
path �. Here, we report the results for i) the collider (d = 3,
� = 1, � = 1) with linear (LIN) and non-linear (NLIN)
additive noise SEs, ii) the loan from Karimi et al. (2020)
(d = 7, � = 2, � = 3), and iii) the adult (d = 11, � = 2, � =
3) graphs. Note that the two latter ones are synthetic versions
of the German Credit dataset (Dua and Graff 2017a) and
the Adult datasets (Dua and Graff 2017b), respectively. See
Appendix E for further details on the graphs and Appendix
E for the results with the remaining graphs.

Metrics. We evaluate the observational distribution us-
ing the Maximum Mean Discrepancy (MMD) (Gretton et al.
2012) as distance-measure between the true and estimated
distributions, i.e., the lower the MMD the better the distri-
butions match. For the interventional distribution, we addi-
tionally report the average estimation squared error of the
mean (MeanE) and of the standard deviation (StdE) over
all descendants of the intervened-upon variables. For the

1https://github.com/psanch21/VACA

counterfactual distribution we report the mean squared er-
ror (MSE) as well as the standard deviation of the squared
error (SSE) between the true and the estimated counterfac-
tual value. More details in Appendix E.

Baselines. We compare VACA with MultiCVAE (Karimi
et al. 2020) and CAREFL (Khemakhem et al. 2021) de-
scribed in Section 1. For a fair comparison, all model hyper-
parameters have been cross-validated using a similar com-
putational budget (see Appendix E). In Table 1, we report
for each model and SCM the best configuration according
to observational MMD. We also include a time-complexity
analysis in Appendix E.

Results. Table 1 summarizes the results. We observe that,
in general, MultiCVAE underperforms the other methods.
This may be explained by the fact that MultiCVAE trains
each node independently, and thus the discrepancy between
the true and generated distributions in one node may be am-
plified in its descendants.

Comparing VACA to CAREFL, we first observe that
VACA performs consistently better in terms of observational
MMD, i.e., VACA is able to generate observational samples
that better resemble the true ones. Second, regarding the in-
terventional distribution, CAREFL does a good job at fitting
the mean (i.e., low MeanE). However,VACA performs con-
sistently better both at approximating the standard deviation
(i.e., low StdE) and the true samples (i.e., low MMD). This
can be explained by VACA i) leveraging the causal graph
(contrary to CAREFL that relies on causal ordering), and ii)
optimizing the log-evidence in (5) jointly (contrary to the
sequential optimization of MultiCVAE). Thus, VACA ap-
proximates the distribution as a whole better, which is a de-
sirable property for studying interventions on a population-
level rather than just on average. Lastly, in the approxi-
mation of counterfactuals we observe that both CAREFL
and VACA exhibit similar performance in terms of MSE
and SSE. Note however that CAREFL performs exact in-
ference while VACA is built on approximate inference and
is trained on a lower bound on the log-evidence. Finding
tighter bounds could boost VACA performance.

6 Use case: counterfactual fairness
We finally show two practical use-cases of our method: as-
sessing counterfactual fairness and training counterfactually
fair classifiers. We use the public German Credit dataset
(Dua and Graff 2017a) and rely on the causal model pro-
posed by Chiappa (2019) with the following random vari-
ables X: sensitive feature S = {sex}, and non-sensitive fea-
tures C = {age}, R = {credit amount, repayment history}
and H = {checking account, savings, housing}. Then, we
aim to predict the binary feature Y = {credit risk} from X.
See Appendix F for further details.

Counterfactual fairness. Let S ⇢ X be a sensi-
tive attribute (e.g., gender), then the counterfactual unfair-
ness (Kusner et al. 2017) of a classifier h : X ! Y is mea-
sured 8xCF ,↵0 6= ↵, y as:

uf =| P (h(xCF ) = y | do(S = ↵),xF )

� P (h(xCF ) = y | do(S = ↵0),xF ) |
(8)



Obs. Interventional Counterfactuals
SCM Model MMD MMD MeanE StdE MSE SSE Num. params

co
lli

de
r LI
N

MultiCVAE 30.37±8.16 44.70±12.25 13.29±4.78 46.56±2.40 87.41±3.64 65.15±2.83 553
CAREFL 9.27±1.49 4.86±0.45 0.35±0.08 81.89±1.78 8.11±0.58 7.83±0.55 6420
VACA 1.50±0.67 1.57±0.41 0.75±0.31 41.99±0.30 9.86±0.74 7.06±0.38 5600

N
LI

N MultiCVAE 28.03±9.12 41.60±12.62 10.49±4.12 46.48±2.43 82.32±2.61 62.05±1.87 553
CAREFL 10.38±2.00 4.69±0.38 0.19±0.07 80.68±2.08 6.93±0.40 7.15±0.64 4308
VACA 0.95±0.27 0.97±0.23 0.26±0.12 42.20±0.24 5.01±0.73 4.08±0.54 1805

lo
an

MultiCVAE 90.38±11.31 213.65±5.38 12.24±1.33 65.78±1.13 40.98±0.35 15.12±0.16 33717
- CAREFL 22.10±1.64 27.38±4.07 6.74±4.25 50.13±2.47 11.15±2.57 6.59±0.38 2880

VACA 2.22±0.25 6.87±0.66 4.35±0.35 3.83±0.08 10.30±0.40 6.41±0.11 30402

ad
ul

t MultiCVAE 140.15±6.37 155.52±5.93 12.18±2.36 63.52±4.05 39.96±0.36 16.37±0.65 6549
- CAREFL 31.31±1.58 34.31±5.77 12.54±3.17 41.26±3.44 1.23±0.17 3.55±0.90 127420

VACA 4.51±0.45 12.68±1.95 1.65±0.23 3.37±0.09 5.33±0.27 5.67±0.20 63432

Table 1: Performance of different methods at estimating the observational, interventional and counterfactual distribution of
different complex SCMs. Values are multiplied by 100. All models have been cross-validated with a similar computational
budget. The number of parameters of the best configuration is shown in the right column.

A classifier is counterfactually fair (uf = 0), if, given a
factual xF with sensitive attribute S = ↵, had its sensi-
tive attribute been different S = ↵0, the classifier prediction
would remain the same. We can use VACA to generate coun-
terfactual estimates to audit the fairness level of a classifier.
Following (Kusner et al. 2017), we audit: i) a full model
hfull : X ! Y that takes as input the complete variable set;
ii) an unaware model hunaw : X\S ! Y that takes as in-
put all variables but the sensitive one; iii) and a fair model
hfair-x : {Xi|S 62an⇤(i)} ! Y that takes as input all non-
descendant variables of the sensitive attribute. Moreover, we
show that we can learn a fair classifier hfair-z : Z\ZS ! Y ,
which takes as input the latent variables generated by the
VACA encoder without the one of the sensitive attribute ZS .

Fairness Auditing. Table 2 summarizes the unfairness
level and f1-score for a support vector machine (SVM) clas-
sifier. See Appendix F for results of a logistic regression
classifier. As we do not have access to the true data genera-
tion process, we evaluate the auditing task by the resulting
ranking of the different classifiers according to their unfair-
ness level. Based on the counterfactual generation by VACA
the full classifier is consistently less fair than the unaware
and the fair-x classifier, respectively. This ranking is consis-
tent with the one in (Kusner et al. 2017).

Fairness Classification Table 2 shows that for the fair-x
classifier fairness comes at the expense of accuracy com-
pared to the full classifier. On the contrary, even though
VACA has been trained for representation learning with-
out access to classification labels, fair-z is a fair classifier
(with comparable fairness level to the fair-x one) while keep-
ing the performance comparable to the unfair full classifier.
VACA, therefore also provides a practical approach to train
accurate and fair classifiers.

7 Conclusion, Limitations and Impact
In this work, we have proposed VACA, a variational causal
autoencoder based on GNNs that: i) is specially designed to
capture the properties of SCMs; ii) inherently handles het-
erogeneous data; and iii) provides good approximations of
interventional and counterfactual distributions as a whole for
SCMs of different complexities. As demonstrated by exten-
sive synthetic experiments, VACA provides accurate results
for a wide range of interventions in diverse SCMs leading
to more consistent results than competing methods (Karimi
et al. 2020; Khemakhem et al. 2021). Finally, we have ap-
plied VACA for counterfactually fair classification.

Practical limitations. The expressive power of VACA to
model complex structural equations, e.g., in domains such
as biology (Sachs et al. 2005), is limited by the GNN ar-
chitectures of the encoder and the decoder. As discussed in
the GNN literature (Corso et al. 2020), especially aggrega-
tion functions may limit expressiveness. We expect VACA to
benefit from advances in the field. Second, long causal paths
would require VACA to increase the number of layers in the
decoder (see Design condition 1). However, the GNNs per-
formance is known to deteriorate with depth (Gallicchio and
Micheli 2020; Gu et al. 2020; Li, Han, and Wu 2018).

Social impact. Trusting counterfactuals is of great impor-
tance for decision making, e.g. in the political or medical
domain. We thus encourage anyone who uses VACA (or any
other ML method for causal inference) to fully understand
the model assumptions and to verify (up to the possible ex-
tend) that they are fulfilled.

Future work. First, it would be important to evaluate
the sensitivity of VACA to errors in the assumed causal
graph, as well as to the presence of hidden confounders.
We plan to extend VACA to handle more complex causal
models including, e.g., hidden confounders and non-DAG
causal graphs. Second, it would be interesting to perform ab-
lation studies on the limitations of available GNNs architec-
tures (Wu et al. 2020) for the VACA encoder and decoder; as



Metric full unaware fair-x fair-z

" f1 71.67 69.49 59.50 70.79 ± 5.15
# uf 14.01 ± 2.26 13.27 ± 2.28 0.14 ± 0.02 0.51 ± 0.19

Table 2: Counterfactual unfairness (uf ) and f1-score (f1) of an SVM over 10 VACA seeds. Values multiplied by 100.

well as on how the performance deteriorates as we increase
the length of the causal path and thus the required number
of hidden layers (Li, Han, and Wu 2018). Finally, it would
be intriguing to apply VACA to other causal questions such
as privacy-preserving causal inference (Kusner et al. 2016)
or explainable machine learning (Karimi et al. 2020).
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A Background details on message passing
Graph Neural Networks

A directed graph with |V| = d nodes can be represented as
G := (V, E), where V denotes the set of nodes and (j, i) 2 E
is the set of directed edges from j to i. Additionally, we de-
note with X 2 Rd⇥FX the features of the nodes (the row
index identifies the node, i.e., the i-th row contains the FX -
dimensional features of the node i) Also, the adjacency ma-
trix A 2 {0, 1}d⇥d of G is defined as Aij = 1 if there is an
edge from j to i and Aij = 0 otherwise. Then, a directed
graph can be alternatively represented as G = (X,A).
Given a graph G, a Graph Neural Network (GNN) with pa-
rameters ✓ is a function f✓ : Rd⇥FX ⇥ {0, 1}d⇥d ! Rd⇥FH

that takes into account the graph structure contained in the
adjacency matrix A 2 {0, 1}d⇥d and transforms the node
features X into different features H 2 Rd⇥FH , i.e., H =
f(X,A; ✓) (for readability we consider f✓(·) ⌘ f(·; ✓)). Im-
portantly, at the output of the GNN we have a graph (H,A)
that preserves the structure of the input graph (X,A).

A GNN based on message passing (Gilmer et al. 2017)
is a type of spatial convolution GNNs (Wu et al. 2020) in
which information is passed following the message passing
process: In each layer l of the GNN each node i receives
information from its neighbors Ni, a.k.a. the parents of i.
In a message passing GNN, the feature vector of the i-th
node at the output of a layer l—i.e., hl

i—is computed in three
steps:

1. Message. The message from node j to node i is de-
fined as ml

ij = fm(hl�1
i , hl�1

j ; ✓lm), where hl�1
i are the

features of node i at layer l � 1, hl�1
j are the features of

node j at the previous layer l � 1, and fm is a neural
network (usually a linear layer) parametrized by ✓lm.

2. Aggregator. The aggregator is a function in charge
of combining all the incoming messages at each node
i into a single message, a.k.a. the aggregated message
M l

i = fa({ml
ij | j 2 Ni}). Notice that fa does not have

any parameters. Choices of fa may be the sum, mean,
standard deviation, max or min over the inputs, i.e., mes-
sages (Corso et al. 2020).

3. Update. The update function hl
i = fu(hl�1

i ,M l
i ; ✓

l
u)

takes the aggregated message and the representation of
node i at layer l � 1 and outputs the new representation
for node i at layer l. The function fu is defined as a neural
network (usually a linear layer) with parameters ✓lu.

Putting the three steps together, we obtain the general
form of a message passing based GNN layer as hl

i =
fu

�
hl�1
i , fa

�
{fm(hl�1

i , hl�1
j ; ✓lm) | j 2 Ni}

�
; ✓lu

�
. Algo-

rithm 1 describes the propagation of information (i.e., mes-
sages ) in a GNN with L layers.

B Proofs
For completeness, this section first formalizes the meaning
of causal factorization, interventions and the abduction step
in VACA.

VACA causal factorization refers to the factorization of

Algorithm 1: Message passing GNN with L layers
decomposed in three operations

Input: A directed graph G with d nodes, adjacency
matrix A and node features X.

Output: H = {hL
i }di=1.

h0
i = xi 8i

for l = 1, . . . , L; // For each layer l
do

for i = 1, . . . , d; // For node i
do

ml
ij = fm(hl�1

i , hl�1
j ; ✓lm) 8j 2 Ni;

// Compute the messages
M l

i = fa({ml
ij}j2Ni) ; // Compute the

aggregated message
hl
i = fu(hl�1

i ,M l
i ; ✓

l
u) ; // Compute

the node features at layer l
end

end

the joint distribution as

p✓(X | Z,A) =
Y

i

p✓i(Xi;⌘i),

where the likelihood parameters ⌘i = ⌘i(Zan⇤(i)) are a
function of all (and only) the features of the ancestors of
i and the features of i.

A VACA intervention is performed by removing all the
edges towards the intervened node i, such that Ni = ?,
while the rest of the edges remains untouched.

In a VACA abduction step, the posterior distribution fac-
torizes as

q�(Z | X) =
Y

i

q�i(Zi;⌘
enc
i ),

where the distribution parameters ⌘enc
i = ⌘enc

i (Xpa⇤(i)) are
a function of all (and only) the features of node i and the
features of its the parents.

Notation. Consider a causal graph G := (X,A), which
is a directed acyclic graph (DAG). Let us define a path
of length n from node u to node v in G as p(u, v) =
(u,w1, w2, . . . , wn�1, v), which is an ordered sequence of
unique nodes such that i) there exists an edge in G between
concurrent nodes, ii) the first node is u, iii) and the last
node is v. We refer to the length of the path as |p(u, v)|,
i.e., the number of edges in the path, or alternatively, the
number of nodes minus one. Let us define P (u, v) as the
set of unique paths connecting u to v. Let us define the
shortest path from u to v as p�(u, v) (i.e. the path with
the minimum number of edges to go from u to v) and its
length as d�(u, v) = |p�(u, v)|. Let us define the longest
path from u to v as p+(u, v) (i.e. the path with the maxi-
mum number of edges to go from u to v) and its length as
d+(u, v) = |p+(u, v)|. Let us define the set of ancestors of
node i (i.e., an(i)) as the set of nodes with paths to i, i.e.,
{j | |P (j, i)| > 0}. As for a GNN, we define the number of
hidden layers (total number of layers minus one) as Nh.



Then, we define the diameter � of the graph G to be the
length of the longest shortest path and � to be the length of
the longest path of the graph, which we compute as

� = max
u,v2G

d�(u, v) and � = max
u,v2G

d+(u, v).

Lemma 1 A message passing Graph Neural Network
(GNN) has at least Nh hidden layers if and only if the
output feature of every node i (i.e., hNh+1

i ) receives infor-
mation from any other node j via paths p(j, i) such that
|p(j, i)|  Nh + 1.

Proof. Step 1. The statement is that the feature of every
node i at the output of a GNN with Nh hidden layers (i.e.,
hNh+1
i ) receives information from any other node j via paths

p(j, i) such that |p(j, i)|  Nh + 1. We give a proof by in-
duction on Nh for an arbitrary node i, with input feature to
the GNN h0

i and output feature hNh+1
i .

Base case: The statement holds for Nh = 0. By defini-
tion, a message passing GNN with one layer only exchanges
messages between neighboring nodes. Hence, i) the output
feature of node i is h1

i = f({h0
i } [ {h0

j |j 2 Ni}; ✓), which
is only a function of the 1-hop ancestors (i.e., parents); ii)
information is exchanged via paths that fulfill |p(j, i)|  1.

Inductive step: We assume the statement holds for Nh =
k � 1. In this case, i) the output feature of node i is hk

i =
f({hk�1

i } [ {hk�1
j |j 2 Ni}; ✓), which is a function of the

k-hop ancestors; ii) information is exchanged via paths that
fulfill |p(j, i)|  k. For Nh = k, the output feature of node i
is hk+1

i = f({hk
i }[{hk

j |j 2 Ni}; ✓). Since hk
j is a function

of k-hop ancestors of node j, it follows that hk+1
i is a func-

tion of the ancestors of hk
j and on parents of node i, i.e., the

output feature of node i is a function of its (k+1)-ancestors.
Then, it follows that for Nh = k, information is exchanged
via paths that fulfill |p(j, i)|  k + 1.

Step 2. We assume that the output feature of every node i
receives information from any other node j via paths p(j, i)
such that |p(j, i)|  Nh + 1. Then, there exist node i and
j such that |p(j, i)| = Nh + 1. Then, by definition, a mes-
sage passing GNN needs at least Nh hidden layers to capture
paths p(j, i) with length |p(j, i)|  Nh + 1.

Remark. Lemma 1 implies that, for a given GNN with
Nh hidden layers, the set of paths through which the output
feature of node i is a function of node j is

PGNN(j, i) ={p(j, i) | p(j, i) 2 P (j, i)

and |p(j, i)|  Nh + 1}. (9)

Additionally, if |PGNN(j, i)| = ? then the output feature
of node i is not a function of node j.

Proposition 1 (Causal factorization). VACA satisfies
causal factorization, p✓(X | Z,A) =

Q
i p✓i(Xi | Zan⇤(i)),

if and only if the number of hidden layers in the decoder is
greater or equal than � � 1, with � being the length of the
longest shortest path between any two endogenous nodes.

Proof. Consider a causal graph G := (X,E) with diameter
� and a GNN decoder with Nh hidden layers. We assume

VACA to satisfy causal factorization, i.e., ⌘i is a function
Zan⇤(i) for all i. Therefore, there exist node i and j such that
d�(j, i) = � (notice that this implies that j is an ancestor of
i). Thus, by Lemma 1, the GNN decoder has Nh � � � 1
hidden layers. The converse is true because Lemma 1 is a
bi-conditional statement.

Proposition 2 (Causal interventions). VACA captures
causal interventions if and only if the number of hidden
layers in its decoder is greater than or equal to � � 1, with
� being the length of the longest path between any two
endogenous nodes in G.

A causal intervention involves to severe all the incoming
edges to the intervened nodes. Thus, VACA can only capture
causal interventions, if it can model all the causal paths, i.e.,
PGNN(j, i) = P (j, i) 8i, j. Otherwise, severing some paths
will have no effect in the resulting intervention, as we prove
next.

Proof. Consider a causal graph G := (X,E) with length of
the longest path between two nodes � and a GNN decoder
with Nh hidden layers. We assume that the GNN decoder
models all the causal paths, i.e., PGNN(j, i) = P (j, i) 8i, j.
By definition of �, there exists at least one node i with an
ancestor j such that d+(j, i) = �. Thus, by Lemma 1, the
GNN decoder has Nh � � � 1 hidden layers. The converse
is true because Lemma 1 is a bi-conditional statement.

Proposition 3 (Abduction). The abduction step of an ob-
served sample x = {x1, . . . , xd} in VACA satisfies that
for all i the posterior of Zi is independent on the subset
{xj}j 62pa⇤(i) ✓ x, if and only if the encoder GNN has no
hidden layers.

Proof. Consider a causal graph G := (X,E) and a GNN
encoder with Nh hidden layers. We assume the posterior of
Zi is independent on the subset {xj}j 62pa⇤(i) ✓ x, i.e., the
parameters ⌘enc

i (the output of the GNN) is a function of
{xj}j2pa⇤(i). Then, the GNN only models paths p(j, i) such
that d+(j, i) = 1. It follows, by Lemma 1, that the number of
hidden layers of the encoder GNN is Nh = 0. The converse
is true because Lemma 1 is a bi-conditional statement.

C VACA implementation details
In this section, we extend Section 4 and provide further de-
tails about the implementation of VACA for complex real-
world datasets and causal graphs.

Heterogeneous endogenous variables
As described in Appendix A, each layer l of a GNN uses
the same parameters ✓ = {✓lm, ✓lu} (corresponding to fm

and fu) to update the features of every node, i.e., hl
i =

f({hl�1
i } [ {hl�1

j | j 2 Ni}; ✓) with f✓ being reused for
all i. Nonetheless, the structural equations of an SCM de-
fine a unique function fi for each node (see Property 1).
To mimic this behavior, we will rely on port numbering. In
particular, for a given causal graph G, we uniquely identify



Figure 4: Heterogeneous VACA decoder architecture.

Figure 5: Heterogeneous VACA encoder architecture.

each node with an index i and each edge with the pair of
indexes of the nodes it connects. Then, we define a disjoint
GNN layer by the following characteristics:

• The node indexes define unique update functions fu
i for

each node, with parameters ✓ui.
• The edge indexes define unique message functions fm

ij
for each edge, with parameters ✓mij .

Consequently, parameters are not shared among nodes
and we can mimic the diversity of the structural equations
of an SCM and model heterogeneous endogenous variables.
In our GitHub repository2, we present a PyTorch Geometric
implementation of the disjoint GNN layer.

Heterogeneous causal nodes
Assume an SCM with d endogenous variables. As described
in Section 4, is it possible to model an endogenous vari-
able Xi of the SCM as a heterogeneous node, i.e., Xi =
{Xi1, . . . , Xiki}, where ki is the number of random vari-
ables in node i. In this section we describe the implications
this has on the design of the encoder and decoder of VACA.

Implications for the decoder. Given the heterogeneous
nature of the nodes, the likelihood of VACA factorizes as
follows

p✓(X | Z) =
dY

i=1

p✓i(Xi;⌘i) =
dY

i=1

kiY

j=1

p✓i(Xij ;⌘ij)

where ⌘i = ⌘i(Zan⇤(i)) and ⌘ij = ⌘ij(Zan⇤(i)).

Note, each p(Xij ;⌘ij) can be model with a different dis-
tribution, e.g., Gaussian or categorical. This means that the
likelihood parameters ⌘ij for each random variable Xij may
be different depending on its distribution type. However, the
decoder GNN transforms the latent features into different
features H 2 Rd⇥Fh , where the feature vector of each node
i has the same dimensionality Fh. As a consequence, H

2https://github.com/XXXX

cannot model the diversity in the likelihood parameters ⌘i.
To overcome such limitation, we add at the output of the
GNN decoder a neural network (NN) per node i with pa-
rameters ✓deci . Such a NN transforms hi, i.e. the output fea-
tures of node i, into the set of likelihood parameters of each
node ⌘i = {⌘ij}

ki
j=1, such that the likelihood parameters

of each random variable ⌘ij satisfy the constraints of the
corresponding likelihood p(Xij ;⌘ij) (e.g., non-negativity
of variance for a Gaussian distribution). See Figure 4 for an
illustration.

Implications for the encoder. Due to the heteroge-
neous nature of nodes, each endogenous variable Xi =
{Xi1, . . . , Xiki}, can have a different number of random
variables ki and thus the node i corresponding to it in the
GNN will have features of different dimensions. However,
as described in Appendix A, a GNN takes as input in gen-
eral a matrix feature X 2 Rd⇥Fxenc . This implies, the fea-
tures of every node share the same dimensionality Fxenc .
To overcome this limitation, we include for each node i a
neural network (NN) with parameters ✓enci that transforms
the corresponding heterogeneous random variable Xi into a
feature vector with the dimension Fxenc . See Figure 5 for an
illustration.

D Validating & understanding VACA
Here, we empirically validate the design conditions of
VACA and provide an analysis of the effect of the latent
space dimension dim z on the performance.

Validating VACA design conditions. In a first step we
empirically validate our design choices for the VACA en-
coder and decoder. We show how the number of hidden lay-
ers Nh in the decoder affects the quality of the estimation of
the observational and interventional distribution. We do so
for three SCMs, with different values of longest shortest di-
rected path � and longest directed path �. Our observations
in Table 3 match our expectations. The collider (� = � = 1)
does not need any hidden layer to provide accurate estimate



Nh
collider (� = 1, � = 1) triangle (� = 1, � = 2) chain (� = 2, � = 2)

MMD Obs. (%) MMD Inter.(%) MMD Obs.(%) MMD Inter.(%) MMD Obs.(%) MMD Inter.(%)

0 1.86 ± 0.84 1.16 ± 0.86 21.76 ± 5.80 48.47 ± 12.57 9.69 ± 1.92 17.24 ± 2.82
1 1.31 ± 0.36 0.75 ± 0.17 9.17 ± 2.39 19.91 ± 4.75 6.44 ± 1.52 10.36 ± 2.67
2 1.32 ± 0.41 1.09 ± 1.08 7.19 ± 3.14 14.10 ± 6.45 4.35 ± 1.77 6.55 ± 1.64

Table 3: Evaluation of the observational and interventional distributions generated by VACA with different numbers of hidden
layers Nh in the decoder. All metrics are multiplied by 100 (%).

collider triangle chain

dim z NLIN NADD NLIN NADD NLIN NADD

2 3785 3785 4542 4542 3785 3785
4 4445 4445 5334 5334 4445 4445
8 5765 5765 6918 6918 5765 5765
16 8405 8405 10086 10086 8405 8405
32 13685 13685 16422 16422 13685 13685

Table 4: Number of parameters of VACA for different dim z

and datasets
of both the observational and interventional distributions. In
contrast, the triangle (� = 1, � = 2) – in accordance with
Proposition 2 – needs at least one hidden layer to get a more
accurate estimate of the interventional distribution. Finally,
as stated by Propositions 1 and 2, the chain (� = � = 2)
requires at least one hidden layer to accurately approximate
both the observational and interventional distributions.

Analysis of the latent space dimension. Here we present
an analysis of the performance of VACA with respect to the
dimension of the latent space dim z. Without loss of general-
ity, we focus the analysis on the collider, triangle and chain
graphs, and the NLIN and NADD structural equations. The
results are depicted in Figure 6. All results are averaged over
10 different initializations. Regarding the observational dis-
tribution (top row), we observe that VACA overfits as we
increase the dim z for all SEMs and graphs under consider-
ation. Specially, the performance degrades notoriously with
dim z = 32. As shown in Table 4, the number of parame-
ters of VACA increases linearly with dim z. As for the inter-
ventional distribution (middle row), we observe similar be-
havior: for large values of dim z performance decreases and
variance increases. For counterfactuals (bottom row), we ob-
serve a similar behavior but considerably less pronounced.
In summary, we encourage practitioners to keep dim z small
to avoid overfitting and obtain better and more consistent
performance.

E Experiments: setting, metrics and further
results

This section provides a complete description of the experi-
mental set-up, including the (semi-)synthetic datasets (Sec-
tion E), training of VACA, MultiCVAE (Karimi et al. 2020)
and CAREFL (Khemakhem et al. 2021) (Section E), met-
rics reported in the experiments (Section E), additional re-
sults (Section E), complexity of the algorithm (Section E),
and computing infrastructure (Section E).

Figure 6: Performance of VACA varying the dimension of
the latent space dim z 2 {2, 4, 8, 16, 32} for the non-linear
(left column) and non-additive (right column) SEMs of the
collider, triangle and chain graphs. We evaluate the quality
of the observational (MMD Obs.) (top row), interventional
(MMD Inter.) (middle row), and counterfactual (MSE CF)
(bottom row) distributions.



Datasets
The following (semi-)synthetic datasets are taken from or
inspired by (Karimi et al. 2020). The distribution of exoge-
nous variables p(U) for triangle, chainand collider follows
Table 5 with with MoG denoting a mixture of Gaussian dis-
tributions.

Collider. The collider is a synthetic dataset, which con-
sists of 3 endogenous variables. The structural equations
are shown in Table 6. Figure 7 illustrates the correspond-
ing causal graph with d = |X| = 3 nodes, diameter � = 1
and longest path � = 1.

X3

X2X1

Figure 7: Causal graph for variables X of SCM collider.

Triangle. The triangle is a synthetic dataset, which con-
sists of 3 endogenous variables. The structural equations
are shown in Table 6. Figure 8 illustrates the correspond-
ing causal graph with d = |X| = 3 nodes, diameter � = 1
and longest path � = 2.

X1

X3X2

Figure 8: Causal graph for variables X of SCM triangle.

Chain. The chain is a synthetic dataset, which consists of
3 endogenous variables. The structural equations are shown
in Table 6. Figure 9 illustrates the corresponding causal
graph with d = |X| = 3 nodes, diameter � = 2 and longest
path � = 2.

f
X1 X2 X3

Figure 9: Causal graph for variables X of SCM chain.

M-graph. The M-graph is a synthetic dataset, which con-
sists of 5 endogenous variables. Here, the distributions of
exogenous variables follow Ui ⇠ p(Ui) = N (0, 1) 8i 2
1 . . . 5. The structural equations are shown in Table 7 and
Figure 10 illustrates the corresponding causal graph with
d = |X| = 5 nodes, diameter � = 1 and longest path � = 1.

Loan. The loan is a semi-synthetic dataset from (Karimi
et al. 2020), which reflects a loan approval setting in the real-
world inspired by German Credit dataset (Dua and Graff
2017a). It consists of 7 endogenous variables: gender G, age
A, education E, loan amount L, loan duration D, income I

X4

X2X1

X5X3

Figure 10: Causal graph for variables X of SCM M-graph.

and savings S with the following structural equations and
distributions of exogenous variables:

fG :G = UG

fA :A = �35 + UA

fE :E = �0.5 +
⇣
1 + e+1�0.5G�(1+e�0.1A)�1�UE

⌘�1

fL :L = 1 + 0.01(A � 5)(5 � A) +G+ UL

fD :D = �1 + 0.1A+ 2G+ L+ UD

fI :I = �4 + 0.1(A+ 35) + 2G+GE + UI

fS :S = �4 + 1.5I{I>0}I + US

with UG ⇠ Bernoulli(0.5), UA ⇠ Gamma(10, 3.5),
UE ⇠ N (0, 0.25), UL ⇠ N (0, 4), UD ⇠ N (0, 9),
US ⇠ N (0, 25), UI ⇠ N (0, 4).

Note, the authors model variables w.r.t. their relative
meaning in terms of deviation from the mean. See (Karimi
et al. 2020) for further details. Figure 11 illustrates the cor-
responding causal graph with d = |X| = 7 nodes, diameter
� = 2 and longest path � = 3.

G

A

L D

E I S

Figure 11: Causal graph for variables X of SCM loan.

Adult. We introduce the new semi-synthetic adult dataset
which aims to reflect the relationship between the variables
that affect the annual income of a person inspired by the
real-world Adult dataset (Dua and Graff 2017b). Figure 13
shows the corresponding causal graph with d = |X| = 11
nodes, diameter � = 2 and longest path � = 6. We base the
causal graph on (Chiappa 2019). Our dataset consists of the
following 11 endogenous variables:
• Race R is an independent value.
• Age A is an independent value.
• Native country (N ) is an independent value.
• Sex S is an independent value.
• Education level (E) depends on the sex, the native county

and the race. We consider low, medium and high level of
education.

• Hours (worked) per week H depends additionally on the
race, the native country and the sex. We consider this
continuous variable to be between 0 and 80 hours.



SCM p(U1) p(U2) p(U3)

LIN MoG(0.5N (�2, 1.5) + 0.5N (1.5, 1)) N (0, 1) N (0, 1)
NLIN MoG(0.5N (�2, 1.5) + 0.5N (1.5, 1)) N (0, 0.1) N (0, 1)
NADD MoG(0.5N (�2.5, 1) + 0.5N (2.5, 1)) N (0, 0.25) N (0, 0.0625)

Table 5: Distribution of exogenous variables p(U) for SCM triangle, chain, collider.

SCM f̃1 := X1 f̃2 := X2 f̃3 := X3

co
lli

de
r LIN U1 U2 0.05X1 + 0.25X2 + U3

NLIN U1 U2 0.05X1 + 0.25(X2)2 + U3

NADD U1 U2 �1 + 0.1 sgn(U3)((X1)2 + (X2)2)U3

tr
ia

ng
le LIN U1 �X1 + U2 X1 + 0.25X2 + U3

NLIN U1 �1 + 3
(1+exp(�2X1))

+ U2 X1 + 0.25(X2)2 + U3

NADD U1 0.25 sgn(U2) ⇤ (X1)2(1 + (U2)2) �1 + 0.1 sgn(U3)((X1)2 + (X2)2) + U3

ch
ai

n LIN U1 �X1 + U2 0.25 ⇤ X2 + U3

NLIN U1 �1 + 3
(1+exp(�2X1))

+ U2 0.25 ⇤ (X2)2 + U3

NADD U1 0.25 sgn(U2)(X1)2(1 + (U2)2) �1 + 0.1 sgn(U3)((X2)2) + U3

Table 6: Structural equations F̃ for different SCMs with U ⇠ p(U) in Table 5. Function sgn(x) returns an element-wise
indication of the sign of x.

SCM f̃1 := X1 f̃2 := X2 f̃3 := X3 f̃4 := X4 f̃5 := X5

LIN U1 U2 X1 + U3 �X2 + 0.5X1 + U4 �1.5X2 + U5

NLIN U1 U2 X1 + 0.5(X1)
2
+ U3 �X2 + 0.5(X1)

2
+ U4 �1.5(X2)

2
+ U5

NADD U1 U2 X1 ⇤ U3 (�X2 + 0.5 ⇤ (X1)
2
)U4 (�1.5(X2)

2
)U5

Table 7: Structural Equations F̃ for SCM M-graph with Ui ⇠ p(Ui) = N (0, 1) 8i 2 1 . . . 5.

Figure 12: Histograms and scatter plots of pairwise feature relations for the loan dataset.
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Figure 13: Causal graph for variables X of SCM adult.

• Work status W , i.e., being unemployed, self-employed,
working for a company or in the public sector, is a
discrete variable that depends on the number of hours
worked per day, age, native country, and level of edu-
cation.

• Martial status M , i.e., married never married or sepa-
rated, depends on age, race, work status, hours per week,
native country and sex. Individuals under a certain age
are never married.

• Occupation sector O is a discrete variable with values
technology , social sciences and medicine. It depends on
the race, age, education, martial status and sex.

• Relationship status L is a discrete variable, with values
wife, own-child, husband, not-in-family, unmarried. It
depends on martial status, education, age, native country,
and sex.

• Income I depends on race, age, education, occupation,
work status, martial status, hours per week, relationship
status, native country, and sex.

These aspects are reflected in the following structural
equations :

fR : R = UR

fA : A = UA + 17

fN : N = UN

fS : S = US

fE : E = exp
�
2I{R=0}) + I{R=1}) + �(A � 30)

�

+ (0.5I{S=0} + I{S=1})(2I{N=1} + 5I{N=2}

+ I{N=3}) + UE

fH : H = ((40I{N=0} + 36I{N=1} + 50I{N=2}

+ 30I{N=3}) ⇤
�
0.5I{R=0} + I{R=1} + 1.3I{R=2}

�

+ 2 exp
�
�(A � 30)2

�
+ 5 | tanh(E � 2) |

+ 2I{S=0} + UH)I{A<70}



(a) collider LIN (b) collider NLIN (c) collider NADD

(d) triangle LIN (e) triangle NLIN (f) triangle NADD

(g) chain LIN (h) chain NLIN (i) chain NADD

(j) M-graph LIN (k) M-graph NLIN (l) M-graph NADD

Figure 14: Histograms and scatter plots of pairwise feature relations for the collider, triangle, chain and M-graph datasets.



Figure 15: Histograms and scatter plots of pairwise feature relations for the adult dataset.



fW : W = w2I{w2>=0},

w2 = w1I{w1<=3} + 3I{w1>3}

w1 = I{5|tanh(E�2)|+�(H�30+UW )>0.3}

+ I{�(H�30+UW>0.3}I{(A+1.5UW )>50}

� I{N=0} + I{N=2} + 3I{N=3})

fM : M = mode(r2, a2,W, h2, H, g3)

r2 = 2 ⇤ I{r1=1} + I{r1=2}

r1 = int(R+ 0.2UM )I{R2[0,2]} + 2I{R>2}

g3 = I{g2=0} + 2 ⇤ I{g2=1}

g2 = 0 ⇤ I{g1<0} + I{g1>1} + g1I{g12[0,1]}

g1 = int(G+ 0.5UM )

a2 = 2I{a12(20,40]} + I{a12(40,50]} + 2I{a1>=50}

a1 = A+ 2UM

h2 = h1I{h1<=2} + 2I{h1>2}

h1 = 3 int(�(H � 30))

fL : L = 0I{(M=1)^(c<�1)} + 1I{(M=1)^(c��1)}

+ 2I{(M 6=1)^(c��1)} + 1I{(M 6=1)^(c<�1)}

c = cn + ce + 2I{A<20} � 2I{S=0}

cn = UOI{N=0} � UOI{N=1} + 2UOI{N=2} + 2I{N=3}

ce = �(E � 30)

fO : O = 0I{k<1} + 1I{1k4} + 2I{4<k}

k = R+ ka + ke +W + 3M + 4S

ka = 2e�(A+UO�20)2

ke = ��(E ⇤ UO � 30)

fI : I = UI

+ 10, 000I{R>1.5} + 20, 000I{R<1.5}

+ 3, 000I{21A<30} + 8, 000I{30A}

+ 5, 000I{E<2} + 10, 000I{2E<10} + 30, 000I{10E}

+ 5, 000I{O=1} + 15, 000I{O=2}

+ 5, 000I{W=0} + 7, 000I{W=1}

+ 1, 000I{M=0} + 4, 000I{M=1} � 2, 000I{M=2}

+ 15, 000I{H>45} + 10, 000I{N�2}

+ 4, 000I{S=1} + 3, 000I{R1}

Training and cross-validation
This section details the hyperparameter cross-validation of
VACA, MultiCVAE (Karimi et al. 2020) and CAREFL
(Khemakhem et al. 2021) for the experiments in Tables 1
and Table 12. Across experiments and models we generate
synthetic datasets consisting of 5000 training samples, 2500
test samples and 2500 validation samples and we use a batch
size of 1000. Al the models have been cross-validated using
a similar computational budget, i.e. the number of combina-
tions of hyperparameters cross-validated is the same for all
the models (see Table 8). Additionally, we run each config-
uration over 10 different random initializations. Regarding

the number of iterations, we assumed a large enough num-
ber of epochs for training loss to converge, and implemented
early stopping to prevent overfitting the training data. The
best configuration has been chosen in terms of the best ob-
servational MMD.

SCM MultiCVAE CAREFL VACA

chain 72 72 72
collider 72 72 72
triangle 72 72 72
M-graph 72 72 72
loan 40 24 24

Table 8: Number of combinations of hyperparameters cross-
validated for each of the models and datasets. Note that for
each combination we run 10 different seeds.

VACA. We optimize the ELBO (Kingma and Welling
2014) and use the IWAE (Burda, Grosse, and Salakhutdi-
nov 2016) with K = 100 as the objective metric for the
early stopping procedure. We use the Rectified Linear Unit
(ReLU) as activation function. We trained with a learning
rate ⌘ = 0.005 for a maximum of 500 epochs, or alter-
natively until the objective metric does not improve in 50
epochs. Also, we regularize the training of VACA using
a novel parents dropout: randomly removing all incoming
edges to the nodes with probability p 2 [0, 1). In our exper-
iments, we observe that adding this regularization improves
overall performance. We cross-validated the parents dropout
rate with values {0.1, 0.2}, the number of hidden layers of
the decoder with values {0, 1, 2, 3, 4, 5} (the specific val-
ues depend on the diameter of the graph) with 16 neurons
each, and weather to use or not residual connections. The
best models are reported in Table 9. We use a latent vari-
able dimension of 4 and a Gaussian likelihood with a small
variance �2 = �KLD/2 with �KLD = 0.05.

MultiCVAE. Karimi et al. (2020) propose to train a con-
ditional variational autoencoder (CVAE) for each endoge-
nous variable that is not a root node in the causal graph,
we refer to as MultiCVAE. Different from (Karimi et al.
2020), our implementation also models non-root nodes as
CVAEs, since our goal is to model the joint distribution,
while (Karimi et al. 2020) target interventional and coun-
terfactual distributions for algorithmic recourse only. Addi-
tionally, we perform the necessary modifications for training
on normalized data.

We cross-validated the number and size of hidden layers
of the decoder, the dropout rate, and the dimension of the
latent space. The best models (according to the observational
MMD) are reported in Table 10. As with VACA, we assume
�KLD = 0.05 for all SCMs and CVAEs.

CAREFL. Khemakhem et al. (2021) propose CAREFL,
an autoregressive causal flows model for causal discovery,
which also allows to answer interventional and counterfac-
tual queries. The authors rely on real-valued non-volume



SCM Encoder Arch. Decoder Arch. Parents Dropout Residual
ch

ai
n LIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 1 0.1 1

NLIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.1 0
NADD 1 ⇥ 16 ⇥ 4 4 ⇥ 64 ⇥ 1 0.1 1

co
lli

de
r LIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.2 1

NLIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 1 0.1 0
NADD 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.1 1

tr
ia

ng
le LIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.1 0

NLIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.2 0
NADD 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.1 0

M
-g

ra
ph LIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 1 0.1 0

NLIN 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.1 0
NADD 1 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 1 0.1 0

loan - 1 ⇥ 16 ⇥ 16 ⇥ 4 4 ⇥ 16 ⇥ 16 ⇥ 16 ⇥ 1 0.1 2 0
adult - 1 ⇥ 16 ⇥ 16 ⇥ 4 4 ⇥ 8 ⇥ 8 ⇥ 8 ⇥ 8 ⇥ 1 0.2 1

Table 9: Hyperparemeter selection for our VACA training for the SCMs on the synthetic datasets triangle, collider, chain and
M-graph and on the semi-synthetic dataset loan. Note, the encoder architecture refers to the layers in function fm, while the
decoder architecture refers to the different GNN layers.

SCM �KLD Encoder Arch. Decoder Arch. Dropout rate

ch
ai

n LIN 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 128 ⇥ 1 0.0
NLIN 0.05 1 ⇥ 16 ⇥ 1 1 ⇥ 128 ⇥ 1 0.0
NADD 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 128 ⇥ 1 0.0

co
lli

de
r LIN 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 1 0.0

NLIN 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 1 0.0
NADD 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 1 0.0

tr
ia

ng
le LIN 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 128 ⇥ 1 0.2

NLIN 0.05 1 ⇥ 16 ⇥ 1 1 ⇥ 128 ⇥ 1 0.1
NADD 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 128 ⇥ 1 0.2

M
-g

ra
ph LIN 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 1 0.2

NLIN 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 1 0.1
NADD 0.05 1 ⇥ 16 ⇥ 4 4 ⇥ 32 ⇥ 32 ⇥ 1 0.2

loan - 0.05 1 ⇥ 16 ⇥ 16 ⇥ 1 1 ⇥ 64 ⇥ 64 ⇥ 1 0.0
adult - 0.05 1 ⇥ 16 ⇥ 16 ⇥ 2 2 ⇥ 16 ⇥ 1 0.0

Table 10: Hyperparemeter selection for MultiCVAE (Karimi et al. 2020) training for the SCMs on the synthetic datasets with
three nodes (i.e., triangle, collider and chain), M-graph and for the semi-synthetic dataset loan.



SCM Flows Hidden Units
ch

ai
n LIN 4 5

NLIN 3 64
NADD 5 5

co
lli

de
r LIN 2 96

NLIN 2 64
NADD 3 16

tr
ia

ng
le LIN 4 64

NLIN 4 5
NADD 3 96

M
-g

ra
ph LIN 4 64

NLIN 4 96
NADD 5 96

loan - 4 64
adult - 2 96

Table 11: Hyperparemeter selection for CAREFL (Khe-
makhem et al. 2021) training for different SCMs.

preserving (real NVP) transformations, since they mainly
focus on the multivariate bi-variate case. As this flow archi-
tecture is not suited for general graphs, we use their frame-
work with Neural Spline Autoregressive Flows (Durkan
et al. 2019). We have cross validated the number of flows
{2, 3, 4, 5, 6} and the number of hidden units of the neu-
ral networks {5, 10, 16, 32, 64, 96}. The final configuration–
i.e., the configuration with the lowest observational MMD–
is displayed in Table 11.

Performance metrics
In the following we describe the metrics used to evaluate the
performance of VACA in Section 5. In all experiments we
use (semi-)synthetic datasets with access to samples from
the ground truth distribution {xi}ni=0 ⇠ P as well as from
the estimated distribution {x̂i}ni=0 ⇠ Q.

For the interventional and counterfactual distribution,
we perform a set of interventions I = {do(XIj = ↵j)}j ,
where Ij 2 [d] and ↵j 2 {�1.0,�0.5, 0.0, 0.5, 1.0} ⇥ �Ij

with �Ij as the empirical standard deviation of the inter-
vened variable XIj prior to intervention (i.e., in the obser-
vational distribution). Note that we only intervene on one
variable at a time. For each intervention in I, we are in-
terested in the estimated distribution of variables causally
affected by the intervention {Xi|i 2 des(Ij)}, i.e., the set
of descendants of the variable intervened. Note that des(Ij)
refers to the set of indexes of the descendants. It follows that
we do not intervene on leaf nodes.

Mean Maximum Discrepancy (MMD). The Mean Max-
imum Discrepancy (MMD) (Gretton et al. 2012) is a kernel-
based distance-measure between two distributions P and Q
on the basis of samples from both distributions. The smaller
the MMD, the more likely it is that the sets of samples are
drawn from the same distributions, i.e. the better distribu-
tions match.

Without access to underlying distribution, we can com-
pute an unbiased empirical squared MMD estimate using a

kernel function k as(Gretton et al. 2012):

\MMD
2
(X, X̂) =

1

n(n � 1)

0

@
nX

i=1

nX

j=1

k (xi,xj)

+
nX

i=1

nX

j=1

k (x̂i, x̂j) � 2
nX

i=1

nX

j=1

k (xi, x̂j)

1

A .

(10)

In our implementation we use as kernel a mixture of RBF
(Gaussian) kernels with different bandwidths and sample
size n = 1000.

Estimation squared error for the mean (MeanE). For
the interventional distribution, we compute the estimation
squared error for the mean (MeanE) as the average (across
interventions) of the squared difference between the empir-
ical means of the true and estimated interventional distribu-
tions (for the descendants of the intervened variables):

MeanE =
1

|I|
X

Ij2I

1

|des(Ij)|

⇥
X

i2des(Ij)

⇣
E[X

Ij

i ] � E[X̂
Ij

i ]
⌘2 (11)

Estimation squared error for the standard deviation
(StdE). For the interventional distribution, we compute
the estimation squared error for the standard deviation
(StdE) as the average (across interventions) of the squared
difference between the empirical standard deviation of the
true �̃(X

Ij

i ) and estimated �̃(X̂
Ij

i ) interventional distribu-
tions (for the descendants of the intervened variables):

StdE =
1

|I|
X

Ij2I

1

|des(Ij)|

⇥
X

i2des(Ij)

⇣
�̃(X

Ij

i ) � �̃(X̂
Ij

i )
⌘2 (12)

Mean squared error (MSE). For the counterfactual dis-
tribution, we compute the mean squared error (MSE) as the
average (across interventions) of the pairwise squared dif-
ference between true and estimated counterfactual values for
the descendants of the intervened variable. More in detail, let
us define the random variable T Ij as the Frobenius norm of
the difference between true x

CF
des(Ij)

and estimated x̂
CF
des(Ij)

counterfactual values for the descendants of the intervened
variable, i.e.,

T Ij = ||xCF
des(Ij)

� x̂
CF
des(Ij)

||22, (13)

Thus, we can compute the counterfactual MSE as:

MSE =
1

|I|
X

Ij2I

1

|des(Ij)|
E
⇥
T Ij

⇤
(14)



Standard deviation of the squared error (SSE). Simi-
larly, we can compute the average (across interventions) of
the standard deviation of the counterfactual squared error as:

SSE =
1

|I|
X

Ij2I

1

|des(Ij)|
X

i2des(I)

�̃
�
T Ij

�
, (15)

where �̃
�
T Ij

�
denotes the empirical standard deviation of

T Ij .

Additional results
In the following we present additional results that empiri-
cally show the potential of VACA to model interventional
and counterfactual queries. In particular, we report the re-
sults for the triangle, M-graph, and chain graphs. We re-
mark that the following results are consistent with the ones
reported in the main manuscript for the collider, loan and
adult.

Results for interventional distributions. Table 12 (mid-
dle columns) reports the MMD, MeanE, and StdE for the
interventional distribution. In accordance with the results
shown in the main manuscript, we can observe that i) VACA
consistently outperforms other methods in terms of MMD;
ii) the three methods provide comparable results in cap-
turing the mean of the interventional distribution (MeanE);
and iii) CAREFL and MultiCVAE often fail to capture the
standard deviation of the interventional distribution (StdE),
while VACA provides a more accurate estimate of the over-
all interventional distribution (as can be easily seen in the
MMD).

Results for the counterfactuals. Table 12 also reports the
results for the counterfactual distribution, in terms of MSE
and SSE. As reported in the main text, we observe that
CAREFL provides more accurate estimates than VACA and
MultiCVAE in terms of MSE, which may be explained by
the fact that CAREFL performs exact inference as opposed
to the approximated inference of the other two approaches.
However, CAREFL presents high variance in its results (see
SSE). In contrast, VACA leads to regularly lower values of
SSE, which suggests more consistent counterfactual estima-
tions across factual samples and interventions.

Complexity analysis
In this section we compare the amount of time that it takes
VACA and the two baselines to converge during training.
Figure 16 shows the time (in minutes) it takes to train
the models for the configurations of hyperparameters cross-
validated (see Section E). Note we also show the results av-
eraged over 10 different initializations. We can extract three
main points from Figure 16. Firstly, we observe that most
of the experiments take less than 60 minutes to converge,
only some experiments with the loan graph take longer. Sec-
ondly, MultiCVAE takes longer to converge than CAREFL
and VACA on average. This can be explained by the fact that
nodes of the graph are trained sequentially. Thirdly, we ob-
serve that CAREFL and VACA take similar amount of time
to converge on average. We remark that experiments were

run in a computer cluster, whose performance depends on
its congestion, i.e. the number of people using the cluster
and the amount of experiments. Thus, it is possible that part
of the variance in the times is due to different congestion
situations in the cluster.

Figure 17 shows a box-plot of the number of parameters
of the configuration of hyperparameters cross-validated for
the models and the datasets under study. Firstly, we observe
that the configurations chosen for MultiCVAE contain less
number of parameters than the configurations of the other
two methods. However, increasing the number of parameters
leads to an increase in training time. MultiCVAE already has
the longest training time compared to the other methods, so
the comparison is unfair in terms of time complexity. Re-
garding CAREFL and VACA, we observe that the number
of parameters cross-validated overlaps in all the cases.

Computing infrastructure
All the experiments conducted in this work were executed
in the same computer cluster based on the Linux OS. Each
experiment was assigned to 2 CPUs (they could be assigned
only to 1 CPU but the more CPUs, the faster the data-loading
process is) and 8GB of memory. For information about the
required software packages please refer to the offical GitHub
repository of VACA https://github.com/XXXX/XXXX.

F Further details on the counterfactual
fairness use-case

In this section we provide further details on dataset, training,
metrics and additional results for the use-case of counterfac-
tual fairness in Section 6.

German Credit Dataset
The German Credit dataset from the UCI repository (Dua
and Graff 2017a) contains 20 attributes from 1000 loan ap-
plicants. We rely on the causal model proposed by in (Chi-
appa 2019) for the following subset of features as ex-
ogenous variables X (see Figure 18): sensitive feature
S = {sex}, and non-sensitive features C = {age},
R = {credit amount, repayment history} and H =
{checking account, savings, housing}. The causal graph in
Figure 18 has a diameter � = 1 and longest path � = 1. The
goal of a classifier h is to predict Y = {creditrisk} from
X. We load and pre-process the data using the aif360 library
such that the dataset contains binary outcome variable Y (0-
bad, 1-good) and a binary sensitive attribute S (0-female,
1-male). Note that the dataset contains 700 labels Y = 1
and 300 labels Y = 0, i.e., it is imbalanced. It also contains
690 males S = 1 and 310 females Y = 0. Note also that
the causal model contains heterogeneous causal nodes (R
and S), as addressed in Section 4. For example, (Chiappa
2019) assume that the relationship between credit amount
and repayment history is unknown, or that it may be affected
by hidden confounders. This leads to an undirected path be-
tween the random variables and they are grouped together in
one multidimensional causal node R. This applies similarly
to node S.



Obs. Interventional Counterfactuals

SCM Model MMD MMD MeanE StdE MSE SSE Num. params

co
lli

de
r

LI
N

MultiCVAE 30.37±8.16 44.70±12.25 13.29±4.78 46.56±2.40 87.41±3.64 65.15±2.83 553
CAREFL 9.27±1.49 4.86±0.45 0.35±0.08 81.89±1.78 8.11±0.58 7.83±0.55 6420
VACA 1.50±0.67 1.57±0.41 0.75±0.31 41.99±0.30 9.86±0.74 7.06±0.38 5600

N
LI

N MultiCVAE 28.03±9.12 41.60±12.62 10.49±4.12 46.48±2.43 82.32±2.61 62.05±1.87 553
CAREFL 10.38±2.00 4.69±0.38 0.19±0.07 80.68±2.08 6.93±0.40 7.15±0.64 4308
VACA 0.95±0.27 0.97±0.23 0.26±0.12 42.20±0.24 5.01±0.73 4.08±0.54 1805

N
A

D
D MultiCVAE 29.72±8.90 117.67±46.20 26.23±11.09 39.75±1.34 73.93±10.44 51.44±6.06 553

CAREFL 9.79±1.29 9.13±1.45 1.58±0.94 102.13±3.16 9.92±0.51 32.66±0.86 1710
VACA 1.71±0.48 29.87±1.94 10.71±1.05 50.25±0.87 31.99±0.84 39.10±0.67 5600

tr
ia

ng
le

LI
N

MultiCVAE 33.12±3.89 157.50±15.08 12.10±2.03 44.66±2.57 65.95±3.05 42.39±1.75 3243
CAREFL 13.50±1.83 8.88±0.54 0.62±0.25 80.11±2.44 7.05±1.09 8.91±1.43 8616
VACA 3.64±1.64 13.82±1.87 2.90±0.49 25.82±0.33 23.52±1.83 16.02±1.32 5334

N
LI

N MultiCVAE 46.65±9.05 218.23±30.38 17.50±4.85 27.55±1.98 52.34±4.50 32.45±2.22 1785
CAREFL 13.55±2.25 19.01±1.05 1.61±0.44 103.03±2.26 9.38±4.21 10.38±4.20 828
VACA 6.04±1.87 9.53±3.60 1.44±0.59 17.93±0.19 13.24±1.93 8.26±1.29 5334

N
A

D
D MultiCVAE 16.99±7.22 133.83±16.96 2.59±3.38 18.25±0.83 42.43±0.87 20.55±1.15 3243

CAREFL 13.58±1.69 74.51±14.18 1.31±0.84 148.03±6.96 11.62±1.50 53.71±0.98 9630
VACA 1.72±0.67 30.10±4.41 0.19±0.14 26.64±1.30 22.50±2.61 41.16±3.91 5334

M
-g

ra
ph

LI
N

MultiCVAE 38.60±4.06 80.89±20.73 25.82±6.26 17.73±3.39 54.72±4.71 27.47±2.28 933
CAREFL 19.55±3.48 15.38±0.75 0.77±0.23 68.32±1.35 6.94±0.23 9.97±0.15 18200
VACA 1.76±0.34 4.60±0.81 1.86±0.23 11.79±0.11 12.83±0.69 9.10±0.51 3249

N
LI

N MultiCVAE 37.95±6.21 84.79±18.15 24.97±9.10 16.66±3.28 51.30±5.24 25.90±1.23 933
CAREFL 20.72±2.78 18.63±1.36 2.57±0.69 74.41±1.02 9.43±0.34 24.94±0.31 27160
VACA 1.95±0.40 6.78±0.95 2.27±0.41 12.55±0.43 16.26±0.95 17.65±1.12 8001

N
A

D
D MultiCVAE 19.97±5.03 80.25±14.12 0.92±0.60 32.94±1.77 38.28±1.00 32.61±1.11 7277

CAREFL 19.36±1.59 18.37±0.78 0.28±0.09 79.71±2.30 32.66±0.31 49.78±0.19 33950
VACA 3.06±0.84 17.80±1.78 0.09±0.05 21.22±0.56 41.06±0.31 48.39±0.35 8001

ch
ai

n
LI

N

MultiCVAE 29.38±2.96 131.24±12.04 6.75±1.66 38.96±2.17 59.15±1.61 41.37±1.07 3099
CAREFL 11.70±1.46 12.00±1.23 0.98±0.38 81.15±2.55 9.90±1.42 11.72±1.80 828
VACA 4.47±0.72 5.73±1.11 3.60±0.62 22.91±0.23 23.09±1.18 15.77±0.77 5648

N
LI

N MultiCVAE 30.33±4.53 159.00±11.81 8.68±4.51 43.49±2.91 60.34±1.87 40.88±1.08 1641
CAREFL 12.35±2.03 11.08±1.02 1.04±0.43 79.06±2.16 10.56±0.74 12.05±1.17 6462
VACA 4.66±1.06 6.17±1.24 3.69±0.46 22.41±0.45 23.17±2.04 15.69±1.25 4445

N
A

D
D MultiCVAE 29.65±2.89 132.74±11.58 7.10±1.75 40.59±2.23 59.21±1.66 41.26±1.08 3099

CAREFL 11.24±1.41 10.86±1.04 1.15±0.32 80.26±2.52 10.18±2.11 12.92±2.86 1035
VACA 4.67±0.91 6.09±1.16 3.98±0.72 23.14±0.20 23.58±1.33 15.96±0.81 5648

lo
an

MultiCVAE 90.38±11.31 213.65±5.38 12.24±1.33 65.78±1.13 40.98±0.35 15.12±0.16 33717
- CAREFL 22.10±1.64 27.38±4.07 6.74±4.25 50.13±2.47 11.15±2.57 6.59±0.38 2880

VACA 2.22±0.25 6.87±0.66 4.35±0.35 3.83±0.08 10.30±0.40 6.41±0.11 30402

ad
ul

t MultiCVAE 140.15±6.37 155.52±5.93 12.18±2.36 63.52±4.05 39.96±0.36 16.37±0.65 6549
CAREFL 31.31±1.58 34.31±5.77 12.54±3.17 41.26±3.44 1.23±0.17 3.55±0.90 127420
VACA 4.51±0.45 12.68±1.95 1.65±0.23 3.37±0.09 5.33±0.27 5.67±0.20 63432

Table 12: Performance of different methods at estimating the observational, interventional and counterfactual of different SCMs.
All metrics are multiplied by 100.

Figure 16: Training time (in minutes) for MultiCVAE, CAREFL and VACA for the different graphs.



Figure 17: Number of parameters of MultiCVAE, CAREFL and VACA for the different graphs.
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Figure 18: Causal graph for variables X of the German
Credit dataset (Chiappa 2019)

Training
In this section we provide further information on training
VACA on the German Credit dataset (Dua and Graff 2017a)
and detail the different classifiers in Section 6. We use a 80%
training, 10% validation, 10% training data split.

VACA. Training for VACA was performed on normal-
ized data—performing normalization only on the continuous
variables, i.e. r.v. C and R in Fig 18. We trained a heteroge-
neous VACA as described in Section with a message pass-
ing function fm with one hidden layer of 16 neurons, a de-
coder with one hidden layer of 16 neurons and a latent vari-
able with dimension 4. We trained the model using the PI-
WAE (Rainforth et al. 2018) approach with �KLD = 0.05,
specifically, the encoder with the IWAE (Burda, Grosse, and
Salakhutdinov 2016) objective with K = 5 and the decoder
with a �-ELBO with � = 0.5. We use a parents dropout rate
(see Appendix E) of 0.2, learning rate of 0.005 and batch
size 100.

Classifiers. Logistic Regresion (LR) and Support Vec-
tor Machine (SVM) classifiers are taken from the scikit-
learn library and trained with default parameters as well as
class weight = balanced due to the class imbalance of the
dataset.

Metrics
In this section we detail the measures f1-score (f1), unfair-
ness (uf) and accuracy (acc) in Table 13.

f1-score. Due to class imbalance, we measure classifier
performance with the f1-score. The f1-score is the weighted
average of the precision and recall and can assume values
between 0 and 1; the higher the values the better. Our imple-
mentation relies on the f1 score from the scikit-learn library.
We compute in expectation over our training dataset:

f1 = E

2 ⇥ precision⇥ recall

precision+ recall

�
. (16)

Metr. CLF full unaware fair-x fair-z

" acc LR 61.0 62.0 43.0 63.6 ± 4.74
SVM 66.0 64.0 51.0 64.2 ± 4.52

" f1 LR 67.23 68.33 47.71 70.89 ± 4.11
SVM 71.67 69.49 59.50 70.79 ± 5.15

# uf LR 18.30 ± 3.22 17.65 ± 3.20 0.16 ± 0.02 0.44 ± 0.24
SVM 14.01 ± 2.26 13.27 ± 2.28 0.14 ± 0.02 0.51 ± 0.19

Table 13: Counterfactual unfairness (uf ), accuracy (acc) and
f1-score (f1) of a LR and SVM classifier over 10 VACA
seeds. Values multiplied by 100.

where precision is the ratio TP
TP+FP with the number of

true positives TP and the number of false positives FP and
recall is the ratio TP

TP+FN with the number of false positives
FP .

Counterfactual (un)fairness. We measure counterfactual
unfairness (Kusner et al. 2017) with counterfactual instances
x
CF and classifier prediction h(xCF ) = ŷCF as expectation

over our training dataset:

uf = E
⇥��p(yF ) = 1|xF )

�p(ŷCF = 1|do(S = a0),xF )
��⇤ (17)

where a0 = 1 � a as S 2 {0, 1}.

Accuracy. In Table 13, we report additionally the pre-
diction accuracy as performance measure of classifier h
with respect to factuals (samples) (xF , yF ) and prediction
h(xF ) = ŷF in expectation over our training dataset:

acc = E
⇥
I
�
yF i = ŷFi

�⇤
. (18)

Our implementation relies the accuracy score from the
scikit-learn library.
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Graph Neural Networks (GNNs) have achieved state-of-the-art performance in solving graph classification tasks. However, most GNN
architectures aggregate information from all nodes and edges in a graph, regardless of their relevance to the task at hand, thus hindering
the interpretability of their predictions. In contrast to prior work, in this paper we propose a GNN training approach that jointly i) finds
the most predictive subgraph by removing edges and/or nodes—-without making assumptions about the subgraph structure—while ii)
optimizing the performance of the graph classification task. To that end, we rely on reinforcement learning to solve the resulting bi-level
optimization with a reward function based on conformal predictions to account for the current in-training uncertainty of the classifier.
Our empirical results on nine different graph classification datasets show that our method competes in performance with baselines while
relying on significantly sparser subgraphs, leading to more interpretable GNN-based predictions.
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1 INTRODUCTION

Graph Neural Networks (GNNs) have become a cornerstone in modern machine learning, excelling in diverse domains
such as social network analysis [8, 9], recommender systems [3, 17] and bioinformatics [22, 38, 57]. However, the
complexity of GNNs contributes to one of their principal shortcoming: a lack of human-interpretable predictions. This
opacity hinders their potential for practical, real-world impact, as practitioners often require interpretable models to
inform decision-making, ensure trustworthiness, and comply with regulations [16]. Current interpretability methods for
GNN predictors aim to identify the most predictive subgraph from an original graph [46]. In essence, interpretability in
this context is closely tied to graph sparsity, implying the use of a minimal set of nodes and edges from the graph for
prediction, rather than the entire graph G.

This viewpoint of interpretability is exemplified in Figure 1 with the synthetic BA2Shapes dataset [60]. In this dataset, a
binary classification task can be solved using only specific motifs of the graphs (the house or the cycle motifs, i.e., yellow
nodes), while the original graphs contain additional irrelevant information for the task at hand, i.e., purple nodes. A sparser
graph reduces the volume of information used for making predictions, rendering it easier for humans to understand the
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2 Sánchez-Martín et al.

Fig. 1. CORES pipeline. Illustration of the pipeline of CORES using the synthetic BA2Shapes designed for binary graph
classification. On the left, we present two examples of original graphs, denoted as G, corresponding to the positive class
(top, cycle motif) and negative class (bottom, house motif). The policy 𝐿 of CORES takes G and sparsifies it, resulting in the
predictive subgraph G𝐿 , which retains only the relevant information for the task, i.e., the motifs. Finally, the graph classifier 𝑀
takes G𝐿 as input and produces the prediction 𝑁 → {0, 1}.

GNN predictions. It is crucial to note that interpretability is achieved through sparsity only when the subgraph completely
excludes information from the omitted nodes and edges since only then the subgraph, and thus, the explanation is faithful
to the model prediction. This situation does not arise, for example, if message passing [25] is applied to obtain the node
embeddings before finding the subgraph.

While most of explainability methods for GNNs are post-hoc, some existing approaches attempt to identify the
predictive subgraph during training [7, 46]. These methods, however, exhibit two primary limitations: i) they often still
rely on the entire graph for predictions [7], resulting in a lack of faithfulness to the model prediction (as described above),
and/or ii) they impose strong assumptions concerning the structure of the predictive subgraph, such as a pre-defined size.
In practical scenarios, relaxing assumptions on the subgraph structure is desirable. For instance, in community detection
within social networks [11, 45], it is crucial to only remove edges connecting users across distinct communities but the
number of inter-community connections varies significantly and is unknown a priori. Another relevant example is the
prediction of mutagenic effects in compounds, where Debnath et al. [13] observed that diverse “motifs” of chemical
elements are predictive. We refer the reader to Section 5 for a concrete example on the MUTAG dataset.

In this work, we introduce CORES, a novel algorithm for training GNNs that addresses the two fundamental challenges
simultaneously: i) finding the informative subgraph G𝑂 by removing edges and/or nodes, without imposing assumptions
on the subgraph’s structure, and ii) optimizing the performance of the graph classification task solely using the selected
subgraph G𝑂 , thereby enhancing the interpretability of the classifier. To this end, we use a bi-level optimization approach.
The optimization for performance adheres to the conventional supervised problem paradigm. We then apply reinforcement
learning to identify the predictive subgraph, using a policy that allows edge and/or node removal modes. Our carefully
designed reward function allows us to introduce inductive biases toward either sparse or high-performing solutions and
uses conformal predictions [1] to account for classifier uncertainty at each training epoch.

In summary, our work presents the following key contributions: (i) A novel framework, CORES, which enables
graph-level classification using only predictive subgraphs as input, leading to more interpretable solutions. (ii) The
flexibility to choose between achieving sparsity through node or edge removal, which removes assumptions on the
structure of the predictive subgraph and broadens the range of application scenarios. (iii) The design of a versatile reward
function that takes into account the uncertainty of the classifier and allows to introduce inductive biases towards sparser
Manuscript submitted to ACM
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or more high-performing solutions. (iv) A comprehensive comparison across nine graph classification datasets, showing
that CORES makes predictions using significantly sparser graphs while keeping competitive performance.

2 PRELIMINARIES

This section outlines necessary background information on the key building blocks of CORES: reinforcement learning,
message-passing graph neural networks, and conformal predictions. We begin by introducing the notation used throughout
this work.

Notation. A graph is denoted as G = (V, E) where V → {1, . . . ,𝐿} = [𝐿] is the set of 𝐿 nodes and E ↑ V ↓V is
the set of edges. The size of a set is represented as |V|. A subgraph of G is denoted as G𝑂 = (V𝑂 , E𝑂 ) ↑ G comprising
subsets of nodes V𝑂 ↑ V and edges E𝑂 ↔ E. A labeled dataset is represented as D = {G𝑃 ,𝜴𝑃 }𝑃 where 𝜴𝑃 denotes the
target of G𝑃 . Here, without loss of generality, we focus on 𝑀 classes graph classification, hence 𝜴𝑃 → {1, . . . ,𝑀} = [𝑀].

2.1 Reinforcement learning

Reinforcement Learning (RL) is a learning paradigm in which an agent learns to optimize decisions by interacting with
an environment [48]. The objective is to find a policy 𝑁 that maximizes the expected cumulative reward. An RL problem
is typically modeled as a Markov Decision Process (MDP), defined by a tuple (S,A,P, R,𝑂), where S and A denote the
state and action spaces, P the transition probability, R the reward function, and 𝑂 the discount factor.

Policy Gradient Methods. Policy gradient methods directly optimize the policy using gradient ascent on the expected
cumulative reward [49]. Proximal Policy Optimization (PPO) [43] is a policy gradient method that introduces an objective
function fostering exploration while mitigating drastic policy updates. PPO aims to solve the optimization problem:

𝑃𝑄𝑅𝑆𝑇 (𝑄) = E𝑈
[
min

(
𝑅𝑈 (𝑄)𝑆𝑈 , 𝑇𝑈𝑉𝑊 (𝑅𝑈 (𝑄), 1 ↗ 𝑋, 1 � 𝑋)𝑆𝑈

)]
(1)

where 𝑅𝑈 (𝑄) =
𝑉𝑀 (𝑊𝑁 |𝑂𝑁 )

𝑉𝑀𝑂𝑃𝑄 (𝑊𝑁 |𝑂𝑁 ) is the probability ratio, 𝑆𝑈 an estimator of the advantage function at time 𝑌 , and 𝑋 a
hyperparameter controlling the deviation from the old policy.

2.2 Graph neural networks

Message passing Graph Neural Networks (GNNs) are designed for graph-structured data processing. Each node 𝑍 → V
has a feature vector 𝜶, and the GNN transforms these features using neighborhood information. Formally, a GNN performs
𝑃 update rounds, updating each node’s feature vector 𝜶(𝑋 )𝑃 at step 𝑈 ↘ 1:

𝜶(𝑋 )𝑃 = f𝑀𝑅
%&
'
⊕
𝑌→N𝑆

m𝑀𝑇 (𝜶(𝑋↗1)𝑃 ,𝜶(𝑋↗1)𝑌 ))*
+
. (2)

Here, f𝑀𝑅 and m𝑀𝑇 are differentiable, parameterized functions, N𝑃 represents node 𝑉’s neighbors, and
⊕

denotes
permutation invariant operations, i.e., sum, mean, or max. After 𝑃 steps, we obtain the final node representations
𝜶(𝑅)𝑃 ≃𝑉 → V. These representations are used for tasks like graph-level prediction, employing a permutation-invariant

readout function 𝜴̂ = g
({
𝜶(𝑅)𝑃 : 𝑉 → V

})
that ensures the output is node order independent.
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2.3 Conformal Prediction

Conformal prediction [1] is a framework that rigorously quantifies uncertainty in machine learning predictions. Given a
labeled dataset {𝑎𝑃 ,𝑏𝑃 }𝑍𝑃=1, a heuristic measure of uncertainty of our predictor (e.g., softmax values from a classifier f𝑀 ),
and a scoring function 𝑐 (𝑎,𝑏) → R that reflects prediction uncertainty, conformal prediction generates a prediction set for
a new input 𝑎test as follows:

C (𝑎test) = {𝑏 : 𝑐 (𝑎test,𝑏) ⇐ 𝑑} ↑ [𝑀] . (3)

Here, 𝑑 represents the ⇒ (𝑎�1) (1↗𝑏 ) ⇑
𝑎 quantile of the calibration scores {𝑐𝑃 }𝑎 , where 𝑒 is a predefined error rate. In the

context of classification tasks, one commonly used conformal procedure is Adaptive Prediction Sets (APS) [2, 39], which
defines the scoring function as:

𝑐 (𝑎,𝑏) =
𝑐∑
𝑌=1

f𝑀 (𝑎)𝑉 𝑈 (𝑑 ) , where 𝑏 = 𝑁𝑐 (𝑎) (4)

Here, 𝑁 (𝑎) represents the permutation of [𝑀] that arranges the softmax values f𝑀 (𝑎) from most likely to least likely.

3 RELATED WORK

GNNs extend deep learning models to incorporate graph-structured data [6]. Numerous architecture proposals have
emerged, tailored for node, link, and graph prediction tasks [10, 12, 21, 41, 55, 56, 58]. However, these approaches rely
on the complete graph data and often disregard interpretability, which is the focus of our work. More recently, some works
aim for sparsification [23, 29, 30, 32, 37, 40, 53, 54, 64]. However, these methods typically make strong assumptions on
the predictive subgraph. Moreover, they often focus on tasks other than graph prediction.

Here, we explore relevant sparsification techniques that specifically target supervised problems, which are the main
focus of our paper. We categorize these works into two categories: those employing soft information removal, where the
predictive subgraph retains information from the complete graph, and thus may not be faithful to the model predictions;
and those adopting hard information removal, which closely aligns with our approach.

Soft removal of information. Several architectures [5, 24, 51] assign varying importance to network edges, simulating
soft edge removal whilst maintaining information flow across nodes. DiffPool [59] hierarchically removes parts of the
original graph, distilling the graph’s representation into a single vector used for prediction. SAGPooling [26, 28], uses a
GNN to update node features and subsequently selects the top 𝑓 most relevant nodes based on their features. It is worth
noting that even though part of the network is dropped, the remaining subgraph contains information from the entire
network. In contrast, in our framework, the graph predictor does not have access to the dropped information.

Hard removal of information. GPool [7, 20, 26] selects the top 𝑓 nodes based solely on their information. However,
the number of nodes is fixed and cannot dynamically change for different graphs. SUGAR [46] takes a different approach
by identifying discriminative subgraphs. It introduces a reinforcement pooling module trained with Q-learning [34] to
adaptively select a pooling ratio when recombining subgraphs for classification. SUGAR also imposes a predefined size
for the subgraphs. In contrast, CORES does not make any assumptions about the structure of the subgraph, uses policy
gradient methods to capture uncertainty in the sparsity process, and allows for different modes of removal.
Manuscript submitted to ACM
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Finally, there is extensive literature that aims to understand which subgraph of the input graph is most relevant for
making predictions in GNNs [31, 36, 42, 60–63]. However, it is important to note that these methods primarily focus on
explaining a GNN predictor trained using the original graphs. In contrast, our objective is to train a GNN that inherently
utilizes a minimal portion of the original graph. While these methods may complement our approach by providing further
insights of the predictions, they operate in a post-hoc manner.

4 CORES: CONFORMAL-BASED REINFORCEMENT LEARNING FOR GRAPH SPARSIFICATION

In this section, we present CORES, a novel training procedure for GNNs leveraging reinforcement learning with
conformal-based rewards to achieve graph sparsification. Given a labeled dataset D, the main goal of CORES is to
identify a compact predictive subgraph G𝑂 ↑ G that maintains high performance for a graph classification task. Next, we
provide a detailed description of the different parts comprising CORES.

4.1 Optimizing for sparsity and performance

Firstly, we aim to learn a function 𝑁𝐿 : G �⇓ G𝑂 responsible for identifying the predictive subgraph. This function
corresponds to the policy of the reinforcement learning component of CORES. Secondly, we want to train a graph
classifier f𝑀 : G𝑂 ⇓ 𝜴̂ that takes the identified predictive subgraph as input and generates predictions. The pipeline of our
approach is illustrated with the synthetic BA2Shapes dataset in Figure 1. To tackle this challenge we introduce a bi-level
iterative optimization approach:

𝑄⇔ = argmin
𝐿

Lspa
(
𝑔𝐿(𝑄),𝑄,D𝑒𝑊𝑋

)
(5)

s.t. 𝑔𝐿(𝑄) = argmin
𝑀

Lperf

𝑔 ,𝑄,D𝑈𝑓  (6)

The nested structure of the problem implies that achieving an optimal predictive subgraph requires a high-performing
graph classifier. We employ gradient descent for both optimizations, with a larger learning rate for the inner optimization
[65]. Also, notice that we use the training D𝑈𝑓 and validation D𝑒𝑊𝑋 sets to solve the inner and outer procedures respectively,
which avoids overfitting. Algorithm 1 summarizes the training procedure.

Performance optimization. This objective corresponds to Equation (6) which represents a standard graph-supervised
problem. Here, the objective is to minimize a loss function Lperf, e.g., the cross-entropy loss. Thus the goal is to learn a
function f𝑀 : G𝑂 ⇓ 𝜴̂ with parameters 𝑔 that minimizes the prediction loss.

Sparsity optimization . This optimization task corresponds Equation (5). It presents a considerable challenge due to the
combinatorial nature of the node and edge removal process. Specifically, we must determine both which edges ((𝑕, 𝑍) → E)
and/or nodes (𝑍 → V) and how many of them, should be removed. Drawing inspiration from SparRL [54], we formulate
the sparsification task as a Markov Decision Process (MDP) and address it through the framework of graph reinforcement
learning [35]: we parameterize the policy 𝑁𝐿 using a GNN. In contrast to prior approaches that rely on value-based
methods like Deep Q-Learning [34], we opt for the policy gradient method Proximal Policy Optimization (PPO) [44] to
capture the inherent uncertainty in the sparsification process. We denote the objective of sparsity optimization as Lspa,
which corresponds to solving the PPO objective in Equation (1). The outcome of this task is a policy 𝑁𝐿 that finds the
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Algorithm 1 Training of CORES.

1: Input: Training D𝑈𝑓 and validation D𝑒𝑊𝑋 sets; Initial graph classifier parameters 𝑔 and policy parameters 𝑄 ; Empty
buffer B; Learning rates 𝑒 and 𝑖; Number of PPO updates 𝑀

2: while not convergence do
3: for {𝜴,G} → D𝑈𝑓 do 𝐿 Get a (batch of) sample(s) from the training set
4: 𝑁𝐿 : G �⇓ G𝑂 𝐿 Get the subgraph using the policy
5: 𝜴̂𝑂 = f𝑀 (G𝑂 ) 𝐿 Get the prediction
6: 𝑔 ↖ 𝑔 ↗ 𝑒↙𝑀Lperf (𝑔 ,𝑄) 𝐿 Update the parameters of the graph classifier
7: end for
8: for {𝜴,G} → D𝑒𝑊𝑋 do 𝐿 Get a (batch of) sample(s) from the validation set
9: 𝑁𝐿 : G �⇓ G𝑂 𝐿 Use the 𝑁 to sample a sparse graph

10: 𝜴̂𝑂 = f (G𝑂 ) 𝐿 Get the prediction of the sparse graph
11: Add tuple {𝜴,G, 𝜴̂,G𝑂 } to the buffer B
12: end for
13: Compute the quantile 𝑑 using the calibration scores obtained with D𝑈𝑓

14: Compute rewards and prepare mini-batches from buffer B for PPO updates
15: for i = {1, 2, . . . ,𝑀} do 𝐿 Update PPO K times
16: {𝜴,G, 𝜴̂,G𝑂 , 𝑅 } ∝ B 𝐿 Sample a batch of tuples from the buffer
17: Compute advantage estimates 𝑆
18: 𝑄 ↖ 𝑄 ↗ 𝑖↙𝐿Lspa (𝑔 ,𝑄) 𝐿 Update policy by maximizing Equation (1)
19: end for
20: Check for convergence, update convergence flag
21: end while
22: Output: Optimal policy parameters 𝑄 and graph classifier parameters 𝑔

predictive subgraph G𝑂 , subsequently employed as input for the graph classification task. Next, we provide more details
on the sparsity optimization.

4.2 Unpacking the sparsity optimization

In this subsection, we provide a detailed description of the components of the PPO method we designed to identify the
predictive subgraph. In RL problems, agents usually make sequential decisions over multiple time steps, and the rewards
they receive at each step may depend on the whole trajectory taken so far. This challenge, known as the “delayed reward”
problem, is a central challenge in RL [47]. Our objective shifts towards identifying the predictive subgraph in a single step,
rather than considering a trajectory as in traditional RL. This approach aims to find a strategy that maximizes the reward
across the dataset graphs. This simplified scenario resembles the Multi-Armed Bandit Problem [27]. As our experiments
in Section 5 empirically show, this simplified scenario effectively achieves high-performance relying on significantly
sparser graphs. Below, we focus on describing two key components: the policy responsible for the removal process and
the design of the reward function that guides the policy in finding the optimal predictive subgraph.

4.2.1 Policy formulation for graph sparsification via node or edge removal. We propose a policy 𝑁 (𝜷 |G;𝑄) we
model using a GNN with parameters 𝑄 . Given an input graph G, the policy produces an action 𝜷, where each element
determines whether to keep (𝑗𝑃 = 0) or remove (𝑗𝑃 = 1) a specific node or edge in V or E, respectively. This action results
in a subgraph G𝑂 ↑ G. Recognizing the inherent uncertainty in real-world scenarios where the importance of a node/edge
Manuscript submitted to ACM
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may not be clear, we design the policy as a probability distribution. We establish two operational modes depending on the
removal objective:

• Node Removal Policy: 𝑁𝑎 (𝜷 |G;𝑄), where 𝜷 → {0, 1}|V | . In this scenario, the resulting subgraph G𝑂 , used as input
for the downstream task , satisfies V𝑂 = {𝑍 → V|𝑗𝑒 = 0} and E𝑂 = {(𝑕, 𝑍) → E|𝑗𝑔 = 0 ′ 𝑗𝑒 = 0}.

• Edge Removal Policy: 𝑁𝑕 (𝜷 |G;𝑄), where 𝜷 → {0, 1}| E | . Here, the subgraph G𝑂 , used as input for the downstream
task, has V𝑂 = V and E𝑂 = {(𝑕, 𝑍) → E|𝑗𝑔𝑒 = 0}.

Note that node removal implies the removal of all edges connected to the node. In contrast, the edge removal policy
retains all nodes, making it suitable for node classification, which is a direction for future work. In either case, determining
G𝑂 poses an NP-hard problem for both removal modes. The number of potential subgraphs increases exponentially with
the number of nodes/edges in the original graph. Specifically, the number of possible actions for 𝑁𝑎 is

 |V |↗1
𝑃=1

 |V |
𝑃


,

while for 𝑁𝑕 , it is
 | E |
𝑃=1

 | E |
𝑃


. RL can be helpful to solve combinatorial problems, particularly when the reward function

effectively guides the optimization process [33].

4.2.2 Reward formulation. The reward function R plays a pivotal role in shaping the policy’s behavior. It should
provide positive rewards for predictive and sparse subgraphs while penalizing those that negatively impact the performance
of the graph classifier. It is also important to consider that the classifier makes errors, i.e., it does not achieve perfect
performance. Consequently, there are instances where a subgraph may be genuinely predictive, but the classifier produces
an incorrect prediction. Our reward design accounts for this inherent uncertainty through the use of conformal predictions,
as described in a subsequent section. It consists of two primary components: one aimed at enhancing performance and the
other dedicated to promoting sparsity.

Performance Reward (R𝑖 ). Our approach to rewarding performance is straightforward. We simply use the softmax
score assigned by the graph classifier to the correct class 𝑏, i.e., R𝑖 = f𝑀 (G𝑂 )𝑁 → [0, 1].

maximum desired nodes/edges ratio (d)
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Fig. 2. Evolution of the sparsity reward R𝐿 over the
node/edge ratio for different values of the maximum
desired nodes/edges ratio 𝑗.

Sparsity Reward (R𝑂 ). To incentivize a minimal predictive sub-
graph, we introduce a component that penalizes the nodes ratio
PR𝑎 = |V𝐿 |

|V | or the edges ratio PR𝑕 = | E𝐿 |
| E | kept from the original

graph, depending on the policy mode. To control the desired spar-
sity level, we introduce a parameter 𝑘 → [0, 1] representing the
maximum desired nodes/edges ratio. Then, we define the sparsity
reward as R𝑂 (G𝑂 ) = 1↗ PR𝑗 , where 𝑘 is a transformation of 𝑘 such
that R𝑂 = 0.95 when PR = 𝑘 . The variation of R𝑂 with respect to PR
for different 𝑘 values is depicted in the inline figure. Each vertical
line represents a unique 𝑘 value, extending upwards until R𝑂 = 0.95
for all instances.

To seek sparsity, a smaller 𝑘 value (e.g., blue or yellow curves)
is preferred. This leads to a slower increase in R𝑂 with node/edge
removal, rewarding substantial removal. Conversely, when 𝑘 ap-
proaches 1 (e.g., pink curve), R𝑂 close to 1 are awarded even for
keeping most nodes/edges.
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Note that both reward components fall within the range [0, 1], facilitating comparison. Now, we proceed to define the
reward function used in CORES:

R =




𝑙R𝑖 � (1 ↗ 𝑙)R𝑂 (G𝑂 ) if 𝑏 → C (G𝑂 ) ′ |C (G𝑂 ) | = 1,
R𝑉

| C (G𝐿 ) | if 𝑏 → C (G𝑂 ) ′ |C (G𝑂 ) | > 1,

↗R𝑂 (G𝑂 ) if 𝑏 � C (G𝑂 ) .

(7)

There are two key aspects to highlight. Firstly, we compute the quantile 𝑑 used to obtain the prediction set C using the
scoring function introduced in Equation (4). Secondly, it involves three different cases based on whether the true label 𝑏 is
within the prediction set and the size of the prediction set.

The top scenario corresponds to cases in which the predictive subgraph leads to a highly certain and correct prediction.
Here, a parameter 𝑙 → [0, 1] allows practitioners to emphasize either performance (𝑙 = 1) or sparsity (𝑙 = 0). In this
scenario, the reward is in the range R → [0, 1]. The middle scenario addresses instances in which the subgraph leads to the
classifier being uncertain about the prediction, i.e., |C (G𝑂 ) | > 1. In such cases, we aim to provide a positive but smaller
reward within the range (0, 0.5). This reward encourages to increase the probability of the true label and to reduce the
size of the prediction set, that is moving to the top scenario. Intuitively, this scenario arises with challenging examples.
The bottom scenario refers to cases in which the predictive subgraph results in an incorrect prediction, falling outside
the prediction set C. As this behavior is undesirable, the rewards R fall within the range [↗1, 0], encouraging to reduce
sparsity. In this scenario, the reward reaches 0 only when we recover the original graph.

The use of conformal prediction in the reward function is essential to guide the policy toward discovering a good
predictive subgraph. If the task is challenging and the classifier exhibits uncertainty, the focus should initially be on
performance. Only when the classifier is confident about the prediction should we encourage sparsity. In the following
section, we present empirical evidence supporting the reward function’s design, and more generally our approach CORES,
for achieving both performance and compact predictive subgraphs.

5 EXPERIMENTS

In this section, we present a comprehensive set of experiments to assess the performance of CORES. First, we conduct an
ablation study to show the impact of different values of 𝑙 and maximum desired ratio (𝑘) on performance, as well as the
effect of the choice of base GNN architecture. Then, we compare CORES with relevant baselines.

Proposed approaches. We evaluate the two information removal modes of the proposed framework, described in
Section 4.2.1. We denote the model with the policy that removes nodes as CORESN and the model with the policy that
exclusively removes edges as CORESE.

Datasets. In this study, we used seven Bioinformatics datasets, which include MUTAG [14], DD [15], ENZYMES [4],
NCI1 [52], NCI109 [52], PTC [50], and PROTEINS [4]. Additionally, we incorporated two chemical compound datasets,
BZR [18] and COX2 [18]. Table 1 shows the statistics of the datasets.

Experimental setup. Aiming for computational efficiency, we conducted cross-validation on the hyperparameters of
the vanilla GNN classifier, i.e., the GNN architecture (e.g., GIN) trained with stochastic gradient descent. We selected
the optimal configuration of hyperparameters based on the validation set and used it to train the remaining models. We
Manuscript submitted to ACM
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Table 1. Statistics of the datasets.

Dataset # Graphs # Features # Edge Features # Classes Undirected # Nodes # Edges

BZR 405 10 0 2 Yes 35.75 ± 7.26 76.72 ± 15.39
COX2 467 10 0 2 Yes 41.22 ± 4.03 86.89 ± 8.53
DD 1178 20 0 2 Yes 284.32 ± 272.00 1431.32 ± 1387.81
ENZYMES 600 21 0 6 Yes 32.63 ± 15.28 124.27 ± 51.00
MUTAG 135 7 4 2 Yes 18.85 ± 4.49 41.67 ± 11.13
NCI1 4110 7 0 2 Yes 29.87 ± 13.56 64.60 ± 29.87
NCI109 4127 8 0 2 Yes 29.68 ± 13.57 64.26 ± 29.92
PROTEINS 1113 4 0 2 Yes 39.06 ± 45.76 145.63 ± 169.20
PTC 349 8 4 2 Yes 14.11 ± 8.44 28.97 ± 18.88

performed 5-fold cross-validation and reported standard deviation values on the test set at the last epoch. All experiments
were conducted on a single CPU with 8GB of RAM. Here, we present results obtained using the GIN architecture.
Additional results using other well-known architectures, namely GAT and GCN, are provided in Appendix C. For a
comprehensive overview of the best configuration hyperparameters obtained for each model, architecture and dataset,
please refer to Appendix A. We implemented the baselines using the Torch Geometric package [19] whenever it was
available. Furthermore, we provide the implementation of CORES, along with the necessary scripts to replicate the
experiments, at https://github.com/XXXX/XXXX.

5.1 Ablation study

In this section, we provide an ablation study on the proposed framework analyzing the effects of key hyperparameters and
different choices for the base GNN architecture.

Analysis of the impact of 𝑙 and 𝑘 . The reward function, presented in Equation (7), leverages two hyperparameters: the
maximum desired nodes/edges ratio (𝑘) and the balancing parameter (𝑙) to prioritize performance or sparsity. For the nine
datasets under study, we present the effect of varying 𝑘 and 𝑙 in Figure 3 and Figure 4, respectively, for both CORESN

(solid lines) and CORESE (dashed lines). For this ablation study, we use GIN as the base GNN architecture. The results
are color-coded for each dataset. The figures in the top row contain the performance analysis, while the middle row shows
the sparsity, specifically the node ratio ( |V𝐿 |

|V | ) for CORESN and the edge ratio ( | E𝐿 |
| E | ) for CORESE. The bottom row shows

performance versus sparsity in the vertical and horizontal axes respectively.

In Figure 3, we fix 𝑙 = 0.0 (only rewarding sparsity) while varying 𝑘 within the range [0.2, 0.9]. Regarding performance
(top row), we observe that generally, the value of 𝑘 does not have an impact. The middle row, which focuses on
sparsity, reveals interesting variations among datasets. For instance, for the MUTAG dataset, CORES finds a predictive
subgraph that utilizes as little as 20% of the original nodes/edges with 𝑘 = 0.2. In contrast, for the PTC dataset, we keep
approximately 80% of the original nodes in CORESN and 60% of the original edges in CORESE, even with low 𝑘 values.
The bottom figures highlight that for certain datasets, e.g., BZR, CORES can maintain comparable accuracy regardless of
sparsity levels. Conversely, for other datasets, decreasing sparsity tends to enhance performance, such as the case with
the PTC dataset and CORESN. These findings suggest that some datasets exhibit rapid performance degradation when
information is removed. Examining the different reward scenarios in our reward definition (refer to Equation (7)), it is
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Fig. 3. Ablation study on the maximum desired ratio 𝑗.
We use the GIN architecture and run each experiment for 5
different folds.
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Fig. 4. Ablation study on 𝑘. We use the GIN architecture
and run each experiment for 5 different folds.

intuitive to deduce that CORES will prioritize reducing sparsity if the prediction is not within the prediction set (bottom
scenario) or enhancing performance when the classifier exhibits uncertainty (middle scenario).

In Figure 4, we fix 𝑘 = 0.1 (favoring high levels of sparsity) and we vary 𝑙 within the range [0.0, 1.0]. We observe a
similar behavior as in Figure 3. The top row consistently shows that varying 𝑙 has a minimal impact on accuracy, and
only sometimes leads to increased accuracy as 𝑙 increases (e.g., BZR dataset). Importantly, for none of the datasets does
performance degrade with higher 𝑙 values. This behavior aligns with our objective, as higher values of 𝑙 correspond to a
greater emphasis on rewarding performance. The middle row reveals two distinct patterns: i) a high correlation between 𝑙

and the number of nodes/edges kept, particularly evident in datasets like MUTAG, and ii) minimal sensitivity, as observed
with the PTC dataset. The bottom row reveals similar patterns: positive correlation between the node/edge ratio and
accuracy. It is also worth noting that varying 𝑙 results in a wide range of sparsity levels for some datasets, such as 20-90%
for MUTAG, and a narrower range for others, like 40-70% for PTC.

In summary, we observe that varying 𝑘 or 𝑙 leads to one of two scenarios, depending on the dataset: i) A minimal
change in performance and low sparsity, which suggests that information removal significantly degrades performance
for these datasets. ii) A small positive correlation between the hyperparameters and performance and a high negative
correlation between the hyperparameters and sparsity. Based on these insights, we recommend that practitioners use 𝑘
to fine-tune sparsity levels and consider 𝑙 = 1.0 when prioritizing performance over sparsity. Appendix B contains the
results for the rest of the datasets under study.
Manuscript submitted to ACM
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Table 2. Ablation study on GNN architecture. We compare the performance (accuracy) and sparsity (node/edge ratio) of
CORES with the Vanilla approach for the GCN (left) and GAT(right) architectures. We show the mean over 5 independent
runs and the standard deviation as the subindex. All metrics are shown in percentages.

Dataset Metric GCN GAT

Vanilla CORES𝑍 CORES𝑙 Vanilla CORES𝑍 CORES𝑙

BZR
Accuracy 86.834.08 82.444.69 80.985.29 80.984.36 83.904.43 81.464.08

Node Ratio - 76.986.06 100.000.00 - 37.9910.27 100.000.00
Edge Ratio - 61.1711.31 46.165.68 - 29.928.83 57.2621.50

COX2
Accuracy 79.154.85 80.853.01 81.704.90 82.134.15 81.704.41 80.852.61

Node Ratio - 72.494.24 100.000.00 - 77.912.29 100.000.00
Edge Ratio - 53.198.07 31.2723.60 - 62.623.24 66.180.38

DD
Accuracy 78.473.47 79.322.58 75.764.05 76.103.02 75.424.19 76.442.19

Node Ratio - 56.442.50 100.000.00 - 75.161.39 100.000.00
Edge Ratio - 32.012.89 51.391.90 - 56.422.16 58.622.51

ENZYMES
Accuracy 66.005.35 58.318.47 57.0211.62 71.3310.63 69.844.43 67.5412.23

Node Ratio - 77.177.28 100.000.00 - 80.261.03 100.000.00
Edge Ratio - 62.339.26 74.2035.99 - 65.921.80 61.609.06

MUTAG
Accuracy 81.433.91 81.4310.83 87.146.56 81.436.39 80.005.98 81.436.02

Node Ratio - 79.942.79 100.000.00 - 75.724.04 100.000.00
Edge Ratio - 63.524.23 32.668.79 - 58.746.05 55.2514.77

NCI1
Accuracy 77.332.09 66.457.71 65.946.31 79.421.34 73.432.67 75.381.22

Node Ratio - 76.4717.88 100.000.00 - 63.493.58 100.000.00
Edge Ratio - 64.0218.84 37.9814.34 - 53.332.81 88.686.67

NCI109
Accuracy 79.321.57 76.082.71 77.142.02 76.901.34 74.722.25 72.782.29

Node Ratio - 78.784.15 100.000.00 - 71.5511.30 100.000.00
Edge Ratio - 67.084.42 92.021.93 - 62.3712.96 62.3713.13

PROTEINS
Accuracy 72.861.02 73.212.45 75.891.94 75.363.00 73.393.86 73.571.62

Node Ratio - 74.666.10 100.000.00 - 67.942.97 100.000.00
Edge Ratio - 56.129.77 64.730.98 - 46.564.27 52.821.86

PTC
Accuracy 57.787.71 62.862.86 63.433.13 64.004.33 62.964.17 59.434.69

Node Ratio - 64.104.19 100.000.00 - 45.616.00 100.000.00
Edge Ratio - 40.216.93 44.475.29 - 21.246.53 76.3614.75

Ablation on the base GNN architecture. Now, we analyze how switching the base architecture affects the performance
of CORES. Table 2 summarizes the results for two base architectures: GCN and GAT. We observe that even when the
base architecture changes, both CORESN and CORESE achieve competitive accuracy compared to the respective Vanilla
approach that simply trains the GNN architecture using all the information from the original graph. We refer the reader to
Appendix C for the complete results.

5.2 Performance comparison

In this section, we conduct a comprehensive evaluation of CORES by comparing it with baselines and competing methods
across nine datasets.
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We assess the performance on the test set using three key metrics: accuracy (the larger the better ∞), as well as the
percentage of nodes (for CORESN) or edges (for CORESE) kept in the subgraph (the lower the better ∈). Decreasing
these percentages increases graph sparsity, enhancing model interpretability.

Baselines. We divided the baselines into two categories: Full model (use complete graph information) and Sparse (use
part of the graph information) model approaches. In the Full model category, we compare with the following approaches:
Vanilla approach representing training the base GNN architecture without any sparsity consideration, DiffPool [59], and
SAGPooling [26, 28]—which uses node embeddings coming from a GNN to select the top 𝑓 nodes, thus incorporating
global information. For the Sparse models, we compare with: SUGAR [46] 1 (for the datasets that their code can run) and
GPool [7, 20, 26]— where the node embeddings used to select the top 𝑓 come from a multi-layer perceptron, hence the
subgraph does not contain global information. Here, we present the results using GIN [58] as the base GNN architecture.
Refer to Appendix C for the results using GCN and GAT.

Quantitative results. Table 3 summarizes the results. In terms of accuracy, we observe that while Vanilla consistently
achieves the highest accuracy on most datasets, CORESE and CORESN secure the second and third-best positions,
outperforming all other Full models and all Sparse models, which highlights the competitive performance of the proposed
approach. On the other hand, SUGAR consistently underperforms across all datasets, and its results exhibit high variance.
Regarding interpretability (understood as sparsity), we perform a node and edge ratio analysis on the three best-performing
Sparse models in terms of accuracy: CORESN, CORESE, and GPool. It is important to note that CORESE consistently
maintains a node ratio of 100%, due to its edge removal strategy that preserves all nodes. Among these models, CORESN

achieves the highest rankings in both node and edge ratios, indicating its effectiveness in removing a larger number of
nodes from the original graph. Consequently, the graph classifier operates on a reduced, and thus more interpretable,
subgraph. Finally, we find it interesting to analyze the results for the PTC dataset (bottom row). We observe that CORES,
in both removal modes, achieves the worst sparsity results but at the same time the best performance among all models. In
terms of sparsity, CORESN keeps 96.02% of the nodes, while CORESE keeps 88.61% of the edges. In terms of accuracy,
all the models achieve less than 65%, which is notably low for a binary classification problem. This indicates that the
classifier makes a substantial number of errors. This observation is important considering the design of the proposed
reward function of CORES (see Equation (7)). For this dataset, the reward function places CORES in a scenario where it
seeks to enhance performance, corresponding to the middle case, or penalize sparsity, corresponding to the bottom case of
the reward function. In essence, CORES behaves in accordance with the reward function.

Qualitative results. Figure 5 presents two examples of the predictive subgraphs discovered by CORESN for the
MUTAG dataset, showcasing positive (top) and negative (bottom) instances. In this dataset, the positive class (𝑏 = 1)
represents mutagenic molecules, while the negative class (𝑏 = 0) corresponds to non-mutagenic molecules. The left side
of the figure shows the original graphs, while the center illustrates the predictive subgraphs identified by CORESN. We
observe that for the mutagenic graph (top), CORESN keeps 𝑚 02 nitrogen dioxide compounds and some carbon atoms,
while for the non-mutagenic graph (bottom), it captures chlorine carbon atoms as relevant for the classification task. These
findings align with prior in the chemical domain [13].

1We use the official implementation of SUGAR to extract the results on the above datasets. We believe our evaluation of a held-out test set may explain the
disparity between the results we report and those in [46]. Instead, the available implementation of SUGAR evaluates on the same validation set used to
select the best model.
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Table 3. Model comparison results. We show the mean over 5 independent runs and the standard deviation as the
subindex. All metrics are shown in percentage. The last rows include the average ranking of the model across datasets. Best
performing models on average are indicated in bold.

Dataset Metric Full Models Sparse Models

Vanilla SAGPool DiffPool SUGAR GPool CORES𝑍 CORES𝑙

BZR
Accuracy 82.445.00 85.852.67 70.245.95 - 80.984.01 84.884.01 81.955.62

Node Ratio - - - - 96.460.19 15.915.30 100.000.00
Edge Ratio - - - - 96.400.45 10.845.80 76.033.72

COX2
Accuracy 82.135.12 80.433.16 65.836.65 - 80.433.50 82.983.36 85.113.01

Node Ratio - - - - 91.150.14 86.443.48 100.000.00
Edge Ratio - - - - 89.201.08 77.636.60 58.3028.00

DD
Accuracy 78.813.44 74.074.09 - - 77.463.31 75.425.22 75.252.77

Node Ratio - - - - 40.230.03 47.5315.04 100.000.00
Edge Ratio - - - - 15.410.26 25.8814.79 51.552.42

ENZYMES
Accuracy 61.678.50 45.905.18 31.006.66 16.6723.57 62.625.36 62.336.08 64.923.40

Node Ratio - - - - 96.670.14 80.671.16 100.000.00
Edge Ratio - - - - 93.370.14 66.901.66 72.711.00

MUTAG
Accuracy 85.718.75 78.575.05 69.0012.21 76.343.80 81.433.91 82.866.39 82.145.98

Node Ratio - - - - 51.380.12 52.387.67 100.000.00
Edge Ratio - - - - 36.569.20 36.3111.32 61.0912.39

NCI1
Accuracy 76.892.03 69.292.12 69.933.24 49.9535.58 77.771.93 73.346.30 74.347.53

Node Ratio - - - - 96.890.08 89.1313.88 100.000.00
Edge Ratio - - - - 94.470.28 86.6120.20 84.0627.86

NCI109
Accuracy 78.642.69 74.140.85 67.492.60 49.6535.71 75.453.30 73.031.90 75.742.04

Node Ratio - - - - 96.790.04 66.315.69 100.000.00
Edge Ratio - - - - 93.650.22 61.267.22 71.347.62

PROTEINS
Accuracy 75.182.04 70.543.63 66.427.19 59.5743.01 72.681.85 73.754.02 74.112.82

Node Ratio - - - - 41.920.30 87.0120.04 100.000.00
Edge Ratio - - - - 19.420.64 78.5532.05 83.3137.32

PTC
Accuracy 63.431.28 61.148.23 54.4411.10 56.148.95 59.433.73 64.003.26 63.431.28

Node Ratio - - - - 43.520.67 96.028.80 100.000.00
Edge Ratio - - - - 24.803.48 93.1915.13 88.6115.64

Avg. Rank
Accuracy 2.11 4.44 6.12 6.67 3.44 2.67 2.67

Node Ratio - - - - 1.56 1.44 -

Edge Ratio - - - - 2.22 1.67 2.11

Time complexity. Training and inference are significantly faster in methods that employ a straightforward forward pass
compared to RL-based methods like SUGAR and CORES. Notably, our findings indicate that CORES is at least as fast as
SUGAR during training and can be up to 10 times faster during inference. For comprehensive quantitative results across
all datasets, please refer to Appendix D.
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Fig. 5. Illustration of the predictive subgraph obtained by CORESN for a mutagenic (top) and non-mutagenic (bottom) graph
of the MUTAG dataset.

6 CONCLUSIONS

Graph Neural Networks (GNNs) have demonstrated exceptional performance in graph-level tasks, but suffer from
interpretability issues due to their complexity. Existing interpretability research in GNNs mainly focuses on post-hoc
explanations. Approaches that aim to introduce sparsity during training often provide predictive subgraphs that are
not faithful with the classifier predictions. Also, these methods often rely on complete graph information and/or make
strong assumptions about the sparser graphs. In this work, we introduced CORES, a novel GNN training approach that
simultaneously identifies predictive subgraphs by removing edges and/or nodes, without imposing assumptions about
subgraph structures; and optimizes the performance of the graph classification task. The optimization for performance
refers to the conventional supervised problem paradigm. We then leverage reinforcement learning to identify predictive
subgraphs, using a policy that allows both edge and node removal modes. One key aspect of CORES is the design
of the reward function. This function allows the practitioner to introduce inductive biases towards either sparse or
high-performing predictive subgraphs and it incorporates conformal predictions [1] to account for classifier uncertainty.
Our empirical evaluation, conducted on nine graph classification datasets, provides evidence that our approach not only
competes in performance with the baselines that use the complete graph information but also relies on significantly sparser
subgraphs. Consequently, the resulting GNN-based predictions are more interpretable, addressing the primary motivation
behind our work.

Practical limitations. The main limitation of our proposed approach lies in the significantly increased training
and inference time, introduced by the reinforcement learning component, compared to the baselines that do not use
reinforcement learning.

Future work. Future research could focus on improving the efficiency of the reinforcement learning component to
accelerate the training process of CORES. Another interesting avenue for future work could involve modifying the current
reward function to penalize specific types of errors or undesirable structures, such as isolated nodes. Additionally, it could
also be interesting to explore the application of CORES to graph regression tasks and CORESE to node classification
tasks.
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Table 4. Best configuration for the Vanilla GNN. Split sizes (#0), Batch size (#1), Dropout rate (#2), Batch normalizing
(#3), Dimension of hidden layers (#4), Number of GNN layers (#5), Global pooling type (#6), Classifier scheduler factor (#7),
Classifier learning rate (#8), 𝑚 (#9), Trainable 𝑚 (#10), Number of heads (#11).

Param Archi Datasets

BZR COX2 DD ENZYMES MUTAG NCI1 NCI109 PROTEINS PTC

#0
GIN [0.6, 0.3, 0.1] [0.4, 0.5, 0.1] [0.6, 0.3, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.6, 0.3, 0.1]
GAT [0.6, 0.3, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.6, 0.3, 0.1] [0.6, 0.3, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1]
GCN [0.6, 0.3, 0.1] [0.5, 0.4, 0.1] [0.6, 0.3, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.6, 0.3, 0.1] [0.6, 0.3, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1]

#1
GIN 16 16 32 16 16 16 32 16 32
GAT 32 16 32 16 16 32 32 16 16
GCN 16 16 32 16 32 32 16 32 32

#2
GIN 0.0 0.2 0.5 0.2 0.0 0.0 0.1 0.1 0.4
GAT 0.1 0.2 0.3 0.4 0.3 0.2 0.1 0.1 0.5
GCN 0.3 0.1 0.3 0.0 0.4 0.0 0.1 0.4 0.5

#3
GIN True False True True True True True False False
GAT True True False True True True False False True
GCN True False False True False True True False False

#4
GIN 128 64 32 64 16 128 128 128 16
GAT 16 128 16 128 32 128 128 16 16
GCN 64 128 32 128 16 64 128 32 32

#5
GIN 3 1 1 1 3 1 3 1 3
GAT 1 2 1 4 4 4 3 2 4
GCN 1 4 3 3 4 3 4 1 1

#6
GIN [’mean’, ’add’] [’add’] [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’mean’] [’mean’] [’add’] [’mean’]
GAT [’add’] [’mean’] [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’add’] [’mean’, ’add’] [’add’] [’mean’, ’add’]
GCN [’mean’] [’mean’, ’add’] [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’mean’, ’add’] [’add’] [’add’] [’mean’]

#7
GIN 0.95 0.99 0.99 0.9 0.95 0.9 0.99 0.9 0.99
GAT 0.95 0.95 0.99 0.95 0.99 0.95 0.99 0.95 0.9
GCN 0.99 0.99 0.99 0.95 0.99 0.99 0.9 0.99 0.99

#8
GIN 0.0001 0.001 0.005 0.0001 0.001 0.01 0.001 0.0005 0.005
GAT 0.01 0.0001 0.0001 0.001 0.005 0.005 0.001 0.005 0.01
GCN 0.01 0.0001 0.001 0.01 0.005 0.005 0.001 0.001 0.01

#9
GIN 0.3 0.2 0.3 0.0 0.2 0.2 0.2 0.0 0.2
GAT - - - - - - - - -
GCN - - - - - - - - -

#10
GIN False True True True True False True False False
GAT - - - - - - - - -
GCN - - - - - - - - -

#11
GIN - - - - - - - - -
GAT 2.0 4.0 4.0 2.0 2.0 4.0 4.0 2.0 4.0
GCN - - - - - - - - -

A TRAINING DETAILS

In this section, we provide further details of the experimental setup used to obtain our results. For all experiments, we train
the models using a fixed seed of 0, and the reported results represent the mean and standard deviation over five different
dataset splits. We run the models up to 1000 epochs, doing early stopping if the accuracy does not improve for 500
epochs. All experiments were conducted on a single CPU with 8GB of RAM. We carry out hyperparameter tuning using
random sampling. We explored 20 different configurations for each model, data, and GNN architecture. Complete details
regarding the cross-validated hyperparameters can be found in our GitHub repository at https://github.com/XXXX/XXXX.
Table 4 presents the best configurations achieved for each dataset and architecture for the Vanilla GNN baselines. These
configurations were subsequently used for training CORES. The best configuration for CORESN is detailed in Table 7,
while for CORESE, it can be found in Table 8. The best configurations for SAGPooling and GPool are outlined in Table 5
and Table 6, respectively.
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Table 5. Best configuration for SAGPooling. Split sizes (#0), Batch size (#1), Early stopping clf. patience (#2), Dropout
rate (#3), Batch normalizing (#4), Dimension of hidden layers (#5), Number of GNN layers (#6), Global pooling type (#7),
Classifier scheduler factor (#8), Classifier learning rate (#9), TopK multiplier (#10), TopK ratio (#11), Number of heads (#12),
𝑚 (#13), Trainble 𝑚 (#14)

Param Archi Datasets

BZR COX2 DD ENZYMES MUTAG NCI1 NCI109 PROTEINS PTC

#0
GCN [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.6, 0.3, 0.1]
GAT [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.6, 0.3, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1]
GIN [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.6, 0.3, 0.1] [0.5, 0.4, 0.1] [0.5, 0.4, 0.1] [0.6, 0.3, 0.1] [0.6, 0.3, 0.1] [0.5, 0.4, 0.1]

#1
GCN 16 16 16 16 32 16 16 16 32
GAT 16 16 16 16 16 16 32 16 16
GIN 16 16 16 32 32 16 32 32 16

#2
GCN 800 650 500 650 500 650 650 500 650
GAT 800 800 500 800 800 650 500 800 800
GIN 800 500 650 500 800 800 500 500 650

#3
GCN 0.4 0.0 0.5 0.1 0.4 0.0 0.1 0.5 0.4
GAT 0.3 0.3 0.1 0.1 0.4 0.1 0.4 0.3 0.3
GIN 0.2 0.3 0.5 0.0 0.4 0.2 0.0 0.0 0.5

#4
GCN True False False True True False True False False
GAT False False False False True True False False False
GIN True False False True False True True True False

#5
GCN 128 32 32 128 32 32 128 32 64
GAT 16 16 64 128 16 32 16 16 16
GIN 32 128 128 64 16 32 64 64 128

#6
GCN 4 1 4 4 1 1 4 4 3
GAT 1 1 2 2 2 3 2 1 1
GIN 4 4 3 1 2 4 1 1 3

#7
GCN [’add’] [’mean’, ’add’] [’add’] [’mean’] [’mean’, ’add’] [’mean’, ’add’] [’mean’] [’add’] [’mean’]
GAT [’mean’, ’add’] [’mean’, ’add’] [’mean’, ’add’] [’mean’, ’add’] [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’mean’, ’add’] [’mean’, ’add’]
GIN [’mean’] [’mean’] [’mean’] [’add’] [’mean’, ’add’] [’mean’] [’add’] [’add’] [’mean’]

#8
GCN 0.99 0.95 0.99 0.95 0.9 0.95 0.95 0.99 0.9
GAT 0.9 0.9 0.9 0.99 0.99 0.95 0.99 0.9 0.9
GIN 0.9 0.99 0.95 0.95 0.99 0.9 0.95 0.95 0.95

#9
GCN 0.01 0.005 0.0005 0.0001 0.01 0.005 0.0001 0.0005 0.0001
GAT 0.01 0.01 0.01 0.005 0.005 0.0001 0.005 0.01 0.01
GIN 0.001 0.0005 0.0005 0.001 0.005 0.001 0.001 0.001 0.0005

#10
GCN 0.5 2.0 0.5 1.5 1.0 2.0 1.5 0.5 0.5
GAT 1.0 1.0 2.0 1.0 1.5 1.5 0.5 1.0 1.0
GIN 1.5 2.0 0.5 0.5 0.5 1.5 0.5 0.5 0.5

#11
GCN 0.95 0.95 0.9 0.3 0.3 0.95 0.3 0.9 0.2
GAT 0.9 0.9 0.5 0.9 0.2 0.6 0.8 0.9 0.9
GIN 0.3 0.4 0.8 0.3 0.8 0.3 0.3 0.3 0.8

#12
GCN - - - - - - - - -
GAT 1.0 1.0 1.0 1.0 1.0 1.0 4.0 1.0 1.0
GIN - - - - - - - - -

#13
GCN - - - - - - - - -
GAT - - - - - - - - -
GIN 0.4 0.2 0.4 0.4 0.3 0.4 0.4 0.4 0.4

#14
GCN - - - - - - - - -
GAT - - - - - - - - -
GIN False True True True False False True True True
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Table 6. Best configuration for the GPool. Split sizes (#0), Batch size (#1), Early stopping clf. patience (#2), Dropout rate
(#3), Batch normalizing (#4), Dimension of hidden layers (#5), Number of GNN layers (#6), Global pooling type (#7), Classifier
scheduler factor (#8), Classifier learning rate (#9), TopK multiplier (#10), TopK ratio (#11), Number of heads (#12), 𝑚 (#13),
Trainble 𝑚 (#14).

Param Archi Datasets

BZR COX2 DD ENZYMES MUTAG NCI1 NCI109 PROTEINS PTC

#0
GAT [0.5, 0.4, 0.1] [0.6, 0.3, 0.1] [0.6, 0.3, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1]
GIN [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1]
GCN [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.5, 0.4, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.4, 0.5, 0.1] [0.6, 0.3, 0.1]

#1
GAT 16 16 16 32 32 32 32 32 32
GIN 32 16 16 32 16 32 32 16 32
GCN 16 16 32 32 16 32 32 32 16

#2
GAT 500 650 800 500 500 500 500 650 800
GIN 500 800 800 500 800 500 500 800 800
GCN 650 650 500 500 650 500 500 800 650

#3
GAT 0.0 0.3 0.5 0.1 0.1 0.1 0.1 0.1 0.3
GIN 0.1 0.0 0.5 0.1 0.4 0.1 0.1 0.5 0.2
GCN 0.0 0.0 0.4 0.1 0.0 0.3 0.1 0.5 0.1

#4
GAT True True False True True True True False False
GIN True True False True False True True False False
GCN True True False True True True True True False

#5
GAT 16 64 16 64 64 64 64 16 64
GIN 64 32 16 64 32 64 64 16 128
GCN 128 128 128 64 32 128 64 16 16

#6
GAT 2 4 1 2 2 2 2 1 3
GIN 2 1 1 2 1 2 2 1 4
GCN 2 2 2 2 4 3 2 3 3

#7
GAT [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’mean’] [’mean’] [’mean’] [’mean’] [’add’] [’add’]
GIN [’mean’] [’mean’] [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’mean’] [’mean’] [’mean’, ’add’] [’add’]
GCN [’mean’] [’mean’] [’add’] [’mean’] [’mean’, ’add’] [’mean’, ’add’] [’mean’] [’mean’, ’add’] [’mean’]

#8
GAT 0.9 0.95 0.9 0.9 0.9 0.9 0.9 0.95 0.99
GIN 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9
GCN 0.95 0.95 0.99 0.9 0.99 0.9 0.9 0.99 0.95

#9
GAT 0.005 0.0005 0.001 0.01 0.01 0.01 0.01 0.001 0.0005
GIN 0.01 0.0001 0.001 0.01 0.01 0.01 0.01 0.001 0.0001
GCN 0.0001 0.0001 0.01 0.01 0.01 0.001 0.01 0.001 0.005

#10
GAT 2.0 0.5 1.5 2.0 2.0 2.0 2.0 1.5 0.5
GIN 2.0 2.0 1.5 2.0 1.0 2.0 2.0 1.5 0.5
GCN 1.0 1.0 1.5 2.0 0.5 1.0 2.0 0.5 1.5

#11
GAT 0.4 0.5 0.4 0.95 0.95 0.95 0.95 0.5 0.5
GIN 0.95 0.9 0.4 0.95 0.5 0.95 0.95 0.4 0.4
GCN 0.95 0.95 0.4 0.95 0.7 0.95 0.95 0.5 0.8

#12
GAT 4.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
GIN - - - - - - - - -
GCN - - - - - - - - -

#13
GAT - - - - - - - - -
GIN 0.0 0.4 0.1 0.0 0.1 0.0 0.0 0.1 0.2
GCN - - - - - - - - -

#14
GAT - - - - - - - - -
GIN True True False True True True True False True
GCN - - - - - - - - -
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Table 7. Best configuration for CORESN. Early stopping PPO patience (#0), Number of environment steps (#1), Number of
PPO epochs (#2), Environment penalty size (#3), RL scheduler factor (#4), Ratio of the critic learning rate (#5), PPO entropy
coefficient (#6), PPO MSE coefficient (#7), PPO clip value 𝑚 (#8), Conformal error rate 𝑏 (#9), 𝑗 (#10), 𝑘 (#11).

Param Archi Datasets

BZR COX2 DD ENZYMES MUTAG NCI1 NCI109 PROTEINS PTC

#0
GIN 15 5 5 10 10 5 15 5 5
GCN 10 5 5 15 5 15 10 15 15
GAT 15 5 5 10 15 15 10 10 5

#1
GIN 128 128 128 128 128 128 64 64 64
GCN 32 64 64 128 64 32 32 32 128
GAT 64 32 32 32 128 64 32 32 64

#2
GIN 10 15 15 5 15 15 10 5 15
GCN 10 15 15 5 15 3 10 5 5
GAT 10 15 15 10 5 10 10 5 5

#3
GIN 0.5 0.5 0.5 0.5 0.5 0.5 1.5 1.5 1.0
GCN 0.5 0.5 0.5 1.0 0.5 0.5 0.5 1.5 1.5
GAT 1.5 0.5 1.5 0.5 1.5 1.5 0.5 1.0 1.5

#4
GIN 0.99 0.95 0.95 0.99 0.9 0.95 0.9 0.9 0.95
GCN 0.99 0.95 0.95 0.99 0.95 0.99 0.99 0.9 0.9
GAT 0.9 0.95 0.99 0.99 0.9 0.9 0.99 0.95 0.9

#5
GIN 3.0 2.5 2.5 1.0 3.0 2.5 2.5 1.0 3.0
GCN 2.5 1.5 1.5 2.0 1.5 3.0 2.5 2.5 1.5
GAT 2.5 2.0 2.5 2.5 1.5 2.5 2.5 1.0 1.0

#6
GIN 0.001 0.0001 0.0001 0.01 0.001 0.0001 0.0001 0.001 0.0001
GCN 0.0001 0.01 0.01 0.0001 0.01 0.01 0.0001 0.01 0.001
GAT 0.0001 0.001 0.001 0.0001 0.001 0.0001 0.0001 0.001 0.001

#7
GIN 0.5 5.0 5.0 2.0 1.0 5.0 2.0 3.0 0.5
GCN 1.0 0.5 0.5 0.1 0.5 1.0 1.0 5.0 3.0
GAT 2.0 1.0 3.0 1.0 3.0 2.0 1.0 0.1 3.0

#8
GIN 0.2 0.4 0.4 0.1 0.2 0.4 0.2 0.1 0.4
GCN 0.4 0.3 0.3 0.3 0.3 0.1 0.4 0.3 0.1
GAT 0.2 0.2 0.4 0.4 0.1 0.2 0.4 0.4 0.1

#9
GIN 0.2 0.05 0.05 0.1 0.2 0.05 0.2 0.05 0.05
GCN 0.05 0.2 0.2 0.05 0.2 0.1 0.05 0.2 0.05
GAT 0.2 0.2 0.2 0.05 0.05 0.2 0.05 0.05 0.05

#10
GIN 0.2 0.3 0.3 0.7 0.7 0.3 0.4 0.2 0.5
GCN 0.9 0.8 0.8 0.6 0.8 0.4 0.9 0.5 0.2
GAT 0.4 0.6 0.6 0.9 0.2 0.4 0.9 0.6 0.2

#11
GIN 0.2 1.0 1.0 0.9 0.1 1.0 0.4 0.0 0.4
GCN 0.2 0.7 0.7 1.0 0.7 0.8 0.2 0.8 0.7
GAT 0.4 0.3 0.8 0.2 0.7 0.4 0.2 0.5 0.0
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Table 8. Best configuration for CORESE. Early stopping PPO patience (#0), Number of environment steps (#1), Number of
PPO epochs (#2), Environment penalty size (#3), RL scheduler factor (#4), Ratio of the critic learning rate (#5), PPO entropy
coefficient (#6), PPO MSE coefficient (#7), PPO clip value 𝑚 (#8), Conformal error rate 𝑏 (#9), 𝑗 (#10), 𝑘 (#11).

Param Archi Datasets

BZR COX2 DD ENZYMES MUTAG NCI1 NCI109 PROTEINS PTC

#0
GIN 15 5 5 10 10 5 15 5 5
GCN 10 5 5 15 5 15 10 15 15
GAT 15 5 5 10 15 15 10 10 5

#1
GIN 128 128 128 128 128 128 64 64 64
GCN 32 64 64 128 64 32 32 32 128
GAT 64 32 32 32 128 64 32 32 64

#2
GIN 10 15 15 5 15 15 10 5 15
GCN 10 15 15 5 15 3 10 5 5
GAT 10 15 15 10 5 10 10 5 5

#3
GIN 0.5 0.5 0.5 0.5 0.5 0.5 1.5 1.5 1.0
GCN 0.5 0.5 0.5 1.0 0.5 0.5 0.5 1.5 1.5
GAT 1.5 0.5 1.5 0.5 1.5 1.5 0.5 1.0 1.5

#4
GIN 0.99 0.95 0.95 0.99 0.9 0.95 0.9 0.9 0.95
GCN 0.99 0.95 0.95 0.99 0.95 0.99 0.99 0.9 0.9
GAT 0.9 0.95 0.99 0.99 0.9 0.9 0.99 0.95 0.9

#5
GIN 3.0 2.5 2.5 1.0 3.0 2.5 2.5 1.0 3.0
GCN 2.5 1.5 1.5 2.0 1.5 3.0 2.5 2.5 1.5
GAT 2.5 2.0 2.5 2.5 1.5 2.5 2.5 1.0 1.0

#6
GIN 0.001 0.0001 0.0001 0.01 0.001 0.0001 0.0001 0.001 0.0001
GCN 0.0001 0.01 0.01 0.0001 0.01 0.01 0.0001 0.01 0.001
GAT 0.0001 0.001 0.001 0.0001 0.001 0.0001 0.0001 0.001 0.001

#7
GIN 0.5 5.0 5.0 2.0 1.0 5.0 2.0 3.0 0.5
GCN 1.0 0.5 0.5 0.1 0.5 1.0 1.0 5.0 3.0
GAT 2.0 1.0 3.0 1.0 3.0 2.0 1.0 0.1 3.0

#8
GIN 0.2 0.4 0.4 0.1 0.2 0.4 0.2 0.1 0.4
GCN 0.4 0.3 0.3 0.3 0.3 0.1 0.4 0.3 0.1
GAT 0.2 0.2 0.4 0.4 0.1 0.2 0.4 0.4 0.1

#9
GIN 0.2 0.05 0.05 0.1 0.2 0.05 0.2 0.05 0.05
GCN 0.05 0.2 0.2 0.05 0.2 0.1 0.05 0.2 0.05
GAT 0.2 0.2 0.2 0.05 0.05 0.2 0.05 0.05 0.05

#10
GIN 0.2 0.3 0.3 0.7 0.7 0.3 0.4 0.2 0.5
GCN 0.9 0.8 0.8 0.6 0.8 0.4 0.9 0.5 0.2
GAT 0.4 0.6 0.6 0.9 0.2 0.4 0.9 0.6 0.2

#11
GIN 0.2 1.0 1.0 0.9 0.1 1.0 0.4 0.0 0.4
GCN 0.2 0.7 0.7 1.0 0.7 0.8 0.2 0.8 0.7
GAT 0.4 0.3 0.8 0.2 0.7 0.4 0.2 0.5 0.0
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Fig. 6. Ablation study on the maximum desired ratio
𝑘 for 5 different runs for the GIN architecture.
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Fig. 7. Ablation study on 𝑘 for 5 different runs for the GIN
architecture.

B EXTRA RESULTS IMPACT OF HYPERPARAMETERS

In this section, we present an ablation study on the impact of two key hyperparameters of CORES, namely 𝑘 and 𝑙, for
the datasets not included in the main manuscript: COX2, DD, NCI1, NCI109, and PROTEINS. Figure 6 illustrates the
results of the ablation study for parameter 𝑘 , while the results for parameter 𝑙 are shown in Figure 7.

The findings from this ablation study are consistent with those reported in the main manuscript. In the top row figures,
we observe that the accuracy remains relatively stable when varying either 𝑘 or 𝑙, improving only as the values increase
for certain datasets, such as 𝑚𝑛𝑜1 or 𝑚𝑛𝑜109. In the middle row figures, we find a positive correlation between both
parameters and the node/edge ratio for most of the datasets, and no correlation for others. Remarkably, the correlation is
never negative. Finally, the bottom row figures reveal a positive correlation between the node/edge ratio and accuracy
for the majority of the datasets. This pattern holds except for the DD dataset, which present a negative correlation.
Interestingly this dataset presents the most significant disparities in terms of the number of nodes and edges compared to
the other datasets (see Table 1).
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Table 9. Model comparison results with GAT architecture. We show the mean over 5 independent runs and the standard
deviation as the subindex. All metrics are shown in percentage. The last rows include the average ranking of the model
across datasets.

Dataset Metric Models

GNN SAGPool GPool CORES𝑊 CORES𝑋

BZR
Accuracy 80.984.36 83.903.27 79.516.12 83.904.43 81.464.08

Node Ratio - - 41.110.11 37.9910.27 100.000.00
Edge Ratio - - 20.930.70 29.928.83 57.2621.50

COX2
Accuracy 82.134.15 80.004.41 77.873.87 81.704.41 80.852.61

Node Ratio - - 50.620.09 77.912.29 100.000.00
Edge Ratio - - 20.750.51 62.623.24 66.180.38

DD
Accuracy 76.103.02 75.763.72 77.801.84 75.424.19 76.442.19

Node Ratio - - 40.240.03 75.161.39 100.000.00
Edge Ratio - - 15.630.29 56.422.16 58.622.51

ENZYMES
Accuracy 71.3310.63 45.007.64 63.936.35 69.844.43 67.5412.23

Node Ratio - - 96.670.14 80.261.03 100.000.00
Edge Ratio - - 93.270.23 65.921.80 61.609.06

MUTAG
Accuracy 81.436.39 88.573.91 78.577.14 80.005.98 81.436.02

Node Ratio - - 97.810.36 75.724.04 100.000.00
Edge Ratio - - 95.652.50 58.746.05 55.2514.77

NCI1
Accuracy 79.421.34 68.931.37 72.432.11 73.432.67 75.381.22

Node Ratio - - 96.890.08 63.493.58 100.000.00
Edge Ratio - - 94.070.34 53.332.81 88.686.67

NCI109
Accuracy 76.901.34 67.464.31 67.223.25 74.722.25 72.782.29

Node Ratio - - 96.790.04 71.5511.30 100.000.00
Edge Ratio - - 94.700.98 62.3712.96 61.3713.13

PROTEINS
Accuracy 75.363.00 72.683.26 73.213.22 73.393.86 73.571.62

Node Ratio - - 51.150.17 67.942.97 100.000.00
Edge Ratio - - 28.390.42 46.564.27 52.821.86

PTC
Accuracy 64.004.33 65.006.39 62.444.12 62.964.17 59.434.69

Node Ratio - - 52.460.41 45.616.00 100.000.00
Edge Ratio - - 36.583.53 21.246.53 76.3614.75

Avg. Rank
Accuracy 1.89 3.33 3.89 3.00 2.89

Node Ratio - - 1.67 1.33 -

Edge Ratio - - 2.33 1.56 2.11

C EXTRA COMPARISON RESULTS

Here, we analyze the results of how switching the base model affects the performance. Table 10 and Table 9 summarizes
the results for two base architectures GCN and GAT. It can be observed that even when the base architecture changes
our models CORESN and CORESE achieve competitive accuracy compared to the respective baseline and achieve top
rankings in terms of node/edge ratio.
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Table 10. Model comparison results with GCN architecture We show the mean over 5 independent runs and the standard
deviation as the subindex. All metrics are shown in percentage. The last rows include the average ranking of the model
across datasets.

Dataset Metric Models

GNN SAGPool GPool CORES𝑊 CORES𝑋

BZR
Accuracy 86.834.08 83.414.69 84.394.08 82.444.69 80.985.29

Node Ratio - - 96.460.19 76.986.06 100.000.00
Edge Ratio - - 92.870.58 61.1711.31 46.165.68

COX2
Accuracy 79.154.85 80.433.81 80.001.90 80.853.01 81.704.90

Node Ratio - - 96.140.18 72.494.24 100.000.00
Edge Ratio - - 92.670.71 53.198.07 31.2723.60

DD
Accuracy 78.473.47 75.934.39 76.105.06 79.322.58 75.764.05

Node Ratio - - 40.230.03 56.442.50 100.000.00
Edge Ratio - - 16.480.13 32.012.89 51.391.90

ENZYMES
Accuracy 66.005.35 52.005.70 64.594.86 58.318.47 57.0211.62

Node Ratio - - 96.670.14 77.177.28 100.000.00
Edge Ratio - - 93.390.35 62.339.26 74.2035.99

MUTAG
Accuracy 81.433.91 80.003.19 78.575.05 81.4310.83 87.146.56

Node Ratio - - 73.130.55 79.942.79 100.000.00
Edge Ratio - - 68.222.47 63.524.23 32.668.79

NCI1
Accuracy 77.332.09 73.581.64 72.142.64 66.457.71 65.946.31

Node Ratio - - 96.890.08 76.4717.88 100.000.00
Edge Ratio - - 96.060.20 64.0218.84 37.9814.34

NCI109
Accuracy 79.321.57 71.192.03 71.532.12 76.082.71 77.142.02

Node Ratio - - 96.790.04 78.784.15 100.000.00
Edge Ratio - - 95.820.11 67.084.42 92.021.93

PROTEINS
Accuracy 72.861.02 72.863.13 75.182.75 73.212.45 75.891.94

Node Ratio - - 51.150.17 74.666.10 100.000.00
Edge Ratio - - 28.150.67 56.129.77 64.730.98

PTC
Accuracy 57.787.71 64.573.83 63.431.28 62.862.86 63.433.13

Node Ratio - - 83.800.74 64.104.19 100.000.00
Edge Ratio - - 78.213.76 40.216.93 44.475.29

Avg. Rank
Accuracy 1.89 3.33 3.89 3.00 2.89

Node Ratio - - 1.67 1.33 -

Edge Ratio - - 2.56 1.67 1.78
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Table 11. Training time comparison. We show the average training time along with the standard deviation of each model
on each dataset for one epoch with a batch size of one. We use the GIN GNN architecture.

Dataset Full Models Sparse Models

Vanilla DiffPool SUGAR GPool CORESN CORESE

BZR 2.64 0.18 4.23 0.12 - 3.44 0.27 186.96 61.70 121.94 2.00
COX2 3.07 0.15 4.83 0.17 - 10.00 2.70 411.93 85.97 203.93 1.86
DD 6.13 0.13 - - 33.31 4.90 1848.21 1.12 1857.59 1.13
ENZYMES 2.40 0.04 6.26 0.31 132.86 3.77 6.08 0.30 233.78 6.65 287.95 2.20
MUTAG 1.09 0.03 1.63 0.04 47.82 3.45 1.71 0.19 24.97 1.55 22.94 0.30
NCI1 15.44 0.19 41.74 3.03 1143.85 45.27 48.05 8.12 1596.95 107.83 1826.41 51.06
NCI109 16.68 1.15 43.73 0.44 1195.10 47.42 43.46 3.09 1533.59 15.51 1756.84 37.12
PROTEINS 5.80 0.23 11.79 1.19 511.21 22.63 13.58 2.58 484.97 14.74 505.89 2.70
PTC 1.68 0.16 3.00 0.07 95.78 1.47 3.28 0.18 64.60 1.23 67.19 0.32

D TIME COMPLEXITY

We analyze the training and inference times of all models on each dataset. We run each model on every dataset for a
single epoch, utilizing a batch size of one. To ensure statistical significance and reliability in our measurements, we repeat
each experiment ten times. This repetition enables us to calculate the average training and inference times accurately.
Such a meticulous approach guarantees robust and precise performance assessment for our models across the diverse set
of datasets under examination.

Table 11 and Table 12 show the complete results for the training and inferences times, respectively. If we focus on
Table 11, we observe the models that only rely on a single forward pass are two orders of magnitude faster than the
models that rely on a reinforcement learning-based approach. Still, we observe that CORES achieves comparable speed
as SUGAR, and sometimes it is faster, e.g., with PTC or MUTAG. In terms of inference time, in Table 12, we can observe
that even though CORES is still one order of magnitude slower than the Full Models, it is considerably faster than
SUGAR.

Table 12. Inference time comparison. We show the average inference time along with the standard deviation of each
model on each dataset. We use the GIN GNN architecture.

Dataset Full Models Sparse Models

Vanilla DiffPool SUGAR GPool CORESN CORESE

BZR 0.0025 0.0001 0.1447 0.0048 - 0.0045 0.0003 0.0540 0.0257 0.0425 0.0011
COX2 0.0026 0.0001 0.1550 0.0093 - 0.0062 0.0008 0.1031 0.0349 0.0526 0.0014
DD 0.0028 0.0004 - - 0.0085 0.0006 0.2262 0.0842 0.1206 0.0016
ENZYMES 0.0024 0.0000 0.1992 0.0080 0.1399 0.0094 0.0063 0.0007 0.0496 0.0014 0.0625 0.0019
MUTAG 0.0029 0.0001 0.0596 0.0034 0.0135 0.0036 0.0065 0.0017 0.0448 0.0056 0.0415 0.0012
NCI1 0.0022 0.0001 1.3756 0.1246 1.0187 0.1040 0.0058 0.0004 0.0530 0.0026 0.1301 0.0602
NCI109 0.0023 0.0001 1.3685 0.0988 0.9477 0.0132 0.0055 0.0002 0.0500 0.0006 0.0563 0.0009
PROTEINS 0.0025 0.0001 0.3835 0.0619 3.9375 0.0347 0.0058 0.0007 0.0437 0.0016 0.0439 0.0008
PTC 0.0028 0.0001 0.1076 0.0050 0.0398 0.0099 0.0058 0.0005 0.0395 0.0013 0.0418 0.0005
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