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Abstract

The field of deep learning has undergone a substantial transformation in recent years, with
improvements being made on the level of model architectures which through specific induc-
tive biases thanks to their functional form give powerful generalization capabilities to neural
networks. Due to the substantial amount of data and computing resources, they have re-
ceived wide-spread adoption with impressive performance on a wide range of tasks such as
language and image generation. Furthermore, deep learning models have shown the capabil-
ity to even surpass human players in games that require higher-level reasoning capabilities.
Despite this, there are many outstanding issues in important applications. Various problems
require reasoning in spaces that are rich in structure and are highly constrained, a simple exam-
ple is the planning problemwhich doesn’t require exhaustive search of all possible sequences
of visited states, but rather a search over valid paths, which form a possibly small subset. This
indicates that the generalization capability of learning systems can be enhanced by incorpo-
rating structured prediction and constraints. Conversely, it is imperative for these systems to
demonstrate flexibility and innovation, which is somewhat at odds with constraining their
predictions. Creativity and adaptability are, indeed, quintessential elements of intelligence,
they empower systems to formulate novel solutions and adapt efÏciently to new or unfore-
seen circumstances.
In this work, we attempt to introduce structure and constraints such that intelligent sys-

tems can provide us with plausible suggestions in order to make critical decisions, while still
remaining adaptable. In the first part we consider adding structure by means of combinato-
rial implicit layers, showing that this is a critical inductive bias for dealing with problems con-
taining “hidden” combinatorial structure. To achieve this, it is necessary to employ a param-
eter update direction distinct from the traditional gradient descent direction, as the objective
function becomes piecewise-constant given the finite nature of the feasible set. It turns out
that there is an efÏcient way to compute an informative update direction, which is a deriva-
tive of a piecewise-afÏne interpolation of the original piecewise-constant function. This in-
volves only one additional call to the combinatorial solver on the backward pass. We name
this method Blackbox Backpropagation (BBBP), to highlight the fact that we don’t make use
of any information about the underlying combinatorial problem, or try to unroll it and dif-
ferentiate. An alternative to this will be treating the implicit layer as a negative identity block
on the backward pass, which is connected intimately to the initial piecewise-afÏne interpola-
tion approach. As we shall see, many practical applications of interest contain combinatorial
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structure, some of the settings that we shall explore are planning from images and optimizing
rank-based metrics.
In the second part, we shift our attention to an important component of intelligent sys-

tems, sequential decision-making. We examine both online scenarios, where a policy is al-
lowed to collect samples from the environment in order to improve, and the ofÒine setting,
where one fixed dataset is given and the task is to extract an optimal policy.
In the online setting, employing a model-based approach emerges as particularly advanta-

geous for introducing safety constraints and risk-averseness through a trajectory optimization
method that makes use of epistemic and aleatoric uncertainty separation. For this case, the
policy is given implicitly and is solving an optimization problem to produce an action, the
benefit of this being that we only need to learn model dynamics, which can be done from
arbitrary data. By making use of epistemic bonus and a risk penalty, this method strikes a
balance between exploration and exploitation, facilitating efÏcient learning of the model.
In contrast, the ofÒine setting is interesting from the perspective that it resembles much of

what we see today, large models making use of data collected from various sources. Up until
now, the focuswas on extracting policies from the data that do not hallucinate and generalize
well out-of-distribution. However, the diversity of such policies has been neglected, and we
argue that intelligent systems need to be creative problem solvers in order to be useful, since
many problems have multiple solutions, some of whichmight be more or less robust. This is
in particular true when demonstrations are coming from external sources, such as a human.
We frame this problem as an imitation learning problem, where we have access to ofÒine
actions which are not coming from expert demonstrations, but rather from an arbitrary be-
havior policy. The expert is only allowed to demonstrate by showing us a sequences of states.
This scenario necessitates a different strategy, as the absence of direct guidance from optimal
actions complicates the learning process. Concretely, the formulation involves maximizing
a diversity objective subject to f-divergence constraints on state occupancy distributions. By
clever use of Fenchel duality, we solve a dual problem to obtain importance ratios that allow
us to estimate expectations with respect to optimal policy state-action occupancies. This we
validate in a sim-to-real quadruped benchmark.
Finally, we confirm that introducing these types of structure and constraints is necessary

for data-efÏcient generalization and robust decision making.
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Abstrakt

Das Gebiet des Deep Learning hat in den letzten Jahren einen erheblichen Wandel durch-
laufen. Verbesserungen auf der Ebene der Modellarchitekturen haben durch ihre spezifis-
chen induktiven Verzerrungen und dank ihrer funktionalen Form leistungsstarke General-
isierungsfähigkeiten für neuronale Netze ermöglicht. Aufgrund der beträchtlichen Menge
anDatenundRechenressourcenhaben sie eineweiteVerbreitunggefundenund zeigenbeein-
druckende Leistungen bei einer Vielzahl von Aufgaben wie Sprach- und Bildgenerierung.
Darüber hinaus haben Deep-Learning-Modelle die Fähigkeit gezeigt, selbst in Spielen, die
komplexes Denkvermögen erfordern, menschliche Spieler zu übertreffen. Trotzdem gibt es
in wichtigen Anwendungen viele ungelöste Probleme. Verschiedene Probleme erfordern ein
Denken in Räumen, die reich an Struktur sind und gleichzeitig stark eingeschränkt. Ein ein-
faches Beispiel ist das Planungsproblem, das keine erschöpfende Suche nach allenmöglichen
Abfolgen erreichbarer Zustände erfordert, sondern eine Suche nach gültigen Pfaden, die
möglicherweise nur eine kleine Teilmenge bilden. Dies deutet darauf hin, dass die General-
isierungsfähigkeit von Lernsystemen durch die Einbeziehung von strukturierter Vorhersage
und Einschränkungen verbessert werden kann. Im Gegensatz dazu ist es für diese Systeme
unerlässlich, Flexibilität und Innovation zu zeigen, was im Widerspruch zu Einschränkun-
gen ihrer Vorhersagen steht. Kreativität undAnpassungsfähigkeit sind in der Tatwesentliche
Elemente der Intelligenz. Sie befähigen Systeme, neue Lösungen zu formulieren und sich ef-
fizient an neue oder unvorhergesehene Umstände anzupassen. In dieser Arbeit versuchen
wir, Struktur und Einschränkungen einzuführen, damit intelligente Systeme uns plausible
Vorschläge zur Entscheidungsfindung machen können, während sie dennoch anpassungs-
fähig bleiben. Im ersten Teil betrachten wir das Hinzufügen von Struktur durch kombi-
natorische implizite Schichten und zeigen, dass dies eine wichtige induktive Verzerrung für
die Bewältigung von Problemen mit “verborgener” kombinatorischer Struktur ist. Um dies
zu erreichen, ist es notwendig, eine Parameter-Aktualisierungsrichtung zu verwenden, die
sich von der traditionellen Gradientenabstiegsrichtung unterscheidet, da die Zielfunktion
aufgrund der endlichen Natur der zulässigen Menge stückweise konstant wird. Es stellt
sich heraus, dass es einen efÏzienten Weg gibt, eine informative Aktualisierungsrichtung
zu berechnen, die eine Ableitung einer stückweise afÏnen Interpolation der ursprünglichen
stückweise konstanten Funktion ist. Dies erfordert nur einen zusätzlichenAufruf des kombi-
natorischen Solvers im Backpropagation. Wir nennen dieseMethode Blackbox Backpropaga-
tion (BBBP), um hervorzuheben, dass wir keine Informationen über das zugrunde liegende
kombinatorische Problem verwenden oder versuchen, es aufzurollen und zu differenzieren.
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Eine Alternative dazu besteht darin, die implizite Schicht im Rückwärtsgang als negativen
Identitätsblock zu behandeln, was engmit demursprünglichenAnsatz der stückweise afÏnen
Interpolation verbunden ist. Wie wir sehen werden, enthalten viele praktische Anwendun-
gen von Interesse kombinatorische Strukturen. Einige der Problemstellungen, die wir un-
tersuchen werden, sind die Planung von Bildern und die Optimierung von Rang-basierten
Metriken. ImzweitenTeil richtenwir unserAugenmerk auf einewichtigeKomponente intel-
ligenter Systeme, die sequentielle Entscheidungsfindung. Wir untersuchen sowohl Online-
Szenarien, in denen einePolicymit derUmgebung interagieren darf, um ihreVerhaltensweise
zu verbessern, als auch das OfÒine-Setting, in dem ein fester Datensatz gegeben ist und
die Aufgabe darin besteht, eine optimale Policy zu extrahieren. Im Online-Setting erweist
sich einmodellbasierterAnsatz als besonders vorteilhaft, umSicherheitsbeschränkungenund
Risikoaversion durch einTrajektorienoptimierungsverfahren einzuführen, das dieTrennung
von epistemischer und aleatorischer Unsicherheit nutzt. Für diesen Fall wird die Policy im-
plizit gegeben und löst ein Optimierungsproblem, um eine Aktion zu erzeugen, wobei der
Vorteil darin besteht, dass wir nur die Modelldynamik lernen müssen, was mit beliebigen
Daten erfolgen kann. Durch die Nutzung von epistemischen Boni und einer Risikostrafe
findet diese Methode ein Gleichgewicht zwischen Exploration und Ausbeutung und erle-
ichtert so das efÏziente Lernen des Modells.
Im Gegensatz dazu ist das OfÒine-Setting interessant aus der Perspektive, dass es dem äh-

nelt, was wir heute sehen, große Modelle, die Daten aus verschiedenen Quellen nutzen. Bis
jetzt lag der Fokus darauf, Policies aus den Daten zu extrahieren, die nicht halluzinieren
und gut außerhalb der Verteilung generalisieren. Jedoch wurde die Vielfalt solcher Policys
vernachlässigt, und wir argumentieren, dass intelligente Systeme kreative Problemlöser sein
müssen, um nützlich zu sein, da viele Probleme mehrere Lösungen haben, von denen einige
mehr oder weniger robust sein könnten. Dies gilt insbesondere, wennDemonstrationen von
externen Quellen wie einem Menschen stammen. Wir bestimmen dieses Problem als die
Nachahmung einesLernproblems, bei demwirZugang zuOfÒine-Aktionenhaben, die nicht
von Expertendemonstrationen stammen, sondern von einer beliebigen Policy. Der Experte
darf uns nur Sequenzen von Zuständen demonstrieren. Dies erfordert eine andere Strategie,
da das Fehlen direkter Anweisungen von optimalen Aktionen den Lernprozess erschwert.
Die Formulierung beinhaltet die Maximierung eines Diversitätsziels unter f-Divergenz Ein-
schränkungen für Zustandsbelegungsverteilungen. Durch geschickte Nutzung der Fenchel-
Dualität lösen wir ein duales Problem, um Importance Ratios zu erhalten, die es uns
ermöglichen, Erwartungen in Bezug auf optimale Policy-Zustands-Aktionsbelegungen zu
schätzen. Dies validieren wir in einem Sim-to-Real Quadruped-Benchmark.
Abschließend bestätigen wir, dass die Einführung dieser Arten von Struktur und

Einschränkungen für datenefÏziente Generalisierung und robuste Entscheidungsfindung
notwendig ist.
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Simplicity is the ultimate sophistication.
Leonardo da Vinci 0

Introduction

Deep learning has seen great advances over the past decade, making significant improvements
in multiple fields such as computer vision, natural language processing, and reinforcement
learning. Learning a hierarchy of representations has proven to be a powerful tool for solving
complex tasks as well as generalization. We have seen a range of impressive applications - pro-
tein folding [149], achieving super-human performance in games such asGo [298, 296, 297],
StarCraft II [328], andDota 2 [31], generating human-like natural language while also being
able to perform simple reasoning tasks [149], realistic image [83] and video generation [20],
learning control policies for robots fromdemonstrations [44, 43]. All of these successes seem
to hinge on the powerful learning capabilities of neural networks in their various instantia-
tions.

Architectural Developments
One axis of improvements that has been important to achieve these impressive feats is that
of architectural modifications, which is closely connected to the concept of inductive bias.
These improvements change the way the prediction is computed, effectively changing the hy-
pothesis space of the model. Arguably, the most significant architectural modification that
enables efÏcient training aswell as achieves impressive results in terms of generalization nowa-
days is that of the attention mechanism [325], which has by now become ubiquitous in var-
ious transformer architectures and beyond [46, 55, 257]. Other examples include the intro-
duction of Graph Neural Networks (GNNs) and their attention-augmented variations [24,
326]. These are in particular good in relational reasoning, but have also seen successes in algo-
rithmic reasoning tasks [327]. An older example of an architecturemodification that has had
significant impact of the field is the Convolutional Neural Network (CNN) [178, 102], ow-
ing its motivation to visual invariance under translations. The U-Net architecture has been
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a staple in the field of medical image segmentation [272], but also diffusion-based generative
modelling [83]. The well-known Long-short Term Memory (LSTM) [140] recurrent archi-
tecture has long been the go-to approach for sequencemodelling, where the keymodification
was the introduction of the gatingmechanism and latent state to selectively remember or for-
get patterns. These modifications up till now are explicit, i.e. directly modifying the neural
network with different differentiable transformations.
Architecturalmodifications need not be restricted such that we need to provide an explicit

differentiable mapping to the output. Providing this mapping implicitly is one of the central
topics of this thesis, as well as many concurrent works. Implicit layers have had a significant
impact on the field, one recent famous example is generative modelling via solving an appro-
priate Stochastic Differential Equation (SDE) [306], here the output of the model approxi-
mates the so-called “score function” of noisedmarginal distributions at each timepoint of the
stochastic process. Another well-known example is that of the Neural ODE [60], where the
model predicts the infinitesimal change in the output over time, rather than directly predict-
ing it. Further examples of implicit transformations include fixed-point layers [17], convex
optimization layers [5]. A well-known example is that of meta-learning [97, 256], where the
last “layer” is essentially an optimization procedure at training time. A challenge that is al-
ways being faced when defining implicit layers is how to train them efÏciently, since gradient
computation is either hard, the gradient is not informative or the layer is not differentiable.
When viewing the implicit layer as an optimization problem, one naive approach is to

unroll the computation graph over optimization steps and propagate the gradient. This nat-
urally does not scale, since it requires a considerable amount of memory and compute, on
the order of the steps of the solver. If the optimization problem is continuous, one canmake
use of implicit differentiation [4, 256], in which case we avoid the unrolling of the optimiza-
tion computation graph. This is however limited to the continuous setting, and there is a
strong argument to be made for utilizing discrete solvers for combinatorial problems, which
is the focus of Part I. An enduring belief is that reasoning is a combinatorial activity [24, 339,
92, 245], which is performed for humans in the abstract space of language. The brain itself
is an analog signal processor which maps sensory input to abstract representations [30], on
top of which we “reason”. For humans, discreteness seems to be a necessary simplification
in order to solve complex problems, how can we transfer this ability to reason in learned ab-
stract discrete spaces to machines? Furthermore, many problems have specific solution sets
that can reduce the search space greatly, leading to better generalization. Anothermotivation
for looking at discrete solvers is of pure technical nature. If we want to introduce an implicit
layer, it needs to be differentiable in order to train the model end-to-end. Since the gradient
of such layers is necessarily 0 almost everywhere, owing to the piece-wise constant objective
as a result of the discrete solution space of the solver, an alternative update rule needs to be
introduced instead of the true gradient. Some approaches introduce different relaxations to
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the solvers in order to make them differentiable [59, 367]. However, this is not desirable,
since these relaxations can lead to suboptimal solutions [253]. To fill this gap, in Chapter 2
we introduce amethod for computing an informative update to the parameterswhich is a gra-
dient of a piece-wise afÏne interpolation of the original piece-wise constant function. This
allows us to train hybrid architectures end-to-end, while treating the solver as a black box, the
only requirement being that the solver’s cost function is linear w.r.t. its input. By utilizing
this framework we can successfully inject combinatorial inductive biases to any architecture,
enabling structured constrained prediction in combinatorial spaces. We further validate this
approach in relevant problem settings such as optimizing rank-basedmetrics (Chapter 3) and
planning for sequential decision-making (Chapter 4).

Intelligent Systems in the Wild
Simple prediction however is not the only area that is of importance for intelligent systems.
We are living in a time when these systems interact with the world and users, and are being
used to solve difÏcult problems and drive decisions. Hence, it is important to consider their
behaviors as part of dynamical systems – this is the focus of Part II. Here, safety plays a cru-
cial role even beyond robotics applications. In the age of Large Language Models (LLMs),
systems are regularly interactingwith humans and solving tasks of increasing amount of com-
plexity and importance. This has given rise to questions of safety, alignment and fairness of
the solutions that are currently being deployed [295]. It is not a surprise thatReinforcement
Learning (RL) has recently entered the world of large foundational models, through meth-
ods such asReinforcement Learning fromHuman Feedback (RLHF) [52],Direct Preference
Optimization (DPO) [252], PPO [331]. These approaches of fine-tuning and learning from
demonstrations stem from fundamental ideas developed in the field, and can be viewed as
ofÒine model-free approaches to making decisions where extracting a value function which
indicates how good an action is in the long-term if we follow a particular policy plays a cru-
cial role. The policy, as per the policy gradient theorem [312] can increase the likelihood
of an action proportionally to the value function. However, for the case of learning from
demonstrations, the reward function still needs to be learned if there are no optimal actions
specified [137]. Even if we are able to learn this reward function, we are still left with the
issue of robustness [332, 62], the demonstration that we are observing may not be the most
robust one in terms of state visitation from the point of view of the agent [188]. This is par-
ticularly damaging in the ofÒine setting, where the environment cannot be queried in order
to evaluate the learned policy [153, 183].
A policy in this case may be given explicitly as a mapping from states to actions, or im-

plicitly, as a receding horizon planning method. For the latter case, the policy is formulated
implicitly by solving the argmin problem of optimizing over action sequences [65, 346, 345].
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There have been many approaches that have looked at utilizing learned models for planning
from both the reinforcement learning [65, 247, 345] and optimal control community [217,
347],mostly involving solving anoptimizationproblemat each step. There aremanybenefits
in working with model-based implicit policies versus explicit policies. For one, humans tend
to have a better intuition on how to incorporate prior knowledge into a model rather than
into a policy or value function. Secondly, a model allows us to reason about the state visita-
tiondistributionbymeans of policy rollouts. Thirdly,models are in essence task-agnostic and
not bound to a value function, which increases their usability across different tasks. Whereas
in traditional approaches that fall under the category of Model Predictive Control (MPC),
arduous system identification procedures need to be done to frame the optimal control prob-
lem [198], learning approaches hold the promise of substantially automatizing the system
identification part. The resulting models however are complex and approximate, meaning
that solving the optimal control problem to optimality is difÏcult. This would normally in-
volve “convexifying” the original problem if possible, which necessarily involves computing
second-order derivatives. These approaches tend to be too slow and unflexible for general-
purpose problem solving. Hence, a lot of methods utilize zero order solvers such as Cross-
Entropy Method (CEM) [65, 247] orModel Predictive Path Integral Control (MPPI) [345].
By employing a zero-order optimizer, we lift the restriction of having model architectures
that fit nicely into classical optimization techniques, which is one of the main hindrances of
MPC methods. For example, Chua et al. [65] introduce a method relying on an ensemble
of Gaussian dynamics models for sampling the resulting trajectory given an action sequence.
However, although utilizing a sampling method for solving the optimal control problem,
the characteristics of the resulting trajectory distributions have been disregarded. Yet, a lot of
information is contained within the induced trajectory distribution, such as uncertainty of
the model about the dynamics but also the inherent stochasticity of the environment. The
former we call “epistemic” uncertainty and the latter “aleatoric”. In Chapter 5 we propose
a method for separating the uncertainties and making use of them for guiding the data col-
lection process for faster learning, risk-averse planning and introducing probabilistic safety
constraints. In the planning formulation, where we are required to sample n trajectories
and evaluate them by a cost function, these feats arise naturally from augmenting the cost
function adequately with uncertainty information. With this we can effectively balance the
exploitation-exploration tradeoff in the online setting. In order to have a probabilistic con-
straint, we need to formulate a probability of entering the violation set, which would require
a tractable joint likelihood estimate of the trajectories. However, probabilistic reasoningwith
tractable joint likelihood of the trajectories comes at a price of constraining the model class
with which the dynamics can be modelled [268, 86, 237, 118]. As we shall see, even in the
case of tractable likelihood estimates, estimating probabilities of constraint violation is highly
non-trivial, and necessitates integration over the violation set. By settling for being able to
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just sample, we enable the usage of a much richer model class, increasing the flexibility of the
method.
A sampling-based planning method with a rich model class gives us two important things.

Firstly, we may incorporate safety constraints or uncertainty information in the cost and
change the behavior at inference time. Secondly, we are able to sample from a complex distri-
bution over trajectories given action sequences, which ensures diversity in behavior. We have
however not explicitly optimized for diversity in this case. For model-free methods diver-
sity needs to be handled more explicitly. Indeed, many works have introduced information-
theoretic approaches for maximizing diversity in the online setting [94, 309] or distances in
trajectory statistics [359]. As we have highlighted before, diversity is important for creative
problem solving, however, the resulting diverse behavior still needs to be reasonable by some
metric. Zahavy et al. [359] pinpoint this quality-diversity tradeoff problem, and proposed
a constrained problem, with constraints on the value of the learned policies to ensure that
each skill has a guaranteed performance level. This is achieved by continuous adjustment
of Lagrange multipliers based on constraint violation. However, the online setting is rather
forgiving, since all estimates can be computed with samples from the current policy. The
question remains if the quality-diversity tradeoff can be controlled in the ofÒine setting of
learning from demonstrations, in the absence of a reward function and expert actions. In
Chapter 6 we frame this problem as diversity maximization under f -divergence constraints
between state occupancy distributions of the policies and the demonstration. For the diver-
sity objective, wepick the lower boundon themutual informationbetween states and a latent
z variable, which leads to the introduction of a skill discriminator. We show how this prob-
lem, by clever use of Fenchel duality [95, 270], can be mapped to a dual problem of learning
a value function, which maps back to the primal solution of state-action occupancy ratios.
This will allow us to estimate all the necessary objectives ofÒine, resulting in an algorithm
that similarly balances Lagrange multipliers controlled by violation levels.

Further Work and Connections
In Part III we discuss further work that is related to the topics of this thesis. Particularly, an
alternative way of learning from demonstrations without access to expert actions is taking
an adversarial approach which treats the policy as the generator and learns a discriminator to
distinguish between policy samples and demonstration samples, which is the topic of Chap-
ter 7. Usage of the Wasserstein GAN loss [14] will prove to be useful in order to extract
fine-grained rewards. This can again be seen as a distribution matching problem between
the demonstration state occupancy and the policy state occupancy. Surprisingly, with a few
imperfect demonstrations which are given by moving the robot unactuated through the air,
the policy is able to extract agile movements. When applying domain randomization with

5



CHAPTER 0. INTRODUCTION
PsO

appropriate regularizers to the reward, such as torque and rotation penalties, these policies
transfer well to the real system. In the diversity maximization setting, regularizers can be
treated each as a separate constraint, and the constraint level can be tuned adequately for spe-
cific problems. Taking the approach from Zahavy et al. [359] and extending it to multiple
cosntraints for the sim-to-real setting is the topic of Chapter 8. The distinguishing factor of
these approaches is that, in comparison to Chapter 6, we are allowed online samples in sim-
ulation. Moreover, Chapter 8 relies on the ℓ2 distance between expected successor represen-
tations [75] and the Van der Waalse (VDW) force, enabling the algorithm further control
of the diversity objective. In Chapter 9 we take a step back and consider the general prob-
lem of minimizing cost functions in diverse ways. One can frame this problem as sampling
from the Boltzmann distribution π(x) specified by an energy function, and we assume that
this distribution has multiple modes. However, for complex energy functions this is highly
non-trivial, and it is well known that simulation-basedmethods such asMarkov chainMonte
Carlo (MCMC) struggle with longmixing times [88, 185, 7, 73] in high dimensions without
a good proposal distribution. Additionally, in the absence of samples it is difÏcult to fit π(x),
instead we choose to sample from p̃(x) ∝ p(x)π(x), where p(x) is a Denoising Diffusion
Model (DDM) fitted on iterations of optimization algorithm that minimize a family of cost
functions. Assuming access to the cost function, the reverse process can be guided at infer-
ence time by taking the gradient of E[c(x0)|xt] and modifying the score function, resulting
in samples from p̃(x)which is analogous to classifier-free guidance [139]. This can as well be
seen as a way of constraining the search space of the optimization problem for a specific en-
ergy function to be p(x), and we expect that from the extrapolation capabilities of theDDM
we are able to obtain diverse solutions by capturing modes of π(x).

Overview of this Thesis
In summary, in Part I of this thesis we tackle the problem of imposing structure and con-
straints to the forward pass of a neural network by embedding a combinatorial solver and
proposing an update rule that circumvents the zero-gradient issue, followed by applications
in computer vision and planning. In Part II we propose ways of imposing constraints on
policies in sequential decision-making processes for the ofÒine and online setting, while deal-
ing with the exploration problem and quality-diversity tradeoff. Finally, we outline further
approaches in Part III that are related to these topics and are tackling them from a different
angle. Here we list the main contributions of this thesis with the associated chapters and the
papers that they are based on:

• “Differentiation of BlackboxCombinatorial Solvers” fromVlastelica et al. [334] (Chap-
ter 2), a method for obtaining an informative gradient for combinatorial solvers that

6



CHAPTER 0. INTRODUCTION
PsO

optimize a linear cost function.

• “Optimizing Rank-based Metrics via Blackbox Differentiation” from Rolínek et al.
[271] (Chapter 3), an application of blackbox differentiation to the problem of op-
timizing rank-based metrics.

• “Neuro-algorithmic Policies Enable Fast Combinatorial Generalization” from Vlastel-
ica, Rolínek, andMartius [335] (Chapter 4), an imitation learningmethod that learns
a policy containing a time-dependent shortest path planner in the latent space.

• “Risk-Averse Zero-Order Trajectory Optimization” from Vlastelica et al. [330] (Chap-
ter 5), a method for risk-averse constrained planning with CEM and ensemblemodels.

• “DiverseOfÒine ImitationLearning” fromVlastelica et al. [332] (Chapter 6), a primal-
dual constrained formulation for learning from demonstrations with a mutual infor-
mation diversity objective.

In addition to these contributions, there are several works that have been published in
the context of this thesis, but are not included in the main body of the thesis and are de-
ferred to Part III. These include (i) an adversarial online learning method for learning from
demonstrations [188], (ii) an online algorithm for extracting diverse policies under multiple
constraints [62], (iii) amethod for amortized sampling from a target Boltzmann distribution
based on DDMs [333].
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Statement of Contributions

Table 1: Contribution percentages based on a characterization of what constitutes research work by some
measure.

Paper Scientific
Ideas Implementation Data

Generation Writing

Marin Vlastelica⋆, Anselm Paulus⋆, Vít Musil, Georg
Martius, andMichal Rolínek. “Differentiation of
Blackbox Combinatorial Solvers”. International
Conference on Learning Representations (ICLR),
2020.

30% 50% 40% 25%

Michal Rolínek, Vít Musil, Anselm Paulus,Marin
Vlastelica, Claudio Michaelis, and Georg Martius.
“Optimizing Rank-BasedMetricsWith Blackbox
Differentiation”. IEEE/CVF Conference on Computer
Vision and Pattern Recognition (CVPR), 2020.

10% 30% - 20%

Marin Vlastelica, Michal Rolínek, and Georg
Martius. “Neuro-algorithmic Policies enable Fast
Combinatorial Generalization”. International
Conference onMachine Learning (ICML), 2021.

80% 80% 100% 90%

Marin Vlastelica⋆, Sebastian Blaes⋆, Cristina Pinneri,
and Georg Martius. “Risk-Averse Zero-Order Trajectory
Optimization”. Conference on Robot Learning
(CoRL), 2021.

60% 40% 40% 60%

Marin Vlastelica, Jin Cheng, GeorgMartius and Pavel
Kolev. “OfÒine DiversityMaximization under
Imitation Constraints”. Reinforcement Learning
Conference (RLC), 2024.

50% 90% 20% 70%

Subham Sekhar Sahoo⋆, Anselm Paulus⋆,Marin
Vlastelica, Vít Musil, Volodymyr Kuleshov, and Georg
Martius. “Backpropagation through Combinatorial
Algorithms: Identity with ProjectionWorks”.
International Conference on Learning Representations
(ICLR), 2022.

10% 20% - 25%

Chenhao Li,Marin Vlastelica, Sebastian Blaes, Jonas
Frey, Felix Grimminger, and Georg Martius. “Learning
Agile Skills via Adversarial Imitation of Rough Partial
Demonstrations”. Conference on Robot Learning
(CoRL), 2023.

40% 5% 0% 40%

Jin Cheng,Marin Vlastelica, Chenhao Li, Pavel Kolev
and Georg Martius. “Learning Diverse Skills for Local
Navigation underMulti-constraint Optimality”. IEEE
International Conference on Robotics and Automation
(ICRA), 2023.

20% 5% 0% 25%

Marin Vlastelica, Tatiana López-Guevara, Kelsey
Allen, Peter Battaglia, Arnaud Doucet, and Kimberley
Stachenfeld. “Diffusion Generative Inverse Design”.
SPIGMWorkshop @ International Conference on
Machine Learning (ICML), 2023.

80% 100% 100% 80%
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We feel free because we lack the very language to articulate
our unfreedom.

Slavoj Žižek 1
Background

In this chapter we lay the foundations necessary for understanding the rest of this thesis by
taking a journey through various optimization problems and techniques for their solution.
We start off by the general formulation of a constrained optimization problem (Section 1.2)
followed by the practice of optimizing deep neural networks in Section 1.2.1. After the basic
concepts, we tackle the concept of duality (Section 1.2.2) and its appearance in Linear Pro-
grams (LPs). We then transition into the special case of combinatorial problems where the
optimizationdomain is a discrete set (Section 1.2.4) and the nature of the loss landscapewhen
we optimize a combinatorial problem, which is again a special case of the broader problem of
differentiating through argmin (Section 1.3). For the last part, we define the field of RL (Sec-
tion 1.4), which consists of advanced optimization techniques for dealing with sequential
decision making problems, primarily dealing with the non-existence of a direct gradient of
the objective. Interestingly, the duality concepts from Section 1.2.2 also appear in RL, lead-
ing to interesting primal-dual problem formulations that are relevant for this thesis. Finally,
we connect the field ofMPCwith RL, and introduce a zero-order optimizationmethod that
we will make use of at a later point (Section 1.5.3).1.1 AWord on Notation
In this thesis, in order to avoid cluttering the notation, we will sometimes omit the domain
of a function, and assume that it is the whole spaceRn, we will oftentimes drop the domain
of optimization if it isRn or the probability simplex, which should be clear from the context.
If a function is used in a context where the domain is not clear, we will explicitly state it, if
it is used without arguments, then the function is treated an operator that acts on the whole
space. Occasionally we will use the notation∇f to denote the gradient of a function f with
respect to its arguments, when there is no ambiguity. Thenotation∇xf will beusedwhenwe
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want to explicitly state the gradient with respect to x. We adhere to the standard convention
that all standalone vectors are considered to be column vectors. All functions are assumed
to be from the family of continuous differentiable functions, unless stated otherwise. For
the objective function of an optimization problem, we will use the notation ℓ, for the cost
function we will use c, and for the reward function we will use R. With 〈x, y〉 we denote
the dot-product between two vectors, x and y, on the other hand, we write just xy for their
element-wise product, which is short-form for the Hadammard product x � y. The same
applies for function vectors, in particular, given probability densities p(x) and q(y|x) we
have that their joint distribution can be written simply as p � q in functional vector form.
Furthermore, Ep[f(x)] may be written as 〈p, f〉. We extend these notions from vectors to
matrices, for given matricesA andB, we will overload the vector notation 〈A,B〉 so that
it denotes their “dot-product”, moreover,A �B denotes their element-wise Hadammard
product, andA � v a Hadammard product between a matrix and a vector that broadcasts
across columns for v and rows for v⊤ (this operation is also commutative).1.2 Optimization
The field that subsumes most of the methods used in this thesis is optimization. In the most
general form, we are interested in finding the minimum of an objective function ℓ with re-
spect to some parameters θ, perhaps subject to a set of constraints.

Problem 1.2.1 (Constrained Optimization Problem).A constrained optimization problem
is defined as

min
x∈F

ℓ(x)

s.t. gi(x) ≤ 0, i ∈ I,
hj(x) = 0, j ∈ E ,

(1.1)

where I and E are the index sets of inequality and equality constraints, ℓ is the objective
function andF is the optimization domain. With hi and gi we denote the respective equality
and inequality constraint functions.

The feasible set of the optimization problem is defined as the set of allx that satisfy the con-
straints and lie in the optimization domain. Oftentimes, we drop the optimization domain
from the notation, since it is assumed to be the whole spaceRn, and any further constraints
are defined by the inequality and equality constraints. In this thesis we will encounter opti-
mizationproblemswhere the optimizationdomain is a discrete set, or the probability simplex.
Inmost of deep learning, the feasible set isRn, and the objective function is a continuous dif-
ferentiable function ℓ : Rn → R that works well for gradient-based optimization methods.
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In its most basic form gradient descent is the update rule

θt+1 = θt − α∇ℓ(θt), (1.2)

where α is the learning rate and θt function parameters. For training purposes in deep learn-
ing, we make use of minibatch Stochastic Gradient Descent (SGD), where we sample a subset
of the data and compute the gradient on this subset. Denoting with xi the data points and
yi regression targets, the minibatch SGD update rule is

θt+1 = θt − α∇
1

B

B∑

i=1

ℓ(θt, xi, yi), (1.3)

whereB is the batch size. This can be interpreted as a Monte Carlo estimate of the expected
loss gradient, where the expectation is taken over the data distribution p(x, y). In practice
however, more sophisticated optimizationmethods are used, such as Adam [158], RMSProp
or AdaDelta [360] which make use of momentum and variance terms for adaptive learn-
ing rate scaling. Minibatch SGD circumvents the problem of computing the average on the
whole dataset, which is expensive both in terms of computation andmemory, since gradients
need to be either stored or recomputed.1.2.1 Optimization of Neural Networks
All of the methods used in this thesis are based on neural networks, which are a class of mod-
els that are inspired by the human brain. Except this rather vague analogy, it is better to view
them as function approximators which are composed of a series of transformations. In the
early days of deep learning, the transformations used were mostly afÏne followed by non-
linear activation functions. Nowadays, the architectures of deep neural networks transcend
any such definition, with the introduction of convolutional layers, recurrent layers, atten-
tion mechanisms, residual connections and many more modifications. However, the basic
principle of computing the gradient of the loss with respect to the parameters of the network
remains the same, and it relies on the well-known chain rule of differentiation. Here we state
the multi-variate version of the chain rule, which is the basis of backpropagation, for com-
pleteness.

Definition 1.2.1 (Chain Rule of Differentiation). Let f : Rn → R
m and g : Rm → R

p be
two functions, then the chain rule states that the Jacobian of the composition is given by

∇(g ◦ f)(x) = Jg(f(x))Jf (x), (1.4)

where Jf (·) and Jg(·) are the Jacobian matrices of f and g, respectively.
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This naturally extends to the case where we have a composition of several functions, as is
the case in neural networks. We may note one important thing, in order to compute the gra-
dient with respect to x, we need to have the Jacobian of the function at that point. For the
casewhere p = 1, the Jacobian Jg(f(x)) is simply the gradient∇g(f(x))⊤, which effectively
means that obtaining the gradient of the composition is equivalent to taking vector-Jacobian
products, starting from last function transformation (output layer) and propagating the gra-
dients backwards. Automatic differentiation libraries such as PyTorch [13] and JAX [42]
allow us to compute these gradients efÏciently by keeping track of the computation graph
and applying the chain rule in reverse order. (i.e. starting from the loss and propagating the
gradients backwards), also known as reverse-mode automatic differentiation. The algorithm
that does this is known as backpropagation, and it is the cornerstone of training deep neural
networks. The efÏciency of backpropagation comes from the fact that the Jacobian com-
putation is a result of elementary operations that re-use the function values computed dur-
ing the forward pass. A good reference for understanding backpropagation in more detail
is Goodfellow et al. [112]. An alternative would be forward-mode automatic differentiation
that starts building up the Jacobian from the input, which would be more efÏcient for func-
tionswith large output dimensionality and a small input dimensionality (not the case in deep
learning). The most intuitive way to understand the computation tradeoff between forward
and reverse-mode automatic differentiation is to consider that the computation of matrix
products vary in complexity based on the dimensions of the matrices. Consider matrices
A ∈ R

m×n ,B ∈ R
n×p andC ∈ R

p×1, the complexity of computing the productABC

from right-to-left is O(mn + np), on the other hand, computing the product from left-to-
right isO(mnp+mp), which is less efÏcient ifm� n,m� p.
We can also notice that based on the chain rule, a Jacobian consisting of zeros in the

chain results in a zero-gradient. Such is the case if there is a transformation that is piecewise-
constant. One simple example of this are ReLU activations f(x) = max(0, x), which are
zero for all negative inputs. Let us define a single layer of a neural network withWx + b,
W being the weight matrix and b the bias term, the i-th ReLU activation is therefore

ai(x,W , b) = max(0,W i,·x+ bi).

The expression for the i-th row of Ja(W ; x, b), which corresponds to the gradient w.r.t. the
i-th row ofW is

Ji,·a (W ; x, b) = ReLU(W i,·x+ bi)x.

Once aReLUunit is zero, the gradient w.r.t. the respectiveweight vector is zero, and a section
of the network is effectively turned off, i.e. cannot be updated anymore. The issue that we
will address in Chapter 2 is in this way similar, since using a combinatorial solver as network
layer effectively results in a zero gradient of all of the parameters that precede it.
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The concept of duality is a fundamental concept in constrained optimization which often-
times enables us to transform a seemingly hard problem into a more manageable one. We
start by observing that the general form from Problem 1.2.1 can be relaxed, by defining the
Lagrangian function

Definition 1.2.2 (Lagrangian).The Lagrangian function for the optimization problem
Problem 1.2.1 is defined as

L(x, λ, ν) = ℓ(x) +
∑

i∈I
λigi(x) +

∑

j∈E
νjhj(x), (1.5)

where λ ≥ 0 and ν are the Lagrange multipliers for the inequality and equality constraints,
respectively.

A simple way to imitate the hard constraints is the maximization of the Lagrangian over
the Lagrange multipliers, i.e. we can reformulate Problem 1.2.1 as

inf
x

sup
λ,ν

L(x, λ, ν). (1.6)

This is also known as the primal problem. The interpretation here is that for a particular
x, we are maximizing the Lagrangian with respect to the Lagrange multipliers, meaning that
if we have that a certain constraint is violated, then the inner maximization will result in an
infinite value. Assume for example that gi(x) > 0 (constraint is violated), then we simply set
λi = ∞ in order to achieve infinite cost. This primal problem is, however, a hard problem
to solve. We may instead consider the unconstrained minimization over x, which yields the
Lagrange dual function.

Definition 1.2.3 (Lagrange Dual Function).The Lagrange dual function is defined as

q(λ, ν) = inf
x

L(x, λ, ν). (1.7)

It is easy to check that Definition 1.2.3 is a concave function, since it is the pointwise in-
fimum of afÏne functions. Furthermore, we have that the dual function is a lower bound
on the optimal value of the primal problem since, by definition, at a feasible point x̃ the in-
equality constraints become≤ 0. On the other hand, the Lagrangian for an arbitrary feasible
point is the upper bound of the dual function, while lower bounding the original loss ℓ.

q(λ, µ) ≤ L(x̃, λ, µ) ≤ ℓ(x̃). (1.8)

Now, we are equipped to define the Lagrange dual problem.
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Definition 1.2.4 (Lagrange Dual Problem).The Lagrange dual problem is defined as

sup
λ,ν

q(λ, ν) = sup
λ,ν

inf
x

L(x, λ, ν)

s.t. λ ≥ 0.
(1.9)

This dual problem is a convex optimization problem, even if the original primal problem
is not convex, since The sup is taken over a concave objective and we have a convex inequality
constraint. Indeed, eq. (1.9) and eq. (1.6) do not necessarily yield the same optimal value, for
smoothL, we have that the dual problem is a lower bound on the primal, also known as the
weak duality theorem.

Theorem 1.2.1 (Weak Duality). Let x∗ be a feasible solution to the primal problem and
(λ∗, µ∗) be a feasible solution to the dual problem, then

ℓ(x∗) ≥ q(λ∗, µ∗). (1.10)

The difference ℓ(x∗)− q(λ∗, µ∗) is called the duality gap.

A stronger result is the strong duality theorem, which states that under certain conditions,
such as convexity of the primal problem, and the existence of a feasible solution, the duality
gap is zero.

Theorem 1.2.2 (Strong Duality). If the primal problem is convex and has a feasible solution,
and the Lagrange dual problem has a feasible solution, then

ℓ(x∗) = q(λ∗, µ∗). (1.11)

Conjugate Functions

A useful tool when dealing with the dual problem and the Lagrange dual function is the
Fenchel conjugate.

Definition 1.2.5. Let f : Rn → R, then the Fenchel conjugate of f is defined as

f ∗(y) = sup
x∈Rn

〈x, y〉 − f(x) (1.12)

An immidiate consequence of the Fenchel conjugate is that f(x) + f ∗(y) ≥ 〈x, y〉. The
Fenchel conjugate is a useful tool in deriving the dual problemof a convex optimization prob-
lem, as it allows us to express the dual problem in terms of the conjugate of the objective
function. In the special case if f is a convex function, then f ∗∗ = f , moreover we have
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that f(x) + f ∗(y) = 〈x, y〉. The graphical intuition of the conjugate function is that for a
particular normal vector y of the hyperplane passing through the origin, it gives us the maxi-
mum distance of that hyperplane to the function f , this is achieved for a point x that lies on
the hyperplane 〈y, x〉 = f ∗(y), which is tangent to f . In the function f is not convex, the
conjugate function is still convex, since it is a pointwise supremum of afÏne functions.
To better understand the conjugate function, it’s useful to consider the epigraph of a func-

tion f .

Definition 1.2.6.The epigraph of a function f : Rn → R is defined as

epi(f) = {(x, t) | f(x) ≤ t}. (1.13)

It is easy to verify that the epigraph is a convex set if f is a convex function. We also have
the useful property that epi(f ∗∗) is the best convex approximation of epi(f). If f ∗∗ = f

holds, then we also have the useful property

∇xf
∗(y) = argmax

x

〈x, y〉 − f(x). (1.14)

Furtheremore, for a minimizer y∗ of f ∗, we have that x∗ = ∇f ∗(y∗) is a minimizer of f .1.2.3 Linear Programming
An important class of optimization problems that are the basis of understanding more com-
plex optimization problems such as combinatorial problems are linear programs. There is a
rich theory of linear programming, and it is a well studied field in optimization [41, 72, 34,
200].

Problem 1.2.2 (Linear Program).A linear program is an optimization problem of the form

min
x

〈w, x〉
s.t. Ax− b ≥ 0

(1.15)

wherew is the cost vector,A is thematrix of inequality constraints, b is the vector of inequal-
ity constraint values, and x ∈ R

d is the vector of optimization variables.

Problem 1.2.2 is a special case of Problem 1.2.1, where the objective function and the con-
straints are linear. The feasible set for Problem 1.2.2 is a polyhedron P = {x |A− b ≥ 0},
which is the intersection of half-spaces defined by the inequality constraints. The solution to
a linear program is always at the vertex of the polyhedron, which is a consequence of the lin-
earity of the objective function and the constraints. An equivalent problem to Problem 1.2.2
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is the dual problem which is also a linear program, obtained by maximizing the Lagrangian
of the primal problem over the Lagrangemultipliers. For linear program, we have that strong
duality holds, meaning that the optimal values of the primal and dual problem are equal and
there is no duality gap. Based on strong duality, can derive the dual linear program (Prob-
lem 1.2.3).

Problem 1.2.3 (Dual Linear Program).The dual linear program to Problem 1.2.2 is

max
λ

〈b, λ〉

s.t. A⊤λ = w,

λ ≥ 0.

(1.16)

Generalmethods for solving linear programs are the simplexmethod and the interior-point
methods [226]. As we shall see in Section 1.2.4, there are great benefits in viewing combina-
torial optimization problems through the lense of polyhedra in case of linear objective func-
tions and arbitrary constraints over a finite optimization domain.1.2.4 Combinatorial Optimization
The field of combinatorial optimization can verywell be seen as a special case of optimization,
where the feasible set is discrete. A natural framework for viewing combinatorial optimiza-
tion problems is through Integer Programs (IPs).

Problem 1.2.4 (Mixed Integer Program).AMixed Integer Program (MIP) is an optimiza-
tion problem of the form

min
x

ℓ(x)

s.t. gi(x) ≤ 0, i ∈ I,
hj(x) = 0, j ∈ E ,
xk ∈ Z, k ∈ I,
xl ∈ R, l ∈ J,

(1.17)

where ℓ is the objective function, gi and hj are the inequality and equality constraints, I and
J are the index sets of integer and real variables, respectively.

If we remove the real variables from theMIP, we obtain a pure IP.
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Definition 1.2.7 (Integer Program).An IP is a problem of the form

min
x

ℓ(x)

s.t. gi(x) ≤ 0, i ∈ I,
hj(x) = 0, j ∈ E ,
x ∈ Z

d,

(1.18)

where ℓ is the objective function, gi and hj are the inequality and equality constraints.

In this thesis we won’t deal with general IPs. The form of the combinatorial problem that
is of particular interest in this thesis is for the case where the objective is linear as a function
of a cost vectorw ∈ R

d, and the feasible set is an arbitrary discrete set Y , i.e.

min
y∈Y
〈w, y〉. (1.19)

The cost c(w, y) = 〈w, y〉 is continuously differentiable with respect to w, moreover we
have that at the solution point∇wc(w, y∗) = y∗. For convenience, we defined this argmin
problem as the mapping y : Rn → Y . It is clear that any function of y(w) is going to be
piecewise constant with respect tow, since the solution is discrete, hence the true gradient is
zero everywhere except on the jumps between solution surfaces.
As w → 0, the solution y(w) becomes less robust to perturbations of w. Indeed, within

an ε-ball around w = 0, we can obtain any solution y ∈ Y . This requires special care,
since any type of update rule for w can result in a drastic change in the solution y, causing
instabilities in the optimization process.
For our purposes, we will be interested in the behavior of the mapping y(w) asw changes.

In order to gain intuition on this, it is useful to look at the combinatorial problem geometri-
cally from amaximization perspective, which is equivalent to doing a substitutionw = −w′,
wherew′ is a utility(reward) vector. Suppose that the set Y = {yi}ni=0 consists of n feasible
solutions, now we ask ourselves the question of when does a specific y1 maximize the util-
ity r(w, y) = −c(w, y) = 〈w′, y〉. The obvious answer is that yi maximizes the utility if
〈w′, yi〉 ≥ 〈w′, yj〉 for all j 6= i. Wemay arrange this statement into a more compact matrix
form for the case of i = 1, 



〈w′, y1〉
〈w′, y1〉

...
〈w′, y1〉


 ≥




〈w′, y2〉
〈w′, y3〉

...
〈w′, yn〉


 . (1.20)
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Rearranging the terms, we obtain,



〈w′, y1 − y2〉
〈w′, y1 − y3〉

...
〈w′, y1 − yn〉


 ≥




0
0
...
0


 . (1.21)

Each row of the matrix on the LHS, is a hyperplane with normal vector y1 − yk, passing
through the origin. This system of linear inequalities define a specific polyhedron for each
yi, which we may call the solution polyhedron for y1. In general, we specify a polyhedron P
as the intersection of half-spaces, P = {x |Ax ≤ b}, whereA is a matrix of normal vectors
of the half-spaces. A closed polyhedron is also called a polytope, and it is the convex hull of
a finite number of points. From this perspective, it is not surprising that polytopes and poly-
hedra appear ubiquitously in combinatorial optimization problems, many solutions to such
problems are in essence reductions to linear programming problems [226]. A useful analogy
is that of countries on amap, where the borders are the hyperplanes defined by eq. (1.21), the
polyhedra are the countries, and the points are the country capitals (the actual solutions yi).
A 2D example is provided in Figure 1.1, where the shaded regions with respective colors are
the “countries” and the points are the “capitals”.
Let us ruminate on the implications of the polyhedra defined by eq. (1.21) regarding any

updates of the utility vectorw′. Suppose that for a particularw′, the solution y(w′) is y1. In
order to change the solution to yk, we need to move w′ to the polyhedron belonging to yk.
Moreover, the displacement ofw′ needs to be proportional to ‖w′‖, since the distance to the
closest polyhedron increases as ‖w′‖ increases. InChapter 2wewill see thatwe can formulate
this displacement as a difference of solutions to the original problem and a problem with a
perturbed cost vector. Perturbing the cost vector by some function f(y) is the equivalent of
shifting the bounds of the polyhedra, with the regions that relatively have more cost starting
to shrink, allowing another solution to become optimal (the one that relatively incurs the
least additional cost f(y)). This intuition is aligned with the method that we will propose in
Chapter 2 for end-to-end training of neural networks with combinatorial layers.

Examples of Combinatorial Optimization Problems

For illustration purposes, we will now present some examples of combinatorial optimization
problems that satisfy the form of eq. (1.19).

Example 1.2.1 (Shortest PathProblem).Wecan embed the shortest pathproblem in the form
of eq. (1.19) by defining the cost vector w ∈ R

n as the weights of n edges or n vertices of a
graph, and the set Y = {0, 1}n acts as an indicator vector of the selected edges or vertices.
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Figure 1.1: Thepoints are discrete solutions yi embedded inR2, the shaded regions are the polyhedra defined
by the inequalities eq. (1.21). Once the utility vectorw′ is chosen, the solution y(w′) is the point that belongs
to the shaded region wherew′ is located.

Moreover, the members of the set Y satisfy the constraints of the shortest path problem, i.e.
the selected edges or vertices form a path from the source to the target node.

Example 1.2.2 (Travelling Salesman Problem). Similarly to Example 1.2.1, we have Y =
{0, 1}n, where n is the number of edges or vertices in the graph. While the cost vector w is
the weights of the edges or vertices, the constraints are that the selected edges or vertices form
a cycle that visits each vertex exactly once, as per definition of the classical TSP problem.

Example 1.2.3 (Ranking Problem).The ranking problem is defined as finding the permuta-
tion of a set of items that sorts them based on their cost in ascending order. The cost vector
w is the weights of the items, and the set Y = Πn is the set of all permutations of the items.

It is not immediately obvious that Example 1.2.3 is an argmin problemwhich satisfies the
form eq. (1.19), i.e. that the cost c(w, y) is linear. However, as we shall see, by a clever applica-
tion of the permutation inequality we may formulate Example 1.2.3 into eq. (1.19). We will
see several applications of this in Chapter 3 for optimizing rank-based metrics in computer
vision problems.
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Figure 1.2: An example of a TSP problem, where the points are the cities and the lines are the connections
between the cities. The goal is to find the shortest path that visits each city exactly once (highlighted in blue).1.2.5 Convex Optimization
An important class of optimization problems are convex optimization problems due to their
simplicity. Let us begin with an understanding of what it means for a function to be convex.

Proposition 1.2.3 (Line Segment Criterion). A function f : Rn → R, f ∈ C1 is convex if
for all x, y ∈ R

n and λ ∈ [0, 1] we have

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y). (1.22)

I.e. the line segment between any two points on the graph of the function lies above the
graph. Further we have the criterion on the tangent lines of the function.

Proposition 1.2.4 (Tangent Line Criterion). A function f : Rn → R, f ∈ C1 is convex if
for all x, y ∈ R

n and λ ∈ [0, 1] we have

f(y) ≥ f(x) +∇f(x)⊤(y − x). (1.23)

If the function is twice differentiable, then we have the second-order condition for convex-
ity, which states that the Hessian of the function is positive semi-definite.

Proposition 1.2.5 (Hessian Criterion). f : Rn → R, f ∈ C2 is convex if for all x ∈ R
n we

have
∇2f(x) � 0. (1.24)
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More general notions exist for the case where the function is not differentiable but only
sub-differentiable. A convex problem is defined as an optimization problemwhere the objec-
tive function and the constraints are convex. For convex problems, the local minimum is also
a global minimum, and strong duality (Theorem 1.2.2) holds under mild conditions, mean-
ing that the optimal values of the primal anddual problemare equal. For the constrained case,
we have necessary and sufÏcient conditions for optimality, the Karush-Kuhn-Tucker (KKT)
conditions [230, 41].
For convex functions f , we also have that the conjugate function f ∗ is convex, and the

conjugate of the conjugate is the original function, f ∗∗ = f .

Examples of Conjugate Functions

Here we list some examples of conjugate functions that are frequently used, amongst ones
that are important for the work in this thesis. Their proofs can be found in standard convex
analysis textbooks, such as Boyd and Vandenberghe [41].

Proposition 1.2.6. The conjugate of the indicator function of a convex set C is the support
function of the setC .

Proposition 1.2.7. The conjugate of the afÏne function f(x) = 〈a, x〉+ b is

f ∗(y) =

{
−b if y = a

∞ otherwise.
(1.25)

Proposition 1.2.8. The conjugate of f(x) = ‖x‖1 is

f ∗(y) =

{
0 ‖y‖∞ ≤ 1

∞ otherwise.
(1.26)

In fact, we can write this equivalently for any p-norm.

Proposition 1.2.9. The conjugate of the ‖x‖p norm is

f ∗(y) =

{
0 ‖y‖p∗ ≤ 1

∞ otherwise,
(1.27)

where ‖ · ‖p∗ is the dual norm of ‖ · ‖p.
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Conjugate Functions of f -divergences

In machine learning, we care about similarity measures between probability distributions, a
useful class of such measures are the f−divergences.

Definition 1.2.8. Letf be a convex function, then thef -divergence between twoprobability
distributions of joint support p and q is defined as

Df (p||q) = E
q

[
f

(
p(s)

q(s)

)]
. (1.28)

It is not a surprise that f -divergence regularized objective are ubiquitous inmachine learn-
ing, since they provide a way to introduce soft constraints into the optimization problem, for
which the optimum can be found in closed form. The tool for achieving this is the conjugate
function of the f -divergence.

Proposition 1.2.10 (f -Divergence Conjugate [221]). The conjugate of the f -divergence
Df (x||q) at a function y(s) = p(s)

q(s)
is given by

D∗,f (y) = E
q
[f ∗(y(s))] . (1.29)

Furthermore, the minimizer satisfies

p∗(s) = q(s)∇f ∗(y(s)). (1.30)

An important special case of the f -divergence is the KL-divergence, which is the f -
divergence with f(x) = x logx. Notably, the reverse KL divergence has f(x) = − log(x).

Definition 1.2.9. The KL-divergence between two probability distributions p and q is de-
fined as

DKL(p ‖ q) = E
p

[
log
(
p(s)

q(s)

)]
. (1.31)

A convenient fact regarding the KL-divergence is that its conjugate is obtainable in closed
form, which does not in general hold for all f -divergences.

Proposition 1.2.11 (KL-DivergenceConjugate [221]). Let y(s) = p(s)
q(s)

. The conjugate of the
KL-divergence is

D∗,KL(y) = logE
q

[
ey(s)

]
. (1.32)
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We will extensively make use of this when obtaining an ofÒine skill discovery algorithm
in Chapter 6. This closed form expression for the conjugate is only obtainable for the KL
divergence from the class of f -divergences, which is also why we base our algorithm around
this divergence in Chapter 6. For an illuminating perspective on the f -divergences and their
use in reinforcement learning, we refer the reader to Belousov and Peters [29] and Nachum
and Dai [221].
It is also worth considering the setting where we have the regularized optimization prob-

lem,

Problem 1.2.5 (KL-regularizedMinimization).

inf
p∈∆(S)

−〈p, f〉+ βDKL(p ‖ q), (1.33)

where we areminimizing an objective that is an expectation of f(s), regularized by the KL
divergence. The optimal solution to this problem has a closed form [244, 227, 109, 167].

Proposition 1.2.12 (Optimal Solution to KL-regularized Minimization). For q and p with
equal support, Problem 1.2.5 has the optimal solution

p∗(x) =
1

Z
q(x) exp

f(x)

β
, (1.34)

whereZ is the normalizing constant.1.3 Gradients through Argmin
Embedding optimization problems in neural networks has become a popular approach in
recent years. Several works such as Burges [47], Finn, Abbeel, and Levine [97], Rajeswaran
et al. [256], Bai, Kolter, and Koltun [17], and Chen et al. [60] have utilized different tech-
niques. As an example,Model-Agnostic Meta-Learning (MAML) [97] is a a meta-learning
algorithm that learns an initialization of a predictor such that it can quickly adapt to new
tasks with a few gradient steps, which is an approximate argmin operation. The most naive
approach to learn the parameters of the meta-learner is to unroll the optimization process
and compute the gradients through the argmin operation. This is first of all very costly in
terms of computation, secondly it is not always possible to compute the gradients through
the argmin operation without very prohibitive assumptions. Other approaches such as Bai,
Kolter, and Koltun [17] rely on the implicit function theorem, with which they circumvent
the need to compute the gradients through the unrolled or relaxed optimization problem.
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Theorem 1.3.1: Implicit Function Theorem

Let f : Rn × R
m → R

m be a continuously differentiable function, and let
f(x0, y0) = 0. If the Jacobianoff with respect toy is invertible at (x0, y0), then there
exists a neighborhood of x0 and a function g : Rn → R

m such that f(x, g(x)) = 0
for all x in the neighborhood.

1.3.1 Differentiating a Fixed-Point Solver
Wewill now proceed with an important example, for the case of an argmin operation formu-
lated as a fixed-point iteration procedure, which is the main idea behind Deep Equilibrium
Models (DEMs) [17]. The fix point iteration is defined as

xt+1 = f(w, xt), (1.35)

where f is a function that depends on the parameters w and the previous iterate xt. The
goal is to learn the parameters w such that the fixed-point iteration converges to the desired
solution. The fix point of the function f is defined as the point where x∗ = f(w, x∗), so we
can write this as

x∗ = argmin
x

ℓ(w, x)

ℓ(w, x) = ‖x− f(w, x)‖2.
(1.36)

Assuming that the fix point exists and is unique, wemay apply the implicit function theorem
to obtain the gradient of the fix point with respect tow, that is, by Theorem 1.3.1, there exists
a differentiable mapping x∗ : Rn → R

n such that x∗ = x∗(w). First of all, consider that

g(x∗(w), w) = f(x∗(w), w)− x∗ = 0. (1.37)

Taking the derivative of this equation on both sides with respect tow we obtain

∂0f(x
∗(w), w)∂wx

∗(w) + ∂1f(x
∗(w), w)− ∂wx∗(w) = 0. (1.38)

By rearranging the terms, we obtain the gradient of the fix point with respect tow as

∂wx
∗(w) = (I− ∂0f(x∗(w), w))−1

∂1f(x
∗(w), w). (1.39)

In reverse-mode automatic differentiation, we are interested in computing vector-Jacobian
products, multiplying by the vector v on both sides and taking the transpose we obtain

∂wx
∗(w)⊤v = ∂1f(x

∗(w), w)⊤ (I− ∂0f(x∗(w), w))−⊤
v. (1.40)
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What can cause problems in this expression is the inversion of (I− ∂0f(x∗(w), w)). How-
ever, if we define

g := (I− ∂0f(x∗(w), w))−⊤
v, (1.41)

we find that g is the solution to an afÏne fixed point iteration

g = ∂0f(x
∗(w), w)⊤g + v. (1.42)

In this way, the inversion of (I− ∂0f(x∗(w), w)) never needs to occur, rather we can rely
on solving eq. (1.42). In general, Theorem 1.3.1 is a powerful tool for obtaining gradients
through argmin operations, however, it is useless for the case where we have a combinatorial
solver as a layer in the network, since the resulting objective is piecewise constant, and the
Jacobian is zero. Nevertheless, it is interesting that in Chapter 2, solving amodified optimiza-
tion problem on the backward pass is as well a key step in obtaining an informative update
direction for the case of combinatorial layers.1.3.2 Dealing with Piecewise-Constant Objectives
As we have argued before, for problems of the form eq. (1.19), the objective is piecewise con-
stant with respect to the parameters w. One way of dealing with this is to use zero-order
methods for optimization of w, however, due to the curse of dimensionality [36, 202, 112],
this is not feasible in practice. If we use the solver as a layer in the network, the parameters
w are the result of a projection ϕ(x), where ϕ is a neural network. Neural networks are
parametrized by billions of parameters, which are impossible to sample and evaluate many
times, rendering zero-order methods infeasible. Another approach might be to use finite dif-
ferences to estimate the gradient∇wℓ(y(w)). For demonstration purposes, assume that we
have Y = {0, 1}d, hence w ∈ R

d. We may sample a random vector ε ∈ R
n from a noise

distribution, and compute the finite difference estimate as

∇wℓ(y(w)) ≈
[
ℓ(y(w + ε1))− ℓ(y(w))

‖ε1‖
, . . . ,

ℓ(y(w + εd))− ℓ(y(w))
‖εd‖

]
. (1.43)

Here, εi is the ε vector with exactly one non-zero element at the i-th position. This requires
us to evaluate the objective function d+1 times, which is computationally expensive since it
involvesd+1 invocations of the combinatorial solver. Moreover, the finite difference estimate
is noisy, and the choice of ε is crucial for the quality of the estimate, in order to obtain a
steepest descent direction. Without any priors built into the choice of ε, we would need to
sample many different noise vectors, i.e. the computation cost in terms of number of solver
invocations is (d+1)×n, wheren is the number of perturbation samples. Sincemany solvers
that we want to use are solving problems that are NP -hard, this is not feasible in practice.
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As we will see in Chapter 2, it is enough to have 2 evaluations of the combinatorial solver in
order to obtain a descent direction that is informative enough for optimization, moreover,
no sampling is necessary.1.4 Reinforcement Learning
ThefieldofRL ismainly concernedwith theproblemof sequential decisionmaking, however
it has its roots in neuroscience and the dopaminergic system of the brain [289, 231], traced
back to the early findings of Pavlov [243]. Given an agent modelled through a policy π that
interacts with the world, the goal is to find a policy that maximizes the cumulative return. In
order to model this interaction, the concept of aMarkov Decision Process (MDP) is central.

Definition 1.4.1: Markov Decision Process (MDP)

AMarkov Decision Process (MDP) is a tupleM = (S, ρ0,A,P , R, γ)where,

• S is the set of states,

• A is the set of actions,

• P : S ×A× S → [0, 1] is the transition probability function,

• R : S ×A → R is the reward function,

• γ ∈ [0, 1] is the discount factor.

• ρ0 : S → [0, 1] is the initial state distribution.

Section 1.4 defines a fully observable MDP, meaning that the states s ∈ S are fully ob-
servable to the agent after executing an action a ∈ A in the environment. Here, the rule
of choosing the action given state s is defined by a policy mapping π : S → A. In general,
we are interested in the performance of this policy given a specific reward function R and
transition function P , which we write as the expected discounted return

J (π) = (1− γ)E
[

T∑

t=0

γtR(st, at)

]
. (1.44)

Here, T is the time horizon of the episode, which can be finite or infinite. We are seeking the
optimal policy, i.e.

π∗ = argmax
π

J (π). (1.45)
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The expectation eq. (1.44) is a non-trivial objective to optimize, as it involves the interaction
of the agent with the environment, which is often unknown.
Equation (1.44) allows us to define the return of the policy when starting from a state s,

which we have in the form of a value function

Definition 1.4.1 (State Value Function (V )).The value function of a policy π is defined as

V π(s) := E

[
T∑

t=0

γtR(st, at) | s0 = s, at ∼ π(·|st), st+1 ∼ P(·|st, at)
]
. (1.46)

As per this definition, we immediately see the connection between V π(s) and J(π),

J (π) = (1− γ) E
s0∼ρ0(s)

[
V π(s0)

]
(1.47)

It is easily verifiable that the value function satisfies the convenient recursive relation

V π(s) =
∑

a∈A
π(a|s)

[
R(s, a) + γ

∑

s′∈S
P(s′|s, a)V π(s′)

]
. (1.48)

This is known as the Bellman equation, and it is a fundamental equation in reinforcement
learning. Similarly, we have the state-action value function, also known as the Q-function.

Definition 1.4.2 (State-ActionValue Finction (Q)).TheQ-function of a policy π is defined
as

Qπ(s, a) = R(s, a) + γ
∑

s′∈S
P(s′|s, a)V π(s′). (1.49)

Similarly to Definitions 1.4.1 and 1.4.2, the optimal state value function and the optimal
state-action value function can be defined as

Definition 1.4.3 (Optimal Value Function).The optimal value function is defined as

V ∗(s) = max
π
V π(s). (1.50)

Definition 1.4.4 (Optimal Q-function).The optimal Q-function is defined as

Q∗(s, a) = max
π
Qπ(s, a). (1.51)
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We may restate the optimization problem in eq. (1.45) in terms of the value function, as
the optimal policy is the one that maximizes the value function,

π∗ = argmax
π

V π(s) ∀s ∈ S. (1.52)

Or, more succinctly, the optimal policy is the one that maximizes the optimal Q-function

π∗(s) = argmax
a∈A

Q∗(s, a) ∀s ∈ S, a ∈ A. (1.53)

For our purposes, it will be also useful to define the notion of the Bellman operator.

Definition 1.4.5 (Bellman Operator).The Bellman operator T π : R|S| → R
|S| is defined

as
T πV = Rπ + γPπss′V, (1.54)

whereRπ is the reward vector, andPπss′ is the transition matrix induced under the policy π.

One can show that the Bellman operator is a contraction mapping [27], and hence has a
unique fixed point, which is the value function of the policy π. Similarly, the optimal value
function is the fixed point of the Bellman operator induced by the optimal policy.
Given a policy π, we may define the state occupancy measure, which is the probability of

being in a state s under the policy π.

Definition 1.4.6 (State Occupancy Measure).The state occupancy measure of a policy π is
defined as

dπ(s) := (1− γ)
∞∑

t=0

γtPr
[
st = s | s0 ∼ ρ0, at ∼ π(·|st), st+1 ∼ P(·|st, at)

]
, (1.55)

which is useful to express the discounted return in amore compact form, namelyJ (π) =∑
s d

π(s)R(s) = Edπ(s)[R(s)], in case of the reward function being action-dependent as
well, we may define the state-action occupancy measure as dπ(s, a) = dπ(s)π(a|s) and
equivalently define the discounted return as J (π) =

∑
s∈S d

π(s, a)R(s, a). In function
space, this is a simple dot-productJ (π) = 〈dπ, R〉. Note that dπ(s) is a proper probability
distribution, as it sums to one over all states and actions. It may be understood as how often
does the agent visit a particular state-action pair, discounted by the γ factor. This viewpoint
will prove to be useful in Chapter 6, for deriving an ofÒine algorithm for discovering diverse
policies. Most importantly, the state occupancy measure satisfies the so-called Bellman flow
constraint.
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Definition 1.4.7 (Bellman FlowConstraint).Aproper state occupancymeasure dπ satisfies
the Bellman flow constraint if

dπ(s) = (1− γ)ρ0(s) + γ
∑

s′∈S

∑

a∈A
dπ(s′, a′)P(s|s′, a′). (1.56)

Definition 1.4.7 states how much probability mass is flowing into a state s from other
states, and how much is coming from the initial state distribution ρ0. Moreover, dπ(s) is
the single unique solution of eq. (1.56). If we define the transpose (adjoint) policy transition
operatorPπ∗ as

Pπ∗ d(s) =
∑

s′∈S

∑

a′∈A
dπ(s′, a′)P(s|s′, a′), (1.57)

equivalently, when acting on state-action occupancies, we have

Pπ∗ d(s, a) = π(a|s)
∑

s′∈S

∑

a′∈A
dπ(s′, a′)P(s|s′, a′). (1.58)

This gives us the notion of howmuch density “flows” into the current state from the future
when applying policy π. We may re-write the Bellman flow constraint in operator form as

dπ = (1− γ)ρ0 + γPπ∗ dπ. (1.59)1.4.1 Extracting an Optimal Policy
Since we know that the value function is the fixed point of the Bellman operator, wemay use
this to derive iterative algorithms for finding the value function of a specific policy π, which
we call policy evaluation. Herewe describe some tractable algorithms for finite-dimensionsS
andA, also known as tabular algorithms, some of which rely on the fact that we can replace
the expectationswith sums, exactly. All the following algorithms canbe seen as an application
of eq. (1.54).

Definition 1.4.8 (Tabular Policy Evaluation).Given a policy π, we may evaluate its value by
iterating with the Bellman operator, from an initial guess V π

0 ,

V π
i+1(s) = E

π(a | s)
P(s′ | s,a)

[
R(s, a) + γV π

i (s
′)
]
, ∀s ∈ S. (1.60)

A key point in eq. (1.60) is that we can compute the expectation tractably. In case this is
not possible, one can rely on the error incurred in the value estimate when taking action a,
this is also called Temporal Difference (TD) learning.
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Definition 1.4.9 (TD(0) Learning).Given a policy π, we observe the transition (s, a, s′)
and apply the update rule

V π
i+1(s) = V π

i (s) + α
[
R(s, a) + γV π

i (s
′)− V π

i (s)
]
, (1.61)

where α is the learning rate.

The term R(s, a) + γV π
i (s

′) − V π
i (s) is also known as the Temporal Difference error

which closely resembles the activity in dopaminergic neurons, that fire in response to unex-
pected rewards [289]. The question is however, if we don’t haveQ∗ but ratherQπ (equiva-
lently for V ∗ and V π) from an arbitrary policy, can we obtain a better policy than π? The
answer is yes, as shown by Theorem 1.4.1.

Theorem 1.4.1: Policy Improvement Theorem

Let π be a policy and V π be its corresponding state-value function. Define a new
policy π′ such that, for every state s ∈ S ,

π′(s) = argmax
a

E
s′∼P(s′|s,a)

[
R(s, a) + γV π(s′)

]
.

Then the policy π′ is at least as good as policy π, i.e.,

V π′

(s) ≥ V π(s) for all s ∈ S.

WhatTheorem1.4.1 tells us is that, bymaximizing the state-action value functionQπ(s, a)
with policy π′, we obtain an improved or at least as good of a policy as π. Leveraging this, we
may introduce an improvement step in conjunction to eq. (1.60), which is the basis of most
reinforcement learning algorithms [312]. If we don’t have an explicit policy, but we define
it implicitly through a maximization of Q with an initial guess of the value function at a
random V0, we arrive to the value iteration algorithm [27, 293].

Definition 1.4.10 (Value Iteration Update).With initial guess V0, value iteration performs
the update

Vi+1(s) = max
a

E
P(s′ | s,a)

[
R(s, a) + γVi(s

′)
]
, ∀s ∈ S. (1.62)

In the limit of infinite updates, this converges to the optimal value function V ∗.

Naturally, value iteration is only possible if we have access toR and P . Here the policy is
not given explicitly, but can be extracted by maximizingQ∗(s, a), which is obtainable from
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V ∗(s) and R. If we lift the requirement of knowing P to just receiving samples from the
environment, and modify the hard update by a learning rate, we would arrive to the well-
known Q-learning algorithm [341].

Definition 1.4.11 (Q-Learning). Following an ε-greedy policy and starting from an initial
guessQ0, we perform the update

Qk+1(s, a) = Qk(s, a) + α
[
R(s, a) + γmax

a′
Qk(s

′, a′)−Qk(s, a)
]
. (1.63)

An ε-greedy policy either takes a random action with probability ε or maximizes the Q
value (acts greedily). This update rule is off-policy, since the action taken at s′ is not ε-greedy,
but rather amaximizer ofQk at s′. A surprising fact is thatQk converges toQ∗with probabil-
ity 1, although relying on the bootstrap update. We state the theorem here for completeness,
while a proof can be found in anyRL textbook or the original work fromWatkins andDayan
[341].

Theorem 1.4.1 (Convergence of Q-Learning [341]). The update rule from eq. (1.63) con-
verges toQ∗ with probability 1, if the following conditions on the learning rate hold.

∞∑

t=0

αt(s, a) =∞,
∞∑

t=0

α2
t (s, a), ∀s ∈ S, a ∈ A

To obtain an on-policy update from eq. (1.63), onemust simply remove themaximization
of Qk at s′ and act according to the ε-greedy policy. This would lead us to an update rule
such as State Action Reward State Action (SARSA) [312].
At their core, most deep reinforcement learning algorithms are particular instantiations of

the above-mentioned update rules, coupled with approximation.1.4.2 Duality in Reinforcement Learning
The notion of duality, as we have introduced it in Section 1.2.2 appears in RL as well, There
are two equivalent formulations ofJ (π),

J (π) = (1− γ) E
s0∼ρ(s)

a0∼π(a|s0)

[Q(s0, a0)] = E
s,a∼dπ(s,a)

[R(s, a)]. (1.64)

One is making use of the initial distribution ρ0 and Q, the other is a reward R(s, a) and
occupancy dπ(s, a).
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J (π) can be obtained by solving the optimization problem, also known as theQ-LP [221],
J (π) = min

Q
(1− γ) E

s0∼ρ0(s)
a0∼π(a|s0)

[Q(s0, a0)] (1.65)

s.t. Q(s, a) ≥ R(s, a) + γPπQ(s, a), (1.66)
∀s ∈ S, a ∈ A. (1.67)

The optimalQ∗ = Qπ, theQ function of policy π. Pπ is the transition operator under the
policy π which has an appropriate adjoint(transpose) operator Pπ∗ . The dual of this LP on
the other hand has the form

J (π) = max
d≥0

∑

s∈S

∑

a∈A
d(s, a)R(s, a) (1.68)

s.t. d(s, a) = (1− γ)ρ0(s)π(a | s) + γPπ∗ d(s, a) (1.69)
∀s ∈ S, a ∈ A. (1.70)

Here, the optimal d∗ is the state-action occupancy dπ.
A particular duality relationship that we are interested in is the case where an f -divergence

appears in the objective, consider the policy evaluation problem

max
d
−Df (d ‖ dt) s.t. d = (1− γ)ρ0 + γPπ∗ d, (1.71)

where the constraint enforces that the distribution d is a valid occupancy distribution under
the policy π in∆(S × A) and dt is some target occupancy distribution. Applying Fenchel
duality yields the unconstrained dual problem [221],

min
Q

(1− γ)〈ρ0 � π,Q〉+ γ〈dt, f∗(γPπQ−Q)〉, (1.72)

where f∗ is the conjugate of the f -function in the f -divergence. Moreover, we may obtain
the importance ratios of the state-action occupancy measure that minimizes the divergence
as

d∗(s, a) = dt(s, a)f ′
∗(γPπQ(s, a)−Q(s, a)). (1.73)

As we shall see, in Chapter 6, this dual problem is a key component in deriving an ofÒine
algorithm for skill discovery. It allows us to make use of Definition 1.4.12 in order to cor-
rect for the difference in the state-action occupancy measure of the policy π and the target
distribution.
The previous problem does not take into consideration the reward function, but just tries

to match the state-action occupancy measures. Instead, consider the following primal prob-
lem,

max
d
〈d,R〉 −Df (d ‖ dt) s.t. d = (1− γ)ρ0 + γPπ∗ d. (1.74)
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Unsurprisingly, this type of problem is ubiquitous throughout the RL field, but also beyond
it has gained traction, for example in use-cases of RLHF [64] and DPO [252] in LLM fine-
tuning.
Applying Fenchel duality and following the results in f -divergence conjugates from Sec-

tion 1.2.5, we obtain the dual problem

min
Q

(1− γ)〈ρ0 � π,Q〉+ γ〈dt, f∗(R + γPπQ−Q)〉. (1.75)

Specifically, for the case of the oftenusedKLdivergence, theunconstrainedproblembecomes

min
Q

(1− γ)〈ρ0 � π,Q〉+ γ log〈dt, exp(R + γPπQ−Q)〉. (1.76)

Here the exp is an element-wise exponential and� denotes the column-wiseHadammard
product, i.e. ρ0 � π is a matrix of |S| × |A| elements. While the problem from eq. (1.68)
is overconstrained, the following dual of the V-LP problem is not, and its solution yields an
optimal policy occupancy for rewardR(s, a).

J (π) = max
d≥0

∑

s∈S

∑

a∈A
d(s, a)R(s, a) (1.77)

s.t.
∑

a

d(s, a) = (1− γ)ρ0(s0) + γT ∗d(s) (1.78)

∀s ∈ S. (1.79)

Note that the dependency on a policy in the constraint is removed, and we only con-
sider state-action occupancies. As it turns out, regularizing eq. (1.77) with an f -divergence
Df (d||dt) yields an unconstrained dual learning problem

min
V

(1− γ)〈ρ0, V 〉+ γ log〈dt, exp(R + γT V − V )〉, (1.80)

which we can map back to the primal occupancy solution d by

d(s, a) = dt(s, a)softmaxdt(R(s, a) + γT V (s)− V (s)). (1.81)

We will make use of this formulation when deriving a constrained ofÒine skill discovery
algorithm in Chapter 6, where the dt will be an expert occupancy distribution.
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In complex environments, tabular methods on which we enumerate all possible states, ac-
tions and their products in order to find π∗ are infeasible. Hence, we resolve to approximate
solution methods, which involve some form of gradient optimization. Policy gradient meth-
ods are a class of algorithms that directly optimize parameters θ of the policy π in order to
find π∗. However, estimating the gradient of the objective function in eq. (1.44) is not trivial,
since the direct gradient with respect to θ is not available. Fortunately, there is a way to esti-
mate the gradient of J (π), without having direct access toR and P , this is what the Policy
Gradient Theorem [312] provides us with.

Theorem 1.4.2: Policy Gradient Theorem

Let πθ be a differentiable policy, dπ the state-action occupancy measure and Qπ the
state-action value function induced by π. The gradient of the expected return is given
by

∇θJ (πθ) = ∇θ

∑

s∈S
dπ(s)

∑

a∈A
Qπ(s, a)πθ(a | s)

∝
∑

s∈S
dπ(s)

∑

a∈A
Qπ(s, a)∇θπθ(a | s).

(1.82)

Intuitively, the policy gradient theorem tells us that, in order to improve the policy π, we
should move the parameters θ in the direction of the action likelihood gradient weighted by
the state-action value function, i.e. the better the action is, the more we should move θ in
that direction. This still however requires us to have access to the state-action value function,
whichmay be hard to estimate in practice. Theorem 1.4.2 is the basis of many so-called actor-
critic algorithms, such as PPO [287], Advantage Actor-Critic (A2C) [213] and Soft Actor-
Critic (SAC) [126], which involve both learning the policy and the value function simulta-
neously. Actor-critic methods can be seen as an instance of approximateDynamic Program-
ming (DP), where the we have an approximate policy evaluation step, and an approximate
policy improvement step.1.4.4 Off-Policy Methods
In order to obtain good estimates of the gradient in Theorem 1.4.2, we need to sample from
the state-action occupancy measure dπ. This is obtainable normally by rolling out the pol-
icy in the environment, if we have access to it. In fact, Q(s, a) may be estimated simply by
running many rollouts of the policy and doing a Monte Carlo estimate of the expected dis-
counted return by taking the average. If we base our estimates on the same policy that we
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are trying to optimize, we are said to be on-policy. However, this is prohibitively expensive
in many cases, as we may not have access to the environment, or the environment may be
too costly to run (such as a robot in the real world). Therefore, it is of great interest to learn
from data generated from different policies, also known as off-policy learning. A prime ex-
ample of off-policiness is the usage of experience replay in order to leverage past experiences
in the learning process [3], which is by now a key component of most online reinforcement
learning algorithms. The motivation for utilizing experience replay already stems from neu-
roscience, where studies have shown that the brain replays experiences during awake resting
and sleep [16, 234], and numerous “versions” have been suggested in the literature for cre-
ating additional off-policy data [12, 199]. Moreover, further evidence has suggested that all
experience is not the same and that the brain prioritizes certain experiences over others [300],
similarly, multiple forms of distribution correction have been introduced by re-weighting the
data [282]. As is visible from Theorem 1.4.2, we take the expectation of the weighted gradi-
ent over dπ(s), which is the state-action occupancy measure of the policy π. If we have a
behavioral policy πb that generates the data, we may use importance sampling [25, 210] to
correct for the difference in the state-action occupancy measure.

Definition 1.4.12 (Importance Sampling). Let f(x) be a function, and p(x) and q(x) be
two distributions, then the expectation of f(x) under p(x) can be estimated by sampling
from q(x). The estimate is given by

E
p(x)

[f(x)] = E
q(x)

[
p(x)

q(x)
f(x)

]
. (1.83)

It takes a simple re-weighting of the samples to correct for the difference in the state-action
occupancy measure, meaning that we can take expectations with respect to dπ even if we
only have samples from dπb . However, this requires us to be able to evaluate the importance
ratio dπ(s)

dπb (s)
. Chapter 6 shows an application of this technique in the context of ofÒine skill

discovery, for the case where we have access to only to an un-normalized likelihood, a self-
normalized version may be utilized.

Definition 1.4.13 (Self-Normalized Importance Sampling ). Suppose that for samples xi
from q(x), we have access to the un-normalized likelihood p̃(xi). LetWi = p̃(xi)

q(xi)
be the

importance ratio, then the self-normalized importance sampling estimate of the expectation
of f(x) under p(x) is given by

E
p(x)

[f(x)] =
∑

i

[
Wi∑n

i=1Wi

f(x)

]
. (1.84)
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Since in most cases the transition density P is unknown, the agent needs to obtain samples
in order to obtain good estimates of the policy gradient and the value function. In the most
basic problem setting, the agent starts with no knowledge of the environment, and gradually
collects samples in order to gain more insight. This gives rise to the exploration-exploitation
tradeoff, where the agent needs to balance between exploiting the current knowledge and ex-
ploring new regions of the state-action space. As a result, simple optimization of eq. (1.44)
may lead to suboptimal policies. Many methods have introduced ways to encourage explo-
ration,mostly in the formof an additional reward term such as the entropyof thepolicy [126],
use of intrinsic rewards [242] or epistemic uncertainty [330]. InChapter 5we investigate the
usage of epistemic uncertainty in a zero-order trajectory optimization setting that increases
the sample efÏciency of learning the dynamics model.1.5 Model Predictive Control
MPC is a another class of algorithms that are used to solve the problem of optimal sequential
decision making, mostly relying on the availability of a model of the system. With the as-
sumption of having a goodmodel, MPCmethods have shown to be very effective in practice,
and are still widely used. Although continuous formulations exist [261], wewill focus on the
discrete-time case, which ismore relevant for thework in this thesis. Supposewehave amodel
of the system dynamics f(s, a), we may write the non-stochastic discrete-time dynamics as

st+1 = f(st, at). (1.85)

We are searching for a sequence of actions {ai}Hi=0 for timesteps t to t+H that minimize
the accumulated cost over the horizonH . This problem can be formulated as aminimization
problem subject to dynamics constraints and initial condition for initial state s0 = s̄.

min
a0...aH

H∑

i=0

c(si, ai) + cterm(sH+1)

s.t. si+1 = f(si, ai), i = 0, . . . , H.

s0 = s̄.

(1.86)

the cost function c is a function of the state and action, and cterm is the terminal cost func-
tion. Note that we are optimizing over both sequences of actions and states, however, the
sequence of states needs to be consistent with the dynamics of the system. If we take the
planning horizonH to be infinite, we obtain the infinite-horizon optimal control problem,
and for particularly simple systems, this can be solved in closed form. An example of this is
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the Linear Quadratic Regulator (LQR), where we have linear dynamics of states and actions,
and quadratic cost functions. For LQR the solution is a linear feedback controller (policy),
which is a functionof the state [189]. Wemayof course re-write eq. (1.86) in terms of a reward
functionR and optimal value V ∗ as

max
a0...aH

[
H∑

i=0

R(si, ai) + V ∗(sH+1)

]

s.t. si+1 = f(si, ai), i = 0, . . . , H

s0 = s̄

(1.87)

This problem is somewhat equivalent to the problem

max
π

V π(s0)

s.t. si+1 = f(si, ai), i = 0, . . . , H

s0 = st.

(1.88)

where the policy π is a function of the state, and the value function V π is the expected return
of the policy as per Definition 1.4.1. Whereas MPC approaches account for the dynamics
function f in the constraints of the optimization problem, RL approaches either learn the
transition kernel (model-based) or learn the policy directly (model-free) by interacting with
the environment, with the goal of estimating the value function V π and the policy π. In fact,
one well-known approach to solving theMPC problem is DP [33], and RL can be seen as an
instance of approximate DP where the value function is approximated by samples from the
environment [32].1.5.1 Exact Dynamic Programming
Exact DPmethods are approaches to solving theMPCproblem by solving the Bellman equa-
tion (1.48). In this regard, there is little difference to theRLproblem, as the goal is to estimate
the value function V π, or, equivalently in the control literature, the value function would be
called the cost-to-go. The fundamental ideas underlyingDP and eq. (1.48) stem from the prin-
ciple of optimality. Although in the control literature one adopts the cost terminology, it is
analogous to the reward in RL.

Definition 1.5.1 (Principle of Optimality). Let {a∗0 . . . a∗N−1} be the optimal sequence
of actions with the corresponding state sequence {s∗0 . . . s∗N}. Then, the subsequence
{a∗k . . . a∗N−1} is also optimal for the subproblem starting from state s∗k,

J∗(s∗k) = min
ak...aN−1

N−1∑

i=k

c(si, ai) + cterm(sN). (1.89)
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The sub-problem in Definition 1.5.1 is also referred to as the tail subproblem. This means
that in order to solve a problem of length N , we may solve the tail subproblems in a back-
wards manner, starting from the last state. This is only possible if the dynamics are known,
and the problem is deterministic. We would need to construct a sequence of optimal cost-to-
go functions J∗

k (s), starting from the last stepN andworking backwards to 0. In the control
literature, J∗

k (s) is also known as the optimal cost-to-go at state s for time k. Immediately it is
clear that except needing a gooddynamicsmodel, this approach is only feasible for small prob-
lems, where a good approximation of J∗

k (s) can be obtained in a reasonable amount of time.
Whereas exact DP methods require solving each subproblem to optimality, which requires
exact estimate of J∗

k (s), approximate DP methods only require an approximate estimate of
J∗
k (s) [32].1.5.2 DifÏculties in Naive Optimization

Onemain difÏculty that plaguesMPC is system identification, which is the process of obtain-
ing amodel of the systemdynamics (transition kernel) f . Inmany cases, even if a goodmodel
can be obtained for the system, this leads to a difÏcult non-convex optimization problem
which is hard to solve efÏciently, since most methods rely on first and second-order approxi-
mations resulting in a series of Quadratic Programs (QPs) [189]. Since the MPC effectively
provides us with an implicit policy that at each environment step needs to solve the optimiza-
tion problem to provide an action, this is computationally very restrictive. However, MPC
has successfully been used in a teacher-student setup, where a closed-loop policy is distills the
MPC policy, resulting in more computational efÏciency [265]. Furthermore, the dynam-
ics in these cases may not be differentiable, meaning that even solving the problem locally is
difÏcult. In the case of rigid body dynamics, the dynamics are non-differentiable due to the
presence of contact forces at the contact points. Modeling these problems results in tedious
MIPs that are difÏcult to solve fast to optimality [276, 292]. For many applications, it is
critical that the systems are controlled in real-time, allowing little room for latency such as in
autonomous driving or autonomous robots.
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Previously we have considered optimization approaches that make use of first order infor-
mation. Oftentimes, gradients are expensive to compute, are not available because themodel
is a black-box function or, as we have seen, not informative since the function is piecewise
constant. In these cases one can take the approach of sampling, i.e. zero-order optimization,
in which we sample from a proposal distribution p(x; θ) and evaluate each sample with the
cost we are optimizing. The CEM [274] is an example of such an approach. The idea is to
maintain a probability distribution p(x; θ) over the space of candidate solutions, and itera-
tively refine this distribution in order to pinpoint the optimal solution. The refinement step
involves taking statistics of ”elite” solutions, i.e. the top k samples according to some cost
ℓ, and maximizing the likelihood of these samples under the distribution p. If the distribu-
tion p is simple enough, we can compute theMaximumum Likelihood Estimation (MLE)
parameters θ in closed form. Assuming a multivariate normal distribution with mean µ and
covarianceΣ, the refinement step reduces to computing the sample mean and covariance of
the elite samples which is simply given by

µnew =
1

k

k∑

i=1

xi,

Σnew =
1

k − 1

k∑

i=1

(xi − µnew)(xi − µnew)⊤.
(1.90)

We give a simple description of CEM in Algorithm 1, where we run the algorithm for T
iterations or the convergence criterion is met. The convenient thing about the algorithm
is that we don’t need any additional information about the cost function, we just need to
be able to invoke it on a sample xi in order to sort out the “elite” samples. Going back to
our discussion about MPC approaches and convex optimization, we may replace expensive
computations of Jacobianmatrices andHessian approximations with simple sampling, since
CEM is a general optimizer.
The form that will be particularly of interest for us, and is the standard formulation for

MPC, is when we want to solve an argmin problem over a sequence of actions {ai}Hi=0 for
a specific planning horizon H . If we have access to the reward function R and transition
density P , without ever needing the explicit gradient of the objective function, which is the
approximation to the expected return. However, this comes at a cost of needing to callP in
an autoregressive fashion to sample trajectories and evaluate them with R. Such ideas have
already been introduced in data-driven algorithms, where an approximate model of P , fθ,
is learned based on data obtained from the environment and subsequently used to estimate
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Algorithm 1 Cross-EntropyMethod (CEM)
1: Initialize population sizeN , elite fraction ρ, and iteration limit T
2: Initialize parameter distribution θ (e.g., mean µ and covarianceΣ)
3: for t = 1 to T do
4: SampleN candidate solutions {x1, x2, . . . , xN} from distribution p(x; θ)
5: Evaluate each candidate xi using the objective function ℓ(xi)
6: Sort candidates by ℓ(xi) in descending order
7: Select the top ρ×N candidates as elites
8: Update distribution parameters θ
9: if convergence criteria met then
10: break
11: return the best solution found

the expected return of a sequence of actions [65, 247, 330] in order to obtain elite particles
for refinement of p. In comparison to model-free RL methods, the sources of approxima-
tion here are the approximate model and the truncatedMonte Carlo (MC) estimate of the
expected return. Chapter 5 deals with introducing a risk-sensitive version of CEMwith con-
straints, in order to continuously improve the model of the system dynamics by guiding the
exploration towards regions of the state-action space that are not well understood, while still
being risk-averse at evaluation time.
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“You are very harsh.”
“I have seen the world.”

Voltaire, Candide 2
Differentiation of Blackbox

Combinatorial Solvers

This chapter is based on the work “Differentiation of Blackbox Combinatorial Solvers” [334].
We introduce an update rule for differentiating through blackbox solvers that optimize linear
cost functions, with validating experiments on shortest path, min-cost perfect matching and trav-
eling salesman problems. The core idea behind the update rule is to construct a piecewise linear
interpolation of the objective and taking its gradient. The linearity of the surrogate objective is
controlled by a hyperparameter λ.

2.1 Motivation
In this chapter we introduce a technique for incorporating specific classes of combinatorial
solvers into differentiable architectures by deducing an “informative” update direction of
the parameters, which is different than the actual gradient. The toolbox of popular methods
in computer science currently sees a split into two major components. On the one hand,
there are classical algorithmic techniques from discrete optimization – graph algorithms,
SAT-solvers, integer programming solvers – often with heavily optimized implementations
and theoretical guarantees on runtime and performance. On the other hand, there is the
realm of deep learning allowing data-driven feature extraction as well as the flexible design
of end-to-end architectures. The fusion of deep learning with combinatorial optimization
is desirable both for foundational reasons – extending the reach of deep learning to data
with large combinatorial complexity – and in practical applications. These often occur for
example in computer vision problems that require solving a combinatorial sub-task on top
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of features extracted from raw input such as establishing global consistency in multi-object
tracking from a sequence of frames.
The fundamental problem with constructing hybrid architectures is differentiability of

the combinatorial components. State-of-the-art approaches pursue the following paradigm:
introduce suitable approximations ormodifications of the objective function or of a baseline
algorithm that eventually yield a differentiable computation. The resulting algorithms are
often sub-optimal in terms of runtime, performance and optimality guarantees when com-
pared to their unmodified counterparts. While the sources of sub-optimality vary from exam-
ple to example, there is a common theme: any differentiable algorithm in particular outputs
continuous values and as such it solves a relaxation of the original problem. It is well-known
in combinatorial optimization theory that even strong and practical convex relaxations in-
duce lower bounds on the approximation ratio for large classes of problems [253, 317] which
makes them inherently sub-optimal. This inability to incorporate the best implementations
of the best algorithms is lacking.

Input (e.g. image)

NN layers / convolutions Blackbox combinatorial solver

learned
representation

Loss

solver
output

more NN layers
 (optional)

?

Figure 2.1: Architecture design enabled by Theorem Theorem 2.4.1. Blackbox combinatorial solver embed-
ded into a neural network.

Wepropose amethod that, at the cost of one hyperparameter, implements a backward pass
for a blackbox implementation of a combinatorial algorithm or a solver that optimizes a linear
objective function. This effectively turns the algorithm or solver into a composable building
block of neural network architectures, as illustrated in figure 2.1. Suitable problems with
linear objective include classical problems such as shortest-path, traveling-salesman
(TSP), min-cost-perfect-matching, various cut problems as well as entire frameworks
such as integer programs (IP), Markov random fields (MRF) and conditional random fields
(CRF).
The main technical challenge boils down to providing an informative gradient of a piece-

wise constant function. To that end, we are able to heavily leverage the minimization struc-
ture of the underlying combinatorial problem and efÏciently compute a gradient of a contin-
uous interpolation. While the roots of the method lie in loss-augmented inference, the em-
ployed mathematical technique for continuous interpolation is novel. The computational
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cost of the introduced backward pass matches the cost of the forward pass. In particular, it also
amounts to one call to the solver.
In experiments, we train architectures that contain unmodified implementations of the

following efÏcient combinatorial algorithms: general-purpose mixed-integer programming
solver Gurobi [124], state-of-the-art C implementation of min-cost-perfect-matching
algorithm–BlossomV [165] andDijkstra’s algorithm [85] for shortest-path. Wedemon-
strate that the resulting architectures train without sophisticated tweaks and are able to solve
tasks that are beyond the capabilities of conventional neural networks.2.2 Related Work

Multiple lines of work lie at the intersection of combinatorial algorithms and deep learning.
We primarily distinguish them by their motivation.

Motivated by applied problems. Even though computer vision has seen a substantial
shift from combinatorial methods to deep learning, some problems still have a strong combi-
natorial aspect and require hybrid approaches. Examples includemulti-object tracking [288],
semantic segmentation [58], multi-person pose estimation [248, 304], stereomatching [161]
and person re-identification [355]. The combinatorial algorithms in question are typically
Markov random fields (MRF) [59], conditional random fields (CRF) [206], graph match-
ing [355] or integer programming [288]. In recent years, a plethora of hybrid end-to-end
architectures have been proposed. The techniques used for constructing the backward pass
range from employing various relaxations and approximations of the combinatorial problem
[59, 367] over differentiating a fixed number of iterations of an iterative solver [241, 321, 196]
all the way to relying on the structured SVM framework [323, 59].

Motivated by “bridging the gap”. Building links between combinatorics and deep learn-
ing can also be viewed as a foundational problem; for example, [24] advocate that “com-
binatorial generalization must be a top priority for AI”. One such line of work focuses on
designing architectures with algorithmic structural prior – for example by mimicking the
layout of a Turing machine [310, 329, 119, 120] or by promoting behavior that resembles
message-passing algorithms as it is the case in Graph Neural Networks and related architec-
tures [280, 190, 24]. Another approach is to provide neural network building blocks that
are specialized to solve some types of combinatorial problems such as satisfiability (SAT)
instances [339], mixed integer programs [96], sparse inference [229], or submodular maxi-
mization [322]. A related mindset of learning inputs to an optimization problem gave rise
to the “predict-and-optimize” framework and its variants [90, 79, 204]. Some works have
directly addressed the question of learning combinatorial optimization algorithms such as
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the traveling-salesman-problem in [28] or its vehicle routing variants [225]. A recent
approach also learns combinatorial algorithms via a clustering proxy [344].
There are also efforts to bridge the gap in the opposite direction; to use deep learningmeth-

ods to improve state-of-the-art combinatorial solvers, typically by learning (otherwise hand-
crafted) heuristics. Some works have again targeted the traveling-salesman-problem
[166, 82, 28] as well as otherNP -Hard problems [191]. Also, more general solvers received
some attention; this includes SAT-solvers [290, 291], integer programming solvers (often
with learning branch-and-bound rules) [152, 18, 105] and SMT-solvers (satisfiability mod-
ulo theories)[19].

2.3 What is a Solver?

We consider solvers of the form argmin
y∈Y c(w, y) as per eq. (1.19), where c(w, y) is some

cost function of w and y. Note that, in the general case, the form of this cost function can
be arbitrarily complex and there might be no efÏcient algorithm for computing the optimal
solution y(w). Now,we restrict ourselves to the casewhere the cost function c(w, y) is linear,
i.e.

c(w, y) = 〈w, ϕ(y)〉 forw ∈ W and y ∈ Y (2.1)

in which ϕ : Y → R
N is an injective representation of y ∈ Y in RN . For brevity, we omit

the mapping ϕ and instead treat elements of Y as discrete points inRN . This definition of a
solver with linear cost might seem trivial, however note that it has no assumptions on the set of
constraints or on the structure of the output space Y .

2.4 Solver Differentiation

The task to solve during back-propagation is the following. We receive the gradient dL/dy of
the global loss Lwith respect to solver output y at a given point ŷ = y(ŵ). We are expected
to return dL/dw, the gradient of the loss with respect to solver inputw at a point ŵ.
Since Y is finite, there are only finitely many values of y(w). In other words, this function

ofw is piecewise constant and the gradient is identically zero or does not exist (at points of
jumps). This should not come as a surprise; if one does a small perturbation to edge weights
of a graph, one usually does not change the optimal TSP tour and on rare occasions alters it
drastically. This has an important consequence:
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Figure 2.2: Continuous interpolation of a piecewise constant function. (a) fλ for a small value of λ; the
set Wλ

eq is still substantial and only two interpolators g1 and g2 are incomplete. Also, all interpolators are
0-interpolators. (b) fλ for a high value of λ; most interpolators are incomplete and we also encounter a δ-
interpolator g3 (between y1 and y2) which attains the value f(y1) δ-away from the setP1. Despite losing some
local structure for high λ, the gradient of fλ is still informative.i

Remark 2.4.1

The fundamental problem with differentiating through combinatorial solvers is not
the lack of differentiability; the gradient exists almost everywhere. However, this gra-
dient is a constant zero and as such is unhelpful for optimization.

Let us consider the linearization f of L at the point ŷ. Then for

f(y) = L(ŷ) +
dL
dy

(ŷ) · (y − ŷ) we have
∂f
(
y(w)

)

∂w
=
∂L

∂w
(2.2)

and therefore it sufÏces to focus on differentiating the piecewise constant function f
(
y(w)

)
.

However, the function f
(
y(w)

)
is a result of a minimization process and it is known that

for smooth spaces Y there are techniques for such “differentiation through argmin” [283,
278, 98, 87, 11, 10]. It turns out to be possible to build – with different mathematical tools
– a viable discrete analogy. In particular, we can efÏciently construct a function fλ(w),
a continuous interpolation of f

(
y(w)

)
, whose gradient we return (see Figure 2.2). The

hyper-parameter λ > 0 controls the trade-off between “informativeness of the gradient” and
“faithfulness to the original function”.
Before we give the exact definition of the function fλ, we formulate several requirements

on it. This will help us understand why fλ(w) is a reasonable replacement for f
(
y(w)

)
and,

most importantly, why its gradient captures changes in the values of f .
iFigure attributed to Vít Musil.
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Property 1. For each λ > 0, fλ is continuous and piecewise afÏne.

The secondproperty describes the trade-off inducedby changing the value ofλ. Forλ > 0,
we define setsW λ

eq andW λ
dif as the sets where f

(
y(w)

)
and fλ(w) coincide and where they

differ, i.e.

W λ
eq =

{
w ∈ W : fλ(w) = f

(
y(w)

)}
and W λ

dif = W \W λ
eq.

Property 2.The setsW λ
dif are monotone in λ and they vanish as λ→ 0+, i.e.

W λ1
dif ⊆ W λ2

dif for 0 < λ1 ≤ λ2 and W λ
dif → ∅ as λ→ 0+.

In other words, Property 2 tells us thatλ controls the size of the set where fλ deviates from
f and where fλ has meaningful gradient. This behaviour of fλ can be seen in figure 2.2.
In the third and final property, we want to capture the interpolation behavior of fλ. For

that purpose, we define a δ-interpolator of f . We say that g, defined on a set G ⊂ W , is a
δ-interpolator of f between y1 and y2 ∈ Y , if

• g is non-constant afÏne function;

• the image g(G) is an interval with endpoints f(y1) and f(y2);

• g attains the boundary values f(y1) and f(y2) at most δ-far away from where
f(y(w)) does. In particular, there is a point wk ∈ G for which g(wk) = f(yk) and
dist(wk, Pk) ≤ δ, where Pk = {w ∈ W : y(w) = yk}, for k = 1, 2.

In the special case of a 0-interpolator g, the graph of g connects (in a topological sense)
two components of the graph of f

(
y(w)

)
. In the general case, δ measures displacement of

the interpolator (see also figure 2.2 for some examples). This displacement on the one hand
loosens the connection to f

(
y(w)

)
but on the other hand allows for less local interpolation

which might be desirable.

Property 3.The function fλ consists of finitely many (possibly incomplete) δ-interpolators
of f on W λ

dif where δ ≤ Cλ for some fixed C . Equivalently, the displacement is linearly
controlled by λ.

In Vlastelica et al. [334] we show that fλ can be defined by considering the value f(y) and
the solution to a perturbed optimization problem

yλ(w) = argmin
y∈Y

{c(w, y) + λf(y)}. (2.3)
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Subsequently, themain result is Theorem 2.4.1 which states the definition of fλ and its prop-
erties.

Theorem 2.4.1: Definition of fλ

Let λ > 0. The function fλ defined by

fλ(w) = f
(
yλ(w)

)
− 1

λ

[
c
(
w, y(w)

)
− c
(
w, yλ(w)

)]
(2.4)

satisfies Properties 1 to 3 defined above.

Theorem2.4.1 is a general resultwhichholds for any solver optimizing a linear dot-product
cost, a detailed proof can be found in Supplementary A and Vlastelica et al. [334]. Since, the
resulting fλ is continuous and differentiable, we may take its gradient, which results in the
update rule

∇fλ(w) = −
1

λ

[ dc
dw
(
w, y(w)

)
− dc
dw
(
w, yλ(w)

)]
= −1

λ

[
y(w)− yλ(w)

]
. (2.5)

What are the implications regarding practical usage of this update rule? First, note that
w may be output of a neural network and y(w) is the output of the solver – meaning that
we may use the solver as a layer in a neural network. The only thing that needs to be modi-
fied is the backward pass, i.e. replacing the 0-gradient resulting from the piecewise-constant
function L(y) in the chain rule. L(y) itself may contain non-trivial differentiable transfor-
mations (e.g. subsquent neural network layers) which are involved in computing∇L(y) via
chain rule.

Algorithm 2 Forward and Backward Pass
function ForwardPass(ŵ)
ŷ := Solver(ŵ) // ŷ = y(ŵ)
save ŵ and ŷ for backward pass
return ŷ

function BackwardPass(dLdy (ŷ), λ)
load ŵ and ŷ from forward pass
w′ := ŵ + λ · dLdy (ŷ)
// Calculate perturbed weights

yλ := Solver(w′)
return∇wfλ(ŵ) := − 1

λ

[
ŷ − yλ

]

//Gradient of fλ at ŵ

The question remains how can we efÏciently compute yλ(w) in eq. (2.3)? The following
Proposition gives the answer.
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Figure 2.3: Example fλ forw ∈ R
2 and λ = 3, 10, 20 (left to right). As λ changes, the interpolation fλ is

less faithful to the piecewise constant f(y(w)) but provides reasonable gradient on a larger set.ii

Proposition 2.4.1

Let ŵ ∈ W be fixed. If we setw′ = ŵ + λdL
dy (ŷ), we can compute yλ as

yλ(ŵ) = argmin
y∈Y

c(w′, y).

Combinining Theorem 2.4.1 and Proposition 2.4.1 we obtain the algorithm for comput-
ing the gradient ofL(y)with respect tow. The resulting algorithm that can be implemented
in an autofiff library (such as PyTorch) is shown in Algorithm 3.
Applying what we have developed so far, observe the transformation of the piecewise-

constant landscape with increasing λ in Figure 2.3.2.5 Experiments
In this section, we experimentally validate a proof of concept: that architectures containing
exact blackbox solvers (with backward pass provided by Algorithm 2) can be trained by stan-
dard methods.

Table 2.1: Experiments Overview.

Graph Problem Solver Solver instance size Input format
Shortest path Dijkstra up to 900 vertices (image) up to 240× 240
Min Cost PM Blossom V up to 1104 edges (image) up to 528× 528

Traveling Salesman Gurobi up to 780 edges up to 40 images (20× 40)

iiFigure attributed to Anselm Paulus
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To that end, we solve three synthetic tasks as listed in table 2.1. These tasks are designed to
mimic practical examples from Section 5.2 and solving them anticipates a two-stage process:
1) extract suitable features from raw input, 2) solve a combinatorial problemover the features.
Thedimensionalities of input andof intermediate representations also aim tomirrorpractical
problems and are chosen to be prohibitively large for zero-order gradient estimationmethods.
We include the performance of ResNet18 [132] as a sanity check to demonstrate that the

constructed datasets are too complex for standard architectures.

Remark 2.5.1

The included solvers have very efÏcient implementations and do not severely impact
runtime. All models train in under two hours on a single machine with 1 GPU and
no more than 24 utilized CPU cores. Only for the large TSP problems the solver’s
runtime dominates.2.5.1 Warcraft Shortest Path

Problem input and output. The training dataset for problem SP(k) consists of 10000
examples of randomly generated images of terrain maps from the Warcraft II tileset [125].
The maps have an underlying grid of dimension k× k where each vertex represents a terrain
with a fixed cost that is unknown to the network. The shortest (minimumcost) path between
top left and bottom right vertices is encoded as an indicator matrix and serves as a label (see
also Figure 2.4). We consider datasets SP(k) for k ∈ {12, 18, 24, 30}. More experimental
details are provided in Supplementary A.4.

In
pu
t →

Label



1 0 · · · 0
1 0 · · · 0
...

... . . . ...
0 0 · · · 1




k × k indicator matrix
of shortest path(a) (b)

Figure 2.4: TheSP(k)dataset. (a) Each input is ak×k grid of tiles corresponding to aWarcraft II terrainmap,
the respective label is a the matrix indicating the shortest path from top left to bottom right. (b) is a different
map with correctly predicted shortest path.

Architecture. An image of the terrainmap is presented to a convolutional neural network
which outputs a k × k grid of vertex costs. These costs are then the input to the Dijkstra
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algorithm to compute the predicted shortest path for the respective map. The loss used for
computing the gradient update is the Hamming distance between the true shortest path and
the predicted shortest path.

Table 2.2: Results for Warcraft shortest path. Reported is the accuracy, i.e. percentage of paths with the
optimal costs. Standard deviations are over five restarts.

Embedding Dijkstra ResNet18
k Train % Test % Train % Test %
12 99.7± 0.0 96.0± 0.3 100.0± 0.0 23.0± 0.3
18 98.9± 0.2 94.4± 0.2 99.9± 0.0 0.7± 0.3
24 97.8± 0.2 94.4± 0.6 100.0± 0.0 0.0± 0.0
30 97.4± 0.1 94.0± 0.3 95.6± 0.5 0.0± 0.0

Results. Our method learns to predict the shortest paths with high accuracy and gener-
alization capability, whereas the ResNet18 baseline unsurprisingly fails to generalize already
for small grid sizes of k = 12. Since the shortest paths in the maps are often nonunique (i.e.
there are multiple shortest paths with the same cost), we report the percentage of shortest
path predictions that have optimal cost. The results are summarized in table 2.2.

2.5.2 Globe Traveling Salesman Problem
Problem input and output. The training dataset for problem TSP(k) consists of 10000
examples where the input for each example is a k-element subset of fixed 100 country flags
and the label is the shortest traveling salesman tour through the capitals of the corresponding
countries. The optimal tour is represented by its adjacency matrix (see also figure 2.5). We
consider datasets TSP(k) for k ∈ {5, 10, 20, 40}.

Architecture. Each of the k flags is presented to a convolutional network that produces k
three-dimensional vectors. These vectors are projected onto the unit sphere inR3; a represen-
tation of the globe. The TSP solver receives a matrix of pairwise distances of the k computed
locations. The loss of the network is the Hamming distance between the true and the pre-
dictedTSP adjacencymatrix. The architecture is expected to learn the correct representations
of the flags (i.e. locations of the respective countries’ capitals on Earth, up to rotations of the
sphere). The employed Gurobi solver optimizes a mixed-integer programming formulation
of TSP using the cutting plane method [205] for lazy sub-tour elimination.

iiiFigure attributed toMichal Rolínek.
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Figure 2.5: The TSP(k) problem. (a) illustrates the dataset. Each input is a sequence of k flags and the
corresponding label is the adjacency matrix of the optimal TSP tour around the corresponding capitals. (b)
displays the learned locations of 10 country capitals in southeast Asia and Australia, accurately recovering their
true position.iii

Table 2.3: Results for Globe TSP. Reported is the full tour accuracy. Standard deviations are over five
restarts.

Embedding TSP Solver ResNet18
k Train % Test % Train % Test %
5 99.8± 0.0 99.2± 0.1 100.0± 0.0 1.9± 0.6
10 99.8± 0.1 98.7± 0.2 99.0± 0.1 0.0± 0.0
20 99.1± 0.1 98.4± 0.4 98.8± 0.3 0.0± 0.0
40 97.4± 0.2 96.7± 0.4 96.9± 0.3 0.0± 0.0

Results. This architecture not only learns to extract the correct TSP tours but also learns
the correct representations. Quantitative evidence is presented in table 2.3, where we see
that the learned locations generalize well and lead to correct TSP tours also on the test set
and also on somewhat large instances (note that there are 39! ≈ 1046 admissible TSP tours
for k = 40). The baseline architecture only memorizes the training set. Additionally, we
can extract the suggested locations of world capitals and compare them with reality. To that
end, we present Figure 2.5b, where the learned locations of 10 capitals in Southeast Asia are
displayed.2.5.3 MNIST Min-cost Perfect Matching
Problem input and output. The training dataset for problem PM(k) consists of 10000
examples where the input to each example is a set of k2 digits drawn from theMNISTdataset
arranged in a k × k grid. For computing the label, we consider the underlying k × k grid
graph (without diagonal edges) and solve amin-cost-perfect-matchingproblem,where
edge weights are given simply by reading the two vertex digits as a two-digit number (we read
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downwards for vertical edges and from left to right for horizontal edges). The optimal perfect
matching (i.e. the label) is encoded by an indicator vector for the subset of the selected edges,
see example in figure 2.6.

Architecture. The grid image is the input of a convolutional neural network which out-
puts a grid of vertex weights. These weights are transformed into edge weights as described
above and given to the solver. The loss function is Hamming distance between solver output
and the true label.

Table 2.4: Results for MNIST Min-cost perfect matching. Reported is the accuracy of predicting an
optimal matching. Standard deviations are over five restarts.

Embedding Blossom V ResNet18
k Train % Test % Train % Test %
4 99.97± 0.01 98.32± 0.24 100.0± 0.0 92.5± 0.3
8 99.95± 0.04 99.92± 0.01 100.0± 0.0 8.3± 0.8
16 99.02± 0.84 99.06± 0.57 100.0± 0.0 0.0± 0.0
24 95.63± 5.49 92.06± 7.97 96.1± 0.5 0.0± 0.0

Results. The architecture containing the solver is capable of good generalizations suggest-
ing that the correct representation is learned. The performance is good even on larger in-
stances anddespite the presence of noise in supervision–often there aremanyoptimalmatch-
ings. In contrast, the ResNet18 baseline only achieves reasonable performance for the sim-
plest case PM(4). The results are summarized in table 2.4.
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


0
1
...
1
0


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(a) (b)
Figure 2.6: Visualization of the PM dataset. (a) shows the case of PM(4). Each input is a 4 × 4 grid of
MNISTdigits and the corresponding label is the indicator vector for the edges in themin-cost perfectmatching.
(b) shows the correct min-cost perfect matching output from the network. The cost of the matching is 348
(46 + 12 horizontally and 27 + 45 + 40 + 67 + 78 + 33 vertically).
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Till now we have dealt with the zero-gradient issue by introducing a principled approach
that returns the gradient of the piecewise linear interpolation, requiring one more extra call
to the solver on the backward pass. Thismethod, whichwenamedBlackbox Backpropagation
(BBBP), computes the gradient w.r.t.w as

∆BBw =
1

λ

(
yλ(w)− y(w)

)
, (2.6)

where yλ(w) is the solution of a perturbed problem.
An alternative approach to avoid the additional call to the solver is to treat the solver as a

negative identity block on the backward pass, we shall call this method Id [277].
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Figure 2.7: Hybrid architecture with blackbox combinatorial solver and Id module (green dotted line) with
the projection of a costw and negative identity on the backward pass.

Consider the case where we have a loss function that provides for each x, y pair a target y∗,
this can be for example the simple ℓ2 loss 1

2
‖y∗ − y(w)‖2 with Y being a subset of {0, 1}n.

For this case, we have the gradient dℓ/dy = y∗ − y(w). Treating the solver as the negative
identity transformation leads to the gradient with respect tow

d
dw 〈w, y∗ − y(w)〉 (2.7)

= y∗ − y(w) (2.8)
= −η dℓ

dy . (2.9)

Let us use∆Iw as shorthand for the Id update. Because of linearity of the cost 〈w, y〉 this
gradient is guaranteed to increase the cost of y(w) relative to y∗, if y∗ 6= y(w).
There is a simple connection of the identity update rule and BBBP. Observe that in

eq. (2.6) we have yλ(w) as the “target” with an additional scaling term 1
λ
. The target of
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BBBP is the solution of the problem minimizing the cost c(y, w) + λf(y). Furthermore,
for sufÏciently large λ, yλ = y∗, therefore,

∆BBw =
1

λ

(
y
(
w + λ dℓ

dy

)
− y(w)

)
=

1

λ

(
y∗ − y(w)

)
= −η

λ

dℓ
dy

=
η

λ
∆Iw. (2.10)

We therefore conclude for this case that the Id and BBBP updates are equivalent up to the
scaling factor 1

λ
. Figure 2.8 illustrates this situation, in Figure 2.8a we have the identity up-

date pointing to y∗, for in the next step (Figure 2.8b) we arrive to the desired solution. In
Figure 2.8c showcases the situation when yλ = y∗ for some λ.

(a) Id update to neighboring solu-
tion

(b) Id update to final solution (c) BB update (identical for
some λ)

Figure 2.8: Intuitive illustration of the Id gradient and its equivalence to Blackbox Backpropagation (BB)
when−dℓ/dy points directly to a target y∗. The cost and solution spaces are overlayed; the cost space partitions
resulting in the same solution are drawn inblue. Note that the drawnupdates tow are only of illustrative nature,
as the updates are typically applied to the weights of a neural network backbone.iv

2.7 Solver Invariants v

In practice, Id can lead to problematic cost updates when the optimization problem is invari-
ant to a certain transformation of the cost vector w. For instance, adding the same constant
to every component of w will not affect its rank or top-k indices. Formally, this means that
there exists a mapping P : Rn → R

n of the cost vector w that does not change the optimal
solver solution, i.e.

argmin
y∈Y 〈w, y〉 = argmin

y∈Y 〈P (w), y〉 for everyw ∈ W. (2.11)

ivFigure attributed to Anselm Paulus
vFormal treatment attributed to Vít Musil
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Linear Transforms. Let us demonstrate why invariants can be problematic in a simpli-
fied case assuming that P is linear. Consider an incoming gradient dℓ/dy, for which the Id
method suggests the cost update ∆Iw = −dℓ/dy. We can uniquely decompose ∆Iw into
∆Iw = ∆Iw1 +∆Iw0 where∆Iw1 = P (∆Iw) ∈ ImP and∆Iw0 = (I − P )∆Iw ∈ kerP .
Now observe that only the parallel update∆Iw1 affects the updated optimization problem,
as

argmin
y∈Y

〈w − α∆Iw, y〉 = argmin
y∈Y

〈P (w − α∆Iw), y〉

= argmin
y∈Y

〈P (w − α∆Iw1), y〉 = argmin
y∈Y

〈w − α∆Iw1, y〉

(2.12)

for everyw ∈ W and for any step size α > 0. In the second equality, we used

P (w − α∆Iw) = P (w − α∆Iw1)− αP (∆Iw0) = P (w − α∆Iw1), (2.13)

exploiting linearity and idempotency of P .
In the case when a user has no control about the incoming gradient∆Iw = −dℓ/dy, the

update ∆Iw0 in kerP can be much larger in magnitude than ∆Iw1 in ImP . In theory, if
updates were applied directly in cost space, this would not be very problematic, as updates
in kerP do not affect the optimization problem. However, in practice, the gradient is fur-
ther backpropagated to update the weights in the components before the solver. Spurious
irrelevant components in the gradient can therefore easily overshadow the relevant part of
the update, which is especially problematic as the gradient is computed from stochastic mini-
batch samples.
Therefore, it is desirable to discard the irrelevant part of the update. Consequently, for

a given incoming gradient dℓ/dy, we remove the irrelevant part (kerP ) and return only its
projected part

∆Iw1 = −P dℓ
dy . (2.14)

NonlinearTransforms. For generalP , weuse the chain rule todifferentiate the composed
function y ◦ P and set the solver’s Jacobian to identity. Therefore, for a given w and an
incoming gradient dℓ/dy, we return

−P ′(w) dℓdy . (2.15)

If P is linear, then P ′(w) = P and hence update (2.15) is consistent with linear case (2.14).
Intuitively, if we replace P (w − α∆Iw) in the above-mentioned considerations by its afÏne
approximation P (w)− αP ′(w)∆Iw, the term P ′(w) plays locally the role of the linear pro-
jection.
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Another view on invariant transforms is the following. Consider our combinatorial layer
as a composition of two sublayers. First, givenw, we simply perform themapP (w) and then
pass it to the argmin solver. Clearly, on the forward pass the transform P does not affect the
solution y(w). However, the derivative of the combinatorial layer is the composition of the
derivatives of its sublayers, i.e. P ′(w) for the transform and negative identity for the argmin.
Consequently, we get the very same gradient (2.15) on the backward pass. In conclusion,
enforcing guarantees on the forward pass by a mapping P is in this sense dual to projecting
gradients onto ImP ′.

Examples. In our experiments, we will encounter two types of invariant mappings. The
first one is the standard projection onto a hyperplane. It is always applicable when all the
solutions inY are contained in a hyperplane, i.e. there exists a unit vector a ∈ R

n and a scalar
b ∈ R such that 〈a, y〉 = b for all y ∈ Y . Consider the projection of w onto the subspace
orthogonal to a given by Pplane(w|a) = w − 〈a, w〉a. This results in

argmin
y∈Y

〈Pplane(w|a), y〉 = argmin
y∈Y

〈w, y〉 − 〈a, w〉b = argmin
y∈Y

〈w, y〉 for everyw ∈ W,

(2.16)
thereby fulfilling assumption (2.11). This projection is relevant for the ranking and top-k
experiment, in which the solutions live on a hyperplane with the normal vector a = 1/

√
n.

Therefore, the projection

Pmean(w) = Pplane(w|1/√n) = w − 〈1, w〉1/n (2.17)

is applied on the forward pass which simply amounts to subtracting the mean from the cost
vector.
The other invariant mapping arises from the stability of the argmin solution to the

magnitude of the cost vector. Due to this invariance, the projection onto the unit sphere
Pnorm(w) = w/‖w‖ also fulfills assumption (2.11). As the invariance to the cost magnitude
is independent of the solutionsY , normalizationPnorm is always applicable andwe, therefore,
test it in every experiment. Observe that

P ′
norm(w) =

( I

‖w‖ −
w ⊗ w
‖w‖3

)
(2.18)

and the first order approximation of Pnorm corresponds to the projection onto the tangent
hyperplane given by a = w and b = 1. When both Pnorm and Pmean are applicable, we speak
about standardization Pstd = Pnorm ◦ Pmean.
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In this chapterweprovided aunifiedmathematically sound algorithm to embed specific types
of combinatorial algorithms into neural networks. We have propose two variants, BBBP that
requires one additional call to the solver on the backward pass, and Id which requires no ad-
ditional call and acts as if the solver were a negative identity transformation. This allows us to
train hybrid architectures that contain exact solvers for combinatorial problems end-to-end
with gradient descent. However, up until now we have only observed toy experiments as a
proof of concept that the combinatorial layer convincingly increases generalization capabili-
ties in comparison to standard architectures. In Chapters 3 and 4 we will see applications of
these ideas in a relevant computer vision setting and imitation learning task, respectively.
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The only thing worse than being blind is having sight but
no vision.

Helen Keller 3
Optimizing Rank-based Metrics

This chapter is based on the work “Optimizing Rank-based Metrics via Blackbox Differentia-
tion” [271]. The fundamental ideas from Chapter 2 are applied in the context of rank-based
metrics. Some examples that we consider here are the Average Precision andRecall metrics on an
object detection and image retrieval task.

3.1 Motivation
InChapter 2we have developed the basis for utilizing combinatorial solvers as layers in neural
networks. In this chapter, we consider the application of these ides to rank-basedmetric opti-
mization. Rank-based metrics are frequently used to evaluate performance on a wide variety
of computer vision tasks. For example, in the case of image retrieval, these metrics are re-
quired since, at test-time, the models produce a ranking of images based on their relevance to
a query. Rank-based metrics are also popular in classification tasks with unbalanced class dis-
tributions or multiple classes per image. One prominent example is object detection, where
an average over multiple rank-based metrics is used for final evaluation. The most common
metrics are recall [106], Average Precision (AP) [357], Normalized Discounted Cumulative
Gain (NDCG) [53], and the Spearman CoefÏcient [68].
Directly optimizing for the rank-based metrics is tempting, but also notoriously difÏcult

due to the non-differentiable (piecewise constant) and non-decomposable nature of such met-
rics. A trivial solution is to use one of several popular surrogate functions such as 0-1 loss
[193], the area under the ROC curve [23] or cross entropy. Many studies from the last two
decades have addressed direct optimizationwith approaches ranging fromhistogrambinning
approximations [48, 266, 133], finite difference estimation [136], loss-augmented inference
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[357], gradient approximation [305] all the way to using a large LSTM to fit the ranking
operation [91].
Despite the clear progress in direct optimization [216, 48, 57], these methods are notably

omitted in the most publicly used implementation hubs for object detection [56, 349, 207,
144], and image retrieval [273]. The reasons include poor scaling with sequence lengths, lack
of publicly available implementations that are efÏcient onmodern hardware, and fragility of
the optimization itself.
It turns out that the ranking function itself can be seen as an instance of eq. (1.19), i.e.

the ranking operation minimizes a linear combinatorial objective. Conveniently, this allows
us to apply the theory developed in Chapter 2 to rank-based metric optimization, yielding
substantial improvements on terms of visual benchmarks.
Having a conceptually pure solution for the differentiation, we can then focus on another

key aspect: sound loss design. To avoid ad-hoc modifications, we take a deeper look at the
caveats of direct optimization for rank-based metrics. We offer multiple approaches for ad-
dressing these caveats, most notably we introducemargin-based versions of rank-based losses
and mathematically derive a recall-based loss function that provides dense supervision.
Experimental evaluation is carried out on image retrieval taskswhereweoptimize the recall-

based loss and on object detection where we directly optimize mean Average Precision. On
the retrieval experiments, we achieve performance that is on-par with state-of-the-art while
using a simpler setup. On the detection tasks, we show consistent improvement over highly-
optimized implementations that use the cross-entropy loss, while our loss is used in an out-
of-the-box fashion. We als released the code used for our experimentsi.3.2 Related Work

Optimizing for rank-based metrics As rank-based evaluation metrics are now central
to multiple research areas, their direct optimization has become of great interest to the com-
munity. Traditional approaches typically rely on different flavors of loss-augmented infer-
ence [216, 357, 215, 208], or gradient approximation [305, 136]. These approaches often
require solving a combinatorial problem as a subroutine where the nature of the problem is
dependent on the particular rank-based metric. Consequently, efÏcient algorithms for these
subproblems were proposed [216, 305, 357].
More recently, differentiable histogram-binning approximations [48, 133, 134, 266] have

gained popularity as they offer a more flexible framework. Completely different techniques
including learning a distribution over rankings [315], using a policy-gradient update rule

ihttps://github.com/martius-lab/blackbox-backprop.
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[258], learning the sorting operation entirelywith a deepLSTM[91] or perceptron-like error-
driven updates have also been applied [57].

Metric learning There is a great body of work onmetric learning for retrieval tasks, where
defining a suitable loss function plays an essential role. Bellet, Habrard, and Sebban [26] and
Kulis et al. [170] provide a broader survey of metric learning techniques and applications.
Approaches with local losses range from employing pair losses [45, 163], triplet losses [286,
141, 305] to quadruplet losses [177]. While themajority of theseworks focus on local, decom-
posable losses as above, multiple lines of work exist for directly optimizing global rank-based
losses [91, 315, 266]. The importance of good batch sampling strategies is also well-known,
and is the subject of multiple studies [233, 286, 106, 348], while others focus on generating
novel training examples [365, 305, 219].

Object detection Modern object detectors use a combination of different losses during
training [108, 264, 195, 262, 131, 192]. While the biggest performance gains have originated
from improved architectures [264, 131, 263, 107] and feature extractors [132, 368], some
works focused on formulating better loss functions [192, 267, 110]. Since its introduction
in the Pascal VOC object detection challenge [93]mean Average Precision (mAP) has become
the main evaluation metric for detection benchmarks. Using the metric as a replacement for
other less suitable objective functions has thus been studied in several works [305, 136, 258,
57].

3.3 Rank-based Metrics

For a positive integern, we denote byΠn the set of all permutations of {1, . . . , n}. The rank
of vector y = [y1, . . . , yn] ∈ R

n, denoted by rk(y), is a permutation π ∈ Πn satisfying

yπ−1(1) ≥ yπ−1(2) ≥ · · · ≥ yπ−1(n), (3.1)

i.e. sorting y. Note, that rank is not defined uniquely for those vectors for which any two
components coincide. In the formal presentation, we reduce our attention to proper rankings
in which ties do not occur.
The rank rk of the i-th element is one plus the number of members in the sequence ex-

ceeding its value, i.e.

rk(y)i = 1 + |{j : yj > yi}|. (3.2)
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Average Precision

For a fixed query, let y ∈ R
n be a vector of relevance scores of n examples. We denote by

y∗ ∈ {0, 1}n the vector of their ground truth labels (relevant/irrelevant) and by

rel(y∗) = {i : y∗i = 1} (3.3)

the set of indices of the relevant examples. Then Average Precision is given by

AP(y, y∗) =
1

| rel(y∗)|
∑

i∈rel(y∗)
Prec(i), (3.4)

where precision at i is defined as

Prec(i) =
|{j ∈ rel(y∗) : yj ≥ yi}|

rk(y)i
(3.5)

and describes the ratio of relevant examples among the i highest-scoring examples.
In classification tasks, the dataset typically consists of annotated images. This we formalize

as pairs (xi, y∗i ) where xi is an input image and y∗i is a binary class vector, where, for every
i, each (y∗i )c ∈ {0, 1} denotes whether an image xi belongs to the class c ∈ C. Then, for
each examplexi themodel provides a vector of suggested class-relevance scores yi = ϕ(xi, θ),
where θ are the parameters of the model.
To evaluate mean Average Precision (mAP), we consider for each class c ∈ C the vector

of scores y(c) = [(yi)c]i and labels y∗(c) = [(y∗i )c]i. We then take the mean of Average
Precisions over all the classes

mAP =
1

|C|
∑

c∈C
AP
(
y(c), y∗(c)

)
. (3.6)

Note thatmAP ∈ [0, 1] and that the highest score 1 corresponds to perfect score predic-
tion in which all relevant examples precede all irrelevant examples.

Recall

Recall is a metric that is often used for information retrieval. Let again y ∈ R
n and y∗ ∈

{0, 1}n be the scores and the ground-truth labels for a given query over a dataset. For a posi-
tive integerK , we set

r@K(y, y∗) =

{
1 if ∃i ∈ rel(y∗)with rk(y)i ≤ K

0 otherwise,
(3.7)
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where rel(y∗) is given in eq. (3.3).
In a setup where each element xi of the dataset D is a possible query, we define the

ground truth matrix as follows. We set y∗i (j) = 1 if xj belongs to the same class as the
query xi, and zero otherwise. The scores suggested by the model are again denoted by
yi = [ϕ(xi, xj, θ) : j ∈ D].
Inorder to evaluate themodel over thewholedatasetD, we average r@Kover all thequeries

xi, namely

R@K =
1

|D|
∑

i∈D
r@K

(
yi, y

∗
i

)
. (3.8)

Again, R@K ∈ [0, 1] for everyK . The highest score 1 means that a relevant example is
always found among the topK predictions.3.4 Method ii

Here we present a method for direct optimization of rank-based metrics resulting from the
theory developed in Chapter 2.3.4.1 Blackbox Differentiation for Ranking
In order to apply blackbox differentiation method for ranking, we need to find a suitable
combinatorial objective. Let y ∈ R

n be a vector of n real numbers (the scores) and let rk ∈
Πn be their ranks. The connection between blackbox solver and ranking is captured in the
following proposition.

Proposition 3.4.1: Ranking Problem

In the notation set by Eqs. (3.1) and (3.2), we have

rk(y) = argmin
π∈Πn

〈y, π〉. (3.9)

In other words, themapping y → rk(y) is a minimizer of a linear combinatorial objective
just as Chapter 2 requires.
The proof of Proposition 3.4.1 rests upon a classical rearrangement inequality [129, Theo-

rem 368]. The following theorem is its weaker formulation that is sufÏcient for our purpose.

iiFromal treatment attributed toMichal Rolínek and Vít Musil.
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Theorem 3.4.1: Rearrangement Inequality

For every positive integer n, every choice of real numbers y1 ≥ · · · ≥ yn and every
permutation π ∈ Πn it is true that

y1 · 1 + · · ·+ yn · n ≤ y1π(1) + · · ·+ ynπ(n).

Moreover, if y1, . . . , yn are distinct, equality occurs precisely for the identity permu-
tation π.

Proof of Proposition 3.4.1. Let π be the permutation that minimizes (3.9). This means
that the value of the sum

y1π(1) + · · ·+ ynπ(n) (3.10)

is the lowest possible. Using the inverse permutation π−1 (3.10) rewrites as

yπ−1(1) · 1 + · · ·+ yπ−1(n) · n (3.11)

and therefore, being minimal in (3.11) makes (3.1) hold due to Theorem 3.4.1. This shows
that π = rk(y). ■

The resulting gradient computation is provided in Algorithm 3 and only takes a few lines
of code. We call the methodRankingMetric Blackbox Optimization (RankMetric Blackbox
Optimization (RaMBO)).
Note again the presence of a blackbox ranking operation. In practical implementation, we

can delegate this to a built-in function of the employed framework (e.g. torch.argsort).
Consequently, we inherit theO(n logn) computational complexity aswell as a fast vectorized
implementationon aGPU.Toour knowledge, the resulting algorithm is the first to have both
truly sub-quadratic complexity (for both forward and backward pass) and to operate with a
general ranking function as can be seen in table 3.1 (not however that [216] have a lower
complexity as they specialize on AP and not general ranking).

3.4.2 Caveats for Sound Loss Design
Is resolving the non-differentiability all that is needed for direct optimization? Unfortunately
not. To obtain well-behaved loss functions, some delicate considerations need to be made.
Below we list a few problems (P1)–(P3) that arise from direct optimization without further
adjustments.
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Method forward + backward general ranking
RaMBO O(n logn) ✓

Mohapatra et al. [216] O(n log p) x
Chen et al. [57] O(np) ✓

Yue et al. [357] O(n2) x
FastAP [48] O

(
(n+ p)L

)
✓

SoDeep [91] O
(
(n+ p)h2

)
✓

Table 3.1: Computational complexity of different approaches for differentiable ranking. The numbers of the
negative and of the positive examples are denoted by n and p, respectively. For SoDeep, h denotes the LSTM’s
hidden state size (h ≈ n) and for FastAPL denotes the number of bins. RaMBO is the first method to directly
differentiate general ranking with a truly sub-quadratic complexity.

Algorithm 3 RaMBO: Blackbox differentiation for ranking
define Ranker as blackbox operation computing ranks
function ForwardPass(y)
rk(y) :=Ranker(y)
save y and rk(y) for backward pass
return rk(y)

function BackwardPass( dLd rk )
load y and rk(y) from forward pass
load hyperparameter λ
yλ := y + λ · dL

d rk
rk(yλ) :=Ranker(yλ)
return− 1

λ

[
rk(y)− rk(yλ)

]

(P1) Evaluation of rank-based metrics is typically carried out over the whole test set while
direct optimization methods rely on mini-batch approximations. This, however, does not
yield an unbiased gradient estimate. Particularly small mini-batch sizes result in optimiz-
ing a very poor approximation ofmAP, see Figure 3.1.

(P2) Rank-based metrics are brittle when many ties happen in the ranking. As an ex-
ample, note that any rank-based metric attains all its values in the neighborhood of a dataset-
wide tie. Additionally, once a positive example is rated higher than all negative examples even
by the slightest difference, the metric gives no incentive for increasing the difference. This
induces a high sensitivity to potential shifts in the statistics when switching to the test set.
The need to pay special attention to ties was also noted in [48, 133].
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Figure 3.1: Mini-batch estimation of mean Average Precision. The expected mAP (i.e. the optimized loss)
is an overly optimistic estimator of the truemAP over the dataset; particularly for small batch sizes. The mean
and standard deviations over sampled mini-batch estimates are displayed.

(P3) Some metrics give only sparse supervision. For example, the value of r@K only im-
proves if the highest-ranked positive example moves up the ranking, while the other positives
have no incentive to do so. Similarly, Average Precision does not give the incentive to decrease
the possibly high scores of negative examples, unless also some positive examples are present
in the mini-batch. Since positive examples are typically rare, this can be problematic.3.4.3 Score Memory
In order to mitigate the negative impact of small batch sizes on approximating the dataset-
wide loss (P1) we introduce a simple running memory. It stores the scores for elements of
the last τ previous batches, thereby reducing the bias of the estimate. All entries are concate-
nated for loss evaluation, but the gradients only flow through the current batch. This is a
simpler variant of “batch-extension” mechanisms introduced in [48, 266]. Since only the
scores are stored, and not network parameters or the computational graph, this procedure
has a minimal GPUmemory footprint.3.4.4 Score Margin
Our remedy for brittleness around ties (P2) is inspired by the triplet loss [286]; we introduce
a shift in the scores during training in order to induce a margin. In particular, we add a
negative shift to the positively labeled scores and positive shift the negatively labeled scores as
illustrated in Figure 3.2. This also implicitly removes the destabilizing scale-invariance. Using
notation as before, we modify the scores as

←→y i =

{
yi +

α
2

if y∗i = 0

yi − α
2

if y∗i = 1
(3.12)
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plain ranking ranking with shift

learned scores
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shift scores
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learned scores

Figure 3.2: Naive rank-based losses can collapse during optimization. Shifting the scores during training
induces a margin and a suitable scale for the scores. Red lines indicate negative scores and green positive scores.

where α is the prescribed margin. In the implementation, we replace the ranking operation
with rkα given by

rkα(y) = rk (←→y ) . (3.13)

3.4.5 Recall Loss Design
Let y be scores and y∗ the truth labels, as usual. As noted in (P3) the value of r@K only
depends on the highest scoring relevant element. We overcome the sparsity of the supervision
by introducing a refined metric

r̃@K(y, y∗) =
|{i ∈ rel(y∗) : ri < K}|

| rel(y∗)| , (3.14)

where rel(y∗) denotes the set of relevant elements (3.3) and ri stands for the number of irrel-
evant elements outrunning the i-th element. Formally,

ri = rkα(y)i − rkα(y+)i for i ∈ rel(y∗), (3.15)

in which rkα(y+)i denotes the rank of the i-th element only within the relevant ones. Note
that r̃@K depends on all the relevant elements as intended. We then define the loss atK as

L@K(y, y∗) = 1− r̃@K(y, y∗). (3.16)

Next, we choose a weightingwK ≥ 0 of these losses

Lrec(y, y∗) =
∞∑

K=1

wK L@K(y, y∗), (3.17)

over values ofK .
Proposition Theorem B.2.2 (see the Supplementary material) computes a closed form of

eq. (3.17) for a given sequence of weightswK . Here, we exhibit closed-form solutions for two
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natural decreasing sequences of weights:

Lrec(y, y∗) =





E
i∈rel(y∗)

ℓ(ri) ifwK ≈ 1
K

E
i∈rel(y∗)

ℓ
(
ℓ(ri)

)
ifwK ≈ 1

K logK ,
(3.18)

where ℓ(k) = log(1 + k).
This also gives a theoretical explanation why some previous works [57, 136] found it “ben-

eficial” to optimize the logarithm of a ranking metric, rather than the metric itself. In our
case, the log arises from the most natural weight decay 1/K .3.4.6 Average Precision Loss Design
Having differentiable ranking, the generic AP does not require any further modifications.
Indeed, for any relevant element index i ∈ rel(y∗), its precision obeys

Prec(i) =
rkα(y+)i
rkα(y)i

(3.19)

where rk(y+)i is the rank of the i-th element within all the relevant ones. The AP loss then
reads

LAP(y, y
∗) = 1− E

i∈rel(y∗)
Prec(i). (3.20)

For calculating themeanAveragePrecision lossLmAP, we simply take themeanover the classes
C.
To alleviate the sparsity of supervision caused by rare positive examples (P3), we also con-

sider the AP loss across all the classes. More specifically, we treat the matrices y(c) and y∗(c)
as concatenated vectors ȳ and ȳ∗, respectively, and set

LAP C = LAP(ȳ, ȳ
∗). (3.21)

This practice is consistent with Chen et al. [57].3.5 Experiments
We evaluate the performance of RaMBO on object detection and several image retrieval
benchmarks. The experiments demonstrate that our method for differentiating through
mAP and recall is generally on-par with the state-of-the-art results and yields in some cases
better performance. We will release code upon publication. Throughout the experimental
section, the numbers we report for RaMBO are averaged over three restarts.

70



CHAPTER 3. OPTIMIZINGRANK-BASEDMETRICS
PsO

q
u
er

y
to

p
 3

 r
et

ri
ev

a
l

Figure 3.3: Stanford Online Products image retrieval examples.3.5.1 Image Retrieval
To evaluate the proposed Recall Loss eq. (3.18) derived from RaMBO we run experiments
for image retrieval on the CUB-200-2011 [342], Stanford Online Products [302], and In-
shop Clothes [197] benchmarks. We compare against a variety of methods from recent years,
multiple of which achieve state-of-the-art performance. The best-performing methods are
ABE-8 [157], FastAP [48], and Proxy NCA [219].

Architecture For all experiments, we follow themost standard setup. We use a pre-trained
ResNet50 [132] inwhichwe replace the final softmax layerwith a fully connected embedding
layer which produces a 512-dimensional vector for each batch element. We normalize each
vector so that it represents a point on the unit sphere. The cosine similarities of all the dis-
tinct pairs of elements in the batch are then computed and the ground truth similarities are
set to 1 for those elements belonging to the same class and 0 otherwise. The obvious similar-
ity of each element with itself is disregarded. We compute theLrec loss for each batch element
with respect to all other batch elements using the similarities and average it to compute the
final loss. Note that our method does not employ any sampling strategy formining suitable
pairs/triplets from those present in a batch. It does, however, share a batch preparation strat-
egy with [48] on two of the datasets.
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Parameters We use Adam optimizer [158] with an amplified learning rate for the embed-
ding layer. We consistently set the batch size to 128 so that each experiment runs on a GPU
with 16GB memory. Full details regarding training schedules and exact values of hyperpa-
rameters for the different datasets are in the Supplementary material.

Datasets For data preparation, we resize images to 256× 256 and randomly crop and flip
them to 224× 224 during training, using a single center crop on evaluation.
We use the Stanford Online Products dataset consisting of 120, 053 images with 22, 634

classes crawled from Ebay. The classes are grouped into 12 superclasses (e.g. cup, bicycle)
which are used for mini-batch preparation following the procedure proposed in [48]. We
follow the evaluation protocol proposed in [302], using 59, 551 images corresponding to
11, 318 classes for training and 60, 502 images corresponding to 11, 316 classes for testing.
The In-shop Clothes dataset consists of 54, 642 images with 11, 735 classes. The classes are

grouped into 23 superclasses (e.g.MEN/Denim,WOMEN/Dresses), whichwe use formini-
batchpreparation as before. We followpreviouswork byusing 25, 882 images corresponding
to 3, 997 classes for training and 14, 218 + 12, 612 images corresponding to 3, 985 classes
each for testing (split into a query + gallery set respectively). Given an image from the query
set, we retrieve corresponding images from the gallery set.
The CUB-200-2011 dataset consists of 11, 788 images of 200 bird categories. Again we

follow the evaluation protocol proposed in [302], using the first 100 classes consisting of
5, 864 images for training and the remaining 100 classes with 5, 924 images for testing.

Results For all retrieval results in the tables we add the embedding dimension as a
superscript and the backbone architecture as a subscript. The letters R, G, V represent
ResNet [135], GoogLeNet [313], and VGG-16 [299], respectively. We report results for
both RaMBO 512

R50 log and RaMBO 512
R50 log log, the main difference being if the logarithm is

applied once or twice to the rank in Eq. (3.18).
On Stanford Online Products we report R@K forK ∈ {1, 10, 100, 1000} in table 3.2.

The fact that the dataset contains the highest number of classes seems to favor RaMBO, as it
outperforms all other methods. Some example retrievals are presented in Figure 3.3.
On CUB-200-2011 we report R@K for K ∈ {1, 2, 4, 8} in table 3.3. For fairness, we

include the performance of Proxy NCA with a ResNet50 [132] backbone even though the
results are only reported in anonline implementation [273]. With this implementationProxy
NCA and RaMBO are the best-performing methods.
On In-shop Clothes we report R@K for value of K ∈ {1, 10, 20, 30, 50} in table 3.4.

The best-performing method is probably FastAP, even though the situation regarding re-
producibility is puzzlingiii. RaMBO matches the performance of ABE-8 [157], a complex
ensemble method.
We followed the reporting strategy of [157] by evaluating on the test set in regular training
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R@K 1 10 100 1000
Contrastive512G [233] 42.0 58.2 73.8 89.1
Triplet512G [233] 42.1 63.5 82.5 94.8
LiftedStruct512G [233] 62.1 79.8 91.3 97.4
Binomial Deviance512G [324] 65.5 82.3 92.3 97.6
Histogram Loss512G [324] 63.9 81.7 92.2 97.7
N-Pair-Loss512G [301] 67.7 83.8 93.0 97.8
Clustering64G [232] 67.0 83.7 93.2 -
HDC384

G [356] 69.5 84.4 92.8 97.7
Angular Loss512G [337] 70.9 85.0 93.5 98.0
Margin128R50 [348] 72.7 86.2 93.8 98.0
Proxy NCA64

G [219] 73.7 - - -
A-BIER512

G [235] 74.2 86.9 94.0 97.8
HTL128

G [106] 74.8 88.3 94.8 98.4
ABE-8512G [157] 76.3 88.4 94.8 98.2
FastAP512R50 [48] 76.4 89.1 95.4 98.5
RaMBO512

R50 log 77.8 90.1 95.9 98.7
RaMBO512

R50 log log 78.6 90.5 96.0 98.7
Table 3.2: Comparison with the state-of-the-art on the Stanford Online Products [233]. On this dataset,
with the highest number of classes in the test set, RaMBO gives better performance than other state-of-the-art
methods.
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R@K 1 2 4 8
Contrastive512G [233] 26.4 37.7 49.8 62.3
Triplet512G [233] 36.1 48.6 59.3 70.0
LiftedStruct512G [233] 47.2 58.9 70.2 80.2
Binomial Deviance512G [324] 52.8 64.4 74.7 83.9
Histogram Loss512G [324] 50.3 61.9 72.6 82.4
N-Pair-Loss64G [301] 51.0 63.3 74.3 83.2
Clustering64G [232] 48.2 61.4 71.8 81.9
Proxy NCA512

G [219] 49.2 61.9 67.9 72.4
Smart Mining64G [130] 49.8 62.3 74.1 83.3
Margin128G [348] 63.8 74.4 83.1 90.0
HDC384

G [356] 53.6 65.7 77.0 85.6
Angular Loss512G [337] 54.7 66.3 76.0 83.9
HTL128

G [106] 57.1 68.8 78.7 86.5
A-BIER512

G [235] 57.5 68.7 78.3 86.2
ABE-8512G [157] 60.6 71.5 80.5 87.7
Proxy NCA512

R50 [273] 64.0 75.4 84.2 90.5
RaMBO512

R50 log 63.5 74.8 84.1 90.4
RaMBO512

R50 log log 64.0 75.3 84.1 90.6
Table 3.3: Comparison with the state-of-the-art on the CUB-200-2011 [342] dataset. OurmethodRaMBO
is on-par with an (unofÏcial) ResNet50 implementation of Proxy NCA.
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R@K 1 10 20 30 50
FashionNetV [197] 53.0 73.0 76.0 77.0 80.0
HDC384

G [356] 62.1 84.9 89.0 91.2 93.1
DREML48

R18 [353] 78.4 93.7 95.8 96.7 -
HTL128

G [106] 80.9 94.3 95.8 97.2 97.8
A-BIER512

G [235] 83.1 95.1 96.9 97.5 98.0
ABE-8512G [157] 87.3 96.7 97.9 98.2 98.7
FastAP-Matlab512R50 [48] 90.9 97.7 98.5 98.8 99.1
FastAP-Python512R50 [49] iii 83.8? 95.5? 96.9? 97.5? 98.2?
RaMBO512

R50 log 88.1 97.0 97.9 98.4 98.8
RaMBO512

R50 log log 86.3 96.2 97.4 97.9 98.5
Table 3.4: Comparison with the state-of-the-art methods on the In-shop Clothes [197] dataset. RaMBO is
on par with an ensemble-method ABE-8. Leading performance is achieved with a Matlab implementation of
FastAP.

intervals and reporting performance at a time-point that maximizesR@1.3.5.2 Object Detection
We follow a common protocol for testing new components by using Faster R-CNN [264],
the most commonly used model in object detection, with standard hyperparameters for all
our experiment. We compare against baselines from the highly optimizedmmdetection tool-
box [56] and only exchange the cross-entropy loss of the classifier with a weighted combina-
tion of LmAP and LAP C .

Datasets and evaluation All experiments are performed on the widely used Pascal VOC
dataset [93]. We train our models on the Pascal VOC 07 and VOC 12 trainval sets and
test them on the VOC07 test set. Performance is measured inAP50 which isAP computed
for bounding boxes with at least 50% intersection-over-union overlapwith any of the ground
truth bounding boxes.

Parameters The model was trained for 12 epochs on a single GPU with a batch-size of 8.
The initial learning rate 0.1 is reduced by a factor of 10 after 9 epochs. For the LAP loss, we
use τ = 7, α = 0.15, and λ = 0.5. The losses LmAP and LAP C are weighted in the 2 : 1 ratio.

iiiFastAP public code [49] offers Matlab and PyTorch implementations. Confusingly, the two implemen-
tations give very different results. We contacted the authors but neither we nor they were able to identify the
source of this discrepancy in two seemingly identical implementations. We report both numbers.
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Method Backbone Training CE RaMBO
Faster R-CNN ResNet50 07 74.2 75.7
Faster R-CNN ResNet50 07+12 80.4 81.4
Faster R-CNN ResNet101 07+12 82.4 82.9
Faster R-CNN X101 32×4d 07+12 83.2 83.6

Table 3.5: Object detection performance on the Pascal VOC 07 test set measured in AP50. Backbone X
stands for ResNeXt and CE for cross entropy loss.

Length 100k 1M 10M 100M
CPU 33ms 331ms 3.86 s 36.4 s
GPU 1.3ms 7ms 61ms 0.62 s

Table 3.6: Processing time of Average Precision (using plain Pytorch implementation) depending on se-
quence length for forward/backward computation on a single Tesla V100 GPU and 1 Xeon Gold CPU core at
2.2GHz.

Results Weevaluate FasterR-CNNtrained onVOC07 andVOC07+12with three differ-
ent backbones (ResNet50, ResNet101, and ResNeXt101 32x4d [132, 350]). Training with
our AP loss gives a consistent improvement (see table 3.5) and pushes the standard Faster R-
CNN very close to state-of-the-art values (≈ 84.1) achieved by significantly more complex
architectures [364, 156].

3.5.3 Speed

Since RaMBO can be implemented using sorting functions it is very fast to compute (see ta-
ble 3.6) and can be used on very long sequences. ComputingAP loss for sequenceswith 320k
elements as in the object detection experiments takes less than 5ms for the forward/backward
pass. This is< 0.5% of the overall computation time on a batch.

R@1 CUB200 In-shop Online Prod.
Full RaMBO 64.0 88.1 78.6
No batch memory 62.5 87.0 72.4
No margin 63.2 x x
Table 3.7: Ablation experiments for margin(Section 3.4.4) and batch memory (Section 3.4.3) in retrieval on
the CUB200, In-shop and Stanford Online Products datasets.
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Method RaMBO λ margin AP50

Faster R-CNN 74.2
Faster R-CNN ✓ 0.5 74.6
Faster R-CNN ✓ 0.1 ✓ 75.2
Faster R-CNN ✓ 0.5 ✓ 75.7
Faster R-CNN ✓ 2.5 ✓ 74.3

Table 3.8: Ablation for RaMBO on the object detection task.3.5.4 Ablation Studies
We verify the validity of our loss design in multiple ablation studies. table 3.7 shows the
relevance ofmargin andbatchmemory for the retrieval task. In fact, someof the runswithout
a margin diverged. The importance of margin is also shown for the mAP loss in table 3.8.
Moreover, we can see that the hyperparameter λ of the scheme [334] does not need precise
tuning. Values of λ that are within a factor 5 of the selected λ = 0.5 still outperform the
baseline.3.6 Discussion
In this chapter we proposed a method for rank-based metric optimization, which we name
RaMBO, that is unique conceptual purity in directly optimizing for the desiredmetric while
being simple, flexible, and computationally efÏcient. Driven only by basic loss-design princi-
ples andwithout serious engineering efforts, it can compete with state-of-the-art methods on
image retrieval and consistently improve near-state-of-the-art object detectors. Exciting op-
portunities for future work lie in utilizing the ability to efÏciently optimize ranking-metrics
of sequences with millions of elements, to which the method should scale seamlessly, since it
relies on efÏcient algorithms for the ranking operation.
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I’ve been imitated so well I’ve heard people copy my mis-
takes.

Jimi Hendrix 4
Neuro-Algorithmic Policies Enable Fast

Combinatorial Generalization

This chapter is based on the work “Neuro-algorithmic Policies Enable Fast Combinatorial Gen-
eralization” [335]. An interesting application area of blackbox differentiation is in the context
of sequential decisions and control. In this chapter, by using theory from Chapter 2, we embed a
time-dependent shortest path solver into a policy network. When we apply this in an imitation
learning setting, we see significant improvements in generalization in dynamic environments.
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Figure 4.1: Architecture of the neuro-algorithmic policy. Two subsequent frames are processed by two
simplifiedResNet18s: the cost-predictor outputs a tensor (width×height× time) of vertex costsCt(v) and the
goal-predictor outputs heatmaps for start and goal. The time-dependent shortest path solver finds the shortest
path to the goal. Hamming distance between the proposed and expert trajectory is used as loss for training.4.1 Motivation
In Chapter 3 we have focused on rank-based metric optimization in computer vision prob-
lems, building heavily upon the findings inChapter 2. Nowwe turn our attention to another
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problem that fits naturally into the realm of combinatorial problems of interest. One of the
central topics inmachine learning research is learning control policies for autonomous agents.
Many different problem settings exist within this area. On one end of the spectrum are imita-
tion learning approaches, where prior expert data is available and the problem becomes a su-
pervised learning problem. On the other end lie approaches that require interactionwith the
environment to obtain data for policy extraction, posing the problem of exploration. Most
RL algorithms fall into the latter category. In this chapter, we concern ourselves primarily
with the setting where limited expert data is available, and a policy needs to be extracted by
imitation learning. Independently of how a policy is extracted, a central question of interest
is: how well will it generalize to variations in the environment and the task? Recent stud-
ies have shown that standard deep RL methods require exhaustive amounts of exposure to
environmental variability before starting to generalize [67].

There exist several approaches addressing the problem of generalization in control. One
option is to employ model-based approaches that learn a transitionmodel from data and use
planning algorithms at runtime or to improve value-learning. This has been argued to be
the best strategy in the presence of an accurate model and sufÏcient computation time [74].
Furthermore, one can use the transition model alongside a reward model to generate ofÒine
data to improve value function learning [311, 148]. However, learning a precise transition
model is often harder than learning a policy. The transition model often has a much larger
dimensionality than the policy since it needs tomodel aspects of the environmental dynamics
that are perhaps irrelevant for the task. This is particularly true for learning in problems with
high-dimensional inputs, such as raw images. In order to alleviate this problem, learning
specialized or partial models has shown to be a viable alternative, e.g. in MuZero [284].

By making use of the toolset that we have developed in Chapter 2, we construct a hy-
brid control policy architecture, which we call neuro-algorithmic policy. We will utilize a
time-dependent shortest path (Travelling Salesman Problem (TDSP)) solver acting on a tem-
porally evolving graph generated by a deep network from the inputs. By learning the time-
evolving costs of the graph, a specific model of the system is built that is sufÏcient for plan-
ning. This choice is akin to goal-conditionedMDPs since the shortest path algorithm expects
a goal to be reached. We demonstrate the effectiveness of this approach in an ofÒine imita-
tion learning setting where a few expert trajectories are provided. Due to the combinatorial
generalization capabilities of planners, our learned policy is able to generalize to new varia-
tions in the environment out of the box and needs orders of magnitude fewer samples than
naive learners. Using neuro-algorithmic architectures facilitates generalizationby shifting the
combinatorial aspect of the problem to efÏcient algorithms, while using neural networks to
extract a good representation for the problem at hand. They have the potential to endow
artificial agents with the main component of intelligence, the ability to reason.
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Following fromSection 1.4, we consider a special case of theMDP that allows us to formulate
policies that solve a time-dependent shortest path problem on a latent graph representation.
In order to achieve this, some conditions on the MDP need to be satisfied.
First, we consider discrete MDPs with deterministic transitions. In addition, we follow a

goal-conditioned setting [281]. This is used in sequential decision making problems where a
specific terminal state has to be reached.

Definition 4.2.1 (Goal-Conditioned MDP).A goal-conditioned Markov Decision Process
(gcMDP)M is defined by the tuple (S ,A, p, g, r), where S is the state space,A the action
space, p(s′ | a, s) the probability of making the transition s ∈ S → s′ ∈ S when taking
the action a ∈ A, g ∈ S is the goal, r(s, a, s′, g) the reward obtained when transitioning
from state s to s′ while taking action a and aiming for goal g.

In episodic reinforcement learning, the objective is to find a policy that maximizes the
return G =

∑T

t=0 rt of such a process. In gcMDPs, the reward is such that the maximal
return can be achieved by reaching the goal state g, which is also the terminal state.

Definition 4.2.2 (Deterministic Discrete Goal-Conditioned MDP).A discrete and deter-
ministic goal-conditioned Markov Decision Process (ddgcMDP) M̈ is a gcMDP with dis-
crete and finite state space S and action spaceAwith deterministic transitions, i.e. the prob-
ability mass p(s′ | a, s) is concentrated at a single point.

Let us consider the following graph representation (G, vs, vg): a weighted graph G =
(V,E,C) together with start vertex vs and goal vertex vg, where V is the vertex set, E ⊂
(V × V ) is the edge set, andC ∈ R

|E|
+ is the cost matrix with positive entries. We writeC(e)

for the cost of edge e. In addition, we consider an inverse model ψ : E → A, associating an
edge to an action.
A direct translation of a ddgcMDP to a graph is given by a bijective correspondence

ϕ : S → V between states and vertices, for each possible transition (s, a, s′) there is an edge
e = (ϕ(s), ϕ(s′))with ψ(e) = a, and the goal vertex is vg = ϕ(g). The cost matrixC takes
the role of the reward function withC(ϕ(s), ϕ(s′)) = cmax − r(s, a, s′, g)where cmax is an
upper bound on the reward ensuring positive cost values. To deal with variable or infinite
episode lengths, g can be seen as an absorbing state where r(g, ·, g, g) = cmax, incurring a
cost of 0 at the goal. Due to the deterministic nature of the ddgcMDP, the optimal policy
yields a path with maximal return (sum of rewards) from start s0 to goal g, which now
coincides with the shortest path according toC by definition.
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In many interesting environments, the state space is exponentially large, e.g. due to inde-
pendent dynamics of entities. As an illustrative example, consider the game environment
shown in Figure 4.1 and Figure 4.2 – an agent with moving obstacles. For such environ-
ments, the corresponding graph would become intractably large. We now define conditions
under which the size of the graph can be drastically reduced, without losing the property that
its shortest path solves the MDP. To this end, we assume the state space can be factorized as
S = SA×SE , whereSA is affected only by the actions andSE by the environment dynamics
independent of the actions. We write the decomposition of each state as s = (sa, se). The
mapping from state space to graph vertices ϕ : S → V is bijective only w.r.t. SA and ignores
SE , i.e. ∀sa ∈ SA ∃ v ∈ V : ϕ(sa, se) = v , ∀ se ∈ SE . For brevity, we write ϕ(sa). For
instance, using SA as the agent’s positions on a discrete grid results in just as many vertices as
there are positions of the agent.
Next, we show how a solution to this factorized ddgcMDP can be found by solving a time-

dependent shortest path (TDSP) problem on the reduced graph. The cost matrix C is now
a time-dependent quantity, i.e. C ∈ R

H×|E|
+ that assigns every edge e a positive cost value

for each time t ∈ {1, 2, . . . , H} of the planning horizon/episode. To ease the notation, we
write Ct(e) for the cost of edge e at time t. The TDSP problem is defined as reaching the
goal vertex vg within at mostH steps when starting at time step 1 in the start vertex vs.
Two situations need to be modeled by the cost:i a) the environment dynamics can make

an edge e become unavailable (for instance, an obstacle is moving in the way), then the cost
should be infinite: Ct(e) =∞, and b) the environment dynamics changes the reward, thus
for all other edges we have

Ct(ϕ(sa), ϕ(s′a)) = cmax − r((sa, set ), a, (s′a, set )) (4.1)

where a = ψ(ϕ(sa), ϕ(s′a)). Again, with this construction, the time-dependent shortest
path solution coincides with the optimal policy of the specific ddgcMDP. We can also deal
with stochastic environment dynamics as long as the action’s effect on the state stays deter-
ministic. This changes the reward term in eq. (4.1) to an expectation over environment dy-
namics,

E
set

[r((sa, set ), a, (s
′a, set ))].

In our architecture, described below, the policy generates a latent graph at every observa-
tion/state and solves a ddgcMDPtooptimality at every time step following amodel predictive
control approach using receding horizon planning.

iNote that learning the exact costs is not necessary, since we are only interested in optimal trajectories.
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Algorithm 4 Forward and backward pass for the shortest-path algorithm
function ForwardPass(C , vs, vg)
y := TDSP(C, vs, vs) //Run Dijkstra’s algo.
save y,C , vs, ve //Needed for backward pass
return y

function BackwardPass(∇L(Y ), λ)
load Y ,C , vs, ve
Cλ := C + λ∇L(Y ) // Calculate modified costs
yλ := TDSP(Cλ, vs, vg) //Run Dijkstra’s algo.
return 1

λ

(
yλ − y

)

4.3 Time Dependent Shortest Path Algorithm
In Chapter 2 we have seen how can we create differentiable layers from combinatorial solvers
with dot-product cost formulations. As we shall see now, this framework is also applicable in
the time-dependent shortest path casewhichwe consider here. We aim to predict the costma-
trix C via a deep neural network and train the entire system end-to-end via gradient descent
on expert trajectories, as illustrated in Figure 4.1. Wewill employ an efÏcient implementation
of Dijkstra’s algorithm for computing the shortest path.

Time-dependent shortest path with vertex costs. In our neuro-algorithmic policy, we
use the time-dependent-shortest-path (TDSP) formulation based on vertex-costs in-
stead of edge-costs, due to the reduction in cost matrix size by a factor of |A|. The TDSP
solver has as input the graphG(V,E,C)with time-dependent cost matrixC ∈ R

H×|V |
+ and

a pair of vertices vs, vg ∈ V (start and goal). We writeCt(v) for the cost of vertex v at time t.
This version of the shortest path problem can be solved by executing theDijkstra’s shortest

path algorithmii [85] on an augmented graph. In particular, we set

V ∗ = {(v, t) : v ∈ V, t ∈ [1, H]}
E∗ = {((v1, t), (v2, t+1)) : (v1, v2) ∈ E⟲, t ∈ [1, H−1]},

where the cost of vertex (vi, t) ∈ V ∗ is simply Ct(i) and E⟲ is the original edge set E ap-
pendedwith all self-loops. This allows to “wait” at a fixed vertex v from timestep t to timestep
t + 1. In this graph, the task is to reach the vertex (vg, H) from (vs, 1) with the minimum
traversal cost.

iiEven though the classical formulation of Dijkstra’s algorithm is edge-based, all of its properties hold true
also in this vertex-based formulation.
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For this differentiation scheme to hold, we need to satisfy the conditions cost linearity
condition (see Chapter 2), while we allow for arbitrary constraints. To that end, for a given
graph G = (V,E,C) as described above, we define Y ∈ {0, 1}H×|V | an indicator matrix
of visited vertices. In particular, yti = 1 if and only if vertex vi is visited at time point t.
The set of such indicator matrices that correspond to valid paths in the graph (V ∗, E∗) from
start to goal will be denoted as Y := Adm(G, vs, vg). The time-dependent shortest path
optimization problem can be then rewritten as

TDSP(C, vs, vg) = argmin
y∈Y

∑

(i,t)

ytiC
t
i , (4.2)

where Y = Adm(G, vs, vg). This is an inner-product objective and thus the theory from
Chapter 2 applies and allows us to learn the cost-matrix generating network with gradient
descent.4.4 Neuro-Algorithmic Policy Framework
Here we introduce the NAPframework, which is an end-to-end trainable deep policy archi-
tecture embedding an algorithmic component using the afore-mentioned techniques. Fol-
lowing the definitions from Section 1.4, we concern ourselves with learning the mapping
φθ : S 7→ R

|V |×T × V × V , i.e. mapping fromMDP states to cost matrices and respective
start and end vertices for the TDSP problemiii of planning horizon H . This enables us to
construct the policy

πθ := ψ ◦ TDSP ◦ φθ. (4.3)

The mapping φθ can be decomposed into φcθ (cost-predictor), φsθ (start-predictor), φ
g
θ (goal-

predictor), i.e. mappings from state to costs, start vertex and goal vertex. In practice, instead
of learning φsθ and φ

g
θ directly, we learn the conditional probability densities psθ(v|s) and

p
g
θ(v|s).
In this work, we examine the application of neuro-algorithmic policies to the imitation

learning setting, where we have access to trajectories τ sampled from the expert policy distri-
bution η(π∗). Given a fixed planning horizonH , the objective that we consider consists of
three main parts, the latent cost term, start vertex term and goal vertex term. The latent cost
objective is defined as

ℓC(θ,H) = E
τt:t+H∼η(π*)

[
dH(TDSP(φθ(τt)), ϕ(τ))

]
, (4.4)

iiiWe hold the graph structure fixed, namely the set of edges E and learn the costs C . Therefore we replace
Gwith costsC in the TDSP solver to simplify the notation.
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where dH(·, ·) denotes the Hamming distance between predicted and expert paths in the la-
tent graph, and ϕ′ : S 7→ V the mapping of the expert-visited states to latent graph vertices.
The second part of the objective is a standard cross-entropy term for the start and goal vertices
that allows us to train a start- and goal-predictor:

ℓP (θ,H) = E
τt:t+H∼η(π*)

[
− log psθ(ϕ(τt)|τt)− log pgθ(ϕ

′(τt+H)|τt)
]
. (4.5)

We assume access to ϕ′ at training time in order to map the expert to the latent graph for
calculation of JC and JP . Finally, we optimize for the sum of JC and JP . The cost ma-
trix C is given to the solver along with the start vertex vs and end vertex ve to compute the
time-dependent shortest path Y . The cost-predictor is trained using the Hamming distance
between the predicted plan Y and the expert plan Y ∗ that we use for supervision.
Given a planning horizon T and parameters θ, we optimize for the objective

ℓ(θ, T ) = Eτt:t+T∼ηπ∗ [

+Hamm(TDSP(φθ(τt)), ϕ′(τ))

− log psθ(ϕ
′(τt))− log peθ(ϕ

′(τt+T )]

(4.6)

We utilize a concrete architecture consisting of two main components: a backbone
ResNet18 architecture (without the final fully connected layers (a detailed description is
available in Supplementary C.3 in the supplementary) and the shortest path solver, see
Figure 4.1. At each time step, the policy receives two images concatenated channel-wise
from which it predicts the cost tensor C for the planning horizonH with the cost-predictor,
the start vertex vs and goal vertex vg with the goal-predictor, explained below.
The policy is used in a model-predictive control fashion, i.e. at execution time, we predict

the plan Y for horizonH at each time step and execute the first action from the plan.4.4.1 Global and Local Goal Prediction
In order to apply the solver to the learned latent graph representation, we need to map the
current state of the environment to appropriate start and goal vertices (vs, vg). To this end,we
employ a secondResNet18 similar to the cost-predictor that approximatesps(v|s) andpg(v|s),
i.e. the start and goal conditional densities.
At training time, given the expert trajectories, we have access to the mapping ϕ′ that maps

the expert trajectory to the latent graph. In the global setting, the last position of the expert
is the goal vg, corresponding to, for instance, the jewel in Crash JewelHuntwhich is also
the terminal state, see Figure 4.2.
In the local setting, we expect the end vertex to be an intermediate goal (for instance “col-

lect an orb”), which effectively allows for high-level planning strategies, while the low-level
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planning is delegated to the discrete solver. In this case, the positively labeled supervision at
time t are all locations of the (expert) agent between step t+H and t+ 2H .
The local setting allows to limit the complexity of our method, which grows with the

planning horizon. This is also a trade-off between the combinatorial complexity solved by
the TDSP solver and the goal predictor. Ideally, the planning horizon H used for the cost-
prediction is long enough to capture the combinatorial intricacies of the problem at hand,
such as creating detours towards the goal in the case of future dangerous states, or avoiding
dead-ends in a maze.
This formulationmakes our architecture akin to hierarchicalmethods similar to Blaes et al.

[37] and Nachum et al. [223], and allows for solving tasks that are not typical goal-reaching
problems, such as the Chaser environment.

4.5 Experiments

To validate our hypothesis that embedding planners into neural network architectures leads
to better generalization in control problems, we consider several procedurally generated en-
vironments (from the ProcGen suite [67] and Crash JewelHunt) with considerable vari-
ation between levels.
We comparewith the following baselines: a standardBehaviorCloning (BC) baseline using

a ResNet18 architecture trained with a cross-entropy classification loss on the same dataset
as our method; the PPO algorithm as implemented in Cobbe et al. [67] and DrAC [255]. A
comparison to DrAC is especially interesting, since the method claims to improve general-
ization by applying optimized data augmentations. As there are multiple variations of data
augmentation suggested by Raileanu et al. [255], we run all of them and select the best result
as DrAC∗ for performance comparison to our method.iv We also ablate the start- and goal-
predictor and replace with the ground truth vertices, this serves as an upper baseline for NAP
which we denote with NAP∗. More details on the training procedure and the hyperparame-
ters can be found in Supplementary C.4.
For the experimental validation, we aim to answer the following questions: (i) Can NAP

be trained to performwell in procedurally generated environments? (ii)CanNAP generalize
in a low data regime, i.e. after seeing only few different levels? (iii)Canwe also solve non-goal-
reaching environments?

ivWe defer a more detailed description of DrAC along with performance plots to Supplementary C.6
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Figure 4.2: The Crash Jewel Hunt environment. The goal for the fox, see (a), is to obtain the jewel in
the right most column, while avoiding the moving wooden boxes (arrows in (b)). When the agent collides with
a wooden box it instantly fails to solve the task. We observe that the predictions of the costs in (c) are highly
interpretable, corresponding to (future) movements of the boxes.

4.5.1 Crash Jewel Hunt

For proof of concept, we first consider an environment we constructed to test NAP, called
Crash Jewel Hunt which can be seen in Figure 4.2. The environment corresponds to
a grid-world of dimensions height × width where the goal is to move the agent (Fox) from
an arbitrary start position in the left-most column to the goal position (jewel) arbitrarily posi-
tioned in the right-most column. Between the agent and the goal are obstacles, wooden boxes
that move downwards (with cyclic boundary conditions) with velocities that vary across lev-
els but not within a level, see Figure 4.2 (right). At each time step, the agent can choose to
move horizontally or vertically in the grid by one cell or take no action.
Tomake the task challenging, we sample distinct environment configurations for the train-

ing set and the test set, respectively. More concretely, we vary the velocities, sizes and initial
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Figure 4.3: Performance on unseen test levels for a different number of training levels. We observe that NAP
already shows signs of generalization after only being trained on 100 levels.

positions of the boxes as well as the start and goal positions.

4.5.2 ProcGen Benchmark

In addition to the jewel hunt environment, we evaluate our method on the hard version
Maze, Leaper and Chaser environments from the ProcGen suite [67]. We have chosen
these environments because their structure adheres to our assumptions. For Leaper,
we modified the environment such that grid-world dynamics applies and denote it as
Leaper(Grid).

TheMaze and theLeaper(Grid) tasks have a static goalwhose position only varies across
levels, whereas the Chaser requires collection of all orbs without contacting the spiders, so
the local goals need to be inferred on the fly. The Chaser environment is also particularly
challenging as even the expert episodes require on average 150 steps, most of which carry the
risk of dying. For this reason, we used three human expert trajectories per level.
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We train our method (NAP) and the imitation learning baseline until saturation on a train-
ing set, resulting in virtually 100% success rate when evaluating on train configurations in
the environment. For the PPO baseline we use the code from [67] and provide also two sub-
sequent frames and 200M time steps for training. For the DrAC baselines we use the code
from Raileanu et al. [255]. For our method, we also report performance of a version with
access to the true start and end-point prediction (NAP∗), with the exception of the Chaser
where true goals are not well-defined.

(a) Performance on Chaser
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#levels
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g 
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NAP test
DrAC *  test
PPO test
BC test

(b) Short-horizon plans

Figure 4.4: Performance of NAP against PPO on the Chaser environment (a) trained on 10, 20, 50, 100
and 200 levels. In (b) we show the short-horizon plans (white) of the agent (blue) at step 5 and 110 in the
environment.

In Figure 4.3, we show the performance of the methods when exposed to a different num-
ber of levels at training time. As reported in Cobbe et al. [67], the baselines have a large
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Figure 4.5: Test success rate of our method with different horizon lengths. The solver assumes that the last
horizon step costs remain to infinity. In this sense, the horizon of length 1 corresponds to a static solver.

generalization gap and poor performance when< 10 000 levels are seen.

We find that NAP shows strong generalization performance already for< 500 levels. In
some environments, such as Maze we obtain near 80% success rate already with just 100
levels which is never reached by PPO or DrAC even after seeing a 1000 levels. Our NAP
trained on 1000 levels reaches the same performance as PPO trained on 200 000 levels of the
Maze environment. For Crash JewelHunt 5× 5, already with 30 trajectories a third of
the 1000 test-levels can be solved, while the behavior cloning baseline manages less than 50
out of the 1000.

In Chaser we learn a subgoal predictor from expert trajectories that predicts a subgoal
for the TDSP algorithm at each time step, since there is no clear goal state specified by the
environment. The performance plots in Figure 4.4 show that NAP outperforms the base-
lines. Additionally, in Figure 4.4(b) we observe that using NAP the agent is able to perform
detours to collect orbs, indicating that the learned costs in the latent planning graph reflect
the actual task.
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Figure 4.6: Distributions of test level episode lengths after training on 500 levels for the Leaper(Grid) and
Maze environments over 3 seeds. We observe that NAP tends to take shorter paths than DrAC∗ and PPO.
We also observe that the median episode length for the baselines in the Maze task is located in the upper part,
which corresponds to unsolved levels.4.5.4 Sensitivity to the Planning Horizon
We provide a sensitivity analysis of the performance with different planning horizons. Our
results indicate that longer horizons benefit environments with increased dynamical interac-
tions. As apparent from Figure 4.5, our method outperforms the behavior cloning baseline
in all of the environments, the gap between themethods being correlatedwith the complexity
of the environment. It can also be seen that making the planning horizon smaller in environ-
ments with dynamics hurts performance.
On the other hand, for environments with no dynamics, such as the maze environment,

there is no benefit in using a longer planning horizon, as expected. Nevertheless, there is still
strong performance gain in generalization when using NAP as opposed to vanilla imitation
learning from expert trajectories thanks to the introduced combinatorial inductive bias.4.5.5 Path Optimality
We have observed that introducing combinatorial structural biases with a method such as
NAP can benefit generalization greatly. Another interesting question is how optimal are the
paths taken by NAP. Even though NAP has an advantage in having access to expert optimal
or near-optimal trajectories, this does not necessarily translate to being able to act optimally
in unseen situations.
For this analysis we have plotted the episode length distribution across runs for NAP,

DrAC∗ and PPO, which can be seen in Figure 4.6. This shows us that NAP generalizes with
more optimal (shorter) paths in comparison to DrAC∗ and PPO, even when compared only
to levels solved by all methods. Even in the Leaper(Grid) environment, where DrAC∗ out-
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performs NAP by measure of success rate, NAP still outperforms DrAC∗ in terms of path
lengths.4.6 Discussion
We have shown that hybrid neuro-algorithmic policies consisting of deep feature extraction
and a shortest path solver –made differentiable by the techniques that we developed inChap-
ter 2 – enable learning policies that generalize to unseen environment settings in the low-data
regime. Hybrid architectures are a stepping stone towards the usage of better inductive biases
that enable stronger generalization. In NAP, the inductive bias that we impose is the topol-
ogy of the latent planning graph in conjunction with a planning algorithm. Introducing the
shortest-path solver as a module shifts the combinatorial complexity of the planning prob-
lem to efÏcient algorithmic implementations while facilitating the learning of interpretable
representations for planning in the latent space.
Although there is a clear benefit in usingNAP, themethod comeswith certain caveats. We

assume that the topological structure (i.e. that there is an underlying grid structure with a set
of 5 actions) of the latent planning graph is known a priori. Furthermore, we assume that the
structure of the latent graph is fixed and not dynamically changing over time, i.e. that each
available action at a vertex corresponds to the same edge. Any results allowing to abandon
some of these assumptions will vastly increase the applicability of this method.
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In order to seek truth, it is necessary once in the course of our
life to doubt, as far as possible, of all things.

René Descartes 5
Risk-Averse Zero-Order Trajectory

Optimization

This chapter is based on the work “Risk-averse Zero-Order Trajctory Optimization” [330]. We
propose a model-based method for epistemic and aleatoric uncertainty separation which can be
utilized for risk-averse planning and exploration while making use of probabilistic safety con-
straints.

5.1 Motivation
In this chapter we turn our attention to the problem of planning and making decisions in
a dynamical system. Data-driven approaches to sequential decision-making are becoming
increasingly popular [354, 145, 249, 285]. They hold the promise of reducing the number
of prior assumptions about the system that are imposed by traditional approaches that are
based on nominal models.
Such approaches come in several different flavors [162]. Model-free approaches attempt to

extract closed-loop control policies directly from data, whilemodel-based approaches rely on
a learnedmodel of the dynamics to either generate novel data to extract a policy or to be used
in a model-predictive control fashion (MPC). This work belongs to the latter line of work.
Model-based methods have several advantages over pure model-free approaches. Firstly,

humans tend to have a better intuition on how to incorporate prior knowledge into a model
rather than into a policy or value function. Secondly, most model-free policies are bounded
to a specific task, while models are task-agnostic and can be applied for optimizing arbitrary
cost functions, given sufÏcient exploration.
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Nevertheless, learning models for control comes with certain caveats. Traditional MPC
methods require the model and cost function to permit a closed-form solution which re-
stricts the function class prohibitively. Alternatively, gradient-based iterative optimization
canbe employed, which allows for a larger class of functions but typically fails to yield satisfac-
tory solutions for complicated function approximators such as deep neural network models.
In addition, calculating first-order or even second-order information for trajectory optimiza-
tion tends to be computationally costly, which makes it hard to meet the time constraints
of real-world settings. This motivates the usage of zero-order methods, i.e gradient-free or
sample-based, such as the CEM that do not rely on gradient information but are efÏciently
parallelizable.

(a) Noisy-FetchPickAndPlace (b) Solo8-LeanOverObject (c) BridgeMaze

Figure 5.1: Environments considered for uncertainty-aware planning. Code and videos are available at
https://martius-lab.github.io/RAZER/.

Many methods relying on a learned model and zero-order trajectory optimizers have been
proposed [65, 338, 345], but all share the same problem: compounding of errors through
auto-regressive model prediction. This naturally brings us to the question of how can we
effectivelymanagemodel errors and uncertainty to bemore data-efÏcient and safe. Arguably,
this is one of the main obstacles to applying data-driven model-based methods to the real
world, e.g. to robotics settings.
In this work, we introduce a risk-averse zero-order trajectory optimization method

(RAZER) formanaging errors and uncertainty in zero-orderMPC and test it on challenging
scenarios (Figure 5.1). We argue that it is essential to differentiate between the two types of
uncertainty in the model-predictive setting: the aleatoric uncertainty arising from inherent
noise in the system and epistemic uncertainty arising from the lack of knowledge [142, 159].
We measure these uncertainties by making use of probabilistic ensembles with trajectory
sampling similar to PETS [65]. Our contributions can be summarized as follows: (i) method
for separation of uncertainties in probabilistic ensembles (PETSUS); (ii) efÏcient use of
aleatoric and epistemic uncertainty in model-based zero-order trajectory optimizers; (iii) a
simple but practical approach to probabilistic safety constraints in zero-order MPC.
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Uncertainty Estimation In the typical Model-Based Reinforcement Learning (MBRL)
setting, the true transition dynamics function is modeled through an approximator. Im-
pressive results have been achieved by both parametric models [184, 101, 103, 127], such as
neural networks, and nonparametric models [164, 228, 117, 77], such as Gaussian Processes
(GP). The latter inspired seminal work on the incorporation of the dynamics model’s uncer-
tainty for long-term planning [77, 150]. However, their usability is limited to low-data, low-
dimensional regimes with smooth dynamics [259, 260], which is not ideal for robotics ap-
plications. Alternative parametric approaches include ensembling of deep neural networks,
used both in theMBRL community [65, 174], and outside [236, 175]. In particular, ensem-
bles of probabilistic neural networks established state-of-the-art results [65], but focusmainly
on estimating the expected cost and disregard the underlying uncertainties. In comparison,
we propose a treatment of the resulting uncertainties of the ensemble model.

Zero-order MPC The learned model can be used for policy search like in PILCO [78, 77,
150, 69] or for online model-predictive control (MPC) [217, 347, 65]. In this work, we do
planning in anMPC fashion and employ a zero-order method as a trajectory optimizer, since
they have shown to be less likely to get stuck in local minima and make an explicit treatment
of the uncertainty in the cost possible. Specifically, we consider a sample-efÏcient implemen-
tation of the Cross-Entropy method [274, 40] introduced in [247].

Safe MPC Separating the sources of uncertainty is of particular importance for applica-
tions directly affecting humans’ safety, as self-driving cars, elderly care systems, or in general
any application that involves a physical interaction between agents and humans. Disentan-
gling epistemic from aleatoric uncertainty allows for separate optimization of the two, as
they represent semantically different objectives as per definition. Extensive research on un-
certainty decomposition has been done in the Bayesian setting and the context of safe policy
search [211, 104, 81, 80], MPC planning [15, 182, 1], and distributional RL [66, 362]. On
the other hand, a state-of-the-art baseline for ensemble learning like PETS [65], despite esti-
mating uncertainty, only optimizes for the expected cost during action evaluation. Our work
aims at filling this gap by explicitly integrating the propagated uncertainty information in the
zero-order MPC planner.5.3 Method
Our approach concerns itself with the efÏcient usage of uncertainties in zero-order trajectory
optimization and is therefore generally applicable to such optimizers. We are interested in
modeling noisy systemdynamics st+1 = f(st, at, w(st, at))where f is a nonlinear function,
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st the observation vector, at applied control input andw(st, at) a noise term sampled from
an arbitrary distribution.
Consequently, in the absence of prior knowledge about the function f , the system needs

to be modeled by a complex function approximator such as a neural network. Furthermore,
we are interested inmanaginguncertainties based onour fittedmodel, which is erroneous. To
this end, we use stochastic ensembles of sizeK , where the output of each model ϑk(st, at)
are parameters of a normal distribution depending on input observation st and control at.
As a by-product, our auto-regressive model prediction based on sequence of control inputs
a becomes a predictive distribution over trajectories τ = (s0, a0, s1, a1 . . . ); ψτ (st,a) :=
p(τ |st,a; θ) where θ denotes the parameters of the ensemble. For convenience, from this
point onward we will differentiate between multiple usages of ψτ . We denote with ψs∆t the
distribution p(xt+∆t|st,at:t+∆t−1; θ) over states at time step t + ∆t, ψϑ

∆t the distribution
over the Gaussian parameter outputs p(ϑt+∆t|st,at:t+∆t−1; θ) at time step t + ∆t of the
planner.5.3.1 Planning and Control
Tovalidate our hypothesis that accounting for uncertainty in the environment andmodel pre-
diction is essential to develop risk-averse policies, we use the Cross-Entropy Method (CEM)
with improvements suggested in Pinneri et al. [247]. Accordingly, at each time step twe sam-
ple a finite number of control sequencesa for a finite horizonH from an isotropic Gaussian
prior distributionwhichwe evaluate from the state st using an auto-regressive forward-model
and the cost function. The sampling distribution is refitted in multiple rounds based on the
best performing trajectories. After this optimization step, the first action of the mean of the
fitted Gaussian distribution is executed. Since this approach utilizes a predictive model for a
finite horizon at each time step, it naturally falls into the category of MPCmethods.
Although we use CEM, our approach of managing uncertainty can generically be applied

to other zero-order trajectory optimizers such as MPPI [347] by a modification of the trajec-
tory cost function.5.3.2 The Problem of Uncertainty Estimation
Since we have a stochastic model of the dynamics, at the model prediction time step t we
observe a distribution over potential outcomes. Indeed, since ourmodel outputs are parame-
ters of aGaussian distribution,with auto-regressive predictionswe endupwith a distribution
over possible Gaussians for a certain time step t.
Given a sampled action sequence a and the initial state st we observe a distribution over

trajectoriesψτ . To efÏciently sample from the trajectory distributionψτ weuse the technique
introduced by Chua et al. [65] (PETS) which involves prediction particles that are sampled
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from the probabilistic models and randomly mixed between ensemble members at each pre-
diction step. In this way, the sampled trajectories are used to perform aMonteCarlo estimate
of the expected trajectory costEτ∼ψτ [c(τ)]. However, this does not take the properties ofψτ
into account, which might be a high-entropy distribution andmay lead to very risky and un-
safe behavior. In this work, we alleviate this by looking at the properties of ψτ , i.e. different
kinds of uncertainties arising from the predictive distribution.5.3.3 Learned Dynamics Model
We learn a dynamics model fθ that approximates the true system dynamics

st+1 = f(st, at, w(st, at)).

As a model class, we use an ensemble of neural networks with stochastic outputs as in Chua
et al. [65]. Each model k, parametrizes a multivariate Gaussian distribution with diagonal
covariance, fkθ (st, at) = N (st+1; st+µ

k
θ(st, at),Σ

k
θ(st, at))whereµkθ(·, ·) andΣk

θ(·, ·) are
model functions outputting the respective parameters.
Iteratively, while interacting with the environment, we collect a dataset of transitions D

and train each model k in the ensemble by the following negative log-likelihood loss on the
Gaussian outputs:

ℓ(θ, k) = E
st,at,st+1∼D

[
− logN (st+1; st + µkθ(st, at),Σ

k
θ(st, at))

]
(5.1)

In addition, we use several regularization terms to make the model training more stable. We
provide more details on this in Supplementary D.1.1.5.3.4 Separation of Uncertainties
In the realm of parametric estimators, two uncertainties are of particular interest. Aleatoric
uncertainty is the kind that is irreducible and results from inherent noise of the system, e.g.
sensor noises in robots. On the other hand, we have epistemic uncertainty resulting from lack
of data or knowledge which is reducible. This begs the question, how can we separate these
uncertainties given an auto-regressive dynamicsmodel fθ? Theway thatwe efÏciently sample
from ψτ is by mixing sampled prediction particles. This process is illustrated by the red lines
in Fig. 5.2.
Simple model prediction disagreement is not a good measure for aleatoric uncertainty

since it can be entangled with epistemic uncertainty. Given our how we model the system
dynamics, wemeasure aleatoric uncertainty as entropy of the predicted normal distributions
across ensemble members. More concretely, given a sampled particle state s̃t, we define the
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Figure 5.2: Probabilistic Ensembles with Trajectory Sampling and Uncertainty Separation (PETSUS)

estimated aleatoric uncertainty for an ensemble member associated to particle b at time step
t as:

Ab(x|s̃t, at) = Hx∼ψs
∆t,b

(x) (5.2)

Whereψs∆t,b is the output distribution of ensemblemodel based on inputs s̃t, at. Since in the
endwe are interested in the aleatoric uncertainty incurred from applying the action sequence
a from initial state st, the quantity of interest for us is the expected aleatoric uncertainty for
time slice t:

A(s|at) = E
s̃b∼ψs

∆t

[
Ab(s|s̃b, at)

]
(5.3)

Intuitively, because we only have access to the ensemble for sampling, we take a time-slice
in the sampled trajectories from ψτ and compute the output entropies. Moreover, since we
assume a Gaussian 1-step predictive distribution this is an expectation over differential Gaus-
sian entropy. An alternative way of computation which we also explore is calculating the
expected particle variance for time slice t+ 1 of the prediction horizon

VarAt+1 =
1

B

B∑

b=1

Σk
θ(s̃t,b, at) (5.4)

Note thatΣk
θ(s̃t,b, at) outputs the covariance of the prediction at t+ 1.

For estimating the epistemicuncertainty, onewouldbe tempted to look at the disagreement
between ensemble models in parameter space Var[θ], but this is not completely satisfying,
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since neural networks tend to be over-parametrized and variance within the ensemble still
may exist albeit the optimum has been reached by all ensemble models.
Given the assumption of local Gaussianity, the true epistemic uncertainty for this case is

the predictive entropy over the Gaussian parametersϑ at time step t+ h.

E(st,at:t+∆t−1) = Hψϑ

∆t
(ϑ | st,at:t+∆t−1) (5.5)

It is easy to verify that this quantity is 0 given perfect predictions of themodel. Note that, be-
cause of auto-regressive predictions of a nonlinear model, this is a very difÏcult object to han-
dle. Nevertheless, since our predictive distribution p(s|st, at;ϑ) is parametrized by model
output, we may utilize disagreement inϑt to approximate E. To get correct estimations, we
need to propagate mean predictions s̄ in addition to the particles as illustrated as the yellow
lines in Fig. Figure 5.2. We quantify epistemic uncertainty as ensemble disagreement at time
step t:

VarE(st+1) = Vare[µkθ(s̄t, at)] + Vare[Σk
θ(s̄t, at)] (5.6)

where Vare is the empirical variance over the k = 1 . . . K ensembles.5.3.5 Probabilistic Safety Constraints
When applying data-driven control algorithms to real systems, safety is of utmost importance.
In the realmof zero-order optimization, safety constraints canbe easily introducedbyputting
an infinite cost on constraint-violating trajectories. Nevertheless, we are dealing with erro-
neous stochastic nonlinearmodels which lead to nontrivial predictive distributions of future
states, based on the control sequence a. For this reason, we want to control the risk of vio-
lating the safety constraints that we, as practitioners, are willing to tolerate. If we denote the
observation space as S , given a violation setC ⊂ S , we define the probability of the control
sequencea to enter the violation set at time t+∆t asp(s ∈ C | st,a) =

∫
s∈C ψ

s
∆t(s | st,a).

In practice, it is hard to compute this integral efÏciently, since our distribution ψs∆t is non-
trivial as a result of nonlinear propagation of uncertainty. Furthermore, the violation set C
might not have the structure necessary to allow an efÏcient solution to the integral, in which
case one needs to resort to Monte Carlo estimation.
To simplify computation and gain speed, we consider box violation sets resulting in each

dimension of x being constrained to be outside of [a, b] ∈ {a, b | a, b ∈ R
2, a < b}. By

performingmomentmatchingby aGaussian in each time-sliceψs∆t, the probability of ending
up in state s at time step t+∆t is given by integratingN (x;µt+∆t,Σt+∆t), where µ andΣ
are estimated by Monte Carlo sampling. If we further assume a diagonal covariance Σ, this
integral can be deconstructed into d univariate Gaussian integrals, which can be computed
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fast and in closed form. Hence, the probability of a constraint violation happening at time
step t is defined by:

p(s ∈ C | st,a) =
d∏

i=0

∫

s∈C
N (si;µit+∆t, σ

i
t+∆t) (5.7)

5.3.6 Implementing Risk-Averse ZERo-Order Trajectory Optimiza-
tion (RAZER)

We assume the task definition is provided by the cost c(st,a). For trajectory optimization,
we start from a state xt and predict with an action sequence a the future development of
the trajectory τ . Along this trajectory, we want to compute a single cost term which is con-
veniently defined as the expected cost of all particles s̃ summed over the planning horizon
H :

c(st,a) =
H∑

∆t=1

1

B

B∑

b=1

c(s̃bt+∆t, at+∆t). (5.8)

The optimizer, in our case CEM, will optimize the action sequence a to minimize the cost
in a probabilistic sense, i.e. p(a | s) ∝ exp(−β c(s,a)) where β reflects the strength of
the optimizer (the higher the more likely it finds the global optimum). To make the planner
uncertainty-aware, we need to make sure it avoids unpredictable parts of the state space by
making them less likely. Using the aleatoric uncertainty provided by PETSUS eq. (5.4), we
define the aleatoric penalty as

cA(st,a) = wA ·
H∑

∆t=1

√
VarAt+∆t, (5.9)

where wA > 0 is a weighting constant. The larger the aleatoric uncertainty, the higher the
cost.
To guide the exploration to stateswhere themodel has epistemic uncertainty eq. (5.6) (due

to lack of data), we use an epistemic bonus:

cE(st,a) = −wE ·
H∑

∆t=1

√
VarEt+∆t, (5.10)

where wE > 0 is a weighting constant. To be able to operate on a real system, the most
important part is to adhere to safety constraints. As formulated in eq. (5.7), the predicted
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safety violations need to be uncertainty aware, independent of the source of uncertainty. We
integrate this into the planning method by adding:

cS(st,a) = wS ·
H∑

∆t=1

q
p(ŝt+∆t ∈ C) > δ

y
(5.11)

where J·K is the Iverson bracket. andwS is either a large penalty cmax or 0 to disable safety. An
alternative for implementing safety constraints into CEM is by changing the ranking func-
tion [343]. The overall algorithm used in a model-predictive control fashion is outlined in
Supplementary D.2.5.4 Experiments
Westudy our uncertainty-aware planner in 4 continuous state and action space environments
and compare to naively optimizing the particle-based estimate of the expected cost similarly
to Chua et al. [65]. We start by giving a description of the environments.
BridgeMazeThis toy environment (see Figure 5.1c) was specifically designed to study the

different aspects of uncertainty independently. The agent (blue cube) starts on the left plat-
form and has to reach the goal platform on the right. To reach the goal platform, the agent
has to move over one of three bridges without falling into the lava. The upper bridge is safe-
guarded by walls; hence, it is the safest path to the goal but also the longest. The lower bridge
has no walls and therefore is more dangerous for an unskilled agent to cross but the path is
shorter. The middle bridge is the shortest path to the goal. However, randomly appearing
strong winds perpendicular to the bridge might cause the agent to fall off the bridge with
some probability, making this bridge dangerous.
Noisy-HalfCheetah This environment is based on HalfCheetah-v3 from the OpenAI

Gym toolkit. We introduce aleatoric uncertainty to the system by adding Gaussian noise
ξ ∼ N (µ, σ2) to the actions when the forward velocity is above 6. The action noise trans-
lates into a non-Gaussian and potentially very complicated state space noise distribution that
makes the control problem very challenging.
Noisy-FetchPickAndPlace Based on the FetchPickAndPlace-v1 gym environment. Ad-

ditive action noise is applied to the gripper so that its grip on the box might become tighter
or looser. The noise is applied for x-positions < 0.8 which is illustrated in Figure 5.1a by a
blue line causing the agent to drop the box with high probability if it tries to lift the box too
early.
Solo8-LeanOverObject In this robotic environment, the task of a quadrupedal

robot [122] is to stand up and lean forward to reach a target position (purple markers need
to reach green dots in Figure 5.1b) without hitting an object visualized by the red cube
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(a) State space exploration over
time depending on epistemic
bonus (wE).

(b) State space coverage with
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Figure 5.3: Active learning setting: The epistemic bonus allows RAZER to seek states for which no or only
little training data exists (a,c). Means and standard deviations for (a) were computed over 5 runs. PETS overfits
to a particular solution (b). In (b) and (c), the brightness of the dots is proportional to the time when they were
first encountered.

representing the unsafe zone. The robot starts in a laying position as shown in the inset of
Figure 5.1b. As in theNoisy-HalfCheetah environment, Gaussian action noise is applied to
mimic real-world perturbances.5.4.1 Algorithmic Choices and Training Details
For model-predictive planning we use the CEM implementation from Pinneri et al. [247].
Further details about hyperparameters can be found in Supplementary D.1.2. For planning,
we use the same architecture for the ensemble of probabilistic models, both in RAZER and
in PETS. The only difference is that in RAZER we also forward propagate the mean state
predictions in addition to the sampled state predictions. Further details can be found in Sup-
plementary D.1.1.5.4.2 Active Learning for Model Improvement
Ifmodel uncertainties are used for risk-averse planning, they are onlymeaningful if themodel
has the right training data. Only from good data can the parameters of the approximate noise
model be learned correctly. In case of too little data, the agent might avoid parts of the state
space due to an overestimation of the model uncertainties. On the other hand, the agent
might enter unsafe regions for which the uncertainties are underestimated. By adding the
epistemic bonus to our domain-specific cost, the planner can actively seek states with high
epistemic uncertainty, i.e. for which no or only little training data exists.
Figure 5.4a shows this active data gathering process for the BridgeMaze environment.

PETS finds one particular solution to the problem of reaching the goal platform. It chooses
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the path over the safer, lower bridge rather than the dangerous middle path and the longer
path via the upper bridge (Figure 5.3b). Once, one solution is found, the model overfits to it
without exploring any other parts of the state space. This is also reflected in the plateauing of
the red curve in Figure 5.3a.
In comparison, RAZER actively explores larger and larger parts of the state space with an

increasing weight of the epistemic bonus (Figure 5.3a). RAZER not only finds the easy solu-
tion found by PETS but also extensively explores other parts of the state space (Figure 5.3c).
To not get stuck at the middle bridge during exploration due to the inherent noise, it is im-
portant to separate between epistemic and aleatoric uncertainties. Only the former should
be used for exploration. With enough data, ourmodel can correctly capture the uncertainties
of these states resulting in the epistemic uncertainty approaching zero.5.4.3 Risk-Averse Planning
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(b) Dropping rate in Noisy-FetchPickAndPlace
for 100 runs.

Figure 5.4: Risk-averse planning in the face of aleatoric uncertainty yields higher success rates in noisy envi-
ronments. For (b) we use ground truth models and a fixed aleatoric penalty weightwA.

Once a good model is learned, it can be used for safe planning. What differentiates
RAZER from PETS is that it makes explicit use of uncertainty estimates while in the
latter uncertainties only enter planning by taking the mean over the particle costs and not
differentiating between different sources of uncertainty.

BridgeMaze Figure 5.4a shows the success rate of PETS and RAZER in the BridgeMaze.
In both cases, we use the same model that was trained from data collected during a training
run withwE = 0.05. Hence, the model saw enough training data from all parts of the state
space. The noise in the environment is tuned such that there is a chance to cross the bridge
without falling. While in Figure 5.3b PETS avoided this path because of an overestimation of
the state’s value due to a lack of training data and sometimes sees a chance to cross the bridge.
However, these attempts are very likely to fail because of stronger winds that occur randomly,
resulting in a success rate of only 58%. RAZER does not rely on sampling for the aleatoric
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Figure 5.5: Noisy-HalfCheetah environment (task lengths 300 steps) with learned models from scratch. At
150 iterationswehave seenonly 45kpoints. (a)Performanceundernoisy actionswith aleatoric penalty (10 runs).
By applying the aleatoric penalty,RAZERcannavigate theuncertainties better – leading tohigher returns faster.
(b) Safety violations above a certain body height (simulating a low ceiling) for different values of δ. In (c) the
number of violations is averaged over the last 50 iterations (summed over 10 rollouts).

part and can thus avoid risk. With a higher penalty constant the success rate increases up to
96%but only as long as the agent is willing to take a risk at all. For large values ofwA the agent
becomes so conservative that it only moves slowly (decreasing reward in Figure 5.4a).

Noisy-HalfCheetah How does RAZER perform on the Noisy-HalfCheetah environ-
ment when models are learned from scratch? Without aleatoric penalty, the planner is
optimistic. Risky situations are only detected if a failing particle is sampled. Thus, the noise
is mostly neglected and the robot increases its velocity, gets destabilized, and ends up slower
than with the aleatoric penalty (Figure 5.5a).

FetchPickAndPlace In this environment, a 7-DoF robot arm should bring the box to a
target position – starting and target positions are at the opposite sides of the table. The short-
est path is to lift the box andmove in a straight line to the target. However, with noise applied
to the gripper action, there is a certain probability to drop the box along the way. When pe-
nalizing aleatoric uncertainty, this is avoided and also fewer trajectory samples are “wasted”
in high-entropic regions, as presented in Figure 5.1a. Figure 5.4b shows the number of times
the box is dropped on the table depending on the aleatoric penalty. RAZER adopts a cau-
tious behavior, preferring to slide the box on the table and lifting it only in the area without
action noise, maintaining a dropping rate lower than 20%, even when considerable noise is
applied.5.4.4 Planning with External Safety Constraints
Noisy-HalfCheetah: We consider a safety constraint on the height of the body above
ground simulating a narrow passage. Figure 5.5b shows the number of safety violations.
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Figure 5.6: Safe planning vs. task-oriented planning in the Solo8-LeanOverObject environment with noisy ac-
tions. Left: number of safety violations for different values of δ (eq. (5.11)). Right: enforcing safety constraints
causes slight reduction in tracking accuracy due to the fixed planning budget and the competing objectives of
task and safety costs.

Note that PETS has the same penalty cost for hard violations.

Solo8-LeanOverObject: In this experiment, the robot has to move to two target points
with its front and rear of the trunkwhile avoiding entering a specified rectangular area (fragile
object). The front feet are fixed. To track the points, the robot has to lean forward, such that
it can lose balance due to noisy actions. In contrast to PETS, RAZER successfully manages
to satisfy the safety constraints almost always as shown in Figure 5.6. However, satisfying the
safety constraint comes with the cost of reduced tracking accuracy.5.5 Discussion
In this chapter, we have provided a methodology to separate uncertainties in stochastic en-
semble models (PETSUS) which can be used as a tool to build risk-averse model-based plan-
ners that are also data-efÏcient and enforce safety through probabilistic safety constraints
(RAZER). This type of risk-averseness can be achieved by a simple modification of the cost
function in form of uncertainty penalties in zero-order trajectory optimizers.
Furthermore, the separation of uncertainties allows us to do proper exploration via epis-

temic bonus which benefits generalization of the model. As future work, it would be of
interest to see this approach applied to a proper transfer learning setting from simulations to
real systems, where risk-averseness combinedwith exploratory behavior is crucial for efÏcient
learning and safe operation.
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The most important questions of life are indeed, for the
most part, really only problems of probability.

Pierre-Simon Laplace 6
Diverse OfÒine Imitation Learning

This chapter is based on the work “OfÒine Diversity Maximization under Imitation Con-
straints” [332]. We introduce an ofÒine algorithm for extracting diverse skills from demonstra-
tions. The core motivation of the algorithm is the Fenchel-dual imitation learning formulation,
which connects the dual problem of value learning to the problem of maximizing over occupancy
distributions.6.1 Motivation

InChapter 5, we had amodel-based planning problem andwe needed to deal with separation
of uncertainties to do efÏcient data collection, and risk-averse planning. In this chapter, we
consider the case of ofÒine learning under constraints, where the policy is not allowed to
collect any additional data.
Recent advancements in RL have included substantial progress in unsupervised skill dis-

covery, aiming to empower autonomous agents with the capability to acquire a diverse set
of skills directly from their environment, without relying on predefined human-engineered
rewards or demonstrations. These methods have the potential to revolutionize the way RL
agents learn to solve complex tasks. The growing interest in unsupervised skill discovery has
led to various approaches, typically rooted in information-theoretic concepts, including em-
powerment [160, 214, 94], information bottleneck [318, 115, 155] and information gain [143,
309, 240]. Despite these advancements, there remains a significant challenge. Currentmeth-
ods demand substantial online interaction with the environment, making exploration in
high-dimensional state-action spaces inefÏcient. Although Zahavy et al. [359] introduced
constraints to enhance skill performance and narrow the exploration space by incentivize di-
verse skills to meet a certain utility measure, their approach does not eliminate the need for
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considerable online interaction with the environment. Meanwhile, there have been signif-
icant recent advances in large-scale data collection [269, 336, 43] and in the development
of scalable and sample-efÏcient ofÒine RL algorithms that leverage diverse behaviors of pre-
collected experience. However, these approaches struggle with well-known challenges, in-
cluding off-policy evaluation and the out-of-distribution problem, which have been studied
extensively in previous work [186, 250].
In this work, we address the aforementioned challenges by introducing a novel problem

formulation and complementing itwith the first principled ofÒineRLalgorithm for unsuper-
vised skill discovery that, in addition to maximizing diversity, ensures that each learned skill
imitates state-only expert demonstrations to a certain degree. More specifically, we consider
a problem formulation with two datasets: a large one with diverse state-action demonstra-
tions and another much smaller one with state-only expert demonstrations. This setting is
particularly valuable in robotics scenarios where expert demonstrations are limited and the
domain of the expert may be different from that of the agent, such as in human demonstra-
tions. Another potential application is to enhance the realism of computer games by creating
an immersive experience of interactingwith non-player characters, each behaving in a slightly
different style, while all partially imitating the behavior of a human expert.
We formulate the problem as a Constrained Markov Decision Process (CMDP) [9, 314]

that seeks tomaximize diversity through amutual information objective, subject toKullback-
Leibler (KL) divergence state occupancy constraints ensuring that each skill imitates state
expert demonstrations to a certain degree. The resulting CMDP has convex objective and
constraints,making the optimizationproblem intractable. We adopt a tractable relaxation ap-
proach consisting of an alternating scheme that maximizes a variational lower bound onmu-
tual information, and to handle the constraints it applies Lagrange relaxation. Our method,
DOI, overcomes the off-policy evaluation by leveraging the Fenchel-Rockafellar duality in
RL [221, 154, 201] to connect a dual optimal value solution (computed using ofÒine sam-
ples) with primal optimal state-action occupancy ratios. These ratios serve as importance
weights for ofÒine training of a skill-conditioned policy, skill-discriminator, KL-divergence
estimators, andLagrangemultipliers. We demonstrate the effectiveness of ourmethod on the
standard ofÒine benchmarkD4RL [100] and on a custom ofÒine dataset collected from a 12-
DoF quadruped robot Solo12 [187]. In addition, we show that DOI trained on simulation
data transfers well to a real robot system.6.2 Related Work
In the context of skill discoveryAchiam et al. [2] andCampos et al. [51] showed thatmethods
like DIAYN [94] can struggle to learn large numbers of skills and have a poor coverage of the
state space. Strouse et al. [309] observed that when a novel state is visited, the discriminator
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lacks sufÏcient training data to accurately classify skills, which results in a low intrinsic reward
for exploration. They address this by introducing an information gain objective (involving
an ensemble of discriminators) as a bonus term. Kim, Park, and Kim [155] gave a skill discov-
ery approach based on an information bottleneck that leads to disentangled and interpretable
skill representations. Park et al. [238, 239] proposed a Lipschitz-constrained skill discovery
method based on a distance-maximizing and controllability-aware distance function to over-
come the bias toward static skills and to allow the agent to learn complex and far-reaching
behaviors. Sharma et al. [294] developed amethod that simultaneously discovers predictable
skills and learns their dynamics. In a follow-up work, Park and Levine [240] addresses the
problem of errors in predictive models by learning a transformed MDP, whose action space
contains only easy to model and predictable actions. These works provide RL algorithms
for unsupervised skill discovery that require online interaction with the environment and do
not impose utility measures on the learned skills. In contrast, DOI gives a principled ofÒine
algorithm for maximizing diversity under imitation constraints.
A large body of research has focused on successor features [75, 22], a powerful technique

in RL for transfer of knowledge across tasks by capturing environmental dynamics, particu-
larly promising for skill discoverywhen coupledwith variational intrinsicmotivation [121, 21,
128] to enhance feature controllability, generalization, and task inference. In contrast to our
work, these approaches do not impose performance constraints on the learned skills. Zahavy
et al. [359] cast the task of learning diverse skills, each achieving a near-optimal performance
with respect to a given reward, into a constrained MDP setting with a physics-inspired di-
versity objective based on a minimum ℓ2 distance between the successor features of different
skills. However, this approach requires significant online interaction with the environment
to learn the skills.
Numerous practical algorithms for ofÒine RL have been proposed [186, 250], including

methods based on advantage-weighted behavioral cloning [224, 340], conservative strategies
to stay close to the original data distribution [172, 61] and using only on-data samples [168,
351]. While these methods excel at learning a policy that maximizes a fixed reward, they are
not directly applicable in our setting, which has a non-stationary reward that depends on:
i) the log-likelihood of a skill discriminator, and ii) Lagrange multipliers. In addition, these
techniques cannot be used to i) train a skill discriminator and ii) estimate a KL divergence
ofÒine.
Naive importance sampling approaches for off-policy estimation are known to suffer from

unbounded variance in the infinite horizon setting, a problem known in the literature as “the
curse of horizon”. Liu et al. [194] andMousavi et al. [218] addressed this challenge by provid-
ing theoretical foundations and a principled off-policy algorithm, using a backward Bellman
operator, that avoids exploding variance by applying importance sampling to state-visitation
distributions, and by providing practical solutions in Reproducing Kernel Hilbert Spaces.
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An alternative research direction in off-policy estimation, referred to asDistribution Correc-
tion Estimation (DICE), has introduced innovative techniques, with Nachum et al. [220]
mitigating variance with importance sampling, Nachum et al. [222] enabling policy gradient
from off-policy data without importance weighting, Kim et al. [154] stabilizing ofÒine imi-
tation learning with imperfect demonstrations, Zhang, Liu, andWhiteson [363] improving
density ratio estimation, Dai et al. [71] providing high-confidence off-policy evaluation. Sub-
sequently, Xu et al. [352] applied this approach to ofÒine RL and demonstrated its effective-
ness in continuous control tasks. Our work uses a DICE-based off-policy approach similar
to OptiDICE [179, 180] for estimating importance ratios, while considering a constrained
formulation with a mutual information objective and KL-divergence imitation constraints.
Lee et al. [180] studies a cost-conservative constrained setting, with an OptiDICE-based off-
policy evaluation.6.3 Preliminaries
Here we utilize the framework of MDPs (see Section 1.4). In the skill discovery setting,
z ∼ p(Z) denotes a fixed latent skill on which we condition a policy πz : S × Z 7→ ∆(A).
We will treat p(Z) as a categorical distribution over a discrete setZ of |Z|many distinct indi-
cator vectors in R|Z|. The skill-conditioned policy πz induces a state occupancy denoted by
dz(s) := dπz(s), and when it is clear from the context we will refer to dz(s) as a “skill”.
We consider an ofÒine settingwith access to the following datasets: i)DE sampled from an

expert state occupancy dE(S); and ii)DO sampled from a state-action occupancy dO(S,A)
generated by a mixture of behaviors. Our analysis makes use of the following coverage as-
sumption on state occupancies.

Assumption 6.3.1 (Expert coverage). We assume that dE(s) > 0 implies dO(s) > 0.6.4 Method
Given an expert and a coverage dataset as above, we aim to solve ofÒine the constrained opti-
mization problem

max
{dz(S)}z∈Z

I(S;Z) (6.1)

subject to DKL (dz(S)||dE(S)) ≤ ε ∀z, (6.2)

where I(S;Z) denotes the mutual information between states and skills. Henceforth, we
shall make use of color coding to highlight the diversity signal in blue and the imitation signal
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in orange. The preceding problem formulation and our algorithmic framework can be easily
extended to capture: i) objectives in (6.1) that combine conditional mutual information (c.f.
DADS in [294]) and information gain (c.f. DISDAIN in [309]); and ii) general f -divergence
constraints in (6.2), see Nachum and Dai [221] and Ma et al. [201]. We leave the study of
these variants for future work.
Since maximizing the mutual information is generally intractable, in line with previous

work [94] we assume that the latent skills are sampled uniformly at random, i.e., p(z) = 1
|Z| ,

and as a trackable surrogate we consider instead the following variational lower bound

I (S;Z) ≥ Ep(z),dz(s) [log q(z|s)] +H (p(z)) =
∑

z

Edz(s)

[
log (|Z|q(z|s))

|Z|

]
. (6.3)

Here with q(z|s) we denote a skill-discriminator tasked with distinguishing between latent
skills.
Ma et al. [201] proposed an ofÒine algorithm (SMODICE) that on input an expert dataset
DE ∼ dE(S) and a coverage datasetDO ∼ dO(S,A) such thatDE ⊂ States[DO], trains a
policy πẼ which optimizes the problem

min
π

DKL (d
π(S)||dE(S)) , (6.4)

and also outputs ratios ηẼ(s, a) = dπ
Ẽ
(s, a)/dO(s, a) for every state-action pair (s, a) ∈

DO.
An important observation is that the state constraints (6.2) can be reduced to state-action

constraints, by training an expert policy πẼ , which optimizes eq. (6.4). More specifically, for
each latent skill z we replace the state constraint (6.2) with the following state-action con-
straint

DKL
(
dz(S,A)||dẼ(S,A)

)
≤ ε, (6.5)

where dẼ(s, a) denotes the state-action occupancy dπẼ(s, a) induced by the expert policy
πẼ .
We focus on a reduction of CMDPs toMDPs using gradient-based techniques, known as

Lagrangian methods [39, 35, 316]. In contrast to prior work on CMDP, which has focused
primarily on linear objectives and constraints, we consider the nonlinear setting with con-
vex objectives and constraints. More specifically, we seek to maximize the right-hand side of
eq. (6.3) subject to eq. (6.5). Solving this problem is equivalent to

max
dz(s,a)
q(z|s)

min
λ≥0

∑

z

Edz(s)

[
log (|Z|q(z|s))

|Z|

]
+
∑

z

λz
[
ε−DKL

(
dz(S,A)||dẼ(S,A)

)]
,

(6.6)
where with λz we denote the Lagrange multiplier corresponding to latent skill z.
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Figure 6.1: Illustration of Algorithm 5. We compute expert importance ratios η
Ẽ
(s, a) by running

SMODICE on the ofÒine datasets DE and DO . These expert ratios are then used in the alternating scheme
described in Section 6.4.1 to obtain the importance ratios ηz(s, a) (with support inDO) for each skill z. Specif-
ically, the skill-ratios ηz(s, a) are computed by a DICE-like ofÒine policy evaluation algorithm on input a re-
wardRµ

z (s, a) that balances skill diversity (skill-discriminator q(z|s)) and expert imitation (importance ratios
η
Ẽ
(s, a)).

We use a popular heuristic, known in the literature as alternating optimization, to approx-
imately compute a local optimum of Problem (6.6). More precisely, the method alternates
between optimizing each model while holding all others fixed, and iteratively refines the so-
lution until convergence is reached or a stopping criterion is met. Furthermore, as we can
guarantee in practice that the Lagrange multipliers λ are always positive, we consider Prob-
lem (6.6) with λ > 0, that is

max
dz(s,a)
q(z|s)

min
λ>0

∑

z

λz

{
ε+ Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(S,A)||dO(S,A))

}
, (6.7)

where
Rλ
z (s, a) :=

1

λz︸︷︷︸
Constraint Violation

log (q(z|s)|Z|)
|Z|︸ ︷︷ ︸

Skill Diversity

+ log ηẼ(s, a)
︸ ︷︷ ︸
Expert Imitation

. (6.8)

The reward in (6.8) is derived in Supplementary E.3 and relies on the equality (see Supple-
mentary E.4.3)

DKL
(
dz(S,A)||dẼ(S,A)

)
= DKL

(
dz(S,A)||dO(S,A)

)
− Edz(s,a)

[
log

dẼ(s, a)

dO(s, a)

]
, (6.9)
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and the definition of ηẼ(s, a) = dẼ(s, a)/dO(s, a).
Intuitively, the rewardRλ

z (s, a) balances between diversity and KL-closeness to the expert
state-action occupancy. The Lagrange multiplier λz scales down the log-likelihood of the
skill-discriminator q(z|s), effectively reducing the diversity signal, when the state-action oc-
cupancy dz(S,A) violates the KL-divergence constraint (6.5), and vice versa. Each term in
the reward (6.8) involves a separate optimization procedure, which will be described in the
next section.6.4.2 Approximation Phases
Using the alternating optimization scheme,Algorithm5decomposes into the following three
optimization phases. In Phase 1, we train a value function V ⋆

z , ratios ηz(s, a) and a skill-
conditioned policy πz . In Phase 2, we train a skill-discriminator q(z|s). Then in Phase 3,
we compute a KL constraint estimator ϕz and update accordingly the Lagrange multipliers
λz . In addition, we perform a preprocessing phase to compute the expert ratios ηẼ(s, a) by
invoking the SMODICE algorithm.

Phase 1

Withfixed skill-discriminator q(z|s) andLagrangemultipliersλ > 0, Problem (6.7) becomes

max
{dz(s,a)}z∈Z

∑

z

λz

{
Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(S,A)||dO(S,A))

}
, (6.10)

or equivalently for every skill z:

max
dz(s,a)≥0

Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(S,A)||dO(S,A))

subject to
∑

a dz(s, a) = (1− γ)ρ0(s) + γT d(s) ∀s, (6.11)

where we denote with T the transition operator: T d(s′) =∑s,a P(s′|s, a)d(s, a).

Assumption 6.4.1 (Strict Feasibility). We assume there exists a solution such that the con-
straints Section 6.4.2 are satisfied and d(s, a) > 0 for all states-action pairs (s, a) ∈ S ×A.

Using Lagrange duality, Theorem 6.4.1 (which implies strong duality) and the Fenchel
conjugate (see Supplementary E.2), [221] and [201] showed that Problem 6.11 shares the
same optimal value as the following optimization problem

V ⋆ = argmin
V (s)

(1− γ)Es∼ρ0 [V (s)] + logEdO(s,a) exp
{
Rλ
z (s, a) + γT V (s, a)− V (s)

}
,

(6.12)
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where T V (s, a) := EP(s′|s,a)V (s′). Moreover, the primal optimal solution is given by

ηz(s, a) :=
d⋆z(s, a)

dO(s, a)
= softmax

(
Rλ
z (s, a) + γT V ⋆

z (s, a)− V ⋆
z (s)

)
. (6.13)

These ratios ηz(s, a) are then used to design an ofÒine importance-weighted sampling proce-
dure that, for an arbitrary function f , satisfies

Ep(z)Ed⋆z(s,a)

[
f(s, a, z)

]
= Ep(z)EdO(s,a)

[
ηz(s, a)f(s, a, z)

]
. (6.14)

Afterwards, the optimal skill-conditioned policy π⋆z is trained ofÒine using a weighted behav-
ioral cloning, which is obtained by setting f(s, a, z) = log(πz(a|s)) and maximizing the
RHS of eq. (6.14) over all skill-conditioned policies πz . In practice, gradient descent is used
for optimization.

Phase 2

We now give an ofÒine procedure for training a skill-discriminator q(z|s), which takes as
input ratios ηz(s, a) of a skill-conditioned policy π⋆z . The proof is presented in Supplemen-
tary E.4.2.

Lemma 6.4.2. Given ratios ηz(s, a), using eq. (6.14) applied with f(s, a, z) = log(q(z|s)),
we can compute ofÒine an optimal skill-discriminator q⋆(z|s). In particular, we optimize by
gradient descent the following optimization problem

max
q(z|s)

Ep(z)EdO(s,a) [ηz(s, a) log (q(z|s))] .

The skill-conditioned policy π⋆z (Phase 1) and the skill-discriminator q⋆ (Phase 2), allow
us to maximize ofÒine the variational lower bound in eq. (6.3) and thus skill diversity. It
remains to estimate possible constraint violations in eq. (6.5) and to update the Lagrange
multipliers accordingly.

Phase 3

With fixed skill-discriminator q⋆(z|s) and skill-conditioned policy π⋆z(s), Problem (6.7) re-
duces to minλ>0

∑
z λz

[
ε−DKL

(
d⋆z(S,A)||dẼ(S,A)

)]
. We will optimize the Lagrange

multipliers by gradient descent. To this end, we now give an ofÒine estimator of the KL-
divergence term. The proof is presented in Supplementary E.4.3.

Lemma 6.4.3. Given skill-conditioned policy ratios ηz(s, a) and expert ratios ηẼ(s, a), using
eq. (6.14) applied with f(s, a, z) = log(ηz(s, a)/ηẼ(s, a)), we can compute ofÒine an esti-
mator ofDKL

(
d⋆z(S,A)||dẼ(S,A)

)
which is given by

ϕz := EdO(s,a)

[
ηz(s, a) log(ηz(s, a)/ηẼ(s, a))

]
.
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We note that the ratios ηz(s, a) and ηẼ(s, a) are computed only on state-action pairs
within the ofÒine datasetDO. Furthermore, in practice, we ensure that these ratios are strictly
positive, so that the KL estimator ϕz is well defined and bounded.6.5 Algorithm
Our optimization method consists of three phases, each of which optimizes a specific model
and fixes the remaining ones. It is important to emphasize that in contrast to prior work, our
problem formulation considers an optimization problemwith constraints. Furthermore, the
reward function in eq. (6.8) is non-stationary, since it depends on the boundedLagrangemul-
tipliers that balance diversity (log q(z|s)) and expert imitation (log ηẼ(s, a)). This has signif-
icant algorithmic implications, as it requires solving a sequence of standard RL problems,
each of which admits ofÒine policy evaluation.
To smooth the transition of the reward signal between successive iterations, we en-

force a slow change of the Lagrange multipliers. More specifically, we use the technique
of bounded Lagrange multipliers [308, 359], which applies a Sigmoid transformation
λ = σ(µ) component-wise to unbounded variables µ ∈ R

|Z|, so that the effective reward
is a convex combination of a diversity term and an expert imitation term. In practice, this
transformation ensures that λ > 0. Hence, the reward for each latent skill z becomes

Rµ
z (s, a) := (1− σ(µz))

log (q⋆(z|s)|Z|)
|Z| + σ(µz) log ηẼ(s, a). (6.15)

We now present the resulting multi-phase optimization procedure in Algorithm 5. For a
practical implementation, we leverage the power of neural networks and deep learning tech-
niques for accurate function approximation. More specifically, we train an expert policy πẼ ,
a skill-conditioned policy {πz}z∈Z and a value function {Vz}z∈Z . While practically conve-
nient, this means that each phase of Algorithm 5 is only approximately solved. In practice,
we do not solve the optimization problem to optimality in each phase, but rather perform a
few gradient descent steps.
We have found that fitting the skill-discriminator q(z|s) is prone to collapse to the uni-

form distribution. To alleviate this issue, in addition to the variational lower bound objective
(6.3), we add the DISDAIN information gain term, proposed in [309]. This bonus term is
an entropy-based disagreement penalty that estimates the epistemic uncertainty of the skill-
discriminator, and is implemented in practice by an ensemble of randomly initialized skill-
discriminators. Due to the high initial disagreement on unvisited states, this intrinsic reward
provides a strong exploration signal and leads to the discovery of more diverse behaviors. In-
tuitively, for states with small epistemic uncertainty, the skill-discriminator (averaged over
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Algorithm 5 Diverse OfÒine Imitation (DOI)
Input: a state-only expert datasetDE ∼ dE(S) and a state-action ofÒine datasetDO ∼ dO(S,A)
Pre-compute a state-discriminator c⋆ : S → (0, 1) via optimizing the following objective with the
gradient penalty in [123] minc EdE(s)[log c(s)] + EdO(s)[log(1− c(s))]
Apply Phase 1 with reward R(s, a) = log c⋆(s)

1−c⋆(s) to compute ratios ηẼ(s, a) :=
d
Ẽ
(s,a)

dO(s,a) for all
s, a ∈ DO
Repeat until convergence:
Phase 1. (Fixed Lagrange multipliers σ(µ) and skill-discriminator values q⋆(z|s))
For each latent skill z:

compute a value function V ⋆
z optimizing eq. (6.12) with rewardRµz (s, a) in eq. (6.15)

compute ratios ηz(s, a) := d⋆z(s,a)
dO(s,a) = softmax (Rµz (s, a) + γT V ⋆

z (s, a)− V ⋆
z (s)) for all

s, a ∈ D
train a skill-conditioned policy π⋆z = argmaxπz EdO(s,a)

[
ηz(s, a) logπz(a|s)

]

Phase 2. (Fixed ratios ηz(s, a) and bounded Lagrange multipliers σ(µ))
Train a skill-discriminator q⋆ = argmaxq(·|s) Ep(z)EdO(s,a)

[
ηz(s, a) log q(z|s)

]

Phase 3. (Fixed ratios η
Ẽ
(s, a) and ηz(s, a))

Compute for each latent skill z an estimator ϕz := EdO(s,a)

[
ηz(s, a) log(ηz(s, a)/ηẼ(s, a))

]

Optimize the loss minµ
∑

z σ(µz)(ε− ϕz)

the ensemble members) should reliably discriminate between latent skills, thus making the
intrinsic reward of the skill-discriminator’s log-likelihood more accurate.6.6 Experiments
For evaluation of our method we consider 12 degree-of-freedom quadruped robot
Solo12 [122], on a simple locomotion task in both the simulation and the real system.
We complement this with an obstacle navigation task, in simulation, and demonstrate
that some of the learned diverse skills robustly reach a target position while the expert
fails. Furthermore, we provide evaluation on the Ant, Walker2D, HalfCheetah and
Hopper environments from the standard D4RL benchmark [100].6.6.1 Locomotion
Data collection. For the Solo12 evaluation, we collected domain-randomized ofÒine and
expert data from simulation in the Isaac Gym [203], using pretrained policy checkpoints ob-
tained by training the robot to track a certain speed of the base with the on-policy diversity
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maximization algorithmDOMiNiC [62]. We defer the data collection procedure to the Sup-
plementary E.7. The expert datasetwas collected by using the best deterministic policy from
the last checkpoint of the training procedure, which was trained to track forward velocity
only without diversity objective. In contrast, the ofÒine dataset was acquired by employing
stochastic policies gathered from various checkpoints throughout the training of the expert,
featuring multiple latent skills. More than half of the ofÒine dataset was collected by a ran-
dom Gaussian policy. In line with previous approaches by Kim et al. [154] and Ma et al.
[201], our practical implementation aims to fulfill the expert coverage Theorem 6.3.1. To
achieve this, we create the coverage datasetDO by adding a small number of expert trajecto-
ries to the ofÒine dataset, resulting in an unlabeled expert fraction of 1/160 inDO. We discard
expert actions from the expert dataset to ensure that our algorithm does not have labeled ac-
cess to them. The resulting expert dataset DE is used to learn a state classifier c(s). Then
the SMODICE is executed to compute the importance ratios ηẼ(s, a), see Section 6.4. We
trained the policy for 350 steps, where each step involves the stages described in Section 6.5.
In each stage, we execute 200 epochs of batched training over the data.

Skills
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Figure 6.2: Data points separation by importance ratios ηz(s, a), given different levels of ε in Solo12. (a)
Distribution of importance ratios ηz(s, a) over the ofÒine dataset DO for distinct skills with DOI4 (ε = 4)
(upper) and a skill-conditioned variant of SMODICE (lower). (b) Average ℓ1 distance of ratios ηz belonging to
distinct skills, depending on ε. The higher the value of ε, the greater the ℓ1 distance.

HerewithDOIε we denote an execution of Algorithm 5with constraint threshold set to ε.
We proceed by analyzing the learned DOI skills in three evaluation settings: i) over the fixed
ofÒine datasets; ii) aMonte Carlo on-policy evaluation in the simulator; and iii) the resulting
clustering structure involving the ofÒine and expert datasets, as well as the DOI skills and the
SMODICE expert evaluated in the simulation.
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Importance ratios distance. In Figure 6.2, we measure the state-action occupancy
dz(s, a) for each latent skill z through the proxy of importance ratios ηz(s, a),i for different
values of ε. As expected, a higher value of ε increases diversity, resulting in different
importance ratios per skill for individual data points. This difference is then aggregated
by computing an expected ℓ1 distance between importance ratios of distinct skills, i.e.,
E ‖ηzi − ηzj‖1, and is reported in Figure 6.2. We note that the looser the constraint (lighter
color), the easier it is to diversify in the sense of ηz . Figure 6.2b shows the average ℓ1 distance
between skill importance vectors ηz over the dataset for ε ∈ {0.0, 1.0, 2.0, 4.0} (lighter
color indicates higher ε). Moreover, the tighter the constraint (smaller ε), the smaller the
difference between the distinct skill importance ratios.
To analyze the influence of the diversity objective on the learned skills, we consider as a

baseline a skill-conditioned variant of [201], denoted SMODICE†, which does not have ac-
cess to the skill discriminator q(z|s). This is equivalent to DOI with fixed σ(µz) = 1 in the
reward eq. (6.15). We defer further experiments with fixed Lagrange multipliers to Supple-
mentary E.14. In Figure 6.2a, we observe diversification across the dataset assignment to skills
when using DOI, whereas training an ensemble of skills with only expert imitation reward
(i.e., σ(µz) = 1) collapses to nearly the same importance ratios per skill per data point.

Successor features distance. We have further evaluated diversity on the Monte Carlo
estimates of the expected successor features over the initial state, based on 30 policy roll-
outs per skill. The γ-discounted successor features (SFs) for state s are defined as ψz(s) =
Edz(s)[ϕ(s)], wheredz(s) is theγ-discounted state occupancy for a skill policyπz . With slight
abuse of notation, we define ψz = Eρ0(s)[ψz(s)], the expected SFs over the initial state dis-
tribution. As a diversity metric, we take the expected ℓ2 distance between the SFs of distinct
skills, i.e.,E ‖ψz1−ψz2‖2. The results are presented in Figure 6.3 and are consistent with the
proxy diversity metric. In particular, there is a correspondence between the ofÒine data sep-
aration induced by the importance ratios ηz (see Figure 6.2a), and a higher distance between
the expected SFs ψz (see Figure 6.3a). In terms of performance, DOI achieves a forward ve-
locity comparable to the expert (see Figure 6.3a) while learning diverse skills with respect to
base height h (see Figure 6.3b). We also observed that the multipliers σ(µz) are non-zero for
all skills, indicating that the constraint is active. In addition, they stabilize at reasonable levels
as training progresses, which we show in Supplementary E.9 for both the Solo12 and Ant.

DOI skills formwell-separated clusters. Herewe conduct a controlled experimentwith
full trajectory information, which remains hidden to the DOI algorithm. In Figure 6.4, the
Successor Features of each trajectory in the expert dataset are transformed by UMAP [209]
algorithm into 2D space. This transformation is then used to map the SFs of each trajectory

iFor the computation of the skill-ratios ηz(s, a), we choose a projectionΠ of the expert state (see Supple-
mentary E.11) that yields 3-dimensional planar and angular velocities of the robot’s base in the base frame.
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Figure 6.3: (a) Average ℓ2 distance between Monte Carlo estimates of successor features ψz of dis-
tinct skills; (b) return r as % of expert return and standard deviation of base height stdz(h). Both
depend on ε for the Solo12.

into 2D space for: i) the ofÒine dataset, ii) the SMODICE expert evaluated in simulation,
and iii) the learned DOI skills (red, green, blue, purple, cyan) also evaluated in simulation.
The diversity of learned DOI skills is reflected in a well-separated cluster structure.

UMAP Projection Zoom-in Offline Dataset

Figure 6.4: Successor Features projection onto 2D space using the UMAP algorithm.ii

6.6.2 Robust Obstacle Navigation
Data collection. Similarly to the locomotion task in Section 6.6.1, both expert dataset and
ofÒine dataset were generated from pretrained policy checkpoints from training a robot to
navigate in the terrain of obstacles with fixed time limit using theDOMiNiC [62] algorithm.
Unlike the previous task, the expert dataset was collected using the best deterministic skill-
conditioned policy from the last checkpoint of the training procedure, which exhibits diverse
strategies to navigate the obstacle terrain, including bypassing it from both sides or climbing
over it. The ofÒine datasetwas acquired through rolling out stochastic policies gathered from

iiFigure attributed to Pavel Kolev
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multiple checkpoints with multiple skills. Both expert dataset and ofÒine dataset were col-
lected in a terrain of a single obstacle of a fixed height of 0.2 meters. For details on collecting
the dataset for the obstacle navigation task, we refer interested readers to the Supplemen-
tary E.7.

Multi-modal expert limitations. Deriving a single policy by SMODICE from expert
demonstrations, even in the setting when the dataset was collected from diverse expert strate-
gies, may lack robustness to distribution shifts. This observation emphasizes the need for di-
verse policy extraction. To illustrate this with a concrete example, consider a scenario where a
Solo12 robot navigates around a single box obstacle to reach a target position behind it. The
target position can be reached either from the sides (left or right) of the box or by climbing
over it (the less robust path). In our experiments, the expert dataset DE contains all of the
above strategies. As shown in Figure 6.5, for boxes with a height of at least 0.3 meters, the
SMODICE expert consistently positions itself in front of the box and thus fails to robustly
reach the target position.

Extracting robust policies. In Figure 6.5, we analyze return distributions and sampled
trajectories for box heights of {0.3, 0.6}meters. The SMODICE expert predominantly fails
to reach the target position, due to a bias towards climbing over the box. In contrast, a DOI
skill consistently chooses the left side, which leads robustly to the target position and achieves
a superior return distribution. However, it is important to note that not all learned DOI
skills are robust. Hence, a subsequent selection process is required. Further details about all
learned DOI skills, their return distributions and sampled trajectories, different box heights,
and additional experimental information are presented in Supplementary E.13.
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Figure 6.5: Return distributions and sampled trajectories of SMODICE and a DOI skill for terrains with
box height (a) 0.3 and (b) 0.6. The heights of the boxes are out-of-distribution for the SMODICE,which tends
to get stuck in front of the box due to a bias towards climbing over it. In contrast, the robust DOI skill takes a
detour to the left side of the box.
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We consider the case where we have ofÒine data generated from a random policy mixed with
a small amount of expert trajectories.iii Figure 6.6 shows the results for both the expected ℓ2
distance between the SFs or the importance ratios ηz of distinct skills. We normalize the state
feature ϕ(s) when comparing SFs ψz across environments in Figure 6.6a. In most cases, we
report a trade-off between the average skill return and the imitation level ε. The larger the
imitation slack ε, the more diverse the skills become, but at the cost of lowering the average
return, and vice versa. Nevertheless, in Figure 6.6a we show that ε retains some controlla-
bility over diversity. The Walker2D is particularly sensitive to relaxation of the occupancy
constraint with respect to performance. We hypothesize that this is due to the fact that the
space of policies that achieve a stable gait is very restrictive, resulting in a significant loss of
task return for even a small amount of skill diversity. In contrast, the Ant exhibits high sta-
bility, with several skills achieving close to expert performance in terms of r. These results
are also consistent with SMODICE expert policies used for computing ηẼ(s, a) (see Supple-
mentary E.8).
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Figure 6.6: Results on D4RL environments with ofÒine data collected from a random policy for ε = 0.0,
0.5, 1.0, 2.0, 4.0. In figure (a) we observe the tradeoff between average skill return and average successor features
distance over skills. In figure (b), we report the tradeoff w.r.t. average ℓ1 distance of importance ratios ηz .

6.7 Removing the Discriminator
The inconvenienceof Section6.4 is thatweneed to learn thediscriminator q(z | s) to estimate
the lower bound on the mutual information. Indeed, we may as well consider an alternative

iiiThe same setting was considered byMa et al. [201].
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formulation that circumvents the need of a discriminator. Consider the general problem

max
d1,...,dn

Diversity(d1, . . . , dn) s.t. DKL (di(S) ‖ dE(S)) ≤ ε ∀i ∈ {1, . . . , n},
(6.16)

where we want to optimize d1, . . . , dn occupancymeasures subject to nKL divergence con-
straints. From the perspeective of eq. (6.16), we know that from Section 1.4.2 that we can
transformKL-regularized expected return objectives into the simpler problem of value func-
tion learning. The requirement to do so is to be able to formulate an adequate reward func-
tion for the problem. For the case of the Diversity(d1, . . . , dn), one canmodel it as the maxi-
mization of theminimum squared ℓ2 distance between feature expectations of different skills,
namely

max
dπ1 ,...,d

π
n

1

2

n∑

z=1

min
k ̸=z

∥∥ψz − ψk
∥∥2
2
. (6.17)

Here, the index z indexes a particular policy with the expected feature vector ψz = 〈dz, ϕ〉.
We take as an example of two occupancy distributions d1(s) and d2(s) for which

Diversity(d1, d2) =
∥∥ψ1 − ψ2

∥∥2
2
.

If we fix d2(s) and take the gradientw.r.t. d1 of the objective in eq. (6.17), we arrive to

∇1

2

∥∥ψ1 − ψ2
∥∥2
2
= 〈ϕ, ψ1 − ψ2〉. (6.18)

Since the objective is convex, maximizing eq. (6.18)maximizes it. Generalizing to an arbitrary
number n of occupancy distributions we have for the occupancy distribution dz , the closest
occupancy distribution in terms of the expected feature vector, whichwe indexwith j∗. Now
we have the same expression, however, with the closest reference occupancy chosen from a
pool of occupancy distributions

∇1

2

n∑

z=1

min
k ̸=z

∥∥ψz − ψk
∥∥2
2
= ϕ(ψ1 − ψj∗), (6.19)

which yields the state reward

βz(s) = 〈ϕ, ψ1 − ψj∗〉. (6.20)

Now, we may phrase our divergence constrained optimization problem as

max
dz(S)

E
dz(S)

[βz(S)], s.t. DKL(dz(s) ‖ dE(S)) ≤ ε. (6.21)

The expected feature components of the reward in eq. (6.20) are readily obtainable from
the ofÒine data with the importance ratios ηz(s, a) via an importance-weighted MC estima-
tor.
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In this chapter, we proposed DOI, a principled ofÒine RL algorithm for unsupervised skill
discovery that, in addition to maximizing diversity, ensures that each learned skill imitates
state-only expert demonstrations to a certain degree. Our main analytical contribution is to
connect Fenchel duality, reinforcement learning, and unsupervised skill discovery to maxi-
mize a mutual information objective subject to KL-divergence state occupancy constraints.
We have shown that DOI can diversify ofÒine policies for a 12-DoF quadruped robot (in sim-
ulation and in reality) and for several environments from the standard D4RL benchmark in
terms of both ℓ2 distance of expected successor features and ℓ1 distance of importance ratios,
which is visible from the data separation induced by ηz(s, a) among skills. The importance
ratio distance, computed ofÒine, is a robust indicator of diversity, which aligns with the on-
lineMonte Carlo diversity metric of expected successor features. The resulting skill diversity
naturally entails a trade-off in task performance. We can control the amount of diversity via
an imitation level ε, which ensures that distinct skills remain close to the expert in terms of
state-action occupancy, which also indirectly controls task performance loss. A promising
direction for future research is to impose constraints on the value function of each skill to
ensure near-optimal task performance, similarly as is done in the online setting in Chapter 8.
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7
Wasserstein Adversarial Behavior

Imitation

This chapter is based on the work “LearningAgile Skills viaAdversarial Imitation ofRoughPar-
tial Demonstrations” [188]. We introduce a Wasserstein adversarial apprach to imitate from
partial demonstrations, resulting in robust policies that transfer to a real robot. The key to the
method is treating the policy as a generator, while the discriminator term enters the reward of
the policy.

Figure 7.1: Our method (WASABI) achieves agile physical behaviors from rough (hand-held) and partial
(robot base) motions. The illustrated performance measure is the Dynamic TimeWarping distance of the base
trajectories (left). A learned backflip policy is deployed on Solo8 (right). i

iFigure attributed to Sebastian Blaes.
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Obtaining dynamic skills for autonomousmachines has been a cardinal challenge in robotics.
In the field of legged systems, many attempts have been made to attain diverse skills using
conventional inverse kinematics techniques [254, 84]. In recent years, learning-based
quadrupedal locomotion has been achieved by reinforcement learning (RL) approaches
to address more complex environments and improve performance [146, 181, 171, 212].
However, the demand for acquiring more highly dynamic motions has brought new
challenges to robot learning. A primary shortage of motivating desired behaviors by reward
engineering is the arduous reward-shaping process involved. It can sometimes become
extremely demanding in developing highly dynamic skills such as jumping and backflipping,
where various terms of motivation and regularization require elaborated refinement. To
the end of imitating rich behaviors, it is useful to take a distribution matching viewpoint.
This we have already seen in the more restricted ofÒine setting in Algorithm 5, where we
made clever use of Fenchel duality in order to diversely imitate expert demonstrations. An
alternative is to make use of adversarial methods, such as Generative Adversarial Imitation
Learning (GAIL) [137] which involve learning a discriminator which distinguishes between
samples from the current policy and a demonstration. In this sense, the policy becomes the
“generator” object which the discriminator needs to distinguish. A benefit of adversarial
methods is their flexibility in the choice of which distribution we want to match. For
example, if there are no actions provided by the expert to imitate, we may match state
occupancy distributions, or marginals thereof.
In this work, we propose WASABI, which makes use of Wasserstein adversarial imitation

learning of partial demonstrations, circumventing the arduous reward design task, the pro-
posedWasserstein loss being

argmin
D

− E
dM

[D(o, o′)] + E
dπ
[D(Φ(s),Φ(s′))] , (7.1)

whereΦ(·) is a projection operator of the true state s and next state s′, highlighting the fact
that the demonstration is available only partially. Under conditions of Lipschitz continuity,
the Wasserstein loss is an efÏcient approximation to the earth mover’s distance which effec-
tively measures the distance between two probability distributions [275]. Equation (7.1) in-
dicates that the discriminatorD acts as a “score” of how close the policies state distribution
is to the demonstratorM. Now, the discriminator may be utilized in the reward function of
the agent. The reward term inWASABI involves various regularizing factors, to enable better
sim-to-real transfer.

iiFigure attributed to Chenhao Li.
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Figure 7.2: System overview. Given a reference dataset defining the desired base motion, the system trains a
discriminator that learns an imitation reward for the policy training. This imitation reward is then combined
with a regularization reward and termination penalty to train a policy that enables the robot to replicate the
demonstrated motion while maintaining feasible and stable joint actuation.ii7.2 Relation to this Thesis
The idea behind WASABI is closely connected to DOI (see Chapter 6), while WASABI at-
tempts to do state-occupancy matching between the policy and demonstration by an adver-
sarial approach fromwhich the reward is obtained from the discriminator, DOI achieves this
by the f -divergence constraint. Most importantly,WASABIhas an easier task in a sense, since
it makes use of an onlineRL algorithm (PPO) in order to extract the policy, meaning that it
is allowed to utilize the simulator in order to obtain many environment interaction. In con-
trast, DOI is completely ofÒine. Furthermore,WASABI does not handle the problem of skill
extraction, which is the main motivation behind Chapter 6.
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8
Learning Diverse Skills for Local

Navigation under Multi-constraint
Optimality

This chapter is based on the paper “Learning Diverse Skills for Local Navigation under Multi-
constraint Optimality” [62]. We introduce amethod for extracting diverse skills based on online
estimation of successor features under multiple constraints and a physiscs-inspired force for sepa-
rating the skills. This is framed as a constrainedMDP problem.8.1 Summary

In this work we introduce an onlinemethod for extracting skills that solve a particular task in
diverseways. However, optimizing diversity is often at oddswith task performance, therefore
in order to ensure that the task is solved to a satisfying degree, we necessarily need to intro-
duce constraints. For doing so, we make use of the constrained MDP framework, similaraly
to Diversity Optimization Maintaining Near Optimality (DOMiNO) [359], with one key
difference – we account for multiple value constraints at the same time. This is motivated
by the fact that, particularly in the robotics settng, we have situations where multiple regu-
larizing factors enter the reward(cost) to ensure smooth natural motions. In this work, we
account for these regularizing factors as well as the task reward as value constraints. We call
this DoMiNiC, an adaptive extension to the DOMiNO [359].
Zahavy et al. [359] studied the CMDP formulation, which seeks to compute a set of poli-

ciesΠn = {πz}nz=1 that satisfy

max
Πn

Diversity(Πn) s.t. 〈dπ, re〉 ≥ αv∗e , ∀π ∈ Πn, (8.1)
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Figure 8.1: Our framework (DoMiNiC)uses a gradient-basedLagrangemethod tomaximize diversitywithin
a specified set of constraints. The learned skills exhibit diverse behaviors in real-world robotic systems.

where re and v∗e correspond to the extrinsic reward and optimal extrinsic value. Intuitively,
it computes a set of diverse policies while maintaining a certain level of extrinsic optimality
specified by the optimality ratio α ∈ [0, 1].
As shown in previous work [358], convex diversity objectives can be optimized by solving

a sequence of standard RL problems, each with an intrinsic reward equal to the gradient of
the objective evaluated at a state-action occupancy dπ of the current iteration:

rzi = ∇dzπ
Diversity(d1π, ..., d

n
π), ∀z. (8.2)

The CMDP in eq. (8.1) can be formulated into an RL problem by utilizing the Lagrange
multiplier λ ≥ 0 to balance the extrinsic and intrinsic reward [39]

rz = re + λzrzi , ∀z, (8.3)

The diversity objective that we seek to optimize operates over the distance in expected skill
successor representations ψz .

max
d1π ,...,d

n
π

0.5
n∑

z=1

min
k ̸=z

∥∥ψz − ψk
∥∥2
2
. (8.4)

More specifically, given a feature mapping ϕ : S → R
n, the feature expectations are defined

by ψz = Edzπ(s)[ϕ(s)].
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Similarly to Zahavy et al. [359], we introduce the VDW objective

max
d1π ,...,d

n
π

0.5
n∑

z=1

ℓ2z − 0.2(ℓ5z/ℓ
3
0), (8.5)

where ℓz = mink ̸=z
∥∥ψz − ψk

∥∥
2
, which allows the level of diversity to be controlled by ℓ0.

Our algorithm relies on the following two properties: i) feature expectations satisfy

ψz = E
ρ(s0)

[ψz(s0)], (8.6)

where ρ(s0) is the initial state distribution; and ii) SFs ψz(s) can be trained by a learning
process similar to training a value function, using Temporal Difference (TD) updates [312],
which minimizes the loss

Lψ =
n∑

z=1

E
πz
‖ϕ(s) + γψz(s′)− ψz(s)‖22 . (8.7)

At each time step, the intrinsic reward ri is computed from the learned SFs ψ(s) either by
the repulsive force in eq. (8.4),

rzi (s) = 〈ϕ(s), ψz − ψz
⋆〉, (8.8)

or by the VDW force in eq. (8.5),

rzi (s) = (1− (ℓz/ℓ0)
3)〈ϕ(s), ψz − ψz⋆〉. (8.9)

Figure 8.2 showcases the results on the real robot, where different skills are obtained to
traverse the obstacles.8.2 Relation to this Thesis
DoMiNiC is anovelmethod that providesways tooptimize diversitywhile ensuring thatmul-
tiple constraints are satisfied. There are two key differences to DOI from Chapter 6. Firstly,
DoMiNiC is, similarly toWASABI(seeChapter 7) an online algorithm– it requires extensive
amount of interactions with simulation to extract the skills. On the other hand, unlike DOI
and WASABI, the algorithm doesn’t require an additional demonstration dataset, however,
it does require well-defined reward functions for which it can balance the value constraints.

iFigure attributed to Jin Cheng.
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Figure 8.2: Obstacle experiment on hardware, we observe that the extracted skills explore different options
in solving the obstacle. We have skills that go over the obstacle, to the right or to the left in different styles. The
green skill is the one closest to the expert, which never takes detours around the box.i
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9
Diffusion Generative Inverse Design

This chapter is based on the work “Diffusion Generative Inverse Design” [333]. Motivated by
solving design problems which are mostly described by a cost function, we formulate the problem
as sampling from a Boltzmann distribution and propose efÏcient sampling schemes based on a
guided diffusion prior distribution by the gradient of the energy.9.1 Summary

Substantial improvements to our way of life hinge on devising solutions to engineering chal-
lenges, an area in which Machine Learning (ML) advances is poised to provide positive real-
world impact. Many such problems can be formulated as designing an object that gives rise to
some desirable physical dynamics (e.g. designing an aerodynamic car or a watertight vessel).
Here we are using ML to accelerate this design process by learning both a forward model of
the dynamics and a distribution over the design space.
Prior approaches to ML-accelerated design have used neural networks as a differentiable

forwardmodel for optimization [54, 63, 111]. We build onwork in which the forwardmodel
takes the specific form of a GNN trained to simulate fluid dynamics [8]. Since the learned
model is differentiable, design optimization can be accomplished with gradient-based ap-
proaches (although these strugglewith zero or noisy gradients and localminima) or sampling-
based approaches (although these fare poorly in high-dimensional design spaces). Both often
require multiple expensive calls to the forward model. However, generative models can be
used to propose plausible designs, thereby reducing the number of required calls [99, 366,
173].
In this work, we use DDMs to optimize designs by sampling from a target distribution

informed by a learned data-driven prior. DDMs have achieved extraordinary results in im-
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Figure 9.1: (a) Given initial conditions governed by θIC, energy function parameters θE , and learned GNN
dynamics model fM , design samples x from the diffusionmodel are assigned a costE(x). (b) Schematic of the
DDM training (c) Gradients∇E and conditioning set (θE and E) inform energy and conditional guidance,
resp.

age generation [303, 306, 151, 138], and has since been used to learn efÏcient planners in
sequential decisionmaking and reinforcement learning [147, 6], sampling onmanifolds [76]
or constrained optimization formulations [116]. Our primary contribution is to consider
DDM in the setting of physical problem solving. We find that such models combined with
continuous sampling procedures enable to solve design problems orders of magnitude faster
than off-the-shelf optimizers such asCEMandAdam. This canbe further improvedbyutiliz-
ing a particle sampling scheme to update the base distribution of the diffusion model which
by cheap evaluations (few ODE steps) with a learned model leads to better designs in com-
parison to vanilla sampling procedures. We validate our findings on multiple experiments in
a particle fluid design environment.

9.2 Method

Given some task specification c, we have a target distribution of designs π(x)which we want
to optimize w.r.t. x. To simplify notation, we do not emphasize the dependence of π on
c. This distribution is a difÏcult object to handle, since a highly non-convex cost landscape
might hinder efÏcient optimization. We can capture prior knowledge over ‘sensible’ designs
in form of a prior distribution p(x) learned from existing data. Given a prior, wemay sample
from the distribution

π̃(x) ∝ p(x)π(x), (9.1)
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which in thiswork is achievedbyusing adiffusionmethodwith guided sampling. Thedesigns
will subsequently be evaluated by a learned forward model comprised of a pre-trained GNN
simulator and a reward function [8, 246, 279].
LetE : X 7→ R be the cost (or “energy”) of a design x ∈ X for a specific task c under the

learned simulator (dependence ofE on c is omitted for simplicity). The target distribution
of designs π(x) is defined by the Boltzmann distribution

π(x) :=
1

Z
exp
(
−E(x)

τ

)
, (9.2)

where Z denotes the unknown normalizing constant and τ a temperature parameter. As
τ → 0, this distribution concentrates on its modes, that is on the set of the optimal designs
for the cost Ec(x). Direct methods to sample from π(x) rely on expensive Markov chain
Monte Carlo techniques or variational methods minimizing a reverse KL criterion.
Wewill rely on a data-driven prior learned by the diffusionmodel from previous optimiza-

tion attempts. We collect optimization trajectories of designs for different task parametriza-
tions c using Adam [158] or CEM [274] to optimize x. Multiple entire optimization trajec-
tories of designs are included in the training set for the generative model, providing a mix of
design quality. These optimization trajectories are initialized to flat tool(s) below the fluid,
which can be more easily shaped into successful tools than a randomly initialized one. Later,
when we compare the performance of the DDM to Adam and CEM, we will be using ran-
domly initialized tools for Adam and CEM, which is substantially more challenging.9.2.1 Diffusion Generative Models
We use DDMs to fit p(x) [138, 306]. The core idea is to initialize using training data x0 ∼ p,
captured by a diffusion process (xt)t∈[0,1] defined by

dxt = −βtxtdt+
√

2βtdwt, (9.3)

where (wt)t∈[0,1] denotes the Wiener process. We denote by pt(x) the distribution of xt un-
der (9.3). For βt large enough, p1(x) ≈ N (x; 0, I). The time-reversal of (9.3) satisfies

dxt = −βt[xt + 2∇x log pt(xt)]dt+
√
2βtdw−

t , (9.4)

where (w−
t )t∈[0,1] is a Wiener process when time flows backwards from t = 1 to t = 0, and

dt is an infinitesimal negative timestep. By initializing (9.4) usingx1 ∼ p1, we obtainx0 ∼ p.
In practice, the generative model is obtained by sampling an approximation of (9.4), replac-
ing p1(x) by N (x; 0, I) and the intractable score ∇x log pt(x) by sθ(x, t). The score esti-
mate sθ(x, t) is learned by denoising score matching, i.e. we use the fact that∇x log pt(x) =
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∫
∇x log p(xt|x0)p(x0|xt)dx0 where p(xt|x0) = N (xt;

√
αtx0,

√
1− αtI) is the transi-

tion density of (9.3),αt being a function of (βs)s∈[0,t] [306]. It follows straightforwardly that
the score satisfies∇x log pt(x) = −E[ε|xt = x]/

√
1− αt for xt =

√
αtx0 +

√
1− αtε.

We then learn the score by minimizing

L(θ) = E
x0∼p,t∼U(0,1),ε∼N (0,I)

‖εθ(xt, t)− ε‖2, (9.5)

where εθ(x, t) is a denoiser estimating E[ε|xt = x]. The score function sθ(x, t) ≈
∇x log pt(x) is obtained using

sθ(x, t) = −
εθ(x, t)√
1− αt

. (9.6)

Going forward,∇ refers to∇x unless otherwise stated. We can also sample from p(x) using
an ordinary differential equation (ODE) developed in [306].
Let us define x̄t = xt/

√
αt and σt =

√
1− αt/

√
αt. Then by initializing x1 ∼ N (0, I),

equivalently x̄1 ∼ N (0, α−1
1 I) and solving backward in time

dx̄t = ε
(t)
θ

(
x̄t√
σ2
t + 1

)
dσt, (9.7)

then x0 =
√
αt x̄0 is an approximate sample from p(x).9.2.2 Approximately Sampling from Target Distribution

Wewant to sample π̃(x) defined in (9.1) where p(x) can be sampled from using the diffusion
model. We describe two possible sampling procedures with different advantages for down-
stream optimization.
Energy guidance. Observe that

π̃t(xt) =

∫
π̃(x0)p(xt|x0)dx0,

and the gradient satisfies

∇ log π̃t(xt) = ∇ log pt(xt) +∇ log πt(xt),

where πt(xt) =
∫
π(x0)p(x0|xt)dx0. We approximate this term by making the approxima-

tion
x̂(xt, t) =

(
xt −

√
1− αtεθ(xt, t)√

αt

)

︸ ︷︷ ︸
“ estimated x0”

,

πt(xt) ≈ π(x̂t(xt, t)).

(9.8)
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Now, by (9.6), and the identity ∇ log π(x) = −τ−1∇E(x), we may change the reverse
sampling procedure by a modified denoising vector

ε̃θ(xt, t) = εθ(xt, t) + λτ−1
√
1− αt∇E(x̂(xt, t)), (9.9)

with λ being an hyperparameter.
Conditional guidance. Similarly to classifier-free guidance [139], we explore condition-

ing on cost (energy)e and taskc. Amodifieddenoising vector in the reverse process follows as
a combination between the denoising vector of a conditional denoiser εϕ and unconditional
denoiser εθ

ε̃(xt, c, e, t) = (1 + λ)εϕ(xt, c, e, t)− λεθ(xt, t), (9.10)

where εϕ is learned by conditioning on c and cost e from optimization trajectories. In our
experimentswe shall choosec to contain the design cost percentile and target goal destination
θE for fluid particles (Figure 9.1c).9.2.3 AModified Base Distribution through Particle Sampling
Our generating process initializes samples at time t = 1 fromN (x; 0, I) ≈ p1(x). The re-
verse processwithmodifications fromSection 9.2.2 provides approximate samples from π̃(x)
at t = 0. However, as we are approximately solving the ODE of an approximate denoising
model with an approximate cost function, this affects the quality of samples with respect to
E i. Moreover, “bad” samples fromN (x; 0, I) are hard to correct by guided sampling.9.3 Relation to this Thesis
This chapter presents a compelling application of advanced machine learning techniques
to solve complex design optimization problems efÏciently. It relates closely to the central
themes of this thesis, which are learning under constraints and promoting diversity in learn-
ing models.9.3.1 Learning under Constraints
The use ofDDMs in the design process inherently addresses the theme of learning under con-
straints. The optimization process in inverse design is constrained by the physical and prac-
tical limitations of the designs themselves, as well as by the need for efÏcient computation.

iIdeally at test time we would evaluate the samples with the ground-truth dynamics model, but we have
used the approximate GNNmodel due to time constraints on the project.
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Algorithm 6 Particle optimization of base distribution.
input energy function E, diffusion generative model pθ, temperature τ , noise scale σ,
roundsK .

2: S0
1 = {xi1}Ni=1 for xi1

i.i.d.∼ N (0, I)
S0 = ∅, S1 = ∅ # t = 0 and t = 1 sample sets

4: for k ∈ {0 . . . K} do
Compute Sk0 = {xi0}Ni=1 from S

k
1 by solving reverse ODE in Eq. (9.7).

6: S0 = S0 ∪ S
k
0 , S1 = S1 ∪ S

k
1

∑|SkT |
0 exp( c(xT )

τ
)

Compute normalized importance weights
8: W =

{
w |w ∝ exp

(
− E(x0)

τ

)
, x0 ∈ S0

}

Set S̄k+1
1 = {x̄i1}|S1|i=1 for x̄i1

i.i.d.∼ ∑|S1|
i=1w

iδxi1(x)

10: Set Sk+1
1 = {x̃i1}|S1|i=1 for x̃i1 ∼ N (x; x̄i1, σ

2I)

return argmin
x∈S0 E(x)

DDMs, by learning a distribution over the design space informed by prior data, effectively
navigate these constraints. They optimize design parameters within the bounds of feasible
and practical solutions, ensuring that the generated designs are not only innovative but also
applicable and realizable under real-world conditions. Moreover, the introduction of meth-
ods like energy guidance and conditional guidance in the sampling process allows for the
incorporation of specific constraints directly into the learning model. These methods adjust
the generative process based on predefined energy functions or conditions related to the task,
ensuring that the solutions adhere to necessary specifications and constraints.9.3.2 Facilitating Diversity
Diversity in learning is crucial for developing robust and generalizablemodels. The chapter’s
explorationofDDMscontributes to this byutilizing a generative approach that samples from
a diverse set of potential designs. This is particularly evident in the particle sampling scheme,
which refines the base distribution from which designs are sampled. By re-evaluating and re-
sampling designs based on their energy, the model promotes a diverse set of solutions, rather
than converging prematurely on a limited number of designs.
This approach not only enhances the diversity of the generated designs but also alignswith

the thesis’s emphasis on diversity in learning paradigms. By learning from a broad set of data
and continuously updating the sampling process based on performance metrics, DDMs em-
body the principles of diversity and adaptability that are central to this thesis.
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The only true wisdom is knowing that you know
nothing.

Socrates 10
Conclusion

10.1 Combinatorial Inductive Biases
This thesis has dealt with two main challenges. The first one is introducing structure in the
prediction of neural networks by means of combinatorial solvers as implicit layers. We have
tackled the challenge of optimizing such architectures by a clever way of computing the gra-
dient of a piecewise afÏne interpolation of the original piecewise constant objective with the
cost of one additional call to the solver on amodified combinatorial problemon the backward
pass. Most importantly, the proposed method, while principled, is completely ambivalent
towards the solver being embedded. The only requirement is the linearity of the cost. Fur-
thermore, the additional call to the solver can be avoided completely if the solver is treated as
negative identity in the computational graphwhen computing the gradient, whichworks just
as well in many cases. We have shown that modifying standard neural network architectures
with combinatorial layers leads to substantial improvements in generalization capabilities of
themodels in real-world tasks, such as object detection and retrieval by formulating the rank-
ing problem as a combinatorial argmin problem (Chapter 3) or receding horizon planning
where the underlying solver isDijkstra’s algorithmapplied on aTDSP (Chapter 4). With this,
we confirm the hypothesis that combinatorial inductive biases are an essential ingredient for
models in problem settings that contain “hidden” combinatorial structure.
Still, some open questions remain. Throughout this thesis, we assumed that we have an

oracle that tells us which combinatorial solver we should choose for a particular problem.
Once we know the problem, we can learn the underlying cost function. If we want to have
intelligent systems that are general problem solvers, this is a very limiting assumption. A
promising future direction is to lift this restriction, which would lead to learning the feasible
set Y , or the constraint set. It is not clear if this problem might be too hard to provide any
kind of boost in generalization, the search over all possible solvers for the problem might be
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as hard as solving the problem without having access to the solver. Furthermore, we have
investigated combinatorial solver layers in architectures that cannot deal with arbitrary input
sizes, meaning that themaximal combinatorial instance size thatwe can deal with at inference
time is fixed and cannot be changed. An interesting question is if we can achieve the same
generalization properties with architectures that can deal with arbitrary input sizes, such as
transformers or GNNs, and does learning from smaller combinatorial instances transfer to
larger ones?10.2 Model-based Risk Averseness
While in Chapter 2 we deal with constraints that are imposed on the model rather explicitly,
whenmaking decisions it is essential to consider themodel’s uncertainty about its predictions
coupled together with any explicit constraints. This is in particular important in cases where
we don’t necessarily care about the expected return, but rather about different quantiles of
the return distribution. In Chapter 5 we have seen the benefits of incorporating uncertainty
in zero-order trajectory optimizers such as CEM. To this end, the separation of uncertainties
into epistemic and aleatoric has proven to be crucial, which we achieve by an ensemble-based
method. By choosing an ensemble of models and a PETS sampling scheme, we avoid the dif-
ficult problem of propagating uncertainty through autoregressive predictions, which would
require further restrictions on the model architecture or computationally expensive approxi-
mations. In addition, we have shown that we can incorporate probabilistic safety constraints
based on anMLE fit for a local approximation with a Gaussian across different samples from
the trajectory distribution.
The control of the policy’s risk-averseness is achieved by simple incorporation of the

aleatoric, epistemic and safety terms into the cost of the trajectory optimizer. Usage of the
epistemic uncertainty is two-fold, firstlywe use it in formof an epistemic bonus for obtaining
better data for fitting the model, making the learning much more efÏcient. Secondly, at
inference time, all uncertainty is treated as a cost that is scaled by a hyperparameter. This is
a very simple way of incorporating risk-averseness into the planning method, an interesting
avenue of future research is to connect the uncertainty with the cost function of the task
being solved.
The proposedmethod is very general and can be applied to any zero-ordermodel-based tra-

jectory optimizer. In our empirical studies we have shown for several control tasks that the
proposed method increases robustness of the resulting policy in environments where there
is stochasticity in the dynamics by incorporating the uncertainty penalty at inference time.
Furthermore, the espitemic reward for exploration has shown to greatly improve themodel’s
learning efÏciency in environments that are hard to explore. The tasks that we considered
were all modelled with the Mujoco physics engine, and all the data was coming from simula-

146



CHAPTER 10. CONCLUSION
PsO

tion. However, the perhaps more interesting setting is when we transfer from simulation to
the real system. There are several challenges that need to be addressed, such as the domain
gap between the simulation and the real system, or the sampling speed of the policy. One can
expect that this is a realistic setting where the proposed method can really make a difference,
since we are bound to encounter dynamics that are not perfectly modelled by the simulator.
By not imposing architectural constraints on the model, we have full flexibility for fitting

the system dynamics. However, this comeswith the sacrifice of not being able to obtain exact
likelihood estimates of the resulting trajectory, sincewe cannot reliably propagate uncertainty
through predictions of an arbitrary neural network. In case we would utilize generative mod-
els for which exact likelihood computation is possible, such as normalizing flows, this still
doesn’t provide us with an efÏcient way of integrating over the violation set, which is essen-
tial for computing the probability of constraint violation. Furthermore, with such models,
we are still left with the problem of separating the epistemic and aleatoric uncertainties. An
interesting direction of future research is to investigate how to incorporate more powerful
generative models which can give us an exact likelihood estimate or an efÏcient way of its
approximation, while still being able to separate the uncertainties.10.3 Diversity Subject to Quality Constraints
Alignedwith the desiderata that intelligent agents should findnovelways of solving problems
which we frame as a quality-diversity tradeoff [38, 50], we have investigated in Chapter 6 an-
other setting where constraints are of interest, the ofÒine imitation learning setting where we
want to extract diverse behaviors from a dataset of expert demonstrations without sacrificing
quality, which we measure by closeness to the expert state occupancy distribution. To the
extent of our knowledge, this is the first such algorithm that balances diversity and quality
in the ofÒine imitation learning setting. The constraint that we consider is provided in form
of an f -divergence between the state-occupancy distributions of the reference expert policy
and the learned policy. The diversity signal on the other hand is the mutual information
I(Z;S), which indicates how dependent is the state occupancy distribution on the latent
skill variable z. By using a variational lower bound on the mutual information, we obtain a
tractable objective that involves a skill discriminator. With clever use of the Fenchel dual RL
formulation [221], we obtain a value learning problem from which the optimal value func-
tion can be mapped back to the primal occupancy distribution solution. This enables the
usage of an importance-weighted objective for learning the optimal discriminator and opti-
mal policy. However, in the approximation setting, we cannot solve this problem in one go,
since when the occupancy distribution of the policy shifts, so does the reward function with
which we obtain the importance weights.
The corresponding reward function in the value learning problem consists of two inter-
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pretable parts that are balanced by Lagrange multipliers, the diversity part which indicates
how certain is the discriminator of the proposed latent skill variable and the quality part
which indicates how close is the state occupancy distribution to the expert’s. We have evalu-
ated the proposed method, which we name DOI, on several quadruped locomotion tasks in
both simulation and the real system, and have shown that it is able to extract diverse behav-
iors. Moreover, the resulting behaviors are different from the expert’s behaviors, meaning
that the method generalizes.
However, DOI is not without its limitations. First and foremost, it involves an alternating

optimization procedure that involves alternating between value learning, reward adjustment
and Lagrange multiplier updates. This procedure needs to be carefully tuned in order to
achieve desired results. In future work, it would be interesting to investigate how we can
reduce the complexity. Furthermore, it is questionable if the mutual information is the best
diversity signal – there might be simpler diversity objectives that lead to more stable training.
Going beyond the mutual information lower bound, we show how an alternative diver-

sity objective can be formulated without the mutual information, which would alleviate the
problem of learning a discriminator at the cost of choosing an adequate feature space for the
diversity signal. This would rely on the maximum L2 distance of the expected successor fea-
ture representations, which are computable by importance-weighted expectation estimates
via obtained importance ratios from the value learning problem. The corresponding reward
function for this is the gradient of the diversity objective with respect to the occupancy dis-
tribution. We leave empirical evaluation of this method for future work.
Learning by imitation is going to be an important part of the future of AI and leveraging

ofÒine data that is massively being collected has shown to yield impressive results. However,
most of themethods that are currently used in the field don’t consider the absence of actions
in the demonstrations. This is a very important aspect of the problem, furthermore, allevi-
ating the requirement that the agent needs to match the expert’s state occupancy exactly is
beneficial, since the agent can find novel ways of solving the task that are more suitable for its
embodiment and are more robust. It would be interesting to expand the proposed method
to the large-scale setting where demonstrations are collected frommultiple sources andmore
complex state spaces such as images in videos or other modalities, which would be a signifi-
cant step towards more adaptive AI.10.4 Outlook
As an overarching theme, this thesis has explored the beneficial role of constraints in enhanc-
ing the learning process of intelligent systems and ensuring their reliability during inference.
There are well-founded arguments for the necessity of combinatorial generalization in artifi-
cial general intelligence [24]. To address this, we demonstrated that incorporating combina-
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torial solvers to constrain the model’s predictions serves as a powerful inductive bias, leading
to improved generalization properties, with guarantees on the structure of the output. This
is especially the case when we can pinpoint the type of underlying combinatorial problem
that needs to be solved. In the context of dynamical systems requiring sequential decision-
making, we presented methods to enhance robustness in both online and ofÒine settings. In
the online setting, we incorporated model uncertainty within a zero-order trajectory opti-
mizer to make more robust decisions and enable efÏcient exploration. This is made possible
by the separation of uncertainties which ensures that the agent’s focus remains on “obtain-
able” knowledge. As has been argued by several works, the trait of creativity is a fine balance
between quality and diversity [38, 50]. Operating under this desiderata, in the ofÒine setting,
we leveraged f -divergence constraints to balance quality and diversity, extracting behaviors
that differ from the expert’s while still achieving high task performance. Notably, in these
cases, constraints were applied not to the model’s architecture, but to its behavior either at
inference time or during the learning process. The range of problems where constrained pre-
dictions or behaviors are important is vast, and their effect on learning is substantial. Beyond
the work presented in this thesis, the recent wide adoption of large-scale generative models
raises important questions about safety, reliability and creativity in AI. A delicate balance
needs to be struck between generating something that is known versus something that is
novel and useful. Ideas presented in this thesis provide a foundation for future research
in these topics and application areas - I hope that they will inspire further work in this direc-
tion, with the goal of creating systems that leverage constraints to boost generalization and
facilitate controlled exploration of the unknown .
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A
Appendix to Chapter 2

A.1 Guidelines for Setting the Values of λ
In practice, λ has to be chosen appropriately, but we found its exact choice uncritical (no pre-
cise tuning was required). Nevertheless, note that λ should cause a noticeable disruption in
the optimization problem from equation (2.3), otherwise it is too likely that y(w) = yλ(w)
resulting in a zero gradient. In otherwords,λ should roughly be of themagnitude that brings
the two terms in the definition ofw′ in Prop. 2.4.1 to the same order:

λ ≈ 〈w〉〈
∂L
∂y

〉

where 〈·〉 stands for the average. This again justifies that λ is a true hyperparameter and
that there is no reason to expect values around λ→ 0+.A.2 Proofsi

Proof of Proposition 2.4.1. Let uswriteL = L(ŷ) and∇L = dL
dy (ŷ), for brevity. Thanks

to the linearity of c and the definition of f , we have

c(ŵ, y)+λf(y) = ŵy+λ
(
L+∇L(y−ŷ)

)
= (ŵ+λ∇L)y+λL−λ∇Lŷ = c(w′, y)+c0,

where c0 = λL− λ∇Lŷ andw′ = ŵ + λ∇L as desired. The conclusion about the points
of minima then follows. ■

iProofs mostly attributed to Vít Musil andMichal Rolínek.
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Before we prove Theorem 2.4.1, we make some preliminary observations. To start with,
due to the definition of the solver, we have the fundamental inequality

c(w, y) ≥ c
(
w, y(w)

)
for everyw ∈ W and y ∈ Y . (A.1)

Observation 1. The functionw 7→ c
(
w, y(w)

)
is continuous and piecewise linear.

Proof. Since c’s are linear and distinct, c
(
w, y(w)

)
, as their pointwise minimum, has the

desired properties. ■

Analogous fundamental inequality

c(w, y) + λf(y) ≥ c
(
w, yλ(w)

)
+ λf

(
yλ(w)

)
for everyw ∈ W and y ∈ Y (A.2)

follows from the definition of the solution to the optimization problem (2.3).
A counterpart of Observation 1 reads as follows.

Observation 2. The functionw 7→ c
(
w, yλ(w)

)
+ λf

(
yλ(w)

)
is continuous and piecewise

afÏne.

Proof. The function under inspection is a pointwise minimum of distinct afÏne functions
w 7→ c(w, y) + λf(y) as y ranges Y . ■

As a consequence of above-mentioned fundamental inequalities, we obtain the following
two-sided estimates on fλ.

Observation 3. The following inequalities hold forw ∈ W

f
(
yλ(w)

)
≤ fλ(w) ≤ f

(
y(w)

)
.

Proof. Inequality (A.1) implies that c
(
w, y(w)

)
−c
(
w, yλ(w)

)
≤ 0 and the first inequality

then follows simply from the definition of fλ. As for the second one, it sufÏces to apply (A.2)
to y = y(w). ■

Now, let us introduce few notions that will be useful later in the proofs. For a fixed λ,W
partitions into maximal connected sets P on which yλ(w) is constant (see figure A.1). We
denote this collection of sets byWλ and setW =W0.
For λ ∈ R and y1 6= y2 ∈ Y , we denote

Fλ(y1, y2) =
{
w ∈ W : c(w, y1) + λf(y1) = c(w, y2) + λf(y2)

}
.

We write F (y1, y2) = F0(y1, y2), for brevity. For technical reasons, we also allow negative
values of λ here.
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(a) The situation for λ = 0. We can see the
polytope P on which y(w) attains y1 ∈ Y . The
boundary of P is composed of segments of lines
F (y1, yk) for k = 2, . . . , 5.

(b) The same situation is captured for some rela-
tively smallλ > 0. Each lineFλ(y1, yk) is parallel
to its correspondingF (y1, yk) and encompasses a
convex polytope inWλ.

Figure A.1: The familyWλ of all maximal connected sets P on which yλ is constant.

Note, that ifW = R
N , thenFλ is a hyperplane since c’s are linear. In general,W may just

be a proper subset ofRN and, in that case, Fλ is just the restriction of a hyperplane ontoW .
Consequently, it may happen thatFλ(y1, y2)will be empty for some pair of y1, y2 and some
λ ∈ R. To emphasize this fact, we say “hyperplane inW ”. Analogous considerations should
be taken into account for all other linear objects. The note “inW ” stands for the intersection
of these linear object with the setW .

Observation 4. Let P ∈ Wλ and let yλ(w) = y for w ∈ P . Then P is a convex polytope
inW , where the facets consist of parts of finitely many hyperplanes Fλ(y, yk) inW for some
{yk} ⊂ Y .

Proof. Assume thatW = R
N . The values of yλ may only change on hyperplanes of the

form Fλ(y, y
′) for some y′ ∈ Y . Then P is an intersection of corresponding half-spaces

and therefore P is a convex polytope. IfW is a proper subset of RN the claim follows by
intersecting all the objects withW . ■

Observation 5. Let y1, y2 ∈ Y be distinct. If nonempty, the hyperplanes F (y1, y2) and
Fλ(y1, y2) are parallel and their distance is equal to |λ|K(y1, y2), where

K(y1, y2) =
|f(y1)− f(y2)|
‖y1 − y2‖

.
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Proof. If we define a function c(w) = c(w, y1) − c(w, y2) = w(y1 − y2) and a constant
C = f(y2)− f(y1), then our objects rewrite to

F (y1, y2) = {w ∈ W : c(w) = 0} and Fλ(y1, y2) = {w ∈ W : c(w) = λC}.
Since c is linear, these sets are parallel and F (y1, y2) intersects the origin. Thus, the required
distance is the distance of the hyperplane Fλ(y1, y2) from the origin, which equals to
|λC|/‖y1 − y2‖. ■

As the setY is finite, there is a uniformupper boundK on all values ofK(y1, y2). Namely

K = max
y1,y2∈Y
y1 ̸=y2

K(y1, y2). (A.3)

A.3 Proof of Theorem 2.4.1
Proof of Property A1. Now, Property A1 follows, since

fλ(w) =
1

λ

[
c
(
w, yλ(w)

)
+ λf

(
yλ(w)

)]
− 1

λ
c
(
w, y(w)

)

and fλ is a difference of continuous and piecewise afÏne functions. ■

Proof of Property A2. Let 0 < λ1 ≤ λ2 be given. We show thatW λ2
eq ⊆ W λ1

eq which is
the same as showingW λ1

dif ⊆ W λ2
dif . Assume thatw ∈ W λ2

eq , that is, by the definition ofW λ2
eq

and fλ,
c
(
w, y(w)

)
+ λ2f

(
y(w)

)
= c(w, y2) + λ2f(y2), (A.4)

in which we denoted y2 = yλ2(w). Our goal is to show that

c
(
w, y(w)

)
+ λ1f

(
y(w)

)
= c(w, y1) + λ1f(y1), (A.5)

where y1 = yλ1(w) as this equality then guarantees that w ∈ W λ1
eq . Observe that (A.2)

applied to λ = λ1 and y = y(w), yields the inequality “≥” in (A.5).
Let us show the reversed inequality. By Observation 3 applied to λ = λ1, we have

f
(
y(w)

)
≥ f(y1). (A.6)

We now use (A.2) with λ = λ2 and y = y1, followed by equality (A.4) to obtain

c(w, y1) + λ1f(y1) = c(w, y1) + λ2f(y1) + (λ1 − λ2)f(y1)
≥ c(w, y2) + λ2f(y2) + (λ1 − λ2)f(y1)
= c
(
w, y(w)

)
+ λ2f

(
y(w)

)
+ (λ1 − λ2)f(y1)

= c
(
w, y(w)

)
+ λ1f

(
y(w)

)
+ (λ2 − λ1)

[
f
(
y(w)

)
− f(y1)

]

≥ c
(
w, y(w)

)
+ λ1f

(
y(w)

)
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where the last inequality holds due to (A.6).
Next, we have to show thatW λ

dif → ∅ as λ→ 0+, i.e. that for almost everyw ∈ W , there
is a λ > 0 such that w /∈ W λ

dif. To this end, let w ∈ W be given. We can assume that y(w)
is a unique solution of solver (1.19), since two solutions, say y1 and y2, coincide only on the
hyperplane F (y1, y2) inW , which is of measure zero. Thus, since Y is finite, the constant

c = min
y∈Y

y ̸=y(w)

{
c(w, y)− c

(
w, y(w)

)}

is positive. Denote
d = max

y∈Y

{
f
(
y(w)

)
− f(y)

}
. (A.7)

If d > 0, set λ < c/d. Then, for every y ∈ Y such that f
(
y(w)

)
> f(y), we have

λ <
c(w, y)− c

(
w, y(w)

)

f
(
y(w)

)
− f(y)

which rewrites
c
(
w, y(w)

)
+ λf

(
y(w)

)
< c(w, y) + λf(y). (A.8)

For the remaining y’s, (A.8) holds trivially for every λ > 0. Therefore, y(w) is a solution of
the minimization problem (2.3), whence yλ(w) = y(w). This shows that w ∈ W λ

eq as we
wished. If d = 0, then f

(
y(w)

)
≤ f(y) for every y ∈ Y and (A.8) follows again. ■

Proof of Property A3. Let y1 6= y2 ∈ Y be given. We show that on the component of the
set

{w ∈ W : y(w) = y1 and yλ(w) = y2} (A.9)

the function fλ agrees with a δ-interpolator, where δ ≤ Cλ and C > 0 is an absolute
constant. The claim follows as there are only finitely many sets and their components of the
form (A.9) inW λ

dif.
Let us set

h(w) = c(w, y1)− c(w, y2) forw ∈ W
and

g(w) = f(y2)−
1

λ
h(w).

Theconditionon c tells us thath is a non-constant afÏne function. It followsby thedefinition
of F (y1, y2) and Fλ(y1, y2) that

h(w) = 0 if and only if w ∈ F (y1, y2) (A.10)
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and
h(w) = λ

(
f(y2)− f(y1)

)
if and only if w ∈ Fλ(y1, y2). (A.11)

By Observation 5, the sets F and Fλ are parallel hyperplanes. Denote by G the nonempty
intersection of their corresponding half-spaces inW . We show that g is a δ-interpolator of f
onG between y1 and y2, with δ being linearly controlled by λ.
We have already observed that g is the afÏne function ranging from f(y1) – on the set

Fλ(y1, y2) – to f(y2) – on the set F (y1, y2). It remains to show that g attains both the
values f(y1) and f(y2) at most δ-far from the sets P1 and P2, respectively, where Pk ∈ W
denotes a component of the set {w ∈ W : y(w) = yk}, k = 1, 2.

(a) The facets of P1 consist of parts of hyper-
planes F (y1, zk) inW . Each facet F (y1, zk) has
its corresponding shiftsFλ andF−λ, from which
only one intersects P . The polytope Pλ

1
is then

bounded by those outer shifts.

(b) The interpolator g attains the value f(y1) on
a part of Fλ(y1, y2) – a border of the domainG.
The value f(y2) is attained on a part ofF (y1, y2)
– the second border of the stripG.

Figure A.2: The polytopes P1 and Pλ
1
and the interpolator g.

Consider y1 first. By Observation 4, there are z1, . . . , zℓ ∈ Y , such that facets of P1 are
parts of hyperplanesF (y1, z1), . . . , F (y1, zℓ) inW . Each of them separatesW into twohalf-
spaces, sayW+

k andW−
k , whereW

−
k is the half-space which containsP1 andW+

k is the other
one. Let us denote

ck(w) = c(w, y1)− c(w, zk) forw ∈ W and k = 1, . . . , ℓ.

Every ck is a non-zero linear function which is negative onW−
k and positive onW+

k . By the
definition of y1, we have

c(w, y1) + λf(y1) ≤ c(w, zk) + λf(zk) forw ∈ P1 and for k = 1, . . . , ℓ,
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that is
ck(w) ≤ λ

(
f(zk)− f(y1)

)
forw ∈ P1 and for k = 1, . . . , ℓ.

Now, denote

W λ
k =

{
w ∈ W : ck(w) ≤ λ

∣∣f(zk)− f(y1)
∣∣} for k = 1, . . . , ℓ.

EachW λ
k is a half-space inW containingW−

k and hence P1. Let us set P λ
1 =

⋂ℓ

k=1W
λ
k .

Clearly, P1 ⊆ P λ
1 (see figure A.2). By Observation 5, the distance of the hyperplane

{
w ∈

W : ck(w) = λ
∣∣f(zk) − f(y1)

∣∣} from P1 is at most λK , where K is given by (A.3).
Therefore, since all the facets of P λ

1 are at most λK far from P1, there is a constant C such
that each point of P λ

1 is at mostCλ far from P1.
Finally, choose anyw1 ∈ P λ

1 ∩Fλ(y1, y2). By (A.11), we have g(w1) = f(y1), and by the
definition of P λ

1 ,w1 is no farther thanCλ away from P1.
Now, let us treat y2 and define the set P λ

2 analogous to P λ
1 , where each occurrence of y1

is replaced by y2. Any w2 ∈ P λ
2 ∩ F (y1, y2) has desired properties. Indeed, (A.10) ensures

that g(w2) = f(y2) andw2 is at mostCλ far away from P2. ■A.4 Details of ExperimentsA.4.1 Warcraft Shortest Path
The maps for the dataset have been generated with a custom random generation process by
using 142 tiles from theWarcraft II tileset [125]. The costs for the different terrain types range
from 0.8–9.2. Some examplemaps of size 18×18 are presented in figure A.3a together with
a histogram of the shortest path lengths. We used the first five layers of ResNet18 followed
by a max-pooling operation to extract the latent costs for the vertices.
Optimizationwas carried out viaAdamoptimizer [158]with scheduled learning rate drops

dividing the learning rate by 10 at epochs 30 and 40. Hyperparameters andmodel details are
listed in table A.1

k Optimizer(LR) Architecture Epochs Batch Size λ

12, 18, 24, 30 Adam(5× 10−4) subset of ResNet18 50 70 20

Table A.1: Experimental setup for Warcraft Shortest Path.

MNIST Min-cost Perfect Matching

The dataset consists of randomly generated grids of MNIST digits that are sampled from
a subset of 1000 digits of the full MNIST dataset. We trained a fully convolutional neural
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(a) Three random example maps.

18 20 22 24 26 28 30 32 34 36
shortest path length

0.00

0.05

0.10
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l. 
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cy

18 × 18

(b) the shortest path distribution in the
training set. All possible path lengths (18-35)
occur.

Figure A.3: Warcraft SP(18) dataset.

network with two convolutional layers followed by a max-pooling operation that outputs a
k × k grid of vertex costs for each example. The vertex costs are transformed into the edge
costs via the known cost function and the edge costs are then the inputs to the Blossom V
solver [89] as implemented in [165].
Regarding the optimization procedure, we employed the Adam optimizer along with

scheduled learning rate drops dividing the learning rate by 10 at epochs 10 and 20, respec-
tively. Other training details are in table A.2. Lower batch sizes were used to reduce GPU
memory requirements.

k Optimizer(LR) Architecture
[channels, kernel size, stride] Epochs Batch Size λ

4, 8 Adam(10−3) [[20, 5, 1], [20, 5, 1]] 30 70 10

16 Adam(10−3) [[50, 5, 1], [50, 5, 1]] 30 40 10

24 Adam(10−3) [[50, 5, 1], [50, 5, 1]] 30 30 10

Table A.2: Experimental setup for MNISTMin-cost Perfect Matching.
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For the Globe Traveling Salesman Problem we used a convolutional neural network archi-
tecture of three convolutional layers and two fully connected layers. The last layer outputs
a vector of dimension 3k containing the k 3-dimensional representations of the respective
countries’ capital cities. These representations are projected onto the unit sphere and the
matrix of pairwise distances is fed to the TSP solver.
The high combinatorial complexity of TSP has negative effects on the loss landscape and

results inmany local minima and high sensitivity to random restarts. For reducing sensitivity
to restarts, we set Adam parameters to β1 = 0.5 (as it is done for example in GAN training
[251]) and ε = 10−3.
The local minima correspond to solving planar TSP as opposed to spherical TSP. For ex-

ample, if all cities are positioned to almost identical locations, the network can still make
progress but it will never have the incentive to spread the cities apart in order to reach the
global minimum. Tomitigate that, we introduce a repellent force between epochs 15 and 30.
In particular, we set

Lrep = E
i ̸=j

e−∥xi−xj∥

where xi ∈ R
3 for i = 1, . . . , k are the positions of the k cities on the unit sphere. The

regularization constantsCk were chosen as 2.0, 3.0, 6.0, and 20.0 for k ∈ {5, 10, 20, 40}.
For fine-tuning we also introduce scheduled learning rate drops where we divide the learn-

ing rate by 10 at epochs 80 and 90.

k Optimizer(LR)
Architecture

[channels, kernel size, stride],
linear layer size

Epochs Batch Size λ

5, 10, 20 Adam(10−4) [[20, 4, 2], [50, 4, 2], 500] 100 50 20

40 Adam(5× 10−5) [[20, 4, 2], [50, 4, 2], 500] 100 50 20

Table A.3: Experimental setup for the Globe Traveling Salesman Problem.

In figure 2.5b, we compare the true city locationswith the ones learned by the hybrid archi-
tecture. Due to symmetries of the sphere, the architecture can embed the cities in any rotated
or flipped fashion. We resolve this by computing “the most favorable” isometric transforma-
tion of the suggested locations. In particular, we solve the orthogonal Procrustes problem
[114]

R∗ = argmin
R:RTR=I

‖RX − Y ‖2

whereX are the suggested locations,Y the true locations, andR∗ the optimal transformation
to apply. We report the resulting offsets in kilometers in table A.4.
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k 5 10 20 40
Location offset (km) 69± 11 19± 5 11± 5 58± 7

Table A.4: Average errors of city placement on the Earth.A.5 Traveling Salesman with an Approximate Solver
Since approximate solvers often appear in practice where the combinatorial instances are too
large to be solved exactly in reasonable time, we test our method also in this setup. In par-
ticular, we use the approximate solver (OR-Tools [113]) for the Globe TSP. We draw two
conclusions from the numbers presented below in table A.5.

(i) The choice of the solver matters. Even if OR-Tools is fed with the ground truth rep-
resentations (i.e. true locations) it does not achieve perfect results on the test set (see
the right column). We expect, that also in practical applications, running a suboptimal
solver (e.g. a differentiable relaxation) substantially reduces the maximum attainable
performance.

(ii) The suboptimality of the solver didn’t harm the feature extraction – the point of our
method. Indeed, the learned locations yield performance that is close to the upper limit
of what the solver allows (compare the middle and the right column).

Embedding OR-tools OR-tools on GT locations
k Train % Test % Test %
5 99.8± 0.0 99.3± 0.1 100.0
10 84.3± 0.2 84.4± 0.2 88.6
20 49.2± 0.2 48.6± 0.8 54.4
40 14.6± 0.1 15.1± 0.3 15.2

Table A.5: Perfect path accuracy for Globe TSP using the approximate solver OR-Tools [113]. The maxi-
mal achievable performance is in the right column, where the solver uses the ground truth city locations.
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Appendix to Chapter 3

B.1 Parameters of Retrieval Experiments

In all experiments we used the ADAMoptimizer with a weight decay value of 4× 10−4 and
batch size 128. All experiments ran at most 80 epochs with a learning rate drop by 70% after
35 epochs and a batchmemory of length 3. We used higher learning rates for the embedding
layer as specified by defaults in Cakir et al. [49].
We used a super-label batch preparation strategy inwhichwe sample a consecutive batches

for the same super-label pair, as specified byCakir et al. [49]. For the In-shopClothes dataset
we used 4 batches per pair of super-labels and 8 samples per class within a batch. In the
Online Products dataset we used 10 batches per pair of super-labels along with 4 samples per
class within a batch. For CUB200, there are no super-labels and we just sample 4 examples
per classes within a batch. These values again followCakir et al. [49]. The remaining settings
are in table B.1.

Online Products In-shop CUB200
lr 3× 10−6 10−5 5× 10−6

margin 0.02 0.05 0.02
λ 4 0.2 0.2

Table B.1: Hyperparameter values for retrieval experiments.
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Lemma B.2.1. Let {wk} be a sequence of nonnegative weights and let r1, . . . , rn be positive
integers. Then

∞∑

k=1

wk|{i : ri ≥ k}| =
n∑

i=1

W (ri), (B.1)

where

W (k) =
k∑

i=1

wi for k ∈ N. (B.2)

Note that the sum on the left hand-side of (B.1) is finite.

Proposition B.2.2. LetwK be nonnegative weights forK ∈ N and assume that Lrec is given
by

Lrec(y, y
∗) =

∞∑

K=1

wK L@K(y, y∗). (B.3)

Then

Lrec(y, y
∗) =

1

| rel(y∗)|
∑

i∈rel(y∗)
W (ri), (B.4)

whereW is as in (B.2).

Proof. Taking the complement of the set rel(y∗) in the definition of L@K, we get

L@K(y, y∗) =
|{i ∈ rel(y∗) : ri ≥ K}|

| rel(y∗)| , (B.5)

whence eq. (B.3) reads as

Lrec(y, y∗) =
1

| rel(y∗)|
∞∑

k=1

wK |{i : ri ≥ K}|.

Equation eq. (B.4) then follows by Lemma Theorem B.2.1. ■
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proof of Lemma Theorem B.2.1. Observe thatwk = W (k)−W (k− 1) andW (0) = 0.
Then

n∑

i=1

W (ri) =
∞∑

k=1

W (k)|{i : ri = k}|

=
∞∑

k=1

W (k)
∣∣{i : ri ≥ k} \ {i : ri ≥ k + 1}

∣∣

=
∞∑

k=1

W (k)|{i : ri ≥ k}|

−
∞∑

k=1

W (k − 1)|{i : ri ≥ k}|

=
∞∑

k=1

(
W (k)−W (k − 1)

)
|{i : ri ≥ k}|

=
∞∑

k=1

wk|{i : ri ≥ k}|

and eq. (B.1) follows. ■

Proof of eq. (3.18). Let us setwk = log(1+1/k) fork ∈ N. Then fromTaylor’s expansion
of log we have the desiredwk ≈ 1

k
and

W (k) =
k∑

i=1

log
(
1 +

1

i

)

= log

(
k∏

i=1

1 + i

i

)
= log(1 + k).

If we set

wk = log

(
1 +

log
(
1 + 1

k

)

1 + log k

)
, for k ∈ N

then, using Taylor’s expansions again,

wk ≈
log
(
1 + 1

k

)

1 + log k
≈ 1

k log k

193



APPENDIX B. APPENDIX TOCHAPTER 3
PsO

and

W (k) =
k∑

i=1

log

(
1 +

log
(
1 + 1

k

)

1 + log k

)

= log

(
k∏

i=1

1 + log(1 + i)

1 + log i

)

= log
(
1 + log(1 + k)

)
.

The conclusion then follows by Proposition B.2.2. ■

B.3 Ranking Surrogates Visualization
For the interested reader, we additionally present visualizations of smoothing effects intro-
duced by different approaches for direct optimization of rank-based metrics. We display
the behaviour of our approach using blackbox differentiation [334], of FastAP [48], and
of SoDeep [91].
In the following, we fix a 20-dimensional score vector w ∈ R

20 and a loss function L
which is a (random but fixed) linear combination of the ranks of w. We plot a (random but
fixed) two-dimensional section ofR20 of the loss landscape L(w). In Figure B.2a we see the
true piecewise constant function. In Figure B.2b, Figure B.2c and Figure B.2d the ranking is
replaced by interpolated ranking [334], FastAP soft-binning ranking [48] and by pretrained
SoDeep LSTM [91], respectively. In Figure B.1a and Figure B.1b the evolution of the loss
landscape with respect to parameters is displayed for the blackbox ranking and FastAP.
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(a) Ranking interpolation by [334] for λ = 0.2, 0.5, 1.0, 2.0.

(b) FastAp [48] with bin counts 5, 10, 20, 40.

Figure B.1: Evolution of the ranking-surrogate landscapes with respect to their parameters.
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(a) Original piecewise constant landscape
(b) Piecewise linear interpolation scheme of [334]
with λ = 0.5

(c) SoDeep LSTM-based ranking surrogate [91] (d) FastAP [48] soft-binning with 10 bins.

Figure B.2: Visual comparison of various differentiable proxies for piecewise constant function.
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Appendix to Chapter 4

C.1 Data Generation

To do imitation learning, we require expert data. For Crash Jewel Hunt (Crash 5 × 5
and5×10), Leaper(Grid) andMazewe candetermine the exact ground truth costs leading
to optimal behavior. As an example, Crash 5×5 containsmoving boxes that when encoun-
tered lead to instant death, meaning infinite costs and otherwise the fixed cost of moving
around in the environment.
Since the environments become deterministic for a fixed random seed, we first unrolled

their dynamics for each level. After obtaining the underlying grid structure and entities, we
labeled themwith costs and constructed a graph that reflects the grid structure. An expert tra-
jectory is constructed by applying Dijkstra’s algorithm on this graph and the human-labeled
costs and then executing in simulation.
For the Crash Jewel Hunt experiments, we randomly sampled 2000 solvable levels by

varying number of boxes per column, their speed, the agent start position and the jewel posi-
tion. The training levels were taken from the first half and the second half of levels was used
for testing. For the ProcGen environments Leaper(Grid) and Maze we have taken the
levels determined by seeds 0-1000.
For Chaser, we applied a similar procedure but additionally, we recorded two sets of

human trajectories, as we observed benefits in performance by incorporating more different
expert trajectories for the same level. Since both the search procedure and human labeling are
time consuming for this environment, we collected fewer expert trajectories for the Chaser
than for the other environments, 3× 100, two-thirds of which are from human players.
Level seeds 1000000-1001000 were taken for testing in the ProcGen experiments.
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Crash 5× 5 Crash 5× 10 Leaper(Grid) Maze

learning rate 10−3 10−3 10−3 10−3

α 0.2 0.2 0.15 0.15
λ 20 20 20 20

resnet layers 4 4 4 4
kernel size 4 4 6 6
batch size 32 32 16 16

Table C.1: Training hyperparameters, where alpha denotes the margin that was used on the vertex costs and
λ the interpolation parameter for blackbox differentiation of Dijkstra’s algorithm. We vary the kernel size of
the initial convolution for ResNet18.

C.2 Environments
Our method is applicable in discrete environments, therefore we evaluated on environments
from the ProcGen benchmark and the Crash Jewel Hunt environment.
We created the Crash Jewel Hunt environment to evaluate our method, where the

goal is for the fox (Crash) to reach the jewel. We found this environment convenient since
we can influence the combinatorial difÏculty directly, which is not true for the ProcGen
benchmark where we are limited to the random seeds used in the OpenAI implementation.
The sources of variation in the Crash Jewel Hunt are the box velocities, initial positions,
sizes, as well as the agent initial position and the jewel position.
Wemodified the Leaper environment tomake grid steps for ourmethod to be applicable.

This involved making the logs on the river move in discrete steps as well as the agent. More-
over, in our version, the agent is not transported by the logs as they move, but has to move
actively with them. For an additional description of the ProcGen environmnets, we refer
the reader to Cobbe et al. [67].C.3 Network Architecture and Input
For all of our experiments, we use the PyTorch implementation of the ResNet18 architec-
ture as the base of our model. All approaches receive two stacked frames of the two previous
time steps as input to make dynamics prediction possible. For the PPO baseline, we did not
observe any benefit in adding the stacked frames as input and we used stable-baselines imple-
mentation fromOpenAI to train it on the ProcGen environments.
In the case of the behavior cloning baseline, the problem is amulti-class classification prob-
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lem with the output being a multinomial distribution over actions.
For the variant NAP∗, we train a cost prediction network on top of which we run Dijk-

stra’s algorithm on the output costs of the planning graph. This requires modifications to
the original ResNet18 architecture. We remove the linear readout of the original ResNet18
architecture and replace it with a convolutional layer of filter size 1 and adaptive max pooling
layer to obtain the desired dimensions of the underlying latent planning graph. More con-
cretely, the output x of the last ResNet18 block is followed by the following operation (as
output by PyTorch) to obtain the graph costs:

Sequential(
Conv2d(256, 2, kernel_size=(1, 1), stride=(1, 1))
Abs()
AdaptiveMaxPool2d(output_size=(grid_height, grid_width))

)

Where grid_{height,width} denotes the height and width of the planning grid. For the
full variant of NAP with goal prediction and agent position prediction we have a separate
position classifier that has the same base architecture as the cost prediction network with 2
additional linear readouts for the likelihoods of the latent graph vertices, more concretely (as
output by PyTorch):

Sequential(
Conv2d(256, 2, kernel_size=(1, 1), stride=(1, 1))
Abs()
AdaptiveMaxPool2d(output_size=(grid_height, grid_width))
Flatten()
Linear(grid_height× grid_width, grid_height× grid_width)

)

For training the position classifier, we use a standard cross-entropy loss on the likelihoods.
ForNAPwith position classification, we use the ground-truth expert start and goal positions
to calculate the Hamming loss of the predicted path by the solver. At evaluation time, NAP
uses the position classifier to determine the start and end vertices in the latent planning graph.C.4 Training Procedure
ForCrash 5×5, Crash 5×10, Leaper(Grid) andMazewe train themodels on the same
#levels, namely 1, 2, 5, 10, 20, 50, 100, 200, 500 and 1000. We evaluate on unseen 1000 levels
in order to show that NAP exhibits superior generalization. The levels are generated as per
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description in section C.1. Each dataset is normalize to be zero mean and unit variancesize.
For each dataset size (#levels) we run experiments with 3 random restarts (seeds for network
initialization). For all experiments, we make use of the Adam optimizer.
We determine the number of epochs for training depending on each dataset size as

min(150000/#levels, 15000) to have roughly the same number of gradient updates in each
experiment. We take the minimum over the 2 values because for smaller number of levels
a large number iterations is not necessary to achieve good performance, but for a larger
number of levels it is necessary. If we observe no error on the training set, we stop the
training.
For the Chaser, the training conditions were analogous to the other environments, only

of slightly smaller scale due to its higher complexity. Models were trained on 10, 20, 50, 100
and 200 levels and evaluated on 200 unseen levels.

Chaser

learning rate 1e−3

α 0.2
λ 40

resnet layers 3
kernel size 4
batch size 16

Table C.2: Training hyperparameters for theChaser experiment, whereα denotes themargin that was used
on the vertex costs and λ the interpolation parameter for blackbox differentiation od Dijkstra.

C.4.1 PPO Training Procedure
The training of the PPObaseline is exactly the same as described inCobbe et al. [67] using the
ofÏcial code from https://github.com/openai/train-procgen, see table C.3 for the
used parameters. The network architecture is the IMPALA-CNN. The algorithm is trained
on the specified number of levels for 200 million environments interactions gathered from
256 (instead of 64 as in Cobbe et al. [67]) to compensate for not having access to 4 parallel
workers. We report numbers for 3 independent restarts.C.4.2 DrAC Training Procedure
For the DrAC algorithm, we run all versions introduced by Raileanu et al. [255] (Meta-
DrAC, RL2-DrAC, UCB-DrAC and DrAC-Crop) and choose the best one in the main
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learning rate 5e−4

α 0.2
discount γ 0.999

entropy coefÏcient 0.01
steps per update 216

Table C.3: PPO hyperparameters, as used in Cobbe et al. [67].

plots, denoted as DrAC∗. We used the original hyperparameters from Raileanu et al. [255]
and the implementation from https://github.com/rraileanu/auto-drac. As with
the other experiments, we report numbers from 3 different random seeds.

C.5 OnComparing Imitation Learning to Reinforcement
Learning

Wecompare ourmethod toDataAugmentedActorCritic, PPO and a behavior cloning base-
line. Arguably, since NAP is used in an imitation learning setting, it reaps benefits from hav-
ing access to expert trajectories. Nevertheless, it is not straight forward that embedding a
solver in a neural architecture leads to better generalization in comparison to reinforcement
learning methods.

Behavior cloning with a standard neural architecture has access to the same amount of
data, whereas reinforcement learning agents have access to orders of magnitude more data
for inference (2 · 108 transitions in comparison to∼ 105max). This would lead us to believe
that reinforcement learning agents are able to generalize well because of the sheer amount of
data that they have at their disposal, but we show that nevertheless it is possible to extract
meaningful policies even with a small number of training levels seen with expert trajectories,
that are more optimal.

In addition, NAP is a general architecture paradigm that may be composed with various
different objective functions, including a reinforcement learning formulation. It would be
interesting to see howNAP behaves when used in such a formulation and if this would lead
to even better generalization properties with more data. We provide training performance
curves in Fig. C.1 and density plots for different numbers of training levels in Fig. C.2.
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Figure C.1: The dotted lines denote the training performance of the methods. We observe that the behavior
cloning baseline and NAP have fitted the training set almost perfectly.
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Figure C.2: Density plots of performance on the test set (1000 unseen levels) after different number of
training levels for the Maze and Leaper environments, the white point denotes the median performance on
the test set.C.6 Data Regularized Actor-Critic
The DrAC algorithm [255] attacks the problem of generalization in reinforcement learning
from a different angle, namely applying (in some versions optimized) data augmentations to
the PPO algorithm. The main insight is that naively applied data augmentations result in
faulty policy gradient estimates because the resulting policy after applying the augmentation
is too far from the behavior policy.
To alleviate this, a policy regularization term Gπ and value function regularization term

GV are added to the PPO objective:

ℓDrAC = ℓPPO − αr(Gπ +GV ). (C.1)

Furthermore, various augmentations and augmentation selection schemes were proposed.
We ran all of the proposed selectin schemes on our environments, Meta-DrAC, RL2-DrAC,
UCB-DrAC and DrAC. Meta-DrACmeta-learns the weights of a convolutional neural net-
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work used for data augmentation. RL2-DrAC meta-learns a policy that selects an augmen-
tation from a pre-defined set of augmentations. UCB-DrAC is a bandit formulation of the
augmentation selectionproblemwith application of a upper confidence bound algorithm for
selection strategy. DrAC denotes the version with the crop augmentation, which has been
shown to work well with more than half of the environments in the ProcGen benchmark.
For more details, we refer the reader to Raileanu et al. [255].
DrAC’s approach to improving generalization is orthogonal to NAP and the approaches

may be composed in order to achieve even better generalization capabilities.C.7 Additional Related Work
Generalization in reinforcement learning In addition to the work of Raileanu et al.
[255], there is a plethora of approaches that attempt to improve generalization in reinforce-
ment learning by considering various data augmentation techniques while mainly drawing
motivation from supervised learning approaches [169, 176]. Other approaches combine un-
supervised learning with data augmentation [307, 361].
Notably, the problem of sim-to-real transfer can be seen as a problem of generalization to

different system dynamics. Domain randomization [319], i.e. augmenting system dynamics
in a structured way, has emerged as one of the main techniques for tackling this problem.C.8 Cost Margin Ablation
Here we show the results for theMaze environment with 200, 500 and 1000 train levels eval-
uated on 1000 unseen test levels, with and without margin. The results indicate that using
the margin on the costs improves generalization.

200 500 1000
w 0.839± 0.014 0.895± 0.007 0.948± 0.006
w/o 0.834± 0.015 0.883± 0.008 0.855± 0.241

Table C.4: Results for cost margin ablation in the Maze environment.
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D
Appendix to Chapter 5

In this supplementary we provide additional details for our method. We also provide videos
that showcase risk-averse behavior of RAZER at https://sites.google.com/view/
razer-traj-opt.
Our research suffered from pandemic impacts on lab access which is detailed in ??.D.1 Implementation DetailsD.1.1 Model Learning

Parameters used for model learning in the BridgeMaze experiments.
We bound the predicted log variance by applying (as in [65, A.1])

logvar = max_logvar - softplus(max_logvar - logvar)

logvar = min_logvar + softplus(logvar - min_logvar)
to the output of the network that predicts the log variance, logvar. In principle, we

could differentiate through this bound to automatically adjust the bounds max_logvar and
min_logvar. However, we decided to not make these parameters learnable.
Parameters used for model learning in the Noisy-HalfCheetah environment (only differ-

ences to BridgeMaze environment).
For training the predictive model, we alternate between two phases: data collection and

model fitting. In the BridgeMaze environment, we collect 5 rollouts of length 80 steps and
append them to the previous rollouts. Afterwards, we fit themodel for 25 epochs. ForNoisy-
HalfCheetah, we collect 1 rollout and fit for 50 epochs. For Noisy-FetchPickAndPlace and
Solo8-LeanOverObject we replace the f̂ in Figure 5.2 with independent instances of noisy
ground truth simulators.
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Table D.1: Model parameters for the BridgeMaze Environment.
Ensemble parameters

Name Value

num_layers 6
size 400
activation silu
ensemble_size (n) 5
output_activation None
l1_reg 0
weight_initializer truncated_normal
bias_initializer 0
use_spectral_normalization False

Stochastic NN parameters

Name Value

var_clipping_low −10.0
var_clipping_high 4
state_dependent_var True
regularize_automatic_var_scaling False

Remaining parameters

Name Value

lr 0.002
grad_norm 2.0
batch_size 512
weight_decay 1e−5

use_input_normalization True
use_output_normalization False
epochs 25
predict_deltas True
train_epochs_only_with_latest_data False
iterations 0
optimizer Adam
propagation_method TS1
sampling_method sample

D.1.2 Controller Parameters
Parameters used in the CEM controller. For an explanation of the different parameters, we
refer the reader to Pinneri et al. [247].D.1.3 Timings
While our code is not tuned for speed specifically, in table table D.6 we provide some
timings for a single step in the environment (hyper-parameters are set as specified in
Supplementary D.1.1 and Supplementary D.1.2, with num_simulated_trajectories = 128
and op_iterations= 3).D.1.4 Uncertainty Separation
In ourmethod, we separate the epistemic uncertainty, denoted asE and aleatoric uncertainty,
denoted as A, the details of which are explained in Section 5.3 with the resulting costs that
arise. Sincewe are using a variant of theCEMalgorithm that needs to sort the sampled action
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Table D.2: Model parameters (only differenceswrt tableD.1 are shown) forNoisy-HalfCheetah environment.
Ensemble parameters

Name Value

num_layers 4
size 200

Stochastic NN parameters

Name Value

var_clipping_low −6.0
state_dependent_var True

Remaining parameters

Name Value

lr 0.0002
grad_norm None
batch_size 256
weight_decay 3e−5

epochs 50

sequences s according to their cost, the cost of an action sequence is a single floating point
number.
The stochastic NN ensemble that we are using samples trajectories from the predictive

distribution ψτ for each action sequence s. In addition, our variant (PETSUS), also propa-
gates the mean prediction s̄t for each ensemble member for an action sequence s. The auto-
regressive prediction follows a recursive relation:

[s̄t+1,Σt+1] = ϑ(s̄t, at)

We make use of this in order to estimate the epistemic uncertainty E. At each time point
of the predicted sequence of observations, we take the empirical variance of the outputted
Gaussian parameters ϑ(s̄t, at), predicted from the previous mean prediction s̄t and control
at, across the ensembles for that time slice in the predicted trajectories. This is then summed
up across horizonH to obtain the epistemic bonus for action sequence s.
Figure D.1 shows that scalingwE results in better state-coverage. This is of particular inter-

est if we want to learn models that are able to generalize to different task settings, e.g. when
changing the cost function. While the naive PETS algorithm overfits the model to the task
at hand, RAZER learns a truly task-agnostic model and is able to reap the benefits of model-
based approaches to control.
For the aleatoric penalty we rely on the actual predictions of the covarianceΣ(st, at) and

average them across the time slice, following with the sum across horizonH . Alternatively to
this, we also use the entropy of the Gaussian as the A uncertainty measurement. In Supple-
mentary D.1.5 we argue how these terms are interchangeable.
Note that, for the safety term ideally wewant to use the full distributionψτ and separation

in aleatoric and epistemic uncertainty is neither required nor desirable.
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Table D.3: Controller parameters, BridgeMaze environment.
Action sampler parameters

Name Value

alpha 0.1
colored_noise true
elite_size 10
execute_best_elite true
finetune_first_action false
fraction_elites_reused 0.3
init_std 0.5
keep_previous_elites true
noise_beta 2.0
opt_iterations 3
relative_init true
shift_elites_over_time true
use_mean_actions true

Remaining parameters

Name Value

cost_along_trajectory sum
delta 0.0
factor_decrease_num 1
horizon 30
num_simulated_trajectories 128

Table D.4: Controller parameters, Noisy-HalfCheetah environment (only difference wrt table D.3 are
shown).

Action sampler parameters

Name Value

noise_beta 0.25
opt_iterations 4

Remaining parameters

Name Value

num_simulated_trajectories 120

D.1.5 Entropy vs. Variance as Uncertainty Measurement

We use entropy of Gaussian and variance interchangebly as uncertainty estimates. Indeed,
since the Gaussian distribution is the maximum entropy distribution for certain variance σ2,
the entropy scales linearly with log σ2. We have found that utilizing the variance directly
causes RAZER to be much more risk-averse, which can be explained by the variance not
being suppressed by the log term in the entropy. Moreover, using the variance directly is
much more interpretable and easier to tune because it’s of the same scale as the observation
space.
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Table D.5: Controller parameters, Solo8-LeanOverObject environment (only difference wrt table D.3 are
shown).

Action sampler parameters

Name Value

init_std 0.3
noise_beta 3.0

Table D.6: Timings per one environment step in ms. We measured the timings on a system with 1GeForce
GTX 1050 Ti, an Intel Core i7-6800K and 31GB of memory.

Environment Timing [ms]

BridgeMaze 0.25
Noisy-HalfCheetah 0.14

D.1.6 Observation Space vs. Cost Space Uncertainty

A natural question to ask when attempting to make efÏcient use of uncertainties in MPC
is where to measure these uncertainties. As an alternative to observation space uncertainties,
one couldmeasure uncertainty in cost space. Herewe arguewhy this is not a reasonable thing
to do for each of the individual cost terms.

Epistemic Bonus Since we operate under the desiderata that the benefit of model-based
methods is in task-agnosticism, we shouldn’tmeasure epistemic uncertainty in the cost space,
since thiswould decouple the task definition through the cost from the observation space and
would lead to learning models that are not task-agnostic.
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Figure D.1: Exploration over time.
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Aleatoric Penalty This is perhaps the most questionable case for using observation space
uncertainty instead of cost space uncertainty. Nevertheless, we assume that high-aleatoric un-
certainty translates to control difÏculty, and we want to avoid parts of the observation space
that are difÏcult to control. Moreover, the uncertainty measurements become completely
invalidated in the case of a task switch, which plays against the task-agnosticism desiderata.

Safety Penalty Safety is something that is enforced by infusing the algorithm with prior
knowledge through a set of constraints which mostly manifest themselves as subsets of the
observation spaceX or action space U .D.2 Algorithm
In Algorithm 7we provide an overview of the CEM algorithm that we utilize for implement-
ing RAZER. Concretely, we use an improved sample efÏcient version of CEM as proposed
by Pinneri et al. [247] that involves shift-initialization of the distribution mean, sampling
time-correlated noise and further improvements.

Algorithm 7 RAZER: Risk-aware and safe CEM-MPC
1: Parameters:
2: N : number of samples; B: Number of particles, H : planning horizon; wA, wE, wS CEM-

iterations
3: for t = 1 toT loop over episode length do
4: for i = 1 toCEM-iterations do
5: (samplesp)

P
p=1←N samples from CEM(µit,Σ

i
t), with P particles per sample

6: c, cA, cE, cS← compute cost functions over particles
7: ctot = c+ cA + cE + cS // compute total cost
8: elite-sett← bestK samples according to total cost
9: µi+1

t ,Σi+1
t ← fit Gaussian distribution to elite-sett

10: execute first action of best elite sequence
11: shift-initialize µ1t+1

D.3 Environments
All environments are based on the MuJoCo physics engine [320]. TheNoisy-Halfcheetah
and Noisy-FetchPickAndPlace environments are based on HalfCheetah-v3 and
FetchPickAndPlace-v1, respectively.

210



APPENDIXD. APPENDIX TOCHAPTER 5
PsO

BridgeMaze We designed the BridgeMaze environment to show the different as-
pects of uncertainty, namely the epistemic and aleatoric uncertainty, in isolation.
The agent is a simple cube with only a free joint attached to it. The state-space
s = [x0, x1, x2, a, b, c, d, vx0 , vx1 , vx2 ] is 10-dimensional, consisting of 3 positional
(x0 to x2), 4 rotational (a to d) and 3 velocity-based (vx0 to vx2), agent-centric coordinates.
The action-space u = [τx0 , τx1 ] is 2-dimensional. The torque τ applied to the agent in x0-
and x1-direction.
The task in the environment is to reach a goal platform atx⋆0 ≥ 12 by crossing one of three

bridges that go over deadly lava.
The domain reward is defined as

rt(st, at, st+1) =





|(s0)t − s⋆0| − |(s0)t+1 − s⋆0| , if (s1)t+1 ≥ −1.5
0 , if (s0)t+1 ≥ x⋆0 and (s1)t+1 ≥ −1.5
−1 , otherwise

(D.1)
where x⋆ is the goal state. We define the cost for planning as ct(st, at, st+1) =
−rt(st, at, st+1).
We designed the environments such that the agent is able to accelerate fast and also comes

to a full stop relatively fast if no torque is applied. This makes the control problem and the
task of learning the model relatively easy.
Noise is added in form of an external force in s1-direction injected through the

xfrc_applied attribute of the model. The sign of the force, as well as the force amplitude,
sampled from fext ∈ U(0, fmaxext ), are randomly changing every 5 simulation steps. The
external force is added only if−8 ≤ s0 ≤ 8 and−3.6 ≤ x1 ≤ 3.6. Otherwise the external
force is zero.

Noisy-HalfCheetah We utilize a modified HalfCheetah environment where we apply a
normally distributed noise term ξ ∼ N (µ,Σ) to the simulator state in the case when the
velocity of the cheetah is greater than 6. More concretely, let st denote the simulator state at
time step t, then the modified state is calculated as follows:

s′t = st + ξt (D.2)

In our case, Σ is a diagonal covariance matrix with the diagonal terms equal to 0.2. In ad-
dition, for the safety experiments with the Noisy-HalfCheetah we create a virtual ceiling at
height h = 0.3. In the case that the body height crosses this threshold, the agent incurs a
large penalty. When the safety-constraint is violated, we don’t end the episode.

Noisy-FetchPickAndPlace Wemodified the FetchPickAndPlace-v1 environment to show
the effect of the aleatoric penalty on theCEMaction plan. Given the difÏculty of the task, we
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performed the experiments without the learned model, using instead an ensemble of noisy
ground truth dynamics. In this way, we couldmore easily understand the role of the aleatoric
uncertainty during planning.
The noise term ξ ∼ N (µ,Σ) is applied to the action controlling the gripper state: a

positive additive noise forces the robot to open the gripwith a force proportional to the noise
magnitude. This noise is applied to all the ground truth models of the ensemble, and to the
environment as well.
In particular, the box position is centered at y-coordinate -1.5 while the target is at y = 2.0.

The gripper state is noisy until y = 1.67, right before the target.
The dropping rate is computed considering the height variation of the box (z-coordinate).

If the downward velocity is greater than a fixed threshold, the box is considered dropped. The
threshold velocity also includes cases in which the box is dropped and possibly re-grabbed, as
this is still part of the risky behaviorswewant to avoid. The plotted dropping is theminimum
over different aleatoric penalties.
Solo8-LeanOverObject The state space of the this environment is 47-dimensional. It
contains the absolute position, rotation, velocity and angular velocity of the robot as well
as the positions and velocities of all the joints. In addition, the state contains the positions
of the end-effectors and of the sites at the front and back of the robot. The actions space
is 8-dimensional and controls the relative position of the joints. We fixed the two front legs
of the robot with a soft-constraint to the ground to prevent the robot from uncontrollable
jumping. We apply Gaussian noise to the action with a mean of 0 and a diagonal covariance
matrixwith the diagonal elements all being0.3. Thenoise is uniformly applied over the entire
state-action-space.
The experiments for the Solo8-LeanOverObject environment use the ground truth model

during planning. The same noise were applied in the ’mental’ as well as the ’real’ environ-
ment.D.3.1 Computing State-Space Coverage
For computing the state coverage in Figure 5.3a we divided the continuous state-space in 50
equally spaced bins in the range −20 ≤ s0 ≤ 20 and −10 ≤ s1 ≤ 15. The state space-
coverage is the fractions between states visited at least once and the total number of states.D.4 Application to Transfer Learning
In this work we have demonstrated that an approach such as PETS[65] to data-drivenMPC
that relies on zero-order trajectory optimization of the expected cost is not enough to man-
age uncertain environments and safety constraints. These problems need to be addressed
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when dealing with sim-to-real. The separation of uncertainties allows us to effectively man-
age epistemic uncertainty in the real system, which is important for improving the model
once distribution shift to the real system happens. This can be done in a way of combining
the epistemic bonus and probabilistic safety constraints, such that the policy explores parts
of the state space where there is knowledge to be obtained while avoiding high-cost regions
as a consequence of the incurred safety and aleatoric penalties.
In comparison to standard approaches for sim-to-real which involve domain randomiza-

tion at training time, this approach incurs lower computational overhead and relies on learn-
ing on the real system.
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E
Appendix to Chapter 6

E.1 Reproducibility
For implementation ofDOIwe have used the PyTorch autograd framework. For the Solo12
training we made use of Isaac Gym for data collection and evaluation of the learned skill
policies. For the D4RL experiments we evaluated the policies using the Mujoco v2.1 rigid
body simulator. The training of the skill policies with evaluation and pre-training of the
SMODICE expert ratios takes about 4 hours on an NVIDIA GeForce RTX 4080 graphics
card with a batch size of 512. We plan on opensourcing the code and the Solo12 data post
conference acceptance. The Solo12 robot has been developed as part of the OpenDynamic
Robot Initiative [122], and a full assemblykit is available at a cheapprice inorder to reproduce
the real system experiments from Supplementary E.10.E.2 Fenchel Conjugate
The Fenchel conjugate f⋆ of a function f : Ω→ R is given by

f⋆(y) = sup
x∈Ω
〈x, y〉 − f(x), (E.1)

where 〈·, ·〉 denotes the inner product defined on a spaceΩ. For any proper, convex and lower
semi-continuous function f the following duality statement holds f⋆⋆ = f , that is

f(x) = sup
y∈Ω⋆

〈x, y〉 − f⋆(y), (E.2)

where Ω⋆ denotes the domain of f⋆. For any probability distributions p, q ∈ ∆(S) with
p(s) > 0 implying q(s) > 0, we define for convex continuous functions f the family of
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f -divergences

Df (p||q) = E
q

[
f

(
p(x)

q(x)

)]
. (E.3)

The Fenchel conjugate of an f divergenceDf (p||q) at a function y(s) = p(s)/q(s) is, under
certain conditionsi, given by

D⋆,f (y) = E
q(s)

[f⋆(y(s))] . (E.4)

Furthermore, its maximizer satisfies

p⋆(s) = q(s)f ′
⋆(y(s)). (E.5)

In the important special case where f(x) = x log(x), we obtain thewell-knownKullback-
Leibler (KL) divergence

DKL(p||q) =
∑

s

p(s) log
p(s)

q(s)
. (E.6)

The Fenchel conjugate D⋆,KL of the KL-divergence at a function y(s) = p(s)/q(s) has a
closed-form [41, Example 3.25]

D⋆,KL(y) = logEq(s)[exp y(s)], (E.7)

and its maximizer p⋆ satisfies

p⋆(s) = q(s)softmaxq(y(s)), where softmaxq(y(s)) =
exp y(s)

Eq(s′)[exp y(s′))]
(E.8)E.3 Lagrange Relaxation

The Lagrange relaxation is given by

max
dz(s,a),q(z|s)

min
λ>0

∑

z

Edz(s)

[
log (|Z|q(z|s))

|Z|

]
+
∑

z

λz
[
ε−DKL

(
dz(S,A)||dẼ(S,A)

)]
.

By combining Theorem E.4.4 and the definition of ηẼ(s, a) = dẼ(s, a)/dO(s, a), we have

DKL
(
dz(S,A)||dẼ(S,A)

)
= DKL (dz(S,A)||dO(S,A))− Edz(s,a)

[
log ηẼ(s, a)

]

if needs to satisfy certain regularity conditions [70]
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and thus

max
dz(s,a),q(z|s)

min
λ>0

∑

z

λz
[
ε+ Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(S,A)||dO(S,A))

]
, (E.9)

where the reward is given by

Rλ
z (s, a) :=

log (|Z|q(z|s))
λz|Z|

+ log ηẼ(s, a).E.4 Algorithmic PhasesE.4.1 Value Function Training
With fixed skill-discriminator q(z|s) and Lagrange multipliers λ > 0, the Problem E.9 be-
comes:

max
{dz(s,a)}z∈Z

∑

z

λz
{
Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(s, a)||dO(s, a))

}

or equivalently for every skill z:

max
dz(s,a)≥0

Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(S,A)||dO(S,A))

s.t.
∑

a dz(s, a) = (1− γ)ρ0(s) + γT d(s) ∀s.
(E.10)

We note that the preceding problem formulation involves state-action occupancy.

V ⋆ = argmin
V (s)(1− γ)Es∼ρ0 [V (s)]

+ logEdO(s,a) exp
{
Rλ
z (s, a) + γT V (s, a)− V (s)

}
,

(E.11)

where
T V (s, a) = EP(s′|s,a)V (s′).

Moreover, the optimal primal solution reads

d⋆z(s, a)

dO(s, a)
= softmaxdO(s,a)

(
Rλ
z (s, a) + γT V ⋆

z (s, a)− V ⋆
z (s)

)
. (E.12)
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With fixed skill-conditioned policy π⋆z and Lagrange multipliers λ > 0, the Problem E.9
becomes

max
q(z|s)

∑

z

{
Edz(s,a)

[
Rλ
z (s, a)

]
−DKL (dz(S,A)||dO(S,A))

}

and reduces to
max
q(z|s)

Ep(z)Edz(s,a) log q(z|s).

Lemma E.4.1. Given ratios ηz(s, a), using weighted-importance sampling, we can train of-
fline an optimal skill-discriminator q(z|s). In particular, we optimize by gradient descent the
following optimization problem

max
q(z|s)

Ep(z)EdO(s,a) [ηz(s, a) log q(z|s)] .

Proof. The statement follows by combining Theorem E.4.2 and Theorem E.5.1. ■

Lemma E.4.2 (Discriminator Gradient). It holds that

∇ϕEp(s) [DKL (p(Z|s)||qϕ(Z|s))] = −Ep(z)Ep(s|z) [∇ϕ log qϕ(z|s)] .

Proof. Observe that

∇ϕDKL (p(Z|s)||q(Z|s)) = ∇ϕEp(z|s) log
p(z|s)
qϕ(z|s)

= −Ep(z|s)∇ϕ log qϕ(z|s),

where the second equality follows by

∇ϕ log
p(z|s)
qϕ(z|s)

= −qϕ(z|s)
p(z|s) p(z|s)

∇ϕqϕ(z|s)
[qϕ(z|s)]2

= −∇ϕqϕ(z|s)
qϕ(z|s)

= −∇ϕ log qϕ(z|s).

■E.4.3 KL-divergence Constraint Violation
Lemma E.4.3 (State-Action KL Estimator). Suppose we are given ofÒine datasets
DO(S,A) ∼ dO, DE(S) ∼ dE and optimal ratios ηz(s, a) = dz(s,a)

dO(s,a)
and ηẼ(s, a) =

218



APPENDIX E. APPENDIX TOCHAPTER 6
PsO

d
Ẽ
(s,a)

dO(s,a)
for all (s, a) ∈ DO, where the state-action occupancy dẼ is induced by a policy πẼ

agreeing on the state occupancy of an expert πE , i.e.

πẼ ∈ argminπ DKL (dπ(S)||dE(S)) .

Then, we can compute ofÒine an estimator ofDKL
(
dz(S,A)||dẼ(S,A)

)
which is given by

ϕz = EdO(s,a)

[
ηz(s, a) log

ηz(s, a)

ηẼ(s, a)

]
.

Proof. By Theorem E.4.4 we have

DKL
(
dz(S,A)||dẼ(S,A)

)
= DKL (dz(S,A)||dO(S,A))− Edz(s,a)

[
log

dẼ(s, a)

dO(s, a)

]
.

For the first term, we have

DKL (dz(S,A)||dO(S,A)) = Edz(s,a) log
dz(s, a)

dO(s, a)

= EdO(s,a) [ηz(s, a) log ηz(s, a)] .

The second term reduces to

Edz(s,a)

[
log

dẼ(s, a)

dO(s, a)

]
= EdO(s,a)

[
ηz(s, a) log ηẼ(s, a)

]
.

■

Lemma E.4.4 (Structural). Suppose 0 < ηz(s, a), ηẼ(s, a) <∞ for all (s, a) ∈ DO. Then,
we have

DKL
(
dz(S,A)||dẼ(S,A)

)
= DKL (dz(S,A)||dO(S,A))− Edz(s,a)

[
log

dẼ(s, a)

dO(s, a)

]
.

Proof. By definition of KL-divergence, we have

DKL
(
dz(S,A)||dẼ(S,A)

)
= Edz(s,a)

[
log
(
dz(s, a)

dO(s, a)
· dO(s, a)
dẼ(s, a)

)]

= DKL (dz(S,A)||dO(S,A))− EdZ(s,a)

[
log

dẼ(s, a)

dO(s, a)

]
.

■
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Lemma E.5.1 (Importance Sampling). Given ratios ηz(s, a), it holds for any function f(s, a)
that

Ed⋆z(s,a) [f(s, a)] = EdO(s,a) [ηz(s, a)f(s, a)] .

In particular, for any function g(s) we have

Ed⋆z(s) [g(s)] = EdO(s,a) [ηz(s, a)g(s)] .

Proof. The first conclusion follows by definition of ηz(s, a) = dz(s, a)/dO(s, a), whereas
the second uses

Ed⋆z(s) [g(s)] = Ed⋆z(s,a)π⋆
z (a|s) [g(s)] = Ed⋆z(s,a) [g(s)] = EdO(s,a) [ηz(s, a)g(s)] .

■E.5.1 Empirical Estimators
Recall that the primal optimal solution satisfies

ηz(s, a) :=
d⋆z(s, a)

dO(s, a)
= softmaxdO(s,a)

(
Rλ
z (s, a) + γT V ⋆

z (s, a)− V ⋆
z (s)

)
,

where
softmaxp(x)(g(x)) =

exp{g(x)}
Ep(x′)[exp{g(x′)}]

. (E.13)

In the rest of this section, we denote the above TD-error term by

δz(s, a) = Rµ
z (s, a) + γT V ⋆

z (s, a)− V ⋆
z (s).

By assumption, the ofÒine datasetDO is sampled u.a.r. from a state-action occupancy distri-
bution dO(s, a). Let {wz(s, a)}(s,a)∈DO

be a discrete probability distribution, computed by
a softmax, over the ofÒine datasetDO, namely

wz(s, a) = softmaxDO
(δz(s, a)) =

exp{δz(s, a)}∑
(s′,a′)∈DO

exp{δz(s′, a′)}
.

We are now ready to state the main result of this section.
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Lemma E.5.2 (KL-divergence Estimator). The following expression
∑

(s,a)∈DO

wz(s, a)
[
logwz(s, a)− logwẼ(s, a)

]

is an empirical estimator of the KL-divergenceDKL
(
dz(S,A)||dẼ(S,A)

)
.

Proof. We estimate the expectation EdO(s,a) exp{δ(s, a)} using an empirical estimate
1

|DO|
∑

(s,a)∈DO
exp{δz(s, a)} over the ofÒine-dataset DO. By definition of softmaxdO(s,a),

see eq. (E.13), the following expression

η̃z(s, a) =
exp{δz(s, a)}

1
|DO|

∑
(s′,a′)∈DO

exp{δz(s′, a′)}
= |DO|wz(s, a)

is an empirical estimator of the importance weight ηz(s, a). Similarly, η̃Ẽ(s, a) =
|DO|wẼ(s, a) is an estimator of ηẼ(s, a). Then, the statement follows by combining
Lemma Theorem E.4.3, the definition of importance ratios ηz(s, a) = dz(s, a)/dO(s, a),
ηẼ(s, a) = dẼ(s, a)/dO(s, a) and

DKL
(
dz(S,A)||dẼ(S,A)

)
= EdO(s,a)

[
ηz(s, a) log

ηz(s, a)

ηẼ(s, a)

]

≈ 1

|DO|
∑

(s,a)∈DO

η̃z(s, a) log
η̃z(s, a)

η̃Ẽ(s, a)

=
∑

(s,a)∈DO

wz(s, a) log
(
wz(s, a)

wẼ(s, a)

)
.

■

Lemma E.5.3 (Off-Policy Expectation Estimator). For any function f(s, a) the following ex-
pression ∑

(s,a)∈DO

wz(s, a)f(s, a)

is an empirical estimator of the expectationEd⋆z(s,a) [f(s, a)].
Proof. By combining Theorem E.5.1 and similar arguments as in the proof of Theo-
rem E.5.2, we have

Ed⋆z(s,a) [f(s, a)] = EdO(s,a) [ηz(s, a)f(s, a)]

≈ 1

|DO|
∑

(s,a)∈DO

η̃z(s, a)f(s, a)

=
∑

(s,a)∈DO

wz(s, a)f(s, a).
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■E.6 Unconstrained Formulation
SMODICE [201] minimizes a KL-divergence between the policy state occupancy and the
expert state occupancy, expressed as

min
d(S)

DKL (d(S)||dE(S)) . (E.14)

A naive approach to extend the above problem formulation to the unsupervised skill
discovery setting, is to consider an additional diversity term in the objective. In partic-
ular, adding a scaled mutual information term I(S;Z) and maximizing over a set of
skill-conditioned state occupancies {dz(S)}z∈Z , namely

max
{dz(S)}z∈Z

αI(S;Z)−
∑

z∈Z
DKL (dz(S)||dE(S)) . (E.15)

Here, the level of diversity is controlled by a hyperparameter α. However, α is arbitrary,
andno constraint on closeness to the expert state occupancy is enforced. Weproceed by using
the variational lower bound in eq. (6.3) and assuming a categorical uniform distribution p(z)
over the set of latent skills Z , which consists of |Z| distinct indicator vectors in R

|Z|. This
reduce the optimization problem to

max
dz(s),q(z|s)

∑

z∈Z

{
αEdz(s)

[
log (q(z|s)|Z|)

|Z|

]
−DKL (dz(S)||dE(S))

}
. (E.16)

Theorem E.6.1. [201] Suppose Theorem 6.3.1 holds. Then, we have

DKL (dz(S)‖dE(S)) ≤ E
dz(s)

[
log

dO(s)

dE(s)

]
+DKL(dz(S,A)‖dO(S,A)).

By Theorem E.6.1 and linearity of the objective, Problem (E.16) reduces to optimizing
separately for each latent skill z the following optimization problem

max
dz(s),q(z|s)

Edz(s) [R
α
z (s, a)]−DKL(dz(S,A)‖dO(S,A)), (E.17)

whereRα
z (s, a) is defined as

Rα
z (s, a) := log

dE(s)

dO(s)︸ ︷︷ ︸
Expert Imitation

+α
log (q(z|s)|Z|)

|Z|︸ ︷︷ ︸
Skill Diversity

. (E.18)
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The ratios dE(s)
dO(s)

can be computed by training a discriminator c(s) tasked to distinguish
between samples from dE(s) and dO(s). More specifically, since the optimal Bayes discrimi-
nator satisfies c⋆(s) = dE(s)/(dE(s)+dO(s)), in practicewe canuse an estimator c(s)/(1−
c(s)) ≈ dE(s)

dO(s)
.

Similar to the DOI, we can apply the alternating optimization scheme, here with two
phases:(i) fixed skill-discriminator (similarly to Section 6.4.2); and (ii) fixed importance ra-
tios and policy π⋆z , where we train the skill-discriminator q(z|s) (see Supplementary E.4.2).
For the first phase, we use the importance ratios ηz(s, a) computed by optimizing the dual-
value problem and then applying softmax to the correspondingTD error terms (see eq. (6.13)
and Nachum and Dai [221] andMa et al. [201]).E.7 Solo-12 Dataset Collection

Figure E.1: Solo-12 datasets are collected with 4000 environments in parallel using IsaacGym.

As shown in Figure E.1, both expert dataset and ofÒine dataset are collected in parallelized
GPU-based environments in Isaac Gym [203]. The policies from both locomotion task and
obstacle navigation tasks with Solo12 are trained using the DOMiNiC [62] algorithm to
exhibit diverse behaviors while maintaining a certain level of task completion. For details on
the algorithm used to train the data collection policies, we refer interested readers to [62].

Locomotion task. The collecting policies are trained to track randomly sampled veloc-
ity commands on the flat ground. The state space consists of the linear and angular base
velocity vectors, projected gravity vector, joint position, and velocity and commanded veloc-
ity. The actions contain the joint target angles, which will be taken by a PD controller to
generate applied torque for each motor. During collecting, the policies are fed with a fixed
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forward velocity command of 1 m/s, and zeros for side velocity and yaw rate. As mentioned
in Section 5.4, the policy used for collecting the expert dataset is the last and best checkpoint
(iteration 2000) and trained without diversity objective, which exhibits a stable mid-height
trotting gait pattern. The policies for collecting the ofÒine dataset are different stochastic
checkpoints throughout the training of the skill-conditioned policy. The intrinsic reward
is designed to maximize the ℓ2 distance of the successor features [22] between distinct skills,
where in this setting the feature space includes: the base height velocity, base roll and pitch
velocities, and feet height velocities. The ofÒine dataset is composed of 1/2 data from check-
point 0, 1/4 data from checkpoint 50, 1/8 data from checkpoint 100, 1/16 data from check-
point 500, 1/32 data from checkpoint 1500 and 1/32 data from checkpoint 2000. For each
policy checkpoint, we collect data from the 5 corresponding skills, including the target skill.
It is worth noting that more than half of the data from the ofÒine dataset comes from the
nearly random policies from the start of the training (checkpoints 0 and 50). Both datasets
contain 4000 trajectories with an episode length of 250 steps, or 1 million transitions each.

Obstacle navigation task. The policies are trained to track the target position in a terrain
of random obstacles of various heights of {0.0, 0.05, . . . , 0.25} meters within a fixed time
horizon. The state space of the agent contains the linear and angular base velocity vectors,
projected gravity vector, joint position and velocity, a surrounding height map of the robot
and time information, while the actions remain the same as the locomotion task. During
data collection, the policies are tasked with tracking the target 3.0 meter away in the front
direction while confronting a 1.0 × 1.0meter square obstacle of 0.2 meter height. The in-
trinsic reward for training the policy is designed to diversify the base velocity direction such
that distinct skills exhibit diverse strategies. For the expert dataset, the used policy is the last
and best checkpoint (iteration 2000) trained with diversity objective. The expert dataset is
multi-modal in nature, as the dataset contains diverse strategies for navigating in front of
the obstacle, either avoiding it from both sides or climbing it. On the other hand, the poli-
cies for collecting the ofÒine dataset are the skill-conditioned checkpoints from iterations
{0, 50, 100, 150, 200, 250, 500, 1000, 1500, 2000}. Bothdatasets contain 2000 trajectories
with an episode length of 500 steps, or 1 million transitions each.

Sim-to-Real transfer. In addition, we use domain randomization during training and
data collection, in order to tackle the sim-to-real transfer and to simulate more diverse en-
vironment interaction. Specifically, we randomize the friction coefÏcient between [0.5, 1.5],
additional base mass between [−0.5, 0.5] kg, and simulate the observation noise and an actu-
ator lag of 15 ms.
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In table E.1 we show the performance of the evaluated policies trained by SMODICE[201]
on the Walker2D and HalfCheetah. The results are consistent with the performance
that we obtain with DOI in Figure 6.6. We also note here the importance of having expert
state coverage in the ofÒine data that is reflected in the performance of the policies.

Environment dataset N r

halfcheetah medium-expert 25 81.25
50 80.47
200 73.56

medium-replay 25 29.28
50 36.73
200 60.67

random 25 10.89
50 27.71
200 78.94

walker2d medium-expert 25 3.98
50 19.22
200 4.10

medium-replay 25 15.09
50 3.60
200 0.95

random 25 52.62
50 103.52
200 108.20

Table E.1: Expected return for SMODICE-learned expert policies in theWalker2DandAntenvironments
forN expert trajectories mixed-in.

E.9 Lagrange Multiplier Stability
In Figure E.2we observe the behavior of the Lagrangemultipliers for different levels of ε for a
specific skill z in the Solo12 experiment. In case of ε ∈ {1.0, 2.0}, the multipliers fluctuate
around a specific level that strikes the balance between diversity and expert imitation. This
can also be validatedwhen observing the violation level in Figure E.2b of the constraint given
estimator ϕz , which is for ε ∈ {1.0, 2.0} around 0. On the other hand, if we introduce
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a strong constraint on the KL-divergence (ε = 0.0), which is constantly violated, hence
σ(µz) = 1. Similarly, if the constraint is too weak, only diversity is optimized, in which case
there is a significant degradation in performance (see figure Figure 6.3).
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(b)
Figure E.2: Behavior of Lagrange multipliers. (a) Evolution of σ(λz) for one skill (z = 1 chosen
arbitrarily), (b) violation of the constraint for different ε. Negative ϕz − ε indicates no violation.
Means and standard deviation across restarts.

In Figure E.3 we show the bounded lagrange multiplier values for three skills and the re-
sulting violations for different ε levels for the Ant experiment. Again, the multiplier values
fluctuate around appropriate levels ensuring the the violation of the constraint remains close
to 0.E.10 Real Robot Deployment
For the locomotion task, we successfully deployed policies exhibiting diverse skills extracted
from the ofÒine dataset while being able to track a certain velocity similar to the expert on
real hardware. Our skill-conditioned policy exhibits different walking behaviors with diverse
base motions. Snapshots of these diverse behaviors can be seen in Figure E.4.E.11 Observation Projection
Imitation learning is of particular interest when the agent’s and the target expert policy’s state
spaces do not necessarilymatch, but overlap in certain parts, as is often the casewhen learning
from demonstrations. Our framework naturally accounts for this. If we consider S ′ to be
the state space of the expert and S the state space of the agent, we assume that there exists a
simple projection mappingΠ : S ′ 7→ O, whereO := {o : o ⊂ s, s ∈ S} is the power set
of observations, allowing us to potentially imitate beyond expert policies with the same state
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Figure E.3: Behavior of Lagrange multipliers. (a) Evolution of σ(λz) for one skill (z = 1 chosen
arbitrarily), (b) violation of the constraint for different ε. Negative ϕz − ε indicates no violation.
Means and standard deviation across restarts.
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(a) Trot locomotion with wave trunk motion and low base height.

(b) Trot locomotion with middle base height.

(c) Trot locomotion with high base height.

Figure E.4: Snapshots of the trained policy exhibiting distinct skills on hardware. From above to
bottom, the policy has low, middle and high base positions while moving forward.

space as the agent. Note that the agent still observes its full state s, however the projected
state Π(s) is observed by the expert classifier and skill discriminator. The projection Π can
be selected to specify which parts of the state we want to diversify and constrain in terms of
occupancy, depending on the task at hand.E.12 Limitations
The DOI method also comes with certain caveats. Maximizing the mutual information, as
a diversity objective, poses a hard optimization problem due to its convexity. Thus, design-
ing alternative diversity objectives can be beneficial. Furthermore, closeness in state-action
occupancy can be quite restrictive in terms of availability of diverse behaviors that satisfy the
constraint. Replacing this with constraints on the return of the policywould allowmore free-
dom to optimize diversity in cases where the optimal policy may be multimodal. The above
challenges are promising directions for future work.

228



APPENDIX E. APPENDIX TOCHAPTER 6
PsOE.13 Robust Obstacle Navigation

When the expert data ismulti-modal, somemodesmight bemore robust to distribution shift
thanothers. However, using auni-modal algorithm such as SMODICE,which tries tomatch
the expert’s state occupancy distribution, may not result in a robust policy. In contrast, each
learned DOI skill recovers a particular mode, and as shown in this experiment, at least one
DOI skill is robust against a distribution shift.
We consider the task of navigating across a box obstacle to a target position behind it, for

the Solo12 robot. For training the DOI skills, we choose the feature vector ϕ(s)with linear
and angular velocity as input to the skill-discriminator q(z|ϕ(s)). The agent used to collect
the expert dataset can go over or around the box obstacle from the left or right side to reach
the target position in the traversable obstacle terrain. The box has a height of 0.2 meters and
a square size of 1.0 × 1.0 meters. As a result, the collected expert data is multi-modal and
consists of trajectories over and from the sides of the box obstacle to the target position.
It is important to emphasize that the less direct route to the target position (left or right side

of the box) is always the more robust choice, since the agent runs into the risk of slipping or
fallingwhile climbing thebox. We evaluate the learnedDOI skills andSMODICEexpert on6
different heights: {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}meters. The {0.3, 0.4, 0.5, 0.6}meters boxes
are out-of-distribution and increasingly difÏcult to traverse fromabove thebox. InFigureE.5,
we observe the trajectory distributions of the DOI skills and SMODICE expert collected in
simulation. The arrows indicate the yaw angle of the robot at the trajectory points.
As we can see from the return distributions in Figure E.7, the performance of the

SMODICE expert is strongly affected by the height of the box, as it is biased towards
climbing over the box (this also depends on the initial state of the agent), which becomes
increasingly difÏcult and may not be feasible. This can be observed from the trajectory dis-
tribution shown in the right-most column of Figure E.5; the trajectories of the SMODICE
expert become increasingly concentrated in front of the box as its height increases. On the
other hand, the three DOI skills (learned with a fixed Lagrange multiplier σ(µ) = 0.5)
recover diverse behaviors and robustly reach the goal. Here it is DOI-Skill 3, which is the
most robust in reaching the target position and gives the highest return (see Figure E.5 and
Figure E.7).
In Figure E.5, each row corresponds to a box with a fixed height H ∈ {0.1, 0.2, 0.3,

0.4, 0.5, 0.6}meters. Each of the first three columns is associated with a fixedDOI skill (red,
green, and blue) and the last column represents the SMODICE expert. Each cell shows every
10th step of 60 randomly initialized trajectories, all computed in simulation. This experi-
ment demonstrates that although SMODICE expert is multimodal, it gets stuck in front of
the box and fails to robustly reach the target position already at a box height of 0.4 meters.
In contrast, the DOI-Skill 3 robustly reaches the target position by bypassing the box from
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the left side. The fraction of randomly initialized trajectories stuck in front of the box is sig-
nificantly smaller for the DOI-Skill 3 than the SMODICE expert. This is reflected in the
return distribution shown in Figure E.7, which has the same row and column structure as
Figure E.5.E.14 Additional Experiments
Instead of learning the Lagrange multipliers λz via KL estimators ϕz , we can also fix λz
at a certain level, making it a hyperparameter. In our setting, this also works well, and we
demonstrate a tradeoff between diversity and task reward optimization, see Figures E.8
and E.9. However, in this case we lose the possibility to enforce a certain constraint on the
KL-divergence between the skill state-action occupancy and expert state-action occupancy.
We further provide results of applyingDOI to different levels of expert trajectorymix-in to

themedium-replay and random datasets of Walker2D and HalfCheetah in tables E.2
and E.3.
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Figure E.5: Aperformance benchmark of theDOI skills and the SMODICEexpert on anobstacle navigation
task, where the Solo12 is initialized in front of a box and tries to reach a target position behind the box. The
task consists of six levels of increasing difÏculty depending on the height of the box.
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Skill 1

Skill 2

Skill 3
Figure E.6: Frames from rollout videos of the learned DOI skills for the highest box task, skills 1 and 3 go
from the side of the boxes to the goal, and skill 2 reimains in front of the box since it mostly tries to climb it.
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Figure E.7: Return distributions for DOI skills and SMODICE, we see in particular that the SMODICE
policy return distribution is greatly affected by increasing the height of the box.
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Figure E.8: (a) Average ℓ2 distance between Monte Carlo estimated successor representations ψz
of distinct skills, (b) return r as % of expert return and standard deviation of base height stdz(h),
depending on a fixed σ(λz) (see legend).

0.0 0.4 0.2 0.8 1.0

0 50 100 150 200 250 300 350 400

# steps

0

1

2

3

4

φ
z

(a)

0 50 100 150 200 250 300 350 400

# steps

0.0

0.5

1.0

1.5

2.0

E
‖
η
z
1
−

η
z
2
‖
1

(b)
Figure E.9: Divergence estimate and ηz distance for the case of fixed σ(λz). (a) Value of divergence
estimator ϕz for a specific skill over the course of training (z = 1 chosen arbitrarily), (b) average ℓ1
distance of ηz ’s of skills. Means and standard deviation across restarts.
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dataset # expert mixin ε E‖ηz1 − ηz2‖ r E‖ψz1 − ψz2‖
medium-replay 25 0.0 0.00± 0.00 46.00± 1.46 6.16± 0.30

0.5 0.21± 0.08 0.33± 0.48 3.54± 2.14
1.0 1.40± 0.05 2.33± 0.51 6.09± 2.40
2.0 1.30± 0.03 0.64± 0.11 7.67± 4.27
4.0 1.54± 0.08 2.30± 1.64 19.26± 2.29

50 0.0 0.00± 0.00 54.29± 2.13 5.53± 0.14
0.5 0.82± 0.28 31.31± 7.03 14.13± 1.86
1.0 1.21± 0.15 4.33± 0.75 0.42± 0.05
2.0 1.37± 0.03 1.61± 0.41 13.85± 2.50
4.0 1.48± 0.12 1.11± 0.36 22.02± 1.33

200 0.0 0.00± 0.00 98.33± 0.44 2.67± 0.26
0.5 0.45± 0.11 74.59± 8.96 6.22± 1.17
1.0 1.20± 0.09 2.52± 1.50 12.97± 4.33
2.0 1.30± 0.03 2.07± 0.65 3.23± 2.02
4.0 1.59± 0.06 1.43± 0.64 19.48± 1.43

random 25 0.0 0.00± 0.00 36.49± 11.54 15.70± 0.48
0.5 0.93± 0.02 20.48± 7.90 16.81± 3.14
1.0 1.30± 0.12 3.72± 1.38 8.16± 5.43
2.0 1.45± 0.09 1.22± 0.32 20.47± 3.08
4.0 1.27± 0.05 0.60± 0.26 20.60± 4.17

50 0.0 0.00± 0.00 103.16± 0.69 3.32± 0.07
0.5 1.03± 0.13 33.60± 6.64 18.27± 2.50
1.0 1.37± 0.09 5.05± 2.66 20.16± 3.05
2.0 1.46± 0.06 0.77± 0.29 10.46± 3.77
4.0 1.23± 0.09 0.26± 0.11 14.33± 1.97

200 0.0 0.00± 0.00 107.43± 0.26 1.84± 0.08
0.5 1.29± 0.07 103.29± 1.38 6.75± 0.77
1.0 1.26± 0.22 2.43± 0.30 7.30± 4.86
2.0 1.46± 0.10 0.47± 0.15 15.39± 1.56
4.0 1.29± 0.01 1.91± 0.57 19.66± 3.36

Table E.2: Walker2Dmetrics across random andmedium-replay variants with varying number of
mixed-in trajectories of the expert to satisfy the coverage assumption.
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dataset # expert mixin ε E‖ηz1 − ηz2‖ r E‖ψz1 − ψz2‖
medium-replay 25 0.0 0.00± 0.00 37.64± 0.30 3.22± 0.06

0.5 0.83± 0.12 36.95± 0.63 3.02± 0.10
1.0 1.36± 0.09 24.30± 6.28 13.34± 4.84
2.0 1.44± 0.06 6.73± 3.65 22.09± 8.15
4.0 1.27± 0.09 2.68± 0.72 21.68± 1.87

50 0.0 0.01± 0.01 45.40± 0.22 3.26± 0.27
0.5 1.14± 0.02 42.89± 0.19 2.94± 0.12
1.0 1.41± 0.12 37.28± 2.41 6.18± 1.21
2.0 1.32± 0.11 8.60± 4.66 13.66± 1.97
4.0 1.24± 0.16 1.72± 0.18 28.74± 7.84

200 0.0 0.00± 0.00 73.60± 0.39 3.65± 0.09
0.5 1.16± 0.08 69.91± 1.14 3.67± 0.10
1.0 1.28± 0.13 23.74± 12.94 13.47± 1.73
2.0 1.49± 0.10 15.52± 4.29 32.03± 0.56
4.0 1.42± 0.07 2.16± 0.04 11.92± 2.28

random 25 0.0 0.00± 0.00 2.80± 0.36 5.55± 1.18
0.5 1.12± 0.04 3.03± 0.28 4.30± 0.85
1.0 1.14± 0.12 2.24± 0.09 10.45± 3.30
2.0 1.24± 0.08 1.73± 0.33 25.01± 8.78
4.0 1.44± 0.03 1.60± 0.30 35.08± 8.27

50 0.0 0.00± 0.00 31.89± 1.14 9.97± 0.58
0.5 1.14± 0.11 10.29± 3.13 17.90± 6.01
1.0 1.42± 0.15 6.45± 2.95 23.30± 0.96
2.0 1.41± 0.08 2.73± 0.43 23.91± 6.98
4.0 1.68± 0.06 1.44± 0.27 35.07± 8.08

200 0.0 0.00± 0.00 68.35± 1.25 5.20± 0.31
0.5 1.30± 0.08 50.85± 17.30 9.80± 3.68
1.0 1.21± 0.12 15.06± 5.58 29.57± 4.26
2.0 1.03± 0.10 2.10± 1.99 10.84± 7.57
4.0 1.20± 0.20 2.16± 0.05 16.90± 5.95

Table E.3: HalfCheetahmetrics across randomandmedium-replay variantswith varyingnumber
of mixed-in trajectories of the expert to satisfy the coverage assumption.
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